AN INVERSION OF THE LAPLACE AND STIELTJES TRANS-
FORMS UTILIZING DIFFERENCE OPERATORS

BY
R. S. PINKHAM

INTRODUCTION

According to a theorem of Hausdorff every completely monotonic se-
quence,

(1) (_l)kAk#s?_-O (k=0, 1,°" ;3.—_-0, 1,...“),

has the form
1

@ N
0

with a(f) nondecreasing. Now consider the following “moment problem”: to
determine ¢(¢) from u, where

1
3) pe = f t(t)dt (s=0,1,---).

D. V. Widder [6] has shown that the inversion of (3) may be accomplished
by the use of an operator whose general form is that of the left side of (1).
Thus if one wished to solve the analogous “moment problem” for the Stieltjes
transform one might begin by searching for a theorem analogous to that of
Hausdorff in the hope that it would indicate the general form of the operator.
Now mimicking the proof of D. V. Widder’s Theorem 10.1 [7] one can prove
the analog of Hausdorff’s theorem, and the analog of (1) is
]

E=1,2,--
4) (—1)kAntksny, > 0 n=1,2--.
s=1,2,---
Thus in trying to invert
10
5 .=f dt s=12---
(5) " . 41 ( )

one would try operators of the form (4). Define P,,(u) by
Poy(n) = da(—=1)"7 Anspp, (3> 0;5=1,2,---)
8=0
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where p=[y log #] (the greatest integer contained in y log %), d,
= (log n)»*'/p!I'(y), and A]., denotes the nth forward difference on s with
mesh one, evaluated at s =0. Applying P,y to (5) one finds

® trn!

Pslt) = o [ s a0

But
nin!
= -
1) ()

hence for n large we have approximately

INO) (n— @);

_ i ® —rifry P(t)
Prali) = Ty + Do © " {r(y) "’w}d‘

where 7 =log n. The sequence of functions
'fy+l

T(ry + 1)

is a Fejér sequence of kernels concentrated at ¢=y and it is thus intuitively
clear that

ey n=1,2---)

. ()
llm Pn.ll(”) = ¢(t) = ¢(y)_
o P(}’) t==y
The “continuous” version of this operator reads as follows:
T”'V(f) = c"(_l)”—mxé(;‘ xmf(xy) (” = 11 2’ et )y

where'm = [log #] and ¢, = (log #)™*'/m!. Applying T, to,
-0
: o[ H0,
(6) (=) N
one has, proceeding as before, the approximate equation
(lOg n) m+1

Tosl) = o [ emin{ gl ).
m. 0
And it is again intuitively clear that
Q) lim To,o(f) = $(YOT) |1 = 6(3).

Having an inversion of the Stieltjes transform leads one to attempt an
inversion of the Laplace transform. Write (6) in the form
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f(x) = fo ”e—“F(u)du
where
® Fw = [ “evoa
Proceeding formally

Tos) = [ Tase (w1

(log n)™t 1 pr* fu\ d™
=1 F(—) (1 — e¥)"du.
m! y Jo y/ du™

One thus has from (7)
l m+1 1 © dm
© lim 287 L f F(—“—)— (1 = ) ndu = $(3);
0

n—ow m! Yy y/ du™

i.e., a new inversion of (8).

These inversion formulas may be used in the standard way to obtain
representation theories, and in the case of (9) we state a pair of sample
theorems.

I should like to express my thanks to D. V. Widder for his careful guidance
of this work in thesis form, and to the referee of the present paper, whose
suggestions have resulted in a measurable increase in clarity and elegance.

THEOREM 1.
1. y>0;,r=20;R> y;

2. f re(b)dt exists;
R

3. p = [ylogn] (n=12-.-);
=

I,

_ (log n)r+t f: tPn! 60 = o) (n—> ).

p! (t+1)---(t+mn)
Let ¢, = (log n)?+! n!/p! and k.(t) =t+?[t(t+1) - - - (¢+n) ]2 Then

L= f " ket
R

Now
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0 MO _r+p 1 11
kn(t) ! t o t+1 {4+ n
Hence if we define g,(\) by
G\ =74 p—1—er—eD— ... —
we shall have
ki (2)

i) = fo e~ g.(N)dA.

But for # large g.(\) has exactly one change of sign. Thus by Pélya and Szegé
[4, book two, problem 80, p. 50] we are assured that k. (£)/k.(¢) has at most
one zero in 0 <¢{< . But for # large (1) is positive for ¢ small and positive
and is negative for ¢ large and positive. Thus (1) has exactly one zero in
0<t< . Hence if (1) is negative for ¢=#, then it will remain so for all

t=to.
Now
r+p ylogn
~ (n— ),
t t
and
1+ ! + + ! 1 ( )
—_—t — —n~lo n— ©),
T i+n  B"

Whence at t=R, (1) is negative for all sufficiently large n. Taking to=R we
have that k,(t) E | [R, ) if # be large.
Clearly then I, exists; in fact by the mean-value theorem

¢
I, = c.ka(R) f tro(t)dt.
. R
Whence
I, = O[c,.k,.(R)] (n— ).
Now by Stirling’s formula

cnka(R) = exp {[(y — R) + y(log R — log )] log n + o(log n)} (n— »).
But

R
(y — B) + y(log R — log y) = y[(l —§)+log—y—] <0

since
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1—2+4+1logz<0 (z 1),

Thus
cnka(R) =0 (n— »),

and the proof is complete.
THEOREM 2.
1. y>0;,520;0<e< y;
2. f t*¢(t)dt exists;
0

3. p=[ylogn] . n=1,2---);
=>

In

_ (logm)mtt t*n! _ .
Y fot(t+1)---(t+n)"’(’)d“"(1) (n— ).

With the notation of the previous theorem
I,=c¢n f k(D) 2¢(t)dt,
[]

where h,(t) =t7—*[t(t+1) - - - (¢4n) ] Proceeding in exactly the same man-
ner as before, orie finds that k,(f) is increasing in [0, €] for  sufficiently large.
Thus by the mean-value theorem

I, = cohn(e) f to(t)dt;
£

i.e.,
I, = Oleaka(e)] (n— ).

But
caha(e) = exp {[(y — & + y(log ¢ — log y)] log n + o(log n)} (n— ),

and the proof is completed as in Theorem 1.
DEFINITION. The Lebesgue set of a function ¢(t) will be denoted \(¢).

THEOREM 3.
1. () € LA/T, T) for all T>0;
2.y>0; r=20; 320;

3. f () dt exists;
1
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1
4, f t*o(t)dt exists;
0

5. 9= [ylogn] n=12---);
6. ¥ € M9)

(]Og n) p+1

I f L) t’ 11! ¢(t)dt d ¢( y) ( —_ )
I y + ] n ®© ),
P! ( ) (] t(t ) LRI (t + ")

By Theorems 1 and 2 it will be sufficient to show that

R
d,.f Gu()trn~'p(t)dt — ¢(y) (n— ),

where 0 <e<y<R,
(log n)#*+t 1
p! I'(y)

dn

and

n'n!
(t+1)---(t+mn)
Now by K. Knopp [3, pp. 440-441] we have that if e<¢<R, then

Ga(t) =

Iaw—rm|=ocb (n— ).

Thus

R
& [ | Gut0e0) - T0800) | &

)
< o(i) d,.fktﬂ’n—‘l o) |dt  (n— »).
n e

But by the mean-value theorem and Stirling’s formula

R R
dn f trnt| ¢(1) | dt = dogrnt f | 6(®) | dt = O((log m)¥/?)  (n— ).

Therefore the right-hand side of (2) tends to zero as n— . Hence we must
show

R
@fzwwmwmeaw (n— ).

€

Since
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d, f trn—T(y)dt = 1
0
it will be sufficient to show that

R
Tn=du f ton~![T())$(t) — T(»)e(y)lat = o(1) (n— ).

If
a) = [ T@e) ~ TG)0) |,
then
R R
| Ja| < dn f t*n—tda(t) < Md, f tv g ny—tdn (1),

But by Hypothesis 6,

R R
f a(t) [ntgv tos "]'dtl < o(1) f (y — t)[n—tvrosn]'ds = o(1) (n— ©);
hence
| Ja] = o(1) (n— ),
and the theorem is proved.

LEMMA 4. If p >k and A® is the pth forward difference on x with mesk 1, then

xk tkp!
AP = (—1)7+k : .
x4t +Dx+t+1) - (x+t+ p)
Note that
xk k (—1)ktk
= =1 k—2 DY )
=G+ (1)(x+z> b
and since p>k
xk 1 !

AP = (—1)kkAr = (—1)¥F+pgk .
x4+t x4+t (x+dD=x+t+1)---(x+1t+p)
DEFINITIONS.

) av() = ()| =3 (2 ) (=080

z=0 zm0 j=0 \ 7
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(log n)m-H

©) Ll@] = Tu() = = (=" &2 anf(a), m = [log u];

(©) Tou(f) = Tulf(xy)] (n=1,2,---).
THEOREM 4.
1. ¢(t) € L[0, R] for all R>0;

= ¢(t) .
2. f(x) = j:) p_—y tdt exists for some x;

3. 1EN9);
=
liqng° T.(f) = ¢(1).
By Lemma 4
_ (logm)mtt e ™!
L) =— j:, Ww+1)---C+mn o(t)dt

provided the integral converges. It certainly does, for Hypothesis 2 implies

that
® (¢
f ‘& dl
1 t

j;l o(2)dt

exists. Thus applying Theorem 3 with y=1
lim T.(f) = ¢(1).

n— o

exists, whereas by 1

THEOREM 5.
1. ¢(t) € L[0, R] for all R > 0;

- 10)] .
2. f(x) = j; —x-l-_t dt exists for some x;

.uc\e), u>0;

li‘m Tou(f) = ¢(u).
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Since

dt = dt
au -+t o x+¢

f’ o() ® ¢(ut)

we have the desired result by Theorem 4.

One wonders whether this inversion formula for the Stieltjes transform
may be interpreted operationally. Since the usual operators involve deriva-
tives rather than differences, we might expect to obtain different results. The
following argument shows that T, .(f) may be interpreted as the familiar
—sin vD /.

It is well known that

0 tl

—dt = — — (—1<s5s<0);
o 141¢ sin s

or by changing variables of integration

x*r bt t*

- — =f dt (-1<s<0).
sin ws o x+¢
Thus
10 n m+1 10 n m+1 0 xm™
(__g._)_ (_l)n—m+l An ygmte. - r —_ ( g ) (_l)n—m-H f s Ar dt
m! z=0 sin s m! 0 z=0x+1¢
(log n)m-H {mtey |

- Uogm™ f .
m! o 1) -0+ mn
Now by employing Theorem 3 we have

log n)™t1 sin xs
(3) w__ (_l)n—m An—l gmte 5
m! z=0 L3

(n— ).

Let
F(w) = f(ev),  ®(w) = ¢(e”);

then the statement

lim Ty, (f) = ¢(y)

n—

is operationally the assertion
. (log n)m+t
lim ———

n—ow

(= 1) &% &+PF(w) = $(w);

or by (3)
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sin #D

F(w) = ®&(w)

in accord with the Hirschman-Widder convolution theory.

THEOREM 6.
1. a(t) 1s a normalized function of bounded variation in (0 <t <R) for every
positive R;
2. 1(x) f‘” da(?)
. flx) = conv ;
. ot nverges
=
t
lim Tou(f)du = a(t) — a(0+).
n—o 0
If
10 n m+1
Ka(l) = (—5%— A1) - (]
m!
then

Taulf) = fo i %K,. (%) da(y).

Since we may assume «(0) =0,

But by Euler’s theorem on homogeneous functions

1 9 , 1 4
SL2 @)=Lk (2).
u dy u y du u

1) = | ) &y) 2k (—i-) &y,

This last integral clearly converges uniformly for eSu <t. Whence we
may integrate under the integral sign to obtain

ﬁtTn,u(f)du =fo” %K»(—{—)dy —j;m %2)—1( (e)dy

=1 + 1.

Thus
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, (" a(tx)
I --j; " K. (x)dx.

1= — f D) ¢ ().
0 x

1 o x\
T f ) ¢ (@)dx — f 2 Ka@)dx
0 X 1 X
=J! + T
Since a(ex)/x is bounded for 0<e=<1 and 1Sx< «, we may employ
Lebesgue’s limit theorem to obtain

©° 1
lim J,) = — a(O-I-)f — Ka(x)dx.
«—0+ 1 x

Noting that a(ex) is bounded for 0<e¢=<1 and 0=<x =<1, we find in a similar
fashion that

1
lim J) = — a(O-l-)f — K. (x)dx.
0o X

0+

Ard by Theorem 3

lim I,/
0+

I! = a(t) + o(1) (n— ).

— a(04+) + o(1) (n— «),

Hence

lim t Thu(f)du = a(t) — a(0+4).

n— o 0+

To complete the proof it will be sufficient to show that

Thu(f)du = T u(f)du.
[ rsvan= [ 1aspan
Let f(x) =f1(x) +fa(x) where

_ U da(f)
filz) = fo Pl

Then by interchanging the order of integration

];l | T,..u(fl)|du§j;l Ida(t)lj;l—:‘-xn(%)du.
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But

Also note

Tt = f — K, (%) dat)

=T % K(%) - flw“(y ) ;} {% (/%) (y/u)(;;u ¥ n)} i

since a(y)/y is bounded (1 £y < «). But this last integral is equal to

f” a(y) @ { (y/u)ym+ } dy— f“’ a(y) (y/u)m+! y
vy 9y \(y/u) - - - (y/utn) vy O/w - (y/utn

Suppose 0 =u <1. Then
0 m+1 © m+1
f a(y) (y/u) iy < M f oy o,
N R C7 DI C7 7 D) 1y (y+n)
and since y™+1[y(y+1) - - - (y+n) ]! is decreasing for y>1 and # large

| o e

oy Wy/u) - - - (y/u+n)
Thus T,..(f) is integrable in a neighborhood of the origin, and therefore

fo + Ton(f)du = fo CTon(fdn,

dy = M.

which completes the proof.

We now proceed to invert the Laplace transform as indicated in the intro-
duction.

LEMMA 7.

L gu(x) = — (1 — ™)™
gal®) = —— (1 = )
2. n>m;

=
gn(®) = gm(0) = 0 (m=1).

gl = 3 (= 1):'(;') (—j)me—ie.

=0
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Clearly
gn(®) =0 (m = 1).
But
il [P\ .
gm(0) = (—1)m+m E (_1)n+)( ')]m.
je=0 J
Or
n n
£al0) = (=1)n 3° (—1)'-+:(j ) G5+ 30"lons
=0
= (—1)wrmAngm |, = 0.
DEFINITION.
1 m+1 ey © am
Galc, y) = og m™? & F(i + c)— (1 — e=)rdx
m! yJo y dz™
where
m = [log n] n=12-.-.).
THEOREM 7.

1. F(x) = f e='¢(t)dt which converges for x > a.;
0

2. ¢(t) € L[0, R] for all positive R;
3.¢> 05 yENG);
—1 s

lim Ga(c, ) = ¢().

n—rw

We first show that G.(c, y) exists. Utilizing the notation and result of
Lemma 7, we have after repeated integration by parts’

j; ﬂgm(x)F(% + c) dx = (—1)m+ ]; wa—“ (% + q)zd;(l — €7)dx.

But

d
Zc(l —eH)* 20 (x = 0);
whence
® d x © d
f — (1 — e#)*FmD (— + c) dr <L Mf — (1 —e)dx =M,
0o dx ¥ o dx
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since F»=V((x/y)4c) is bounded (0 Sx < =).
Thus the operator does exist. Let

(log n)™t! e

n ’

m! y
then
o d ®© ¢ \m1
Ga(c, y) = aa f — (1 — e)"dx f el "’“"(—-—) o(t)dt
0o dx 0 y
00 d @
= G, f — (1 —e)ndx f e = umtye~vp(uy)du
o dx 0
L) d 0
= @y f —(1 - e")"dxf xe~ Uy (u)du
0 dx 0
where

v(u) = f e~vym=lg(vy)dv.
0

Since there exists M such that
lyw)| = M (0= u< =),

we may change the order of integration to obtain

@ ) d
Ga(c, y) = any f y(u)du f xe— (1 — e~*)"dx
0 0 dx

o L d
a,y f d'y(u)f e""d— (1 — e )mdx
0 0 X

a.y f ud’y(u)f e (1 — e2)"dx
0 0

® n! 4
—an}'ﬁ uu(u+l) ...(u+”) 7(“)»

the last equation following from

f e (1 — e®)dx = f (—1)"A" ¢—2udx
0 0 *

= (—1)"A"f e *dx
0

n!

= u(u+l)---(u+n).
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Therefore
Ga(c, 3) = any f Qe‘"'“ i d(uy)du.
0 u(u+1) - (u+n
Or
Galc, 9) = eTau(f)
where

® e ¢(u)
o= [

provided f(x) exists. But if
26) = [ oo,
0

then

du.

f" dn(w) _ n(R) . E ()
o x4+ x4+ R o (x4 u)?

Since 7(u) is bounded, f(x) does exist. Applying Theorem 5 we see that the
proof is complete.

THEOREM 8.
1. a(t) is a normalized function of bounded variation in every (0, R), R>0;

2. F(x) = f e~ *da(t) exists x > o.;
0

3. ¢> o

=
¢

lim Ga(c, y)dy = a(t) — a(0+).

b ad ] [1]

As before
) d 0 t m—1
Ga(c, ) = 6 f —(1 = e)mdx f e‘“””‘*‘"(—) da().
0 dx (] y
If

7 t m—1

8@ = [ (L) a0,
0 y

then



16 R. S. PINKHAM [September

o d 0
Gu(c, y) = 6a f — (1 — e®)"dx f s [0
o dx 0

a,.f — (1 - e“)"dxf — =V 8(L)dL.
o dx o Y
We may interchange the order of integration as in Theorem 7. Hence

] © d
Ga(c, 3) anf dﬂ(l)f et — (1 — g%)ndy
° 0 dx

© st n!
n - d
¢ fo (y) t/yy - - ((¢/y) +n) B0

_ (logn)™*t g et(t/y)™n! da)
m! yJo (/) - ((t/y) +n)
= ean.v(f)

where

> 00 —ctdat
f(x)=fo ex+€?,

which certainly exists. The desired result now follows from Theorem 6.

In 1940 R. P. Boas and D. V. Widder [1] obtained an inversion of the
Laplace transform which required no knowledge of the derivatives of the
generating function. There the basic kernel was

k

_é:k, (xzk le z)’
as opposed to our

am —z\n

Py 1 — e

There seems to exist no apparent relation between the two kernels except
that they both stem from an inversion of the Stieltjes transform.

In [1] the authors develop general representation formulas for the Laplace
transform. Their methods are sufficiently general to be readily applicable
to the operator G.(c, y). We state two sample theorems.

THEOREM 9. N.a.s.c. for F(x) to have the representation

F(x) = fm e=p(t)dt

with
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fo” | o) [pdt < (b> 1)
are
1. F(x) €C(0, =);
2. F(z) = O(x1-7I7) (x— ©;2—0+);
3. [T 1609 bay = o (n— ).

THEOREM 10. N.a.s.c. that

F(x) = f me““da(t) (x> a)
]
with a(t)E 1 [0, ») are
1. F(x) 2 0 and F(x) €C (a<zx<®);
2. F(z) = 0(1) (x— =);
3. Guc,») 20 (c>a;0<y< »);

for a sequence of n's tending to infinity.

In conclusion we give a solution of the “moment problem” for the Stieltjes
transform.
DEFINITION. Let {y. }o1 be an arbitrary sequence of numbers, and let

p = [ylog n], y>0n=1,2---.
Define the following operator
(log m)?+!
Pn, -_— _ln— An p‘.
(1) 2IT(3) (-1 "._0 P

THEOREM 11.
1. ¢(¢) € L[0, R] for all R > 0;

-10)]
2. .=f —— dt exist =1,2,::-);
[ by ists (s )

3.yENS); y>0;
=

lim P, ,(p) = ¢(y).

n— o

The proof is immediate from Lemma 4 and Theorem 3.
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