THE COHOMOLOGY RING OF PRODUCT COMPLEXES(})

BY
F. P. PALERMO

Introduction. The Kiinneth formula enables one to determine the integral
cohomology group of the product X X ¥ of the spaces X and Y in terms of
the integral cohomology groups H(X) and H(Y). However, this formula
does not enable one to determine the multiplicative structure of the cohomol-
ogy ring (X X Y) in terms of the integral cohomology rings(?) H(X) and
H(Y). It is natural to ask the question: Is the integral cohomology ring
H(X X Y) determined by the integral cohomology rings H(X) and H(Y)?

This question is answered in the negative by the following example:

Let X,= Y, be the union of the real projective plane and a one-sphere
(circle) with one point in common. Let X,= Y, be a Klein bottle. It is easy
to check that the rings H(X;) and H(X,) are isomorphic. However, the rings
H(X,XY:) and II(X.X Y3) are not isomorphic. In particular, there is a one-
dimensional cohomology class and a three-dimensional cohomology class in
II(X;X Y:) whose product is a nonzero four-dimensional cohomology class.
On the other hand, all products of one-dimensional and three-dimensional
cohomology classes of H(X,X Y1) are zero. Hence these two cohomology rings
cannot be isomorphic. These assertions will follow readily from the theorems
proved below.

Since the answer to the above question is negative, it is natural to inquire:
What information about the cohomology rings of X and Y is needed to deter-
mine the integral cohomology ring of X X ¥Y? Let H(X, n) denote the co-
homology ring of X with the integers modulo n as coefficients. Following
J. H. C. Whitehead [8], and Bockstein [2], we define the spectrum of coho-
mology rings of X, or simply the cohomology spectrum of X, to be the set of
cohomology rings FI(X, n), n=0, together with the cocfficient homomor-
phisms: (X, n)—I (X, m), m>0 and the Bockstein homomorphisms of
degree +1: H(X, m)—I(X, 0), m>0. (These homomorphisms are defined
in section (1).) Bockstein [2] stated but did not prove that the cohomology
spectra of X and Y determine the cohomology ring H(X X Y). From these
spectra he constructed a group isomorphic to the group II(X X ¥), however,
he did not introduce any products in this construction; thus the question of

Presented to the Society, under the title The cohomology rings of product spaces on Decem-
ber 27, 1954; received by the editors March 11, 1956 and, in revised form, July 19, 1956.

(1) A condensed version of a doctoral dissertation submitted to Brown University. The
author wishes to thank Professor W. S. Massey for his advice and guidance in the writing of this
thesis.

(2) The multiplication in the cohomology ring is the “cup” product. The cohomology ring
is a graded, skew-commutative, associative ring.

174



THE COHOMOLOGY RING OF PRODUCT COMPLEXES 175

the determination of the integral cohomology ring of X X ¥ was left open.
Bockstein also gave a construction for determining the groups H(X X ¥, n),
the coefficient homomorphisms and the Bockstein homomorphisms.

In this paper, the problem of determining the cohomology ring of the
product X X Y is treated in a purely algebraic fashion. We start with a cochain
complex K, and study the cohomology spectrum of K. Various relations
which exist within this spectrum are indicated in the first chapter of this
paper. The tensor product K®L of two cochain complexes K and L cor-
responds to the cartesian product X X ¥ of the topological spaces X and Y.
Thus, the algebraic problem amounts to the determination of the cohomology
ring H(K®L). In the second chapter, Bockstein’s construction is used to
construct a group Ry(K, L), which is isomorphic to the group H(K®L), if
the complexes K and L are finitely generated. Products are introduced in
Ry(K, L), giving a ring which is proved to be isomorphic to the cohomology
ring H(K®L). It is seen that only a finite collection of rings of the spectra of
K and L are actually needed in the determination of the ring H(K ® L) when
K and L are finitely generated. Thus, this construction lends itself to com-
putation.

In Chapter III, it is shown that the cohomology ring H(KQ®L, n) is de-
termined by the spectra of K and L. The coefficient and Bockstein homo-
morphisms for K ® L are considered in Chapter IV, and the various construc-
tions are shown to commute with direct limits. Thus the result can be ex-
tended to infinite complexes and Cech cohomology.

CHAPTER I. THE COHOMOLOGY SPECTRUM OF A COCHAIN COMPLEX

1. Definitions and conventions. A pair (C(K), 6) is called a graded differ-
ential group if C(K) is the direct sum of subgroups C"(K), where C"(K) =0
for <0, and & is a differential operator homogeneous of degree 41 (or —1)
i.e. 8 is an endomorphism of K with 6C"(K)C C*'(K) and 86=0. An auto-
morphism w of C(K) is said to be an involution of C(K) if wé+d6w=0 and
ww(x) =x for all x&€C(K). Usually w will be the involution defined by w(x)
=(—1)?x for x&Cr(K).

A triple (C(K), 8, w) is called a graded differential ring if (C(K), 0) is a
graded differential group, w is an involution, C(K) has an identity 1E C°(K),
x-yECr*t9(K) for x&C?(K) and yEC(K), and 8(xy) = (6x)yFw(x)d(y).

K =(C(K), 6, w) will be called a cochain complex if (C(K), 8, w) is a graded
differential ring with 6 homogeneous of degree +1.

We let H(K, n) denote the cohomology ring of the cochain complex
K®Z,=(C(K)®Z,, 1, w®1), i.e. H(K, n) =kernel (6®1) modulo image
6®1 where 1 is the identity on Z,, the integers modulo n. If n=0, H(X, 0),
shortened to I1(K), denotes the integral cohomology ring of K, i.e. kernel §
modulo image 8. The involution w of K induces an involution w on each
H(K, n). We let (x), denote the cohomology class in H(K, n) of a cochain
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x which is a cocycle modulo #, i.e. x=ny for some cochain y in K.
For each pair of integers m=0, >0, the coefficient homomorphisms
hom: H(K, m)—H(K, n) are defined by the formula

e~ (i)

for any cochain x which is a cocycle modulo m, where (m, n) denotes the great-
est common divisor of m and n. It is easy to check that £, is well defined, and
is a group homomorphism which is homogeneous of degree zero.

For n>0, the Bockstein homomorphism A,: H(K, n)—H(K) is defined by

the formula
1
An(x,) = (~—6x> .
V2 0

It is easy to check that A, is a well defined group homomorphism which is
homogeneous of degree +1.

2. The cohomology spectrum of a cochain complex. The cohomology
spectrum of a cochain complex is defined to be the collection of cohomology
rings H (K, n) together with the Bockstein and coefficient homomorphisms.

We shall now list some relations which exist between the Bockstein and
coefficient homomorphisms of the cohomology spectrum of the cochain com-
plex K. Their proofs are consequences of the definitions. Most of these
formulae, together with their proofs, are in J. H. C. Whitehead [8].

The following two conditions are satisfied by the Bockstein and coefficient
homomorphisms:

(2.1) hk.mhm.n = —m("' k) hk.ny
(m, k)(m, n)
(2'2) Amhm,n = ? A,
(m, n)

Let > (K) denote the direct sum of the rings H(K, n) for all n=0. A
product is introduced in D_(K) by the formula

(2.3) xy = he,m(2) hen(y)

where x is in H(K, m), y is in H(K, n) and ¢=(m, n). This product is ex-
tended to all of D (K) by linearity. It is easy to check that D (K) is an
associative skew commutative ring with this product.
The Bockstein and coefficient homomorphisms satisfy the following rela-
tions with respect to these products:
k(k, m, n)

(2.4) hem(2) e a(y) = m hi,(2),
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(2- 5) Ac.c(xy) = [Ac,chc.m(x) ]y + w(x) [A.c.chc.n(y) ]y
where x€EH(K, m), yEH(K, n), c=(m, n) and A.,.=h. oA.. If k’n and m=mn,
formula (2.4) reduces to

(2.6) Bem(%) Be,m(3) = he,m(2y)
i.e. bim: H(K, m)—H(K, k) is a ring homomorphism if £ divides m.
The following two relations have some important consequences:
(2.7 Ba(y- bno(%)) = An(3) - =,
(2.8) Bn(ln,o(%) - y) = (%) -An(y)
for «€H(K) and yEH(K, n). If in formulae (2.7) and (2.8) x=A,(2) for some
z in H(K, n), these equations take the form
An(y-Bn,n(2)) = An(y)-Aa(3),
Ba(An,n(2)-9) = w(An(2))-An(y).
These last two formulae suggest that A,: H(K, n)—H(K) will become a ring

homomorphism if a new product + is introduced in H(K, n) by either one of

the formulae
xxy = 2-Anu(y),

xxy = whnn(x) y
for x and y in H(K, n).

Let K and K’ be cochain complexes and suppose F: K—K'’ is an allowable
cochain map, i.e., F satisfies the following conditions:

(i) Fé = oF,
(ii) Fw = wF.
Then F induces homomorphisms F,: H(K, n)—H(K’, n) for each n. These

induced homomorphisms are related to the Bockstein and coefficient homo-
morphisms and the multiplication by the formulae

(3.) Fnhn,m = hn,mFm,
(2.9) (b)  Foty = AF,,
(c) Fa(xy) = Fa(x)Fa(y),

where x and y are in H(K, 7).
The Bockstein and coefficient homomorphisms preserve direct sums.
Stated precisely, we have the direct sum theorem:

THEOREM 2.1. If K=Y, K; (direct sum) where each K; is an allowable
subcomplex (i.e. 8K,C K,) of the cochain complex K, then

(a) HK, n) = Z H(K;, n) for each n. (Direct sum.)
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(b) hmna(H(K;, n)) C H(K;, m).
(c) An(H(Ki n)) C H(K)).

CHAPTER II. THE INTEGRAL COHOMOLOGY RING H(K ®L)

3. The group H(K®L). Let K and L be cochain complexes. The tensor
product K ® L of the cochain complexes K and L is defined to be the graded
differential ring (C(K)® C(L), (6®1)+ (0w ®$), w®w) with multiplication de-
fined by the formula

3.1 (x® ) (@) = (=1)*2u @ yv

for yE€(C?(K) and u&C¢(L). Let S¢(K, L) be the weak direct sum of the
groups H(K, n) @ H(L, n) for all non-negative integers n. Define ¢¢: So(K, L)
—H(KQ®L) as follows:

¢o| HK) ® H(L) = ay,
4’0' H(Kv ”) ® H(Lr n) = Anoy

where a.: H(K, n)®H(L, n)—»>H(KQ®L, n) is the homomorphism induced
by the bilinear map of H(K, n) X H(L, n)—>H(K ® L, n) which carries (x5, ¥»)
into (x®y).. Thus we have a,(x, ®y,) = (x®y),.

THEOREM 3.1. If K and L are finitely generated free cochain complexes, then
(a) ¢o is a homomorphism onto,
(b) kernel ¢o is the subgroup Qo(K, L) of So(X, L)

generated by the following relators:

(i) 7ii(x) ®yi—x; ®hy,i(v:), o i|] Orjli,
(i) Ay(x:) ®yo—%:®hi,0(y0), 1>0,
(iii) 20 ®Ai(y:) — ki 0(w(x0)) ®yi, 1>0.

Proof. A finitely generated free cochain complex is the direct sum of ele-
mentary allowable subcomplexes, an elementary complex being a complex
E of one of the following two types:

(1) E has one free generator ¢ with é¢=0,

(2) E has two free generators a and b with da=tb and 8b=0 where ¢ is
an integer greater than 1.

Since K and L are finitely generated free cochain complexes, they each
split into the direct sum of elementary complexes. Hence it suffices to prove
(a) and (b) for the case where K and L are elementary complexes(?) because
of the following direct sum lemma.

LemMA 3.2. If K= ; K, L= ) ; L; where K; and L; are allowable sub-
complexes of K and L respectively, then

(3) Some details of such a proof are given in the appendix.
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(i) So(K, L) = 2 So(Ks, L),

(i) @o(So(Ks Lj)) C H(K; @ Lj).

The proof of this lemma is a straightforward verification using the facts
that homology and tensor products preserve direct sums (Eilenberg and
Steenrod [5, p. 141]).

4. The multiplication in H(K ® L). Thus far, the ring structure of H(K ® L)
has not been considered. The multiplication in K®L is given by formula
(3.1). In this section products will be introduced in S¢(X, L). It is convenient
to write &, in place of k; ;®h;,;: H(K, j)@H(L, j)»H(K, i) @ H(L, 1).

Since H(K, n) and H(L, n) are graded rings, H(K, n) ® H(L, n) is given a
ring structure in the standard way, i.e. for x in H?(K, n), yin HY(L, n), u in
H(K, n) and v in H(L, n)

(4.1) (# ® y)-(x ® 1) = (—1)P%(ux) @ (y1).

With this multiplication, H(K, n) @ H(L, n) is an associative ring. This multi-
plication is extended to So(K, L) = D .p0 H(K, n) @ H(L, n) by the formula

(4.2) 2y = hoi(2) hli(y)

where x is in H(K, 1) ®H(L, 1), y is in H(K, j)QH(L, j) and ¢= (4, j). With
this multiplication, So(X, L) is an associative ring.

In §2, a multiplication was introduced in the direct sum of the cohomology
rings H(K, ©), 120. We list some properties of the homomorphisms e;:
H(K, H)QH(L, j) >H(K®L, j) and the coefficient homomorphisms with
respect to these products.

i
(4.3) aih:'j = —('—‘) hi.jai! i > Oyj g O’
(4.4) ai(xy) = ai(x)aiy) for x and y in H(K, i) @ H(L, i).
(4.5) aili,; = hijo; if i f,

a(xy) = ai(x)-a;(y) for xin H(K, i) ® H(L, i),

(4.6) . . . ..
yin H(K, j) @ H(L, §) and ¢ = (4, 7).

Formulae (4.3) and (4.4) follow immediately from the definitions while for-
mulae (4.5) and (4.6) are consequences of (4.3) and (4.4).

However, ¢¢: So(K, L)—H(K ® L) does not preserve these products. This
can be seen just from considerations of degrees. We noted in §2 that a new
multiplication * can be introduced in H(K, n) so that A,: H(K, n)—H(K)
becomes a ring homomorphism. Following this lead, we introduce a cobound-
ary endomorphism D, in H(K, n) @ H(L, n) for n>0 by the formula

4.7) Di=080n®T+0®As
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where [ is the identity on H(L, n) and w is the involution of H(K, n). An
involution o’ of H(K, n) @ H(L, n) is defined by o’ =w Quw.

The following properties of D, and w’ are easily verified using formulae
(4.3), (4.4), (4.5) and (4.6).

(4.8) D,D, =0, D,w' + w'Dy = 0.
4.9) azD, = Ap natn, anw' = wan.
. L
(4.10) If¢| 4, D.hei = — he:Ds
c
(4.11 Bnon(%-Da(y)) = Bnan(2)Anan(y) = Daan(w'Da(%) - y),

where x and y are in H(K, n) @ H(L, n).

A multiplication » is defined in Sy(K, L) as follows: For each pair of posi-
tive integers ¢ and j, choose integers a and B so that ai+8j=(z, j). For x in
H(K,7)®H(L, i), yin H(K, j)QH(L, j), we define

I

Zey=axyifj=0

(4.12) =o'(x)yifj>0,1=0
= ax-Di(y) + '(Di(x))-yif i > 0,5 > 0.
This product is extended to So(K, L) by linearity. So(K, L) with this multipli-

cation is a (nonassociative) ring.
The following theorem shows the importance of the * products.

THEOREM 4.1. ¢o: So(K, L)>H(KQ®L) is a ring homomorphism with re-
spect to the * products in So(K, L); 1.e. po(x*y) =do(x) -do(¥).
Proof. It suffices to check this for
xin H(K,1) ® H(L, ) and y in H(K, 7) ® H(L, 7).

There are four cases to be considered. Case 1, 2=3j=0 follows from formula
(4.4); Case 2, >0, j=0; and Case 3, 2=0, j>0 follow from formulae (4.6),
(2.6) and (2.8). Case 4, >0, j>0 follows from formulae (4.13) and (4.14),
below, which are consequences of formulae (4.9), (4.10) and (4.11).

For x in H(K, 1) ®H(L, 1) and y in H(K, j)®H(L, j),1>0,7>0, c=(1, ),

(4.13) Acaro(2Di(y)) = % i) Ajeri(),

(4.14) Ao (Di(2))y) = { Aseri()A jo(9).

We should observe that in this theorem we have not assumed K and L to be

finitely generated cochain complexes.
Combining Theorems 3.1 and 4.1, we obtain
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COROLLARY 4.2. If K and L are finitely generated free cochain complexes,
then Qo(K, L) is an ideal of So(K, L) with + as multiplication.

Thus we have the very important

COROLLARY 4.3. ¢o induces a ring isomorphism ¢¢ of So(K, L) modulo
Qo(K, L) onto H(K @ L) when K and L are finitely generated and free.

The multiplication + introduced in So(X, L) depended on choices of
integers a and 3. Theorem 4.1 shows that this multiplication is determined
modulo kernel ¢g. Thus if K and L are finitely generated and free, * is deter-
mined modulo Qy(X, L). However, it can be shown directly that if a second
multiplication *’is introduced in So(X, L) using a different choice of integers,
then for x in H(K, 1)®H(L, 1), vy in H(K, j)®H(L, j) and c= (1, j)

%%y — x+’y = D (ka'(x)y) for some integer k.

But D.(u) is easily seen to be in Qy(K, L). Thus * is unique modulo Qy(X, L).

Suppose K and L are finitely generated free cochain complexes. Let T be
the collection of all integers # such that =0 or n= (¢, s) where ¢ ranges over
the torsion coefficients of K and s ranges over the torsion coefficients of L
(Eilenberg and Steenrod [5, p. 138]). If we examine the proof that ¢, is onto
H(KQ®L), we see that only the groups H(K, n)@H(L, n) for n in T are
needed. However D _.er H(K, n) ® H(L, n) need not be a subring of So(X, L).
Let T’ be the smallest collection of integers which contains T and is closed
with respect to taking greatest common divisors. Then clearly

> H(K,n) ® H(L, n).

nel’

is a subring of So(X, L) which contains the subring generated by
> H(K,n) ® H(L, n).
. nel
Thus the cohomology ring H(K®L) is determined by the finite collection of
cohomology rings H(K, n) and H(L, ») for nin T if K and L are finitely gen-
erated and free.
CHAPTER I1I. THE coHOMOLOGY RING H(KQ®L, n)

5. The group H(K® L, n), n>0. Suppose K and L are cochain complexes.
Let P.(K, L) be the direct sum of the groups H(K, 7) @ H(L, 7) for all integers
1 which divide #. Let S.(X, L) be the group direct(*) product

P.(K, L) X P.(K, L).
We define 8,: P.(K, L)->H(K ®L, n) by the formula
0| H(K,3) ® H(L, 3) = hn,ict;

(%) We use the direct product notation here because both factors are the same, while for
P.(K, L) we used the direct sum notation because all the factors were distinct.
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and ¢,: P.(K, L)X P.(K, L)>H(KQ®L, n) by the formula
(5.1) ¢, y) = a(2) + Ann0n(y),
for x and y in P,.(K, L). Clearly, ¢, is a group homomorphism.

THEOREM 5.1. If K and L are finitely generated free cochain complexes, then

(a) ¢ is a homomorphism onto H KQL, n).

(b) kernel ¢, is the subgroup Q.(K, L) of S.(K, L) generated by the following
relators:

(i) (0, ks ;(x;) ®yi—x;®h;.:(¥:)),

(ii) (hij(x;) @yi—x;@h;,i(y1), 0),

(iii) (Da(u), —u),
where 1 and j both divide n, x;€EH(K, 7), y:.€H(L,1) and uEH(K,n)®H(L, n),

As in Chapter 11, it suffices to prove the theorem for K and L as elemen-
tary complexes(®) because of the following lemma.

LEMMA 5.2. If K= ;K;, L=); L; where K; and L; are allowable sub-
complexes of the cochain complexes K and L respectively, then
) Sa(K, L) = 2 Sa(Ks, Lj),
i

(2) ¢n(Sn(Kiy Ll)) C H(Ko ® Lj, ")

The proof of this lemma is left to the reader.
Letting R,(K, L)=S,(K, L) mod Q.(X, L), we have

COROLLARY 5.3. If K and L are finitely generated free cochain complexes,
¢n: Sa(K, L)—H(K QL,n) induces an isomorphism ¢y : R,(K, Ey~>H(KQ®L,n),
n>0.

6. Products in S,(K, L). Thus far S,(K, L) has been given only a group
structure as the direct product P,.(K, L) X P,.(X, L).

A multiplication will now be introduced in S,(X, L) by first introducing a
multiplication in P,(K, L)= D>, H(K, i) ®H(L, i). It is easy to see that
P.(K, L) is an ideal of S¢(K, L) with respect to the skew multiplication
defined by formulae (4.1) and (4.2), and also with respect to the * product
defined by formula (4.12). Thus, in particular, P,(K, L) is closed with respect
to both these multiplications. We introduce another product © in P.(K, L)
by defining for x in H(K, 1) @ H(L, ) and y in H(K, j)@H(L, )

n
(6.1) T OQy=———7%xy
[4, 7]

(5) Details of such a proof are given in the appendix.
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where [4, j] is the least common multiple of  and j. This product is extended
to all of P,(K, L) by linearity.

The following formulae show the relations between the homomorphism 0,
and the products defined on P,(K, L). These formulae are established using
formulae (2.4), (2.5) and the definition of 6,.

(6.2) On(x © ) = 0a(2)02(y);

(6.3)  6u(x-Di(3)) = %oxx) Banba(3);
6.4)  6u(Di(x)-y) = % [Bn.a00(2) -0(3) |;

6.5) bu(xry) = a 7’ 6a(2) - Bnn(0a(3)) + B 7 W(Annn()) Ba(9);

(6.6) An,non = hn,0¢0| Pn(K’ L);

wherexCH(K,7)QH(L,:),yEH(K,j)®H(L,j),c=(i,j),aand B areintegers
such that ai+Bj=c, and + is defined using these integers (formula (4.12)).

For each 7 and j which divides #, choose integers @ and 8 such that
ai+Bj=c=(i, j) and suppose that x has been defined using these integers.
Let x€H(K, {)QH(L, 1), y&H(K, j)®H(L, j). A multiplication denoted
by * + is introduced in S.(K, L)=P,(K, L)X P.(K, L) by the formulae

(D) (0, x)x % (0, y) = (0, xxy),

i) (0, x)++(, 0) = <—w'(x)*y,a—:— %0 y),
6.7) .
1
(i) (3, 0)s» (0, ) = (y* natu(y)0),

(iv) (3, 0)»+(x,0) = (y © =, 0).

This product is extended to all of S.(X, L) by linearity. It is easy to check
that S,.(KX, L) with this multiplication is a (nonassociative) ring.

THEOREM 6.1. ¢,: S,.(K, L)->H(KQ®L, n) is a ring homomorphism with
respect to the » » product defined by formula (6.7), i.e. p.(u* +v) =, (%) -P.(v)
for u and v in S,(K, L).

Proof. It suffices to prove this for the four cases given in formula (6.7).
Cases (i) and (iv) are immediate consequences of formulae (6.2) and (6.6).
The proofs for cases (ii) and (iii) are similar, hence we only give a detailed
proof for Case (ii). Note the use of formulae (5.1), (6.5), (6.2) and (2.5).
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é((0, 2) * « (3, 0))

¢n<_wl(x)‘ Yy, @ _:' x 0 y)

i
— On(w'(2)*y) + a 7 Anafn(x O y)

- [a % 0n(w'(2)) “An,n0n(y)
j ,

8L (B nta(()) .on<y>]
C

+ a% [802(8n(2)) -0a(3) + Ba(2) - An aba(3) ]

-8 ’7 Basbn(2) 6:(3) + a % Bn.0n(2)0a(3)

= Ap,nba(%) 'Bn(y)
= ¢n(0, x)d),.(y, 0)

The following corollaries are immediate consequences of this theorem and
Theorem 5.1.

COROLLARY 6.2. Q.(K, L) is an ideal of S.(K, L) with respect to the * *
product if K and L are finitely generated free cochain complexes.

CoRrOLLARY 6.3. If K and L are finitely generated free cochain complexes,
then S.(K, L) is associative modulo Q.(K, L), 1.6. x* + (y+ +2)=(x* +y) * +2
mod Q.

It can be proved directly that the multiplication defined in S.(K, L) is
unique modulo Q,(K, L). However if K and L are finitely generated and free,
this is an immediate consequence of Theorems 5.1 and 6.1.

Since Q.(K, L) is an ideal of S,(K, L) with respect to the * » product
when K and L are finitely generated and free, R,(K, L) is a ring. Thus we can
state Theorem 5.1 in the stronger form:

THEOREM 6.4. If K and L are finitely generated free cochain complexes, then
¢F: R.(K, L)y->H(K®L, n) is a ring isomorphism.

We will now apply the foregoing theory to the example given in the intro
duction. We let Z,[#] denote a cyclic group of order » with generator . Since
the Klein bottle X and the union of the real projective plane and a one-
sphere (P.\/S:) have only two as torsion number, we need consider only the
cohomology rings with integers and integers modulo two for coefficients. The
integral cohomology groups and the cohomology groups with integers modulo
two are as follows:
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HY(K) = H(P*\/ S1) = Z[(e)o],

HY(K) = HY(Pt\/ $y) = Z[(c)o],

H*K) = HXP*\/ S1) = Za|(b)o],
HY(K, 2) = HY(P*\/ Sy, 2) = Zs[(e)2],
HY(K, 2) = H(P*\/ Sy, 2) = Z2[(0)2] + Z3[(a)2],
HX(K, 2) = HXP?\/ Sy, 2) = Z,[(b):].

In each case, these generators of the respective groups are related by the
Bockstein and coefficient homomorphisms as follows:

As((@)2) = (b)o, As((e)2) = A2((c)2) = Ax((b)2) = 0,
h2,0((e)o) = (e)2, h2.0((c)o) = (¢)2 and hz,0((8)o) = (b)2.

The multiplication table for the cohomology rings of these spaces is deter-
mined by giving the products for these generators. With integer coefficients
we have the same multiplication table for the both spaces. Thus we have the
following table:

(e)o (©)o (0o
(e)o (€)o (©)o (®)o
(©)o (©)o 0 0
(®)o (®)o 0 0

However, with integers modulo two we have different products as indicated
in the following tables:

(€)2 (©)2 (@)z (b)2
(€)2 (€)2 (©)2 (@)2 (6)2
(©)2 (©)2 0 (b)2 0
(@)e (@)q (8)2 (B)2 0
(b)2 (5)2 0 0 0

Klein Bottle K

(€)2 (©)2 (@)2 (0)2
(e)2 (e)2 ()2 (@)2 (0)2
(C)2 ( C) 2 0 0 0
(@)2 (@)2 0 (0)2 0
(0)2 (P 0 0 0

PyV S
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It can be easily seen that the rings determined by the above multiplication
tables are not isomorphic. If we compute the cohomology groups of K XK
and (P:VS1) X(P,\/S1) in dimensions one and three, we find the following
generators:

(c ® €)s, (e ® ¢)o in dimension one,
(¢ ® b)e, (b ® ¢)o, in dimension two

and
1
(—2— a ® a)) = (b ® a — a ® b)y in dimension three.
1]

This gives rise to the following multiplication tables:

cQe e®c
(c®b)o 0 0
(b®C)o 0 0
(b®a—a®b), (b®b)o (b®b)o
K X K
(c®e)o (e®c)o
(c®b)o 0 0
b®c)o 0 0
(b®a—a®b), 0 4 0

P2V S1) X (P2 V S1)

This substantiates the assertion made in the introduction.

We now consider a second and more startling example which shows that
we actually need to consider not only the abstract ring structures but also the
coefficient and Bockstein homomorphisms. Let us take for the spaces, the
lens spaces L(5, 1) and L(5, 2) (cf. Seifert and Threlfall [7, p. 210]). We let
Li=L(5, 1) and Ly;=L(5, 2). Both of these spaces have only five torsion.
Hence, we need consider only the cohomology rings with integers and integers
modulo five for coefficients along with the corresponding coefficient and
Bockstein homomorphisms. It is left to the reader to verify that these spaces
have isomorphic cohomology rings with integers and integers mod 5 for coeffi-
cients. However, one finds that there is no isomorphism between these rings
which commutes with the Bockstein and coefficient homomorphisms. Upon
computing the integral cohomology rings of the spaces LiX L and Ly XLy,
using the above constructions, one finds that there can exist no isomorphism
(ring) between these rings.
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CHAPTER IV. THE COHOMOLOGY SPECTRUM OF K®L

7. The Bockstein and coefficient homomorphisms in S,(K, L). Thus far
we have constructed, for each non-negative integer #, a ring S,(K, L). In this
section homomorphisms are defined within this collection of rings which will
correspond to the Bockstein and coefficient homomorphisms. These new
homomorphisms will be denoted by the same symbols.

For m and » positive integers we define hy,»: S.(K, L)—S.(K, L) by the
formula

[m, ]

Bmn(2, 0) = ——= (ki (), 0),

[m’ i]

Bonn(0, %) = ——
- 'x_(m,n)

(7.1)

(aheDi(x), Bhe,i(x))

where x is in H(K, 1) @ H(L, 1), zl n, c=(m, 1) and the integers a and B satisfy

am+Pi=c. We also define hn,o: So(K, L)—>Sn,(K, L) by the formula

hm.O(x) = (h:n.o(x)» 0) . i = 0’
= (ahe,Di(x), Bhe.i(%)) Lo

for x in H(K, 1)®H(L, 1), c=(m, 1) where the integers o and B satisfy
am+PBi=c.

The Bockstein homomorphism A,: S,.(K, L)—So(X, L), >0, is defined
by the formula

(7.3) An(2z, y) = x

for (x, y) in S,(K, L). We also define an involution w, of S.(K, L) for n>0 by
the formula

(7.2)

wn(x, y) = (&'(x), —o'(y)) n> 0.

An involution w, of So(K, L) is defined for x in H(K, 1) ® H(L, 7) by the
formula

we(x) = — w'(x) i>0,

= w'(x) i=0.

It can be shown directly that %, .(Q.(&, L)) CQOn(K, L) and A,.(Q.(K, L))

CQo(K, L). However, such a direct proof is a long and tedious computation.

The two inclusions are immediate corollaries of the following theorem when
K and L are finitely generated and free.

THEOREM 7.1. The homomorphisms hm,n, A, and w, defined above commute
with ¢n. Thus we have the following formulae:

(7'6) ¢nhn,m = hn,m¢m n > 0, m g 0,
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(77) ¢0Am = Am¢m m > 0,
(7'8) GPrwn = Whn n=0.

The proofs of these formulae are easy verifications and are left to the
reader.
As an immediate consequence we have

CoroLLARY 7.2. If K and L are finitely generated free cochain complexes,
then

(D) Ama(Qa(K, L)) COn(K, L), m>0,n2z0;
(i) A(On(K, L)) C Qu(K, L), n > 0;
(i)  wa(Qn(K, L)) CQOn(K, L).

Hence these homomorphisms induce homomorphisms £, ,, A* and w.* on the
quotient rings R,(K, L), n=0, and these induced homomorphisms satisfy
formulae (7.6), (7.7) and (7.8). Thus, since each ¢, induces an isomorphism
between R,(K, L) and H(K®L, n), the induced coefficient and Bockstein
homomorphisms correspond to the coefficient and Bockstein homomorphisms
in the cohomology spectrum of K ® L.

8. Homomorphisms induced by allowable cochain maps. In this section,
the obvious definitions of homomorphisms induced by allowable cochain maps
on the rings S,(K, L) are given. Let K, K’, L and L’ be cochain complexes,
and let f: K—K’ and g: L—L’ be allowable cochain homomorphisms. Then
{fy £)o: So(K, L)—So(K’, L') is defined by the formula

(81) <f: g>°|II(Kv n) ®H(L! n) =f"®gﬂ

where f.: H(K, n)—>H(K’, n) and g.: H(L, n)—H(L’, n) are the homomor-
phisms induced by f and g respectively. Let (f, g) ={(f, g)o| P-(K, L). Then
(f, @)n: Sa(K, L)—>S.(K’, L) is defined by the formula

(8.2) {, & = (fy ) (. D)

Since f and g are allowable cochain homomorphisms, f, and g, commute
with the corresponding Bockstein and coefficient homomorphisms (formula
(2.9)). Thus (f, g)», =0 maps the generators of Q,(K, L) into the correspond-
ing generators of Q.(K’, L) and therefore (f, g)» induces a homomorphism
{f, g)a*: Ra(K, L)—>Ra(K', L").

The homomorphisms {f, g)» and (f, g)*, n=0 satisfy the following func-
torial properties:

LeEMMA 8.1. () If f: K—K and g: L—L are identity homomorphisms, then
{f, @)n: Sa(K, L)>SA(K, L), n20, and (f, g)*: Ra(K, L)>R.(K, L) are iden-
tity homomorphisms.
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(b) If f: KK, f': K'—K", g: L>L' and g': L'>L" are allowable homo-
morphisms, then

(F'f, 88)n = {f', & )alf, g)n:Sa(K, L) ® Sa(K", L"),
and
('f, g8 = (f's &S, gm:Ra(K, L) — Ra(K", L")

These functorial properties follow from the corresponding properties for
tensor products, direct sums and homology, the details of the verification
being left to the reader. '

The following theorem shows that ¢,, 720, is a natural homomorphism
with respect to induced maps.

THEOREM 8.2. If f: K—K' and g: L—L' are allowable cochain homomor-
phisms, then

Gal(fy 8)n = (f ® 8)adn:Su(K, L) = H(K' ® L', n)
and
Bolf, 8 = (f @ ubuiRu(K, L) > H(K' & I/, ).
This follows from the definitions, formula (2.9), and the fact that
ai(f; ® g) = (f ® g

THEOREM 8.3. Let f: K—K' and g: L—>L’ be allowable cochain homomor-
phisms. Then (f, g)n: Su(K, L)—>S.(K’, L') preserves the + » products, i.e.
(fy @n(x* 2 3) =(f, ©n(x) * * {f, 2)u(y) for x and y in S.(K, L).

Proof. It suffices to prove this for the case listed in the definitions of the
+ « products, e.g. formulae (4.12) and (6.7). The following formulae are used
in this verification, where xEH(K, 1)@H(L, 1), yEH(K, jY®H(L, j) and
u and v are in So(K, L).

(8.3) (f: ® g)hii = hii(fi ® g1,

(8.4) (f, g)o(w-v) = (f, g)o(®)(f, go(v),
(8.5) Di(f: ® g:) = (f: ® g:)Ds,

(8.6) (f, o(Di(x)-y) = Di{f, &)o(2))-(f, £)o(),
(8.7 (f, o(x-Di(3)) = (£, £)o(®) - Di{f, &)o(¥),
(8.8) (f, &n = (f, @)o| Pa(K, L).

THEOREM 8.4. If f: K—K’ and g: L—L’ are allowable cochain homomor-
phisms, then

(8‘9) <f’ g)”h"-’" = hnr'"(fv g)"':Sm(K’ L) _)S”(K’v Ll)r



190 F. P. PALERMO [September

(8.10) (fy 8)0An = An(f, g)n:Sa(K, L) = So(K’, L').

These formulae are consequences of the definitions. Their proofs are left
to the reader.

Formulae (8.9) and (8.10) also hold for the homomorphisms (f, g)x,
hym and A} induced on the quotient rings R,(K, L).

The results of this section can be interpreted using the language of the
theory of functors. (cf. Eilenberg and Steenrod [5, p. 111]).

For each integer 20, S, is a function which assigns to each pair (X, L)
of cochain complexes a ring S,(K, L) and to each pair of allowable cochain
homomorphisms f: K—K’and g: L—L’, aring homomorphism (f, g)n: S.(K, L)
—S.(K’, L"). Then Lemma 8.1 states that S, is a covariant functor on pairs
of cochain complexes.

For each n=0, R, is a function which assigns, to each pair (K, L) of
finitely generated free cochain complexes, a ring R,(K, L), and to each pair of
allowable cochain maps f: K—K’ and g:L—L’, a ring homomorphism
{f, g)¥: R,(K, L)>R,(K', L'). From Lemma 8.1, we see that R, is a covariant
functor defined on pairs of finitely generated free cochain complexes.

9. Extension to infinite complexes and Cech cohomology. In this section,
the functors S, and R, will be shown to commute with direct limits. This will
then enable us to extend the results of the previous sections to infinite cochain
complexes. We first list some known results about direct limits. Their proofs,
in a general form, may be found in Cartan and Eilenberg [4].

(1) Direct limits commute with tensor products.

(2) Homology, as well as the coefficient and Bockstein homomorphisms,
commute with direct limits.

(3) Direct sums commute with direct limits.

We shall use the notation of Eilenberg and Steenrod [5] for direct systems
of groups.

Let the cochain complexes X and £ be the direct limit of the direct system
of cochain complexes {K, v} and {L, p} over the directed sets M and N
respectively. The set M X N is directed by defining (a, B) < (v, 6) if <7y and
B< 8 where @ and 4 are in M and 8 and é are in N. Let {S,.(K, L), S.(w, p) } ,
{Q.(K, L), Qu(m, p)} and {R.(K, L), R.(m, p)} be the direct system of
groups, subgroups and quotient groups defined as follows:

)8 )
Sn(Ky L) (a,B) = Sn(Km Lﬁ)v Sﬂ(”) P) :Z,ﬁ)) = Sﬂ(ﬂ-zr pﬂ);
8) )
0u(K, L)ty = Qu(Kas Lg)i  Qa(m, 0) ety = Salmas 03) | On(K ey Lg);

,8 3
Ru(K, L) ay = Ru(Kay Ls);  Rulm, p) cny = Ra(mes pg) for (a, B) < (v,9).

THEOREM 9.1. S,(X, £), 0.(X, £) and R.(X, £) are the direct limits of the
direct systems of groups, subgroups and quotient groups {Sn(K, L), S.(m, p) },
{0.(K, L), Qu(r, p)} and {R.(K, L), Ru(m, p)} respectively.
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Proof. That S,(X, £) is the direct limit of the direct system of groups
{S.(K, L), Sa(m, p)} follows from the facts that tensor products, homology
and direct sums commute with direct limits. To see that Q,(X, £) is the direct
limit of {Q,,(K, L), Qu(m, p) }, one uses the fact that the homology spectrum
commutes with direct limits. Thus the relations which define Q.(X, £) can
be pulled back to some Q,(Ka., Lg). Since direct limits preserve exact se-
quences (cf. Eilenberg and Steenrod [5, p. 225]), R.(X, £) s the direct limit
of {R,.(K, L), R,(m, p)} because for each « in A and 8 in'N, the following
sequence is exact:

0— Qn(Kay Lﬁ) i Sn(Kay Lﬂ) i Rn(Km LB) — 0.

THEOREM 9.2. If K and L are torsion free cochain complexes, then for each
120,

(a) ¢i: Si(K, L)>H(K®L, 1) is a ring homomorphism onto,

(b) kernel ¢;=Q;(K, L).

Proof. In §§4 and 6, we saw that ¢; is a ring homomorphism for 720.
Hence it suffices to prove that ¢, is onto and kernel ¢,=Q.(X, L). K is the
union of its finitely generated allowable subgroups. Also for each pair (Ka, Kj)
of finitely generated allowable subgroups, the subgroup generated by K,\JKj
is finitely generated and allowable. Hence K is the direct limit of its finitely
generated allowable subgroups (cf. Eilenberg and Steenrod [5, p. 229]).
Similarly L is the direct limit of its finitely generated allowable subgroups.

Since a finitely generated subgroup of a torsion free group is free, the fol-
lowing sequence is exact for any finitely generated allowable subgroups K.
of K and Lgof L:

0— Qi(Kay Lﬂ) _>Si(Km Lﬂ) - I:I(Ka ® Lﬂ, ’L) —0

where the map S;(K., Lg) —>H(K.® Lg, 1) is ¢(a .. Since direct limits preserve
exact sequences, we conclude by Theorem 9.1 that the following sequence is
exact:

0> Q(K,L)>S(K,L)y > HK®L,i)—0

where the map Si(K, L)>H(K®L, 7) is ¢;. Since ¢; is natural, it commutes
with the induced projections; hence ¢;" =¢,;. This completes the proof of the
theorem.

COROLLARY 9.3. If K and L are torsion free cochain complexes, then ¢¥:
R(K,L)—»H(KQ®L,1) s a ring isomorphism onto.

Let X be a locally compact space, and let H(X, 7) be the Cech cohomology
ring of X with compact supports with the integers modulo 7 as coefficients. It
is known (cf. H. Cartan [3] or J. Leray [6]) that a torsion free cochain com-
plex K can be assigned to X so that the cohomology ring H(K, 7) is naturally
isomorphic to H(X, 7). It isalso known that if K and L are torsion free cochain
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complexes assigned to the locally compact spaces X and Y, as above, then
the torsion free cochain complex K ® L has the property that the cohomology
ring H(K®L, i) is naturally isomorphic to H(X X Y, 7) (for details and a
proof see [3, p. 60] or [6, pp. 113-114]). Thus we see that the cohomology
spectra of X and Y determine the cohomology rings H(X X ¥, 4). This is
stated precisely in

COROLLARY 9.4. If X and Y are locally compact spaces, then ¢7: Ry(X, Y)
—H(X XY, 1) is a ring isomorphism onto.

Proof. Since the spectra of X and Y are isomorphic to the spectra of K
and L, where K and L are as above, we have R;(X, Y) is isomorphic to
R(K, L). By Corollary 9.3, Ri(K, L) is isomorphic to H(K®L, %) which in
turn is isomorphic to H(X X Y, 7).

THEOREM 9.5. If X and Y are compact spaces, the Cech cohomology spectra
of X and Y determine the Cech cohomology rings H(X X Y, 3), i =0.

Proof. The Cech cohomology ring, H(X X Y, 1) is the direct limit of co-
homology rings of nerves of finite coverings. One can verify that the set of
“product” coverings {U;X V.-} with {U;} a finite open covering of X and
{ Vj} a finite open covering of Y is cofinal in the set of all coverings of X X Y.
Let N(U) denote the nerve of a covering U. It can be verified that the sim-
plicial product ([5, pp. 66-70]) N(U) AN(V)=N(UX V) where UX V is the
product covering. Since |N (U) AN( V)I is homotopically equivalent to
|N(‘U) X N( V)| , it follows that H(N(U) X N(V)) is naturally isomorphic to
H(N(UXYV)). Hence
w.v)

¢: = lim ¢;
[(URD]

is an isomorphism of R;(X, Y) onto H(X XY, i) by Theorem 9.1.

Appendix. We shall prove Theorems 3.1 and 5.1 for the case where K and
L are elementary complexes with two free generators. Let K have free gen-
erators a and & in dimensions p and p+1 respectively with éa =tb, 66=0, and
let L have free generators a’ and &’ in dimensions ¢ and g+ 1 respectively with
8a’ =sb’, 8b’ =0. For easy reference, we list the cohomology groups of K, L
and K ® L with the integers mod # for coefficients, #=0. Z,[«] will denote a
cyclic group of order # with u as a generator, c=(n, ¢, s) and d=(¢, ).

H?(K, n) = Z(t,n)l:(L a) ], n > 0,
(n,t) /a
H*Y K, n) = Z(tny[bn], n =0,

ren-af(50) e
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HAH (L, n) = Z .n[b2], nz0,

H»*(K ® L, n) = Z{(l a® a') ], n>0,
4 n

1
Hrtt (K Q@ L) = Zd[(‘; 8 ® a’)> :I:
0
H (K @ L, ) = Z.[(b ® b)nl, nz0,
Hp+fl+1(K ® L, n) = Zc +Zc, n > 0-

It is convenient to describe this last group as the abelian group generated
by

E= (% 3(a ® a’))ny G= (_1),,( (:t) °® b’>,.

and

F= ((:S) b® a’)n

subject to the relations:
cE = ¢F = G,
ne tc sc
L= F + G
(n, ) (n, s) (n, 1) (n, s)d

All the other cohomology groups of K, L and K®L are zero. The proof that
the group generated by E, F and G subject to the above relations is the direct
sum of two cyclic groups of order c is left to the reader. Note that the integers.
nc/ [(n, t)(n, 5)], tc/[(n, t)d] and sc/[(n, s)d] are relatively prime in pairs.

To prove that ¢, is onto, it suffices to exhibit a pre-image for each gener-
ator. Thus we have

n

dn(a: ® ai, 0) = (la ® a') R n>0,
¢

, 1
do(aa @ ag) = (7 (e ® a')) R

0
Ga(ba ® bn, 0) = (b @ b'), n>0,
¢o(blo ® by) = (b ® b)o,
Gn(bn.s) @ al<n.s)v 0) =F,
$a((=1)?8(n,ty ® bin,ty, 0) =G,
én(ahe,aDa(as ® a:;), Ba, @ dlc) = E,
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where a and B are integers such that an+Bd=c. The verification of the
above formulae is left to the reader.

It is easy to see that Q,(K, L)Ckernel ¢,, =0, because ¢, maps each
generator of Q.(K, L) into zero. Thus to prove (b) kernel ¢,=Q.(K, L), it
suffices to prove (b’) kernel ¢, CQ.(K, L), n=0.

In proving (b’), it will be convenient to introduce a graded structure in
Sa(K, L), n=0. This is done for So(K, L) by defining

SuK,L)= Y H(K)®H(L)+ Y Y H'(K,n ®H(L,n).

p+e=r ptg=r—1 n>0

For S.(X, L), we define

PuK,L)= Y X H'(K, i)®HL, i)

PHg=r i|n

and
Si(K, L) = Py(K, L) X P. (K, L).

It is easily seen that ¢.(S,(K, L)) CH(K®L, n), n=0. Thus to prove that
kernel $,.CQ.(K, L), n=0, it suffices to consider only homogeneous elements
of S.(K, L).

An equivalence relation ~ is introduced in P,(K, L) as follows: u~w if
#—v is a linear combination of elements of the form &, ,(x) ®y—x®#%; :(y)
where both ¢ and j divide #n. That ~ is an equivalence relation follows im-
mediately.

We now list some relations which are useful in the proof of 4. We assume
that 7 divides # and c=(n, ¢, s).

i(n, ¢, )

(A.1) hi(x) ® hio(y) ~ m Re, (%) @ heo(y),

(A.2) 2 Ak (4) @ hiu(v) ~< 2 4; i b ) )(h:,;(u) ® heo(v))

iin iln (iy t)(iv S)

where each 4; is an integer.

(A.3) hi.n(x) ® h.',:(y) ~ (”, t) x Q@ hn.c(y),
(1,9
(n, 1)
(A.4) hio(x) ® hin(y) N(TtT ha (%) ® 9,
(A.5) Di(u) ~ Dyh,, i(u) for u in H(K, i) ® H(L, i).

Formulae (A.1), (A.3), (A.4) and (A.5) follow from formula (2.1), and the
definition of ~, while (A.2) follows from (A.1).
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An equivalence relation is introduced in S,(K, L) =P,(K, L)X P.(K, L)
as follows: For # and v in S,(K, L), u=v (mod Q,) if u—visin Q.(K, L). It
is immediate that this is an equivalence relation.

For x and y in P,(K, L) the following three statements are equivalent:

(i) x~y,

(i1) (0, x)=(0, y) mod Q,,

(iii) (x, 0)=(y, 0) mod Q..

This follows from the definitions of Q,.(K, L) and the equivalence relations
defined above.

The following equivalences modulo Q, are readily verified. A proof of (A.7)
is given below. In each case 7 divides =.

(A.6) (0, hio(x) ® kio(y)) = 0mod Qn,

(A.7) (Di(w), 0) = (o, L u) mod Qu,
1

(A.8) (0, Di(u)) = 0mod Q,

for win H(K, 1)®H(L, 1), x in H(K) and y in H(L).

Proof of (A. 7). It suffices to prove this for u=xQ®y in H(K, 1) ® H(L, 7).
(/D) x @Y =hy nkn,i(x) ®Y~hy, i(x) @k, :(y) by formula (2.1) and the definition
of ~. Hence (0, (n/7)x®y)=(0, kn,:(x) ®k,4(y)). By formula (A.5) and the
relations defining Q,(K, L) this is =(D,k,,:(x®y), 0)=(D;(x®y), 0). The
next two formulae are proved in a similar fashion.

d ’ ’ ’
(Ag) 7 (ah(.,dDd(u), ﬂh,,du) = (0, hbd(u)) mod Qn,

ne _ lc n sc d
w0 T mnd T T g 8ol

where d=(t, 5), c=(n, t, s), uCH(K, d)®H(L, d), « and B are integers
such that an+4-Bd=c, e=(ah; Da(ha, (%) @has(¥s)), Bhe,i(xe) Ohes(¥s)),
= (hn,08¢(xe) ®hns(35), 0) and g=(hn,(xe) ®hn,08s(3s), 0), x. CH (K, t) and
¥ & H(L, s). The proof that kernel ¢,CQ.(K, L) can be broken down into
the following cases for #>0.

(A.10)

p+q+3

Case (1) x € S, (K, L).

p+q+2

Case (2) =€ S» (K, L).

p+a+l

Case (3) 2z E S, (K, L).
Case (4) z€ Si (K, L).
We will only give proofs for Case (1), n>0, and Case (3), n>0 because

the proofs for the other cases are similar.
Proof of Case 1, #>0. Let x &S, %K, L), n>0. Then ¢,(x) =0 because
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Hr+e(KQL, n) =0. But x= 2 A:(0, ki o(bo) ® ks,o(bd ) which by formula
(A.6) is =0 mod Q,. Thus x is in Q,(X, L).

Proof of Case 3, n>0. Suppose x&S,***'(K, L). Then by formulae (A.3),
(A.4), (A.9), and (A.2), x=Ae+Bf+Cg mod Q, where 4, B, and C are inte-
gers, c=(n, t,s), d=(t, 5), a and B are integers such that an+fd =c,

e = (ahi,aDa(as ® a2), Bhe,(a) ® heular)),
f= (ba ® han(ar), 0)
and
g = (hn(w(ar) ® bn, 0).

Since ¢,(e) =E, ¢.(f) =F and ¢.(g) =G, ¢.(x) =0 implies AE4BF+CG=0.
Thus .

ne
A=m———mod c,
(n, t)(n, 5)
tc
B=—m mod c,
(n, t)d
sc
C=—m mod ¢
(n, s)d
for some integer m. Since ce=cf=cg, this implies by formula (A.10) that

x=0 mod Q..
One proceeds in a similar fashion in the (simpler) case n=0.
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