ASYMPTOTIC PERTURBATION SERIES

BY
VERNON A. KRAMER()

1. Introduction. This paper is devoted to the study of the validity in an
asymptotic sense of the perturbation method as applied to an eigenvalue-
eigenvector problem. Conditions under which the method of identification of
coefficients leads to convergent infinite series have been studied by Rellich
[1; 2; 3; 4], Nagy [1], and Wolf [1]. In more general cases, especially with
unbounded operators, this method may lead to only finite or possibly non-
convergent series. We would still be interested in whether these series are
valid asymptotically to the extent that they are defined. Titchmarsh [1] has
investigated this problem for special differential operators. Kato [2; 3] has
derived conditions sufficient for the expansions to be valid as far as they are
defined for an operator of the form H,+tH;. The corresponding results do not
hold for operators with higher order terms, not even for the case Hy-¢2H,.
(See Example 3.1.) This paper gives a set of conditions sufficient for the
validity of the expansions for operators defined by finite or infinite series.

Some familiarity with the formal method is assumed. For example, Chap-
ter VI of Pauling and Wilson [1] should be sufficient.

We study operators on a Hilbert space 3¢ defined by a series (possibly
finite) H(t) =H,+tH,+t*H,+ - - -, where H, is self-adjoint and the other
terms are symmetric. Let A\¢ be an isolated eigenvalue of H, and ¢y a corre-
sponding normalized eigenvector. We would expect H(t) to have an eigen-
value converging to Ao. The method of identification of coefficients leads to
series AN(f) =No+ N+t + - - - and ¢(¢) =do+id1+1t%pe+ - - - for the per-
turbed eigenvalue and eigenvector. We say these series are asymptotically
valid to Nth order if there exists a perturbed eigenvalue A(f) and a cor-
responding eigenvector ¢(f) such that t‘N|)\(t) -, t’?x;] and t‘NHqS(t)
— >V, tig)| tend to zero with ¢.

To guarantee the existence of the perturbed eigenvalue we impose certain
semi-boundedness conditions on the operators H; and employ the theory of
the Friedrichs extension of a semi-bounded operator as developed by Fried-
richs [1; 2] and Rellich [5] (§2).

Any direct attempt to justify the identification of coefficients as a repeated
limiting process fails because the operators of our series may be unbounded.
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To avoid this difficulty we study the inverse operator. In an earlier paper
(Kramer [1], hereafter referred to as A) the author proved a variety of theo-
rems concerning the validity of formal inverse expansions. Those theorems
pertinent to the present work are listed at the end of §2. Knowing the inverse
expansion to be valid we study the formal method applied to the inverse
operator with more success. Some changes in order must be made. Intuitively,
when using the formal method to obtain the nth term of the eigenvector ex-
pansion, we first take a limit and then apply the reduced resolvent (Defini-
tion 2.1) to both sides of an equation. To justify the result we must essentially
interchange these steps and apply the perturbed reduced resolvent first and
then take the limit.

In Theorem 3.1 we prove the results of the identification of coefficients
under our basic assumption. Using variational methods we then obtain the
stronger conclusion that the eigenvalue can be expanded to twice the order of
the eigenvector in Theorem 3.2. Odd order eigenvalue expansions are obtained
in Theorem 3.3.

§84 and 5 are devoted to a study of the degenerate case. The formal proofs
are restricted to first order only but splitting at higher order is discussed
briefly. A point of interest in §5 is that the formal first order results are not
completely verified until second order conditions are imposed.

In §6 the adiabatic transformation is used to obtain uniquely determined
and “naturally” distinguished eigenvectors.

2. Preliminary lemmas. In this section we lay down certain fundamental
assumptions and establish a number of lemmas for later use. The conditions
on the operators of the series are the same as those used in A; namely, Hy>1,
H;>0 for >0, t>0, and D(H(¢)) dense for {<t,. Then H(t) has a Friedrichs
extension H(t) and we study this extension instead of H(t) itself. We further
assume that Hj is the Friedrichs extension of its own contraction to D(H(¢)).

For our purpose, the most important property of the Friedrichs extension
is that given by the following lemma. For a proof, see Rellich [5].

LEMMA 2.1. If A and B are symmetric operators semi-bounded from below
with A>B, and a and b are the least limit points of the spectrum of A and B
respectively, then a>b. If A has N eigenvalues less than a constart k, then B
has at least N eigenvalues less than k and the ith eigenvalue of A is not less than
that of B for i< N.

LEMMA 2.2. If k is a fixed constant, then the number of eigenvalues of H(t)~!
above k is a nonincreasing function of t for t2>0.

Proof. Obviously H(4) <H(t;) for 0<t;<t;. The lemma follows immedi-
ately from the preceding lemma and the spectral mapping theorem (Stone
[1, p. 233]).

LeMMA 2.3. If po ts an isolated eigenvalue of multiplicity L of Hi! and the
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spectrum of Hg! above po consists of isolated eigenvalues with total multiplicity
finite, then for sufficiently small t, H(t)= has exactly L eigenvalues (counting
multiplicity) which converge to u, and the remainder of the spectrum of H(t)=! is
bounded away from u,.

Proof. Let E,(\) denote the resolution of the identity corresponding to
H(t)-'. From Theorem 3.1 A we have H(f)~! converges strongly to Hi.
Therefore, (see Stone [1, p. 390]) if X\ is not an eigenvalue of Hg! then
(E:\) f, g) converges to (Eq(\)f, g) for all f, g in 3¢. Expanding

lENF — E/]|?

as an inner product we see that its limit is zero so E;(\) converges strongly
to Eo(A). Now if J is any interval containing u, in its interior but no other
spectral point of Hy! and F(t) is the projection of the spectral measure
of H(t)~! associated with J, then F(f) converges strongly to F(0). Conse-
quently, the dimension of F(¢) cannot be less than that of F(0) for sufficiently
small ¢. Letting both end points of J approach u, we see that H(f)~! has at
least L eigenvalues or a point of the continuous spectrum which approach u,.
Now apply Lemma 2.2 with & between u, and the next lower spectral point
of Hi'. There are no points of the continuous spectrum of H(f)~! above £ and
the number of eigenvalues of H(f)~! above % cannot exceed that of Hgl.
Therefore, there exist precisely L perturbed eigenvalues which converge to u,.

In the following we will use E, to denote the projection associated with
uo and E(t) for the projection associated with all of the L eigenvalues of
H(t)~* which converge to u,.

LeMMA 2.4. The projection E(t) converges to Eqy in norm.

Proof. This lemma follows from our earlier results that E(f) converges
strongly to E, and that for sufficiently small ¢, the dimension of E(¢) is exactly
equal to that of E,.

One of the most important tools for the identification of coefficients is the
reduced resolvent.

DEFINITION 2.1. Let A be a self-adjoint operator with spectral measure
E(\) and T be an isolated spectral subset of A. Then the I'-reduced resolvent
of A4 is defined as an operator valued function of p for all p in the union of I’
and the resolvent set of 4 by the equation Rp(4, p) =f'(A—p)~'dE(\) where
the prime indicates that the integration is to extend over the complement of T'.

LEMMA 2.5. Let po satisfy the conditions of Lemma 2.3 and let I'(t) be the set
consisting of the L eigenvalues of H(t)~ which converge to o for t>0 and T'(0)
be the set with po as its single element. For sufficiently small t, S(t) = Rr (H ()1,
Wo) defines an operator, and S(t) is uniformly bounded, strongly convergent to
S(0), and satisfies the relation S(t) {ﬁ(t)‘l —uo} =I—E(t).

Proof. It is obvious that S(¢) is defined for small ¢. The cited properties
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follow from the operational calculus and the strong convergence of H(f)~!
(proved in Theorem 3.1 A).

We now list the inverse theorems from A that we need for the present
work. For any positive integer 7, 4; denotes the 7th term in the formal ex-
pansion of H(¢)~!; that is,

Adi= Y (—\Hy H,H, H,Hy -+ H,H, .
pripot -t pe=i

THEOREM 3.1 A. If ¢ED(4,) for i< N and A pED(H(L)) for i <N, then
lim.o t=¥|| A ()1 — DN, 49| =0.

THEOREM 3.2 A. If ¢ satisfies the conditions of Theorem 3.1 A and
AndED(HE)V?), then lim .o = W+12|| H(t)~1p— DV, t'4.9|| =0.

THEOREM 4.1 A. If ¢ and Y satisfy the conditions of Theorem 3.1 A for order
N and M respectively, then

M-1

HO) ¢, ¥) = 2 1o, A)

=0
M+N i M-1

- XUy Z—: (A e, HipA W)

=M k=M p=0
+ o(tMH).

THEOREM 4.2 A, If H(t) =H,+tH, and Axd and A my are defined and be-
long to D(H(t)V1?), then

(B¢, ¥) = 2. 1o, AW)

=0

N—1 . .
= X M EEN 8, ) + B v, B Asp)
1=0

+ o(gMHN+),

We conclude this section by giving as a lemma the theorem which Kato
uses as the basis for his investigation of asymptotic perturbation series. We
also use the theorem but in an entirely different fashion.

LeMMA 2.6. If H is self-adjoint and \ is an isolated nondegenerate eigenvalue
and the interval (n—d, n+d) contains no point other than \ of the spectrum of H
and ||[(H—n)w|| =€ and ||| =1 then |\—n| <e*/d and there exists an eigen-
vector ¢ corresponding to N such that ||¢ —w|| <e/d. For fixed o, ||(H —n)w|| as-
sumes its minimum value for n=(How, w).

Proof. See Kato [1].
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3. The nondegenerate case. For this section we assume u, satisfies the
conditions of Lemma 2.3 with L=1 and ¢, is a corresponding normalized
eigenvector. Then for sufficiently small ¢, H(f)~! has an isolated eigenvalue
u(t) converging to uo. The perturbed eigenvector is determined only to within
a scalar factor. We obtain a unique eigenvector ¢(¢) by requiring ¢(¢) to be
normalized and (¢(f), ¢o) to be real and positive. The existence of ¢(f) is
clear since it is only a suitable scalar multiple of E(#)¢,. Note that ¢(¢) tends
to ¢ as ¢ tends to zero. The following theorem gives a finite expansion for u(z)
and ¢(f). We use E, and S, to denote E(0) and .S(0) respectively.

THuEOREM 3.1. If uo and ¢ are as above and py = (41, bo), d1=So(u1 — A1)
and u; and ¢; are defined for 1 <i <N by the recurrence relations

i—1
3.1) pi = (Aido, d0) — 2 ((wimj — Ay, d0),
=1
i—1
3.2) (I — EQés = 2 Solpizi — Ai_i)$5,
=0
1 i—1
3.3 ($i, ¢0) = — — 2_ (¢4, bi-i)s
2 i

and Awp; ED(H()) for i+k <N, then u(t) =po+tm~+ - - - +t¥uxv+o(tV) and
d(t) =do+tpr+ - - - +tNpy+o(tV).

The proof is by induction. The case N =0 is contained in the previous
discussion. Because the general proof is rather complicated we sketch a special
proof for N=1 to help motivate the various steps. The perturbed eigenvalue
and eigenvector can be expressed as u(f) =uo+tr(t) and ¢(t) =do+1p(t). We
have to prove lim,.o 7(¢) = (A1¢o, Po) and lim,.q p(£) =So(u1 — A1)Po.

From [H(t)~'—u(t) ]¢(t) =0 we obtain [H(£)='—pu, |po—tr(t)p(t) +t[H(£)?
—uo]o(t) =0. Since H(t)~'po=A po+tA1po+0(t) by Theorem 3.1 A and Ao
= H5¢o=popo this reduces to r(t)¢(t) =Arpo+ [H ()~ —uo o) +0(1). Now
taking the inner product of both sides with ¢, and using the self-adjoint prop-
erty of H(t)='—uo we obtain () (¢(t), ¢o) = (Aio, d0) +(p(1), [H ()~ —po]bo)
40(1). The term involving [H(t)~'—puo o can be reduced as above and the
conclusion for 7(¢) followed by taking limits as ¢ tends to zero.

Now we have u(f) =po+tu+o(f) so the equation [H(t)~'—pu(t)]¢(t) =0
can be reduced to [H(t)"'—u(t) |p(t) = (u—A1)do+o(t). Applying S(t), the
reduced resolvent of the perturbed operator, to both sides and taking limits
we have lim,.o [I—E(t) |p(t) = So(u1—A1)¢o. Since E(f) converges to E; in
norm, we can replace E(¢) by E, if we prove that p(¢) is bounded. This we
accomplish by proving (I —E,)p(¢) and E¢p(t) bounded. From the equation
[I—E(t)]¢(t) =0 and the result that [I—E(¢)]p(f) is bounded we conclude
[I—E()]¢po=0(). This together with ¢o=[I—E(t)]po+E()¢s yields 1
=0(t%) +| (B0, ¢(t))|2 Starting from ¢(t) =(I —Eo)¢(t)+Ewp(t) we obtain
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1=[|(I—Eo)p®)||2+] (#(2), #| %, and hence [[(I—Eo)p(t)|| = O(t). This simpli-
fies to yield (I —E;)p(t) bounded in the limit.

To prove Egp(t) bounded express ¢(t) as Ewp(t)+ [I—Eo]¢(t) and obtain
the equation 1 =”Eo¢(t)”2+ [ [I-E, ]¢(t)”2. Since [I—E,]¢(t) =O(f) we have
1—||Esp(@®)|[2=0(t2) or {1=||Ep®)||} {1+||Eep )|/} =0(t?). Since the second
factor tends to 2 we have HquS(l)“ =140(t?) or | (¢(2), ¢o)| =140(t?. But
¢(t) was determined by the condition that (¢(t), ¢o) be positive so we have
(¢(2), do) =1+40(t?). From this it follows that (p(¢), ¢o) =O0(t) so lim,,o Ep(t)
=0.

Thus p(t) is bounded and lim¢.o (I — Eo)p(t) = So(u1— A 1)po and lim, o Eop(t)
=0. This concludes the special proof for N=1.

Proof of Theorem 3.1. The theorem has been proved for N =0, 1. We as-
sume it true for N—1. Then we have u(t) =po+tu+ - - - +t¥"uy_1+t¥7(t)
and o) =¢o+idi+ - - - +t¥ Py +1t¥p(f). It remains to prove that
lim,.o 7(¢) =un and lim,.o p(t) =¢~ where uy and ¢y satisfy the relations (3.1),
(3.2), and (3.3).

The remainder of the proof is divided into thirteen parts. The first three
parts simply isolate the details of cancelling lower order terms from our main
equations. The fourth part gives us the result for »(¢). In Part V we obtain
an expression for lim,., [T —E(¢) ]o(t). As before for N=1 we can replace E(f)
by E, if we prove p(¢) bounded. The successful generalization of the device
used before is to split p(¢) into its projections on the subspace determined by
¢o+ip1+ - - - +t¥V"'¢y_1 and the complementary subspace. Parts VI through
X are devoted to the proof that these are bounded. Part XI states the result
for lim (I — E,)p(t). In the twelfth part we calculate lim Eqp(¢). The last part
summarizes the results for p(f).

I Forr < N, > (Are = pr—s)ds = O.
8=0
Proof. From (3.2) we obtain
r—1
(3.4) MV—M@=c%—mm{zimﬂ—AHwJ+mm—mmm
s=0

Since (Ao—po)So=I—E, by Lemma 2.5 with (=0 and (4o—u)E,
=(Hg'—puo)Eo=0, equation (3.4) reduces to

(3.5) o= p)dr = — (I = E)| 3 (Ures = e |-

- s=0

From (3.5) it follows that

T [~ r—1
Z (Ar—a - ﬂr—s)¢c = EO Z (Ar—s - F'r—s)d)a .
8=0 =

L s=0

By (3.1) we have
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-—1

r—1
Z (Ar-\ - ﬂr—s)d’c = Ar¢0 - Mr¢0 - Z (Ar—a - I-‘r—s)¢a

s=1

= A1¢0 - l:(Ar¢0y ¢0) - ri ({Ar—-s - ﬂr—a}(t’n ¢0)]¢0

=1
r—1
- Z (A r—s ﬂr—a)¢s~
8=1

The inner product of ¢, with this last expression vanishes. Hence
Eo[ 22028 (Ar—s—pr—s)s ] =0 and I is established.

N N—1 N—1
IT. <1L~1(l)_l - Z L :)( > t"¢f> =¥ 20 (An—k — px-1)dr + o(tY).

7=0

Proof. By Theorem 3.1 A the formal expansion for H(f)~'¢; is valid to
order N—j; thatis H()"'¢;=Aep;+tAd:sp;+ - - - +tV=idy_ b+ 0(t¥—7). Sub-
stituting this expansion for H(t)~'¢; for all j and collecting terms we find that
the coefficient of " for »r <N is Z§=0 (Ay—s—pr—s)ds which vanishes by I.

(Fl(l)—l - Ijz;; l‘ﬁi)( NZ_)I tid’i) = lN{ Nil (Anr — #N—k)¢k}

=0 k=1

I11.
+ N Ao + o(tV).
Proof. Immediate from II.
IV. lim 7(f) = uw.
-0
Proof. From [H(t)~!'—u(t) J¢(t) =0 we obtain
_ N—1 N—1 - N—1
LCEED> tm.-]( S 1i8;) = r080) + 4 { B0 = T tiad o) = 0
=0 =0 =0

which reduces to

N—1

(3.6) k§1 (An—k — uv—r)¢r + Ando + {H(t)—l - ‘Z=o t"p,} o(t)

— r()¢(?) + o(1) = 0.
Taking the inner product with ¢, and using the self-adjoint property of
H(t)~! we obtain

N—1
r(1)(6(2), do) = (Ando, d0) — D2 ((uw—i — An_i)di, 0)

+ (pa), (H(o-l -y l"m) =¢o) + o(1).

=0
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Since (H(f)~1— DY tiu)do =0(t) the term involving p(f) tends to zero in the
limit. By assumption lim,.o (¢(£), ¢o) =1 so the result follows on taking limits.

N—1
V. lim {7 — E@)}p(t) = — 2 SolAn—i — pn_i)o:.
—0 =0
Proof. From {I?(t)"‘—u(t) }¢(t) =0 and II we have
N—1
{H(t)“ - uo}p(t) = — > (An_i — pn_i)$i + o(1).
=0
Applying S(¢) to both sides of this equation we obtain

N—1
@1 {I = E®}e() = — 20 SO(Aw—i — pv-)$: — S®o(1).
i==0
Part V follows from (3.7) and the uniform boundedness and strong conver-
gence of S(¢).
Let o(¢) =¢o+tp1+ - - - +t"'pnx_1 and P(¢) be the projection on the one-
dimensional subspace determined by o (¢).

N—1
VL o2 =1+ & 3 ($i dw—s) + o(¥).

i=1
Proof. From (3.3) by direct calculation.
VIL {1 — E®}e@)|| = 0.

Proof. This follows from the equation {I—E(f) }¢(f) =0 and the bounded-
ness of {I—E(t)}p(t) from V.

VIIL {1 = P)}o@)|| = 0@™).

Proof. By direct calculation we obtain o (¢) = {I—E(t) a(t)+(a(2),0(t))d(2)
from which it follows that 14+0(t¥) =|[{I—E@®) }o®)|[2+] (c(t), ¢(2))|? or
IH{I—E®}a@®)|2=1—] (@), ¢()|2+0@¥). Similarly, starting from the
equation ¢(t)={I—P(t)}¢() +P()¢(t) we obtain |{I—P@)}e®)|2=1
— | (e(®), #(t))| 2+ O(t¥). Comparing this with the equation for || {T—E(t)$(t)]|
yields

(3.9) {1 — E@Ye0l2 = {1 — PO }s)]|* + 0.
Part VIII now follows from (3.9) and Part VII.
IX. {1 — P®}e]] = 0Q1).

Proof. This is an immediate consequence of VIII and the relation
{1=PW)}o(t) = =tV {I-P(®)}$(1).

X. P(t)p(t) = 0(1).
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Proof. From ¢(t)=P()¢(t)+ {I—P(t)}#(t) we obtain 1=|P(t)¢()|?
HIH{1—=P(t) }$(1)]|2 so that 1 —||P()¢(1)||2=0(t2N). Therefore {1—||P(t)p(t)| }
A14+||P@é ()|} =0@t2¥) and since the second factor tends to 2 it follows that
1—||P)o )] =0@2¥) or |lo@)]|=2 | @), a(t))| =1+0(2V). Expressing ¢(2)
as o (t) +tVp(t) and using ||e(#)||2=140(t") from Part VI we obtain (p(t), o(t))
bounded which is equivalent to P(¢)p(f) bounded.

N-—1

XI. lim (I — Eo)p(f) = X Solun—j — An_j)d;

150 7=0
Proof. By IX and X, p(¢) is bounded. Obviously
{1 = Eodot) = {1 — E0 el <[IE@ — Edf|-[lo@)]].

Part XI follows from Part V and the normed convergence of E(¢).

1 N—-1
XII. lim Ep(t) = — — D (¢, dy—i)-
t—0 2 i=1

Proof. We now have ¢(t)=a(t)+t¥{I—Eo}on+t(p(t), ¢o)dpoto(tV)
where p is bounded. From the conditions that H¢(t)” =1 and (¢(¢), ¢o) is real
we conclude (p(f), ¢o) =2"1{1—|lo(t)||2}. The desired result follows from
Part VI.

XIII. lim Egpp(f) = ¢n, where ¢y satisfies (3.2) and (3.3).
1—0

Proof. From XI and XII.

This concludes the proof of Theorem 3.1.

The complicated nature of the proof of the last theorem in comparison
with the formal method is due to proving the existence of the eigenvector ex-
pansion. The first four parts are routine and follow the standard pattern. The
formal counterpart of Part V would start from a formula for (Hg!—puo)dn,
from which (I —E,)¢n is obtained by use of the unperturbed reduced re-
solvent. Our material is a formula for {f](l)—‘ —uo}p(t), so we apply the per-
turbed reduced resolvent to obtain {I—E(t)}p(t). To pass from this to
{I—E,}p(t) we must prove that p is bounded, and this causes most of the
difficulty of the proof.

Also the formal method usually involves giving E¢py an arbitrarily as-
signed value. We determine a unique eigenvector ¢(¢) by the condition that
(p(1), ¢o) be real and then determine Eqpy.

The hypotheses of Theorem 3.1 actually imply a much stronger conclusion
with respect to the eigenvalues. To prove this we depart from the identifica-
tion of coefficients and use Kato’s theorem [Lemma 2.6].

THEOREM 3.2. Under the conditions of Theorem 3.1 the perturbed eigenvalue
has an asymptotic expansion of order 2N,

Proof. Let w(f) = 22 ti¢; and n(t) = D~ tiu;. From Theorem 3.1 it fol-
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lows that {H(t)~'—5(f) }e () =o(t"). Using Lemma 2.6 we conclude that the
perturbed eigenvalue is equal to (H(f)"'w(¢), w(t)) to within terms of order 2N.
This inner product is equal to

2N min (:,N)

26 2 (HWO %, bid)-

=1 j=max (0,i—N)
Since ¢; and ¢,_; satisfy the conditions of Theorem 4.1 A for orders N—j and
N — (i —j) respectively, (H(t)~¢;, ¢i_;) can be expanded to order 2N —i. We
would obtain the desired expansion by expanding each of these inner products
and collecting terms.

We obtain an odd order expansion of the eigenvalue by combining a
modification of the identification of coefficients with Theorems 3.2 A and
4.2 A. For simplicity the result is stated for operators of the form Hy+:¢H,;
but it can be extended easily.

THEOREM 3.3. If H(t)=H,+tH, and the conditions of Theorem 3.1 are
satisfied and in addition Awp;ED(H ()2 for i+k=N, then the perturbed
eigenvalue has an asymptotic expansion of order 2N+1.

Proof. Let w(t) = Y, tip; and »(t) be the expansion of u(t) to order 2N
obtained in Theorem 3.2. By Theorem 3.2 A we have || { H(t)~'—»(t) }(t)|
=o(t¥N+1/2), By Lemma 2.6, this implies that u(f) = (A (f)~'w(t), w(t)) to within
terms of order 2N +1. Using Theorem 4.2 A we can expand this inner product
to order 2N +-1.

ExamPpLE 3.1. An interesting example in connection with Theorem 3.1 is
furnished by the operator associated with the vibrating rod of small stiffness
clamped at both ends, H(e)¢ =d?/dx*+e(d*/dx?) for ¢>0 with boundary
conditions ¢(0) =¢(1) =¢'(0) =¢'(1) =0. For convenience we discuss the oper-
ator itself instead of its inverse. The Friedrichs extension of the second
derivative subject to the above boundary conditions is obtained by relaxing
the conditions to ¢(0) =¢(1) =0. Therefore we select the second derivative
with these boundary conditions as Ho. Then the smallest eigenvalue of Hj is
No=m? with corresponding eigenvector ¢ =212 sin wx.

We can consider the perturbed operator as being of the form H,-+tH,
with H, the fourth derivative with boundary conditions ¢(0) =¢(1) =¢'(0)
=¢'(1) =0. In this case (Hi¢o, ¢0), the first term of the formal expansion for
A(2), is not even defined since ¢¢ does not satisfy the boundary conditions for
H,.

We can also consider the perturbed operator as being of the form Hy-+tH;
+t2H,, with H; the zero operator and H, the fourth derivative. In this case
the first term of the formal expansion is defined with value zero. But the ex-
pansion A(t) =No+0-¢t+o0(¢) is not valid; the true expansion is

MY = No + 472/t + o(1).
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(Rayleigh [1, p. 300]). The conditions of Theorem 3.1 for N=1 are not
satisfied since 4o is not in the domain of H(¢).

If we specialize the theorems of this section to the case H(¢) = Hy+tH; we
obtain Kato's results for the corresponding case. Kato also studied essentially
self-adjoint perturbed operators. Such operators might not have inverses so
the methods of the present paper cannot be applied.

4. First order splitting; eigenvalues. For this section we assume u, satisfies
the conditions of Lemma 2.3 with L>1. We denote orthonormal unperturbed
eigenvectors by ¢, - - -, ¢. For sufficiently small ¢, H(f)~! has L eigenvalues
converging to uo which we order according to magnitude; u'(f) <p2() < - - -
<uL(t). The following theorem gives a first order expansion of the eigenvalues
and a zero order result for eigenvectors. Further expansion of the eigenvectors
will be considered in the next section.

THEOREM 4.1. If ¢t S D(H(t)) for all k, then we may assume ¢g selected so
that (Aph, ¢%) = s with i <ui< - - - <ul. The perturbed eigenvalues satisfy
wi(t) =mo+tul+o(t). If the ) are distinct, then there exist perturbed eigenvectors
@i(t) such that lim,.o ¢7(t) =@} for all j.

Proof. Since lim,.o u?(t) =uo, we can express ui(f) as ui(t) =uo+ri(t). We
must prove lim,_, 7i(f) =ui. Since E(f) converges to E,, there exist perturbed
eigenvectors of the form

L

(4.1) Vi) = X cislDee + 1)

t=1

where pi(t) is orthogonal to all ¢f and lim,., to(f) =0. By taking the norm of
both sides of (4.1) we conclude that each ¢;;(t) is bounded and that
L, [cj,-(t)l 2 is bounded away from zero in the limit.

Obviously,

WO, (30 = d)es) = (BQ™ — @} @), ¢0) = 0.

Expanding H(t)~'¢¢ to first order and simplifying, we obtain

. L . &
@.2) = rO)eald + X cildoin(t) = = (6 (), Axto+ 0alD)).

=1

Note that the right hand side of (4.2) vanishes in the limit.

From (4.2) we conclude that the 77(f) are bounded in the limit. Suppose
to the contrary that some 7%(¢) becomes unbounded on a sequence {t,,} of
parameter values tending to zero. Since lim,., >k, Icuk(t)l 2=1, there exists
a v and a subsequence {t,.’ } such that ¢4 (¢ ) remains bounded away from
zero. Then the first term in (4.2) for j=u, k=v will become unbounded as ¢
takes on the values ¢;. On the other hand, all remaining terms are bounded,
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so the first must be also. Thus the assumption that 7*(f) becomes unbounded
leads to a contradiction.

Now regard (4.2) as a system of L nonhomogeneous equations in the L
unknowns cj; (j fixed, k& varying). For any ¢ such that the determinant of
coefficients does not vanish, each c;j(f) must be the quotient of two deter-
minants. Each numerator determinant will have one column of terms which
tend to zero and other terms bounded. Therefore, each numerator tends to
zero. Since > L, |c,~.~(t)l 2 is bounded away from zero in the limit, the de-
nominator must tend to zero. This results in the condition

L .
(4.3) lim I] w1 — 7))} = 0 for each J.
=0 k1

Let C be a constant which is not a characteristic root of the matrix
(A%, ¢3) and let { t,,} be a sequence of parameter values tending to zero such
that for each j, »(¢,) is either less than C or greater than C for all ». From
(4.2) it follows that if #i(¢,) —u¥ is bounded away from zero, then lim,,., c;i(¢,)
=0. From this we see that the ¢’(¢,) corresponding to those #/(¢,) which are
less than C [greater than C] determine a projection which converges strongly
to that determined by those ¢} such that (4.}, #?) is less than C [greater
than C]. It follows that the number of distinct j’s such that #i(¢,) is less than
C [greater than C] is not less than the sum of the multiplicities of the char-
acteristic roots which are less than C [greater than C]. Since the total number
of r's is equal to the total multiplicity of all roots, the equality must hold.
From this result and (4.3) it follows that lim,.q 7/(f) =u{ for all j.

The second conclusion of the theorem follows immediately from (4.2).

REMARK. If 41¢} is defined, then ¢} is also, but the converse is not true.
If we assume ¢§& D(H(t)!'?) for all §, we can prove that the first order terms
in the expansions of the eigenvalues are the characteristic roots of the matrix
with — (Y2 Hy¢h, H2Hi¢d) = — (uo) 2(HY?¢S, H*¢}) in the 7, jth position.
We do not obtain conclusions with respect to eigenvectors in this case. The
proof depends on a generalization of Lemma 2.6 and will be omitted.

5. First order splitting ; eigenvectors. We now proceed to the study of the
identification of coefficients as applied to the calculation of eigenvectors in
the degenerate case. The first order result of the formal method is that if the
numbers u} of Theorem 4.1 are distinct, then the perturbed eigenvectors are of
the form ¢i(t) =¢}+1p) - - - with (I —E)¢l= —Sed 1. With first order in-
verse assumptions there exist perturbed eigenvectors ¢7(f) =¢3+twi(t) (Theo-
rem 4.1). To obtain unique vectors we impose the condition that (¢i(£), ¢i)
be real. With no additional assumptions we easily prove {I—E(f)}wi(t)
= —Sod:1¢p]+o(t) (Lemma 5.1). In order to replace E(f) by E, we must prove
/() bounded. Our success in the nondegenerate case suggests that we at-
tempt to prove (I —E,)wi(¢) and Ewi(t) bounded separately. The first of
these causes no difficulty (Lemma 5.2), but the author is unable to prove the
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second bounded with first order assumptions only. (Note that in the formal
method the corresponding term is computed at second order.) With second
order assumptions it is not difficult to prove Ew’(t) bounded, (Lemmas 5.3
and 5.4), but we do not obtain its limiting value at this point. Now we have
w(t) bounded, so we conclude {I—Eo}wi(t) = —Sod:1¢3+0(t) (Lemma 5.5).
This result in turn makes it possible to verify the formal result for lim, .o Eqw’(£)
(Lemma 5.6). We also verify the formal result for the second order term for the
eigenvalue (Lemma 5.7). All results are collected in Theorem 5.1.

LeMMA 5.1. With the hypotheses of Theorem 4.1;

{1 — E() }wj(t) = — Sedids + o(d).

Proof. By expanding the equation {H(t)“—y"(t) }q.‘)f(t) =0 and cancelling
lower order terms we obtain { H(£)=! —puo}wi(t) = — 4.4 +nipi+o(1). Apply-
ing the reduced resolvent S(f) to both sides of this equation and taking the
limit with respect to ¢ we obtain the desired result.

LEMMA 5.2. With the hypotheses of Theorem 4.1, ||(I—Eo)wi(t)|| =0(1).

Proof. From Lemma 5.1 and the equation {I—E(t) }q&"(t) =0, we obtain
H{1—=E@) }¢i| =0(t). By direct calculation we have

L .
(7 = Egsi@)|* =1 — 3 | #50), ¢0) |,

) L I,
I — E0)l” = 1 = 2 [ @0 e ) [
Summing the last two equations yields
L L . L, L ;
Yl - Esillr=L— X [ 0,90 = Tt - E)eil’

so that ”(I—Eo)t;b"(t)” =O0(t), which is equivalent to the statement of the
lemma.

LEMMA 5.3. If the conditions of Theorem 4.1 hold and in addition A}
ED(H(L)) for all j, then (wi(t), g) =O0(t) for j#k.

Proof. Note that (wi(f), %) is equal in absolute value to the c;(¢) of Theo-
rem 4.1. Because of the additional assumptions on ¢, we can replace the
terms Oijk(l) and Ojk(l) in (42) by O;jk(t) and O,‘k(t),

. L .
(5. {ur = rO}eald + X ca®0it) = = (t6'(), Ass — 0:n(0)-

From (A1, ¢3) = ds;ui it follows that
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(5.2) (to'(§), Aue) = W' (), (A1 — undo)({T —Eo}¢'()), {41 — ur} o).
From (5.1) and (5.2) we obtain

L —1 k i
Dot el {5.'7:(#1 —n(?) + O:in() 3

(5.3) =4 . .
= — (I = E}o'(t), 141 — m}e0) — (t0'(2), O(1)).

Regard (5.3) as L —1 equations in L —1 unknowns ¢~¢;x(¢), 7 fixed, j>=k. The
coefficients are bounded in the limit and the determinant is bounded away
from zero in the limit. Therefore, t~'c;x(¢) is bounded in the limit for j=k.

LEMMA 5.4. With the hypotheses of Lemma 5.3, lim,.o (wi(t), ¢3) =0.
Proof. Expanding ¢7(¢) = E«?(¢) — (I — E¢)¢?(¢) we obtain
) , . L .
$) =60 o0+ X calligs— (I — Eg'(0).
k1,
Calculating the norm of each side yields
. . L
1= 160 + X |ea®]+ T = Eei).
k=1,ks]

Applying the two preceding lemmas we obtain 1 — | (¢i(t), ¢é)| 2=0(t?). Since
(¢7(£), #) is real and tends to one in the limit, 1 —| (#7(£), #3)| 2=0(#2). The
statement of the lemma follows from this last equation.

LEMMA 5.5. With the hypotheses of Lemma 5.3,
(I = Eo'(t) = — Sodsgro + o(1).

Proof. By the three preceding lemmas, wi(¢) is bounded. The desired result
follows from Lemma 5.1 and the normed convergence of E().

LEMMA 5.6. With the hypotheses of Lemma 5.3,
%dm$=d—mmm%m®—%m$}
t

for j=£k.
Proof. Exp~ressing p#(t) in the form po+u]+12i(f) and expanding the equa-
tion (¢7(¢), {H(t)‘l—u"(t) }¢§) =0, we obtain

. . L . ..
<¢Z, — 1Sedio + 1 Y (') do)do + o(2),

i=1

(5.4)

tAsdo + L' Asdy — tuide — tzr’(t)) = 0.
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For j>=k, this reduces to

. . . . X .
(@'(t), d0) {ur — #i} + o(t) + (b0, Astba) — (Sod 1o, A1¢:) = 0.
Taking the limit with respect to ¢ we obtain the conclusion of the lemma.

LEMMA 5.7. With the hypotheses of Lemma 5.3,

W) = o+ s+ Lz + o)
with

p; = — (So4 1¢(7;, Ald’b - (¢g, A2¢§)-

Proof. Immediate from (5.4) for j=k.
The preceding results are collected to yield the following theorem.

THEOREM 5.1. If ¢f, A1p{E DI (1)) for all j, then the perturbed eigenvalues
wi(t) and eigenvectors ¢i(t) determined as above satisfy

W) = wo + tut + s+ o),

6 () = ¢s + 191 + o)
with
ui = (4100 60),
(I — E)pi = — SAgs,
@ 65 = (uF = wh " (Sod sty A1) — (o0 A},
b= — (Sodibi, A10) + (S0 Ase).

A completely general discussion of splitting at any order would be ex-
tremely tedious. We consider only the simplest case, that in which the eigen-
value either does not split at all or else splits completely at any order. At any
order, whether the eigenvalue splits or not is determined by comparing the
characteristic roots of a matrix peculiar to that order. As the order increases,
the associated matrix becomes more and more complicated, but it always re-
mains symmetric. If we made the inductive assumption that the matrices en-
countered at orders less than N have equal characteristic roots they would
have to be multiples of the identity. This simple observation would allow
us to cancel all terms of degree less than N from the equation

(A = i) }¢i(), ¢9) = 0

and so pass on to the proof that the Nth terms in the expansion of the eigen-
values are determined by the characteristic roots of the Nth order matrix.
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Even for operators of the form H,-+¢tH;, an eigenvalue can split at second
order. An example is

1 00 0 0 ¢
H#H=10 1 0 +¢ 0 0 0f-
0 0 2 -7 0 0

An extreme example of splitting is given by the matrix

H() = (l—fc?sg —fsing)
— fsing 14 fcosg

with f=exp (—¢~2) and g=2/¢. This matrix does not have a convergent series
expansion in powers of ¢ but the expansion H(t) =I40-t4+0-:24 - - - is valid
asymptotically. For >0, the matrix has two distinct eigenvalues 1 —f and
1+4f with the same asymptotic expansion. The eigenvalue splits but the split-
ting does not occur at a finite order. Another interesting property of this
matrix is that it is impossible to select perturbed eigenvectors which converge
as ¢ tends to zero. '

6. The adiabatic transformation. Let H, be a self-adjoint operator, A¢ an
isolated eigenvalue of H, of multiplicity L, and E, the projection on the cor-
responding eigenspace. Let H(¢) be a self-adjoint perturbation of H, such that
for ¢ sufficiently small, the spectrum of H(¢) near A\, consists of one eigenvalue
of multiplicity L. (That is, Ao does not split under the perturbation.) Denote
the projection on the corresponding eigenspace by E(f).

Perturbed eigenvectors are not uniquely determined by the conditions
that they be orthonormal and converge to previously selected unperturbed
eigenvectors. In fact, the quantities (¢7, ¢5) are determined only to within
real part. We find it convenient to obtain unique eigenvectors by insisting
such terms be real, but this is an arbitrary and somewhat artificial require-
ment. In this section we introduce the notion of the adiabatic transformation
which gives rise to naturally distinguished eigenvectors. '

Kato [4] has shown that if E(t) is of class C? as a function of ¢, then there
exists a unitary operator U(t) defined on all of 3¢ which maps the range of
E, onto the range of E(¢). This operator is called the adiabatic transformation
corresponding to A(¢f) and the correspondence from selected ¢§ to the vectors
¢i(t) = U(t)$} is called the adiabatic change of eigenvectors. Note that we can
still select the ¢J arbitrarily. It is only the change in eigenvectors that is dis-
tinguished.

The operator U is defined as the solution of the differential equation

U' = (E'E — EENU

which takes on the initial value I for t=0. From the existence of L ortho-
normal perturbed eigenvectors with Nth (V>2) order asymptotic expansions
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follows the existence of eigenvectors in the adiabatic form with the same
property.

If we define W(¢) as U(¢t)E,, then W¢ will be equal to Ug for all ¢ in the
range of E,, and W satisfies the simpler differential equation W' =E'W (see
Kato [4]). In particular

(6.1) Wiee = E'(1).

THEOREM 6.1. Let the perturbed eigenvectors in adiabatic form have the ex-
pansion

() = dittoi+ Loat -+ 1 by + oli).
Then

.. o
(61, ¢0) = — 1/k 2 14y, Sir).
r=l
Proof. Using the given expansion to evaluate both sides of (6.1) and then
taking the (k—1)st derivative at t=0, we obtain

L E. . P T I o

69 E{T el +vr s T s} -0
=1 \ r=1 3=1 u=0

For k=1, the theorem follows immediately from the linear independence of

the vectors ¢3. Assuming it holds for 2 <7 we can prove that the coefficient of

¢! in (6.2) vanishes for s >1. Therefore, the coefficient of ¢J must also vanish

which yields the theorem for & =#, completing the induction.

In the degenerate case, we use this formula only when splitting does not
occur. The result for (¢4, ¢7) in this section does not agree with that in the
previous section where the eigenvalue did split at first order. In the nonde-
generate case we obtain the perturbed eigenvector in adiabatic form by re-
placing (3.3) by

(60 60) = — 1/i 2 (i bic).

=1
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