TOPOLOGIES OF GROUP ALGEBRAS AND A
THEOREM OF LITTLEWOOD

BY
SIGURDUR HELGASON

1. Introduction. An important problem in Fourier analysis is that of in-
vestigating the relationship between the “size” of a function and the “size”
of its Fourier transform. The present paper can be regarded as a contribution
to this problem.

The classical Fourier transformation establishes a one-to-one correspond-
ence between the set L!(R) of all Lebesgue integrable functions(?) on the real
line R and certain set of bounded continuous functions on R. This corre-
spondence gives rise to two different metrics on the set L!(R), namely one
given by assigning to each f&L(R) the usual L-norm and the other by
assigning tofthe maximum of its Fourier transform F(u) = (27)~V2[f(x)e~ = dx.
This last metric coincides (as follows easily from the Plancherel formula) with
the metric obtained by the norm of the convolution operator g—f+ g on the
Hilbert space L%(R).

Even when G is an arbitrary locally compact unimodular group we can
in this way assign two natural topologies to the set L(G) of Haar integrable
functions. The first is given by the Ll-norm f—f|f(x)|dx (dx denoting left
invariant Haar measure) and the other by the spectral norm f—»“L,| where
L, denotes the convolution operator g—f*g on L?(G). A linear operator on
LY(G) we shall call spectrally continuous if it is continuous from the spectral
norm topology to the topology of the L!-norm.

The purpose of the present paper is to determine the spectrally continuous
operators that commute with all right translations on G. The answer breaks
up into two entirely different cases, namely the compact case and the non-
compact case.

I. G is compact. Here the operators in question are precisely left convolu-
tions by L2-functions. (Theorem A). The proof is obtained by a study of
certain lacunary Fourier series on the product group G = Hx U(d,). Here x
runs over all equivalence classes of irreducible unitary representations of G
and d, denotes the degree of x. In a later publication we intend to discuss
more fully lacunary Fourier series on noncommutative groups. In the classical
case when G is the circle group our result yields a slight sharpening of the
following well known theorem of Littlewood: If D a.ei is a Fourier series
which remains an L'-series after arbitrary change of the arguments of the Fourier
coefficients (a,) then Zlan] < o, The case of an abelian group was treated
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by different methods by A. Grothendieck [5] and by the author [6]. I am
much indebted to Dr. Grothendieck for interesting discussions about the
noncommutative case.

11. G is noncompact. Provided G satisfies certain minor restrictions the
only spectrally continuous operator commuting with right translations is 0
(Theorem B). The proof is obtained by using the structure theory of con-
nected locally compact groups to construct certain relative identities in the
group algebra L!(G) and then use the generalized Plancherel theorem to
estimate the spectral norm. Since the Plancherel theorem is based on von
Neumann's reduction theory we assume in this part that G is separable.

If G is abelian the other restrictions on G can be relaxed somewhat as
shown in [6], where spectrally continuous operators are studied for com-
mutative Banach algebras.

2. Notations and definitions. Throughout this paper G denotes a locally
compact unimodular group, and L?(G) for 1<p < o the Banach space of
pth power integrable complex valued functions on G, equipped with the
norm [|f]|, = (f]f(x)| 7dx) V2, ||fl|.. =ess. sup. | f(x)|. Here dx denotes the Haar
measure on G which will be assumed normalized when G is compact. The term
measure will be used in the sense of Bourbaki [2].

If u is a bounded measure on G we write L, and R, for the bounded(?)
operators on L?(G) defined by L,f=p+f and R,f=f+u where (u=+f)(x)
= [f(a='x)du(a) and (f+p)(x) = [f(xa=Y)du(a). If u is a point measure g—g(a)
we write L, and R,- instead of L, and R,, and if u is absolutely continuous
with respect to Haar measure and has derivative f&EL'(G) we write L; and
Ry instead of L, and R,. Let f* denote the function x—(f(x~!))~ (the bar de-
notes complex conjugate) and u* the measure f—(u(f*))~. Let furthermore J
denote the involution f—f*. Then it follows by routine computations that

Lye=JR,J.

L,* acting on LY(G) (p~'+q¢'=1) is the adjoint of L, acting on L?(G),
and similarly interpreted R,* is the adjoint of R,. If p=¢=2 it follows easily
that L, and R, have the same norm.

Operator norm will in general be denoted by || || and the adjoint of an
operator T by T*. The domain of the operator will always be clear from the
context since only bounded operators will be considered.

DEFINITION 2.1. Let fE€LY(G) and let L; and R, be the operators on L*(G)
defined above. The common value of ||Z,]| and || R/|| we shall call the spectral
norm of f and denote “f|,p.

It is well known and easily proved that ||f« gl|:<||f]li| g2 for all gEL%(G)
so that Hf ,,,5”}'”1, and consequently the spectral norm topology is weaker
than the usual topology on LY(G). If G is abelian we denote by F the Fourier
transform of f, F(x) = [f(x)(x(x))~dx. For a suitably normalized Haar meas-

(2) See Weil [16, Ch. I11].
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ure dx on the dual group G the Plancherel formula [|f(x)|%dx= f| F(x)|%dx
is valid. As a simple consequence we derive the relation H f| |.,,=maxx | F(x)|
for all fELY(G).

DEFINITION 2.2. A linear transformation T on L!(G) is called spectrally
continuous if it is continuous from the spectral norm topology to the L!-topol-
ogy. Equivalently T is spectrally continuous if and only if supjsjups ”Tf“1
< o, Such a transformation is a bounded operator on L!(G) in the usual
sense due to the inequality ||f]., <||f]|..

Throughout this paper G shall denote the set of all equivalence classes of
irreducible unitary representations of G. If x is a member of G we denote by
U, a member of the class x acting on the d, dimensional Hilbert space 3C,.
If G is compact and for some basis in 3¢, U, has the matrix form U, = (u}),
the Schur orthogonality relations together with the Peter-Weyl theorem ex-
press that the system of functions (dy)V/? 4}, xE€G, 4, j=1,2,- -+, dy is a
complete orthonormal system in L%(G). For each integer >0, U(n) denotes
the compact group of all unitary operators on an n-dimensional Hilbert
space.

For every locally compact space S we let €*(S) denote the set of all
complex valued bounded continuous functions on .S and X(S) the subset ot
e=(S) consisting of all functions vanishing outside some compact subset of
S. The space €(S) of continuous functions vanishing at infinity on S is the
uniform closure of X(S) in €=(S).

3. The theorems. We wish to determine all spectrally continuous oper-
ators on L!(G) that commute with the right translations R,, a ©G. The answer
is given by the two following theorems.

THEOREM A. Let G be a compact group. The spectrally continuous operators
T on LYG) commuting with right translations on G are precisely the left con-
volution operators T = L; with fE L*(G).

Furthermore (1/2)”2Hf”2§HT” =|Ifl]2-

Let us look more closely at the case when G is the circle group. If fE LY(G)
and f(x)~ > a.ei** is the usual Fourier series representation of f, then as
noted earlier we have [|f||., =max, |a.|. Suppose D a.cis has the property
that for each sequence v = (v,) tending to 0 (that is v = (v.) EC(Z)) the series
D a.yne"* is a Fourier series for a function f,&L'(G). It is trivial to verify
that the mapping T: y—f, of €(Z) into L(G) is linear and has a closed graph
{(7,]",)]766(2) } in the product space €(Z) X L!(G). Using the closed graph
theorem of Banach we conclude that T is continuous. Hence T is a spectrally
continuous operator on L'(() which clearly commutes with translations on G
so Theorem A tells us that Z]a,.[ < o, This sharpens the theorem of Little-
wood stated in the introduction, because each y&@(Z) can be written
v=a+3 where a and 8 are two sequences («;,) and (B,) for which ‘a,.l and
| 8] are independent of 7.



272 SIGURDUR HELGASON [November

THEOREM B. Let G be noncompact connected separable unimodular locally
compact group. Then every spectrally continuous operator T on L'(G) that com-
mutes with the right translations on G is 0.

REMARK. If G is abelian one of the conditions “connected,” “separable”
in Theorem B is unnecessary. Both of them can be dropped if G is assumed
to be connected. These statements are proved in [6].

In the proofs of Theorems A and B we make use of the following simple
lemma which is well known to workers in the field (*).

LeMMA 3.1. The bounded operators on L'(G) that commute with the right
translations on G are precisely the operators L, where u is a bounded measure.

Proof. Let T be an operator on G with the stated property. Since TR,
=R,T,a&G wesee from §2 that Ry T*=T*R, for all a EG. T*is a bounded
operator on L*(G) and from the fact that T* commutes with right transla-
tions it follows easily that if f is continuous and has compact support then
T*f is continuous (even uniformly continuous). The functional f—(T*f)(e)
is clearly continuous in the uniform topology on X(G). Hence there exists a
bounded measure » on G such that

(e = [ ().

Since T* commutes with right translations on G it follows that T*=L,
where v/(E) =v(E~1) for each Borel set E. Hence T=L, with u=(»’)*. On
the other hand it was mentioned in §2 that every L, has the properties stated
in the lemma.

4, The compact case. Proof of Theorem A.

We shall use the Peter-Weyl theory on G. Let f be an arbitrary function
in L'(G). For each irreducible unitary representation U, of G on the d,-
dimensional Hilbert space 3, we define the endomorphism A4, by A4,
= [f(x) Ux(x~")dx (the Fourier coefficient corresponding to U,) and to f we
associate the Fourier series

f(x) ~ 2 dy Tr (A, U, (%)) (Tr = Trace)
xEG

f is uniquely determined by this Fourier expansion. The Peter-Weyl theorem
says that

f | 7(0) [*dx = 32 dy Tr (4,42).
G xET

(3) Added in proof. After this was written I have in fact found a proof of this lemma in
H. W. Wendel's paper, Left centralizers and isomorphisms of group algebras, Pacific J. Math.
vol. 2 (1952) pp. 251-261. The proof above is somewhat simpler.
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Here the finiteness of one side implies finiteness of the other.

If gEL2(G) it is trivial to verify the inequality [|f+ g||. < maxy || 4,/ -||gl|
which shows that ||f||., < max, l44]l. We have written here max instead of sup
which is legitimate, since the function ||4,]| vanishes at infinity on the dis-
crete space G. Furthermore we have the relation

(4.1) Hf”sp = max ”Ax”
xE ¢

Indeed, let ||4,]| reach its maximum for x =¢. Then we have clearly for each
endomorphism By on 3C4

(Ifllm)? = Tr {AgAFByBF} [Tr (BoB) 1.

We choose a basis in 34 for which 4,47 is represented by a diagonal matrix
and then choose B, with matrix representation having all entities 0 except at
the place in the diagonal where the largest eigenvalue of 4445 occurs. The
relation (4.1) follows immediately.

If fEL?(G) and g has Fourier coefficients By, we have evidently

[17+ell < [[7+elle
max [|BJ| 1112

A

lIA

Hence L; is spectrally continuous and the right inequality in Theorem A
follows.

To prove the converse (and the nontrivial) part of Theorem A we assume
that T is a spectrally continuous operator on L!(G) commuting with the right
translations R,, a&EG. By LLemma 3.1 we have

Tg = pxg for all g € LYG),
where u is a bounded measure. To u we assign the Fourier-Stieltjes series
(4.2) u(x) ~ ZAdx Tr (A Ux(%)).

xE¢

This formalism merely expresses that for each xEG,
1= [ Ui au),

where U, is an irreducible unitary representation from the class x. We remark
that the series above in general has more than countably many nonvanishing
terms. Furthermore we note that the measure u is uniquely determined by
its Fourier-Stieltjes series, because if all 4, =0 then for each fELY(G), f+u
has a vanishing Fourier series, hence f+u=0 for all f€ELY(G) and u=0.

Now let x1, X2, * * + , x~ be an arbitrary finite subset of Gand Uy, Uy, - - -
Uy corresponding representations of G. Then, using (4.1) we get
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N
7l = sup lwegliz sup [ |5 da TiAwbaUa(@) fis
=1 Gl 1

lolls p= VaEUW@,)

(4.3) gf de
U@dpX - -XU(dN) G

fof
v G Ud)X - XUdN)

Here dV stands for the product measure dVidV,, - - -, dVw, dV, being the
normalized Haar measure on U(d,). Now, for all x&€G, U,(x) belongs to
U(d,) and due to the invariance of dV we have

fdxf
G U)X+ XU dN)

i dn Tr (A.V,U.(x))

dx

f: dn Tr (A.VaUa(x))

1

av.

%: dn Tr (A.V,U.(x))

1
fU(dl)X' <+ XU (dy)

We put F(Vy, Vs, -+ -, Vy)= Z{v d, Tr (A,V,) and intend to evaluate the
integrals [| F|2dV and f| F|*dV. The function F is a continuous function on
U(d) X - - - XU(dy) and is easily seen to have the Fourier series

av

(4.4) .
> d, Tr (4,.V,) |dV.

1

N
F(Vlv Tty VN) ~ Z dn Tr (AnVn)
1

and by the Schur-Peter-Weyl theorem

(4.5) f
Udpx- - XU dn)

For the other integral we need the following

N
> dy Tr (4,Va)

1

2 N
dV = > d. Tr (4.4.%).
1

LEMMA 4.1. Let A be an arbitrary n Xn complex matrix (n=2). Then
2 1

f | Tr (4V) |44V = ————{[Tr (44%)]2 — — Tr (AA*AA"‘)}.
U ) 712 -1 n

Proof. We begin by writing 4 =PO, where P is positive definite and O,
is unitary and then B=0,P0;' where B is a diagonal matrix, O, is unitary.
Clearly Tr(4A*) =Tr(BB*) and since dV is left and right invariant it suffices
to prove the lemma when 4 is a diagonal matrix. Assuming this being the
case and letting ey, e, - - -, e, be the corresponding basis for the Hilbert
space on which 4 and V act, we have

f | Tr(4V) |4V = D aiudjjeundn f 30 VidudV
U(n) U(n)

s, 1.k, 1
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where a;;=(4e;, e;) and v;;=(Ve,, e;) (inner product). The terms in the sum
above fall into three classes, namely, I: All indices 1, j, k, I, are the same,
II: The indices ¢, j, k, I, form two pairs and III: Among the indices 7, j, &, /,
at least one is different from the others.

The terms of the type III give no contribution to the integral
J| Tr(A V)|*dV;in fact let us for example consider the term a1a::02duv1ver Do dse.
We denote by Uy(n—1) the subgroup {T€ U(n)| Te1=e1} and by U (n—2)
the subgroup {SEUi(n—1)| Sez=e;}. Furthermore let 2_» denote the unit
spherein a complex n-dimensional Hilbert space; then the space U(n)/Uy(n—1)
of left cosets V=VUy,(n—1) can be identified with Y, and the space
Ui(n—1)/Uy2(n—2) of left cosets T=TU;(n—2) can be identified with
D n_1. From the integration theory on coset spaces we have (denoting by
dV and dT the unique normalized measures on )_,and )_,_; invariant under
the action of U(n) and Ui(rn—1) respectively)

f 1)111)22!7221744(1[7 = (Vez, el) I (Vez, ez) |2(64, V&;)dV
U(n) Um)

= f av (VTey, e)) I (VTesy, es) |*(es, VTes)dT
p)

n Ui (n—1)

= f av aT f (VTSe,, e)) | (VTSes, €2) |*(es, VT Se)dS
z Zn-1 U"._,(n—2)

n

which vanishes since
f ((VT) 'es, Ses)dS = 0
Ul_z(n‘2)

due to the orthogonality relations for the canonical representation J: S—.S of
U1,2(7L b 2)
Since terms of type III give no contribution, we obtain

f | Tr (AV) [4dV = E l as; “f I vii|4dV
U(n) 1 Un)

+2Z ld.’,’lzlaijf |v,~.-]2|v,-,~12dV
[igh] U(n)

(4.6)

2 2 2

+ 2 ah‘di:’f 3054V,
(3aF) Un)

and it suffices to compute the integrals

f ‘ U1y I“dV, fu [ V11 ’2] Vg2 lde and 'uilt‘):de.
Un) (n)

U(n)
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Using the previous notation we have

f [ouftav = | [(Vey, el>l‘dV=f av | (VTey, &) 4T

@.7) ~ 7" g Za Uin—1)

~ [ 1o e |17 - |47,
Zn 131134+ - 41 2q |21

Let now ji, k1, * - -, J», k. be a basis for a 2n-dimensional euclidean vector
space. The mapping

n n 1 l
Z ap€p — Z _2" (ap + @p)jp — _2" t(ap — &p)ky
1 1

is an isometric mapping of the n-dimensional Hilbert space onto the 2n-
dimensional real euclidean space. D, is mapped onto the real (2z—1)-
dimensional sphere $?"—! and the measure dV on Z,. is transformed into the
unique normalized measure dw on S*~! which is invariant under the orthog-
onal group O(2n).

Now we clearly have

2 2.2 4 2 2
|z |4V = |, , (%14 1) do =2 trdw + 2 212200
Z, Zy4 o0 o 29p=1 Szrrl g2n-1

and if Q(S™) denotes the euclidean surface area of the real m-dimensional unit
sphere we get

4 1 by 2n—2 2 n—1 2 —1/2
fgz,.—x wide = QS j‘_lxlﬂ(s 4 —x) (1 — =) dx,

and using the formula

p(mtD /2
Q8™ = ————
I((m + 1)/2)
the integral reduces to
T 2(w2t2 T(n) T(5/DT(n — 1/2) 3
fse N T T = 1/2) 2y T'(n + 2) dn(n 4 1)

Observing that [gz-1(xi4 - - - +x%,)2dw=1 one finds that

2 2 1
f xIxde = —
gt dn(n + 1)

and therefore

2
Wy = —— -
(4.8) fU(n) [ vnl wor + 1)
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Using the notation introduced above we have

f | 032 |?| vae |20V = f | Vew &) 2] (Ves, e2) |2V
U (n) U(n)
=f Wf | (VTey, e1) |2| (VTes, ) |MdT
Z, U, (n—-1)

=f de de | (VTSey, e) 2| (VTSes, €5) |%dS
2, Ulo(”‘l)

Z,

f | (Vey, e)) |2V f | (Tes, V1es) |2dT.

Zn-1

If we write

Ve, = we, + - + Wgen,

V7le: = bier + - - - + bren,
Te; = 0-e1+ 2262 + -+ + 200
(since (Tes, €1) = (es, T le1) = (ez,€1) = 0
we obtain
f | 932 [?| 922 |20V = | |27
U®) twil™ -+l wg =1

f | bz + -+ - - + buz, 2T
EI LTS PRLEST

=(n— 1)1 , [w|2(] b2|2+ - - - + | ba|9dV
feey P4+ o w0, 1 2=1

=(n — 1)_1ﬁ ‘ wllz(l - l w2[2)dl7

since ,b2|2+ +|b |2—1—|b1|2—‘1—l(V ’e2,¢31)|2—1—-|(e2,Ve1)|2 =1
— | .| 2 On the other hand

n(n-—l)f | wi|2] w, |24V f(fw1!2+-‘-+’wn|2)2dl7—~nfl-w1|4dr’
o b Zn

"—_—
nin 4+ 1)
by (4.7) and (4.8). Hence

1
4.9) fwul,f [tV = s
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Finally we have by thé same arguments

2
f v2u‘i)22dV = (Ve,, 81)2(32, Vez)ng
U(n) U(n)

= f widV (es, VTes) dT
Zn Ui(n—1)

= f wde (bz.?-',z + R + bnén)zdi‘
b

n Zn-1

= 0.

For later use we remark that the same methods yield the relations
(4.10) f 250,84V = 0 for 1, j, arbitrary.
Um)

On substituting the found results in (4.6), Lemma 4.1 follows immediately.
The lemma has the following well known

COROLLARY. Let J denote the canonical representation U—U of U(n). If
n=2 the tensor product J® J decomposes into two irreducible components neither
of which is the identity representation.

Proof. Denoting the character of a representation 7' by xr we have
Xs®s=xJ XJ so the lemma gives the relation

f | xs@s(V) |2V = 2
U (n)

which implies the first statement of the corollary. Furthermore, the number
of times the identity representation occurs in J®J is

f xs0s(V)dV = {xs(V)}2dV =0
Un) Un)
by (4.10).
This decomposition of J®J corresponds to the decomposition of a co-
variant tensor of second order into a symmetric and a skew-symmetric part.
We can now estimate

f |E(Vs, -+ -, Vi) |42V
UdnX:---XUdy)

where F(V, - -+, Vy)= Z{V d, Tr(4.V,). We expand the fourth power and
note that terms of the type | Tr(4:V1)| 2 Tr(4,Vs) Tr(4,V,) give no contribu-
tion to the integral over U(d)) X - - - X U(dw) due to the orthogonality rela-
tions. Therefore
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fU(dx)X' < XU(dn)

N N
> da Tr (AaV2) |4V = Zdﬁf | Tr (4.V.) |4V,
Um)

1 1
+ 2 Z l d; Tr (A;V)) |2dV¢ ' d; Tr(4;V)) lde,'
i#ivY Udy) Ud;)
+ X {d; Tr (4,V)}2dV; {d; Tr (A;V;)}2dV;.
i#jY Udy) Udj

The first sum on the right side we estimate by Lemma 4.1. The second sum
can be directly evaluated by means of the orthogonality relations and the
last sum vanishes due to the corollary. It is an elementary exercise to show
that

212/ (n? — 1) {[Tr (44%)]* — (1/n) Tr (A4*44%)} < 2[Tr (44*)]?
so we finally obtain

N 4
> d.Tr(4,V,) | dV

1

(4.11) Udy)X- - XU (dN)

N
<23 da[Tr (4ud D] + 2 X did; Tr (A:AF) Tr (4,4 %)
1 i ]
and using (4.5)
2

(4.12) le(Vl,'o--,VN)]‘*dVé 2[f|F(V,,---,VN)|2dV]

By Holders inequality we have

[fIF(Vl,---,VN)IdVT
> [f |F(Vy, - - -,VN)WVT[I |P(Vy -+, VN)PdV]3

and using (4.3), (4.4), (4.5) and (4.12) we finally obtain
1~
(4.13) — 2 dn Tr (4ad) = 7]
1

The coefficients 44, - - -, Ay were chosen arbitrarily from the Fourier-
Stieltjes series (4.2), and the relation (4.13) shows that this series is indeed a
Fourier series for a function f& L2(G). Since a measure is uniquely determined
by its Fourier-Stieltjes series, the measure u is absolutely continuous and has
derivative f with respect to Haar measure. Hence Tg=u+g=f+g. Further-
more (4.13) shows that (1/2)?|f|l,<[|T|| and Theorem A is then completely
proved.
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5. The noncompact case. Estimate of the spectral norm. We proceed to
prove Theorem B, so let T be a spectrally continuous operator on L!(G)
which commutes with all the right translations R,, a&G. From Lemma 3.1
we know that 7T is of the form

Tg = pxg
and since T is spectrany continuous there exists a constant M >0 such that

.1 llusglls = Mlglle» for all g € LY(G).

We wish to show that u=0 and for this purpose we can assume u absolutely
continuous with respect to Haar measure. In fact (5.1) implies

1/« usglle = MlisLlelle for all f, g € LI(G)

and f+u&ELY(G). Furthermore, if f+u=0 for all fEL'(G) then u=0.
Assuming now u absolutely continuous, let & be the derivative of u. To
show that the relation

(5.2) llheglls = Mgl for all g € L'(G)

implies 1 =0, we use the generalized Plancherel formula due to Segal and
Mautner [14; 15] and [8]. This formula can be described as follows.

Let G be a separable unimodular group and put 3¢=L?(G). We consider
the operators Ly and R; on 3¢ for all fEL!(G). Let £ and ® denote the weak
closures (in the set of all bounded operators on 3C) of the sets {L/|f€L1(G)}
and {Rf|f€L‘(G)} respectively. Then £N® is the center of each algebra
£ and ® (Segal [13], Godement [4]). If I' denotes the maximal ideal space
of the commutative Banach algebra £MN®, there exists a measure u on I’
such that ¢, £ and ® can be written as a direct integral(*) with respect to the
center LN R:

= [ scu,
.
(5.3)
£ =f£7d#('y\>, ®R = f(R;d#(v)
. .

where for each y&T', £, and ®, are rings of operators acting on the Hilbert
space 3.

For almost all y&T there is a two sided(®) irreducible unitary representa-
tion {L,, R.,} on 3¢ such that for f&€ LY(G) the decomposition of L; and Ry
according to (5.3) is given by

(4) For the definition and further details, see von Neumann [12], Segal [15] and Godement

[4].

(%) For this notion see Godement [3] and Segal [15].
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L= [Fiuty) where F, = f Ly(2)f(x)dx:
T G

R; =fr1"7(ip('y) where F =fR.,(x)f(x)dx.
¢

r

For these (almost all) v, £, and ®, are the weakly closed algebras generated
by L,(x), x&G and R,(x), &G respectively, and are therefore (due to the
irreducibility of {L,, R,}) factors. We denote the relative dimension function
in the factor £, by dim, and the corresponding relative trace by Tr,. Further-
more we put rank,(4)=dim, (Range 4).

As usual we refer to the mapping y—F, as the Fourier transform of f. The
Plancherel formula asserts the existence of a strictly positive u-measurable
function a(y) on I" such that

(5.4) f | | f(x) [2dx = fl Try(FyFy)a(y)du(y)  for each f € LY(G) N L¥G).

LeEmMA 5.1. If fELYG)NLYG) and F, is the Fourier transform of f, we
have the inequality

[/llsp < ess. sup [|F]|.
YET

Proof. From the definition of the spectral norm it is clear that

i

w=_sup [If+gls
€D, lolly,=1

where T is an arbitrary dense subspace of L*(G). For D we shall choose the
set of all finite sums D _a.f; where a; are complex numbers, and f; are func-
tions in L%(G) such that fi=f; and fi+fi=f:. As shown by Ambrose [1], D is
indeed dense in L%*G). Now let g= Y a:f;ED and denote by G, and F! the
correspondiag Fourier transforms. F} is a projection almost everywhere so
Tr,(F.) =dim, (F}) and

[ 15w = [ dimEamauen.
G r

Since a(y) >0, F, is for almost all v of finite y-rank and the same holds for
Gy and G,G}. Using simple formal properties of the relative trace (see von
Neumann [11, Theorems I and II]) we obtain

f [ £+ () [rdx = f Tr, (3G (FoGy)* Ja(y)du(y)

< f [EFS|| T (G1G)a(y)du(y) < ess. supy||Fy|[2 f G| o(x) [*dz
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which proves the lemma.

6. Completion of the proof. To prove Theorem B or that % in (5.2) must
be 0 we first assume that & is continuous and has compact support. Making
use of the connectedness of G we then construct a sufficiently large class I
of approximate identities in L}(G) relative to k, that is functions g&€LY(G)
for which ||h+g|1 is approximately equal to ||4||i|g]ls and such that
supgem ||g||1/]/glep= . The inequality (5.2) will then show that k=0. Fi-
nally, the restriction that & should belong to the class X(G) is removed by
means of a suitable approximation argument.

Now assuming A€ X(G) and k%0 we choose € such that 0 < e<||A||; and
a continuous function #(x) vanishing outside a compact neighborhood of e
such that

(6.1) |heu — ||y <e and |ju]|,=1

Let K be a compact subset of G outside which all the functions &, # and &+ u
vanish. From a structure theorem of Iwasawa and Yamabe about connected
locally compact groups (see e.g. Montgomery and Zippin [10, pp. 188-189])
it is easily deduced that there exists an element d &G such that the sets
Kd», n=0, £1, +2, - .- are all pairwise disjoint. Let g be an arbitrary
finite linear combination of the dr-translates of u, i.e. g(x)= D a.u(xd").
Then h+g= Y a,Rs(h+u), and due to the construction of d we have

(6.2) lelly = 2 [an| and [[hegll = 32 [ an]|[Aesd]s

and in view of (6.1) it follows that || « g||s=||g|[J]|#l|:+ ()]l g]|: where | ()| <e.
From (5.2) we conclude that

(6.3) llell: < N||gl|s» where N is a constant

for all g of the form g(x) = >_a.u(xd"). Now let G, be the Fourier transform
of g(x), Gy=[¢L,(x)g(x)dx. We find immediately that Gy= U,[ > a.L,(d™)]
where U, is the Fourier transform of #(x). Since || U,|| £1 we get from Lemma
5.1 and (6.3)

(6.4) > la.| =N ess.esrup I3 aa[Ly(@)]| < sup |3 a.U]
Y
the supremum on the right being taken over all unitary operators on the

spaces 3y, YET. By the spectral theorem there exists a spectral measure E
on the real line such that U= feitdE(f). Then it follows easily that

12 ant7l| = sup | 2 anei|

and from (6.4) we get

> laa]| = Nsup [ X auein]
t

for arbitrary finitely many coefficients a,.. This inequality however, is impos-
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sible since there exist continuous functions with Fourier series that are not
absolutely convergent. This contradiction shows that A=0.

We shall now free us of the restriction that & has compact support. Let
h satisfy (5.2) and hEL'(G), ||h||,#0. Let € be a positive number less than
||h|[1/4, k a continuous function on G of compact support satisfying ”h -—k“l <e.
As before we can determine a function %(x) and an element d&G such that
all functions g of the form g(x)= > a.u(xd®) satisfy ||&»g|i=||%|lg|:
+(e)||g]|:- Hence

[ £llsllells — ellells = Nexells < {1k = By« glly + [ xells = ellells + Mllgll.s.
But this gives an inequality
el < Rllgll.,  forall g(x) = 3 anu(xd»),

and the same contradiction as before ensues.
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