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0. Introduction. The purpose of this paper is to study the spectral theory
of a closed linear transformation T on a reflexive Banach space B. This will
be done by means of certain vector-valued measures which are related to the
transformation. (A set function m from the Borel sets of the complex plane
to B will be called a vector-valued measure if the series Y ., m(S;) converges
to m(U; S.) for every sequence {S;} of disjoint Borel sets. The relevant prop-
erties of vector-valued measures are briefly derived in §1(?). A vector-valued
measure m will be called a T-measure if Tm(S)=[szdm(z) for all bounded
Borel sets S. The properties of T-measures are studied in §2.

The results of §2 are applied in §3 to a class of transformations which
have been called scalar-type transformations by Dunford [5], and which
we call simply scalar transformations. A scalar operator as defined by Dun-
ford is essentially one which admits a representation of the type ¢ = [2dE(z),
where E is a spectral measure. Unbounded scalar transformations have been
studied by Taylor [16].

The main result of §3 is Theorem 3.2, in which properties of the closures
of certain sets of scalar transformations are derived. This theorem is actually
a rather general spectral-type theorem, which has applications to several
problems in the theory of linear transformations. As a corollary we obtain a
well-known theorem, which might be called the spectral theorem for sym-
metric transformations, as given in Stone [15]. We also derive as a corollary
the spectral theorem for self-adjoint transformations. Other corollaries of
Theorem 3.2, which apply to results of Bade [2] and Halmos [9] are derived.

In §4 a functional calculus is developed for a class I' of transformations
T for which both T-measures and T*-measures exist in sufficient abundance.
This is a very general functional calculus, so that correspondingly the usual
theorems of functional calculus must be weakened if they are to remain true.

There is a generalization of the concept of a T-measure introduced in §5.
Many theorems proved in §2 have analogues which hold after the generaliza-
tion. The new type of vector-valued measures have much the same relation
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to spectral transformations (generalizations of scalar transformations, de-
fined by Dunford [5]) as T-measures have to scalar transformations.

1. Vector-valued measures. Let X be a set, © a o-ring of subsets of X,
and m a function from & to-a Banach space B with the property that for
every sequence {S;} of disjoint measurable sets (measurable sets are sets in
©) we have m(U; S;) = D_;, m(S;), where the convergence is convergence in
norm. Such a set function m is called a vector-valued measure. By a theorem
of Orlicz, proved by Pettis [14], unconditional convergence of series Y ., x;
of vectors to a vector x is equivalent to unconditional weak convergence of
the series to «x, i.e., convergence of Y .-, (x;, u) to (x, u) for each u in B*.
Thus m is a vector-valued measure if and only if (m(U; S;),u) = D 2, (m(S;), u)
for each disjoint sequence {S.} of measurable sets and each u in B*.
Equivalently, the set function m, defined by m,(S)=(m(S), 4) must be a
complex-valued measure for each u in B*.

If m is a vector-valued measure and Sy any measurable set, then the equa-
tion Mm(S) =m(SMNS,) obviously defines a vector-valued measure %, called
the restriction of m to Sy, and # is said to live on S,.

We define the norm ||m|| of a vector-valued measure m to be the sup of
the quantities || P )\.m(S;)H, where Sy, -+ - -, S, is any finite sequence of
disjoint measurable sets and Ay, - - -, N\, is a corresponding sequence of com-
plex numbers with |X\;| 1. To show that ||| is finite, let  be any vector in
B*. Then it is known that the quantities | P )\,m.,(S.-)l defined for the
finite numerical measure m, considered above are bounded. By the uniform
boundedness theorem (see Banach [3]), ||m]| is finite.

It is easily seen that the norm ||| makes the set Q of vector-valued meas-
ures into a normed linear space. Indeed Q is a Banach space, although we do
not give the simple proof because for the special case which will interest us
this is a corollary of a later theorem. A useful fact is that

[l /1|,

[lml] = supues® (

where the measure m, is defined by m,(S) =(m(S), u). This follows easily
from the definition of ||m]|.

It is now simple to define what is meant by the integral of a bounded
measurable complex-valued function f with respect to the vector-valued meas-
ure m. We first consider the case of a simple function f (a finite linear com-
bination of characteristic functions of measurable sets), f= Y 1, Aas,, and
define [f(z)dm(z) = X i, A\am(S:). The definition is easily seen to be unique.
Letting ||f|| denote sup | f(z) |, we see immediately that Il ff@)dm )| <|IA| ||,
and in fact that

H [ s@ramez ”
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where the sup is taken over all simple functions. Thus f— [f(z)dm(z) is a linear
transformation of norm ||m|| from the set of simple functions to B, and there-
fore has a unique bounded linear extension to the set of bounded measurable
functions. The value of this extension at f we call [f(z)dm(z), so that the
integral is a linear transformation of norm ||m|| on the set of bounded meas-
urable functions.

Again defining m, by m,(S) = (m(S), u), we obviously have [f(z)dm.,(z)
= ([f(z)dm(z), u) for every simple function f. By continuity the equality
holds for all bounded measurable f.

For a bounded measurable function f and a vector-valued measure m,
consider the set function s defined by #(S) = fgf(z)dm(z). Then for every
sequence {S;} of disjoint measurable sets and every u in B* we have

(m(UsSy), ) = <fu‘s'f(2)d"t(2), u> = fu.s'f(z)dmu(Z)

=2 ﬂwm@=z< mmwm>
R 3 S

3

= 2 (m(Sy), ),

T

so that s is a vector-valued measure.

If f is an arbitrary measurable function, write #(S) = [sf(z)dm(z) for any
measurable set .S on which f is bounded, so that as we have just seen #(.S)
= > m(S,) if {S:} is a sequence of disjoint measurable sets with U; S;=S
and if f is bounded on S. We say that f is integrable with respect to m if
][m(S)H is less than some constant K for all Borel sets S on which f is bounded.
This implies for each sequence {S:} of disjoint measurable sets on each of
which f is bounded and for each » in B* that Y ((S;), u) converges, since
a series of complex numbers converges if there is a uniform bound for the
sums of finite subseries. Thus for each measurable set S we may represent S
as the union of a sequence {S;} of disjoint measurable sets on each of which
f is bounded, and define a linear functional #(S) on B* whose value on % is
> {(m(Ss), u). This linear functional is bounded because ] S (m(S), u)|
<sup, [|mUL, S|l ||lul| £ K||«]|. It is seen by the usual methods that 7(S)
is unique, i.e., independent of the choice of the sequence {S:}, and that it
defines a vector-valued measure # with values in B** if B is reflexive. For
m(X) we write [f(z)dm(z), the integral of f with respect to m, which we have
defined under the hypothesis that f is integrable with respect to m. If B is
reflexive, then [f(z)dm(z) may be considered to be in B itself.

Under the assumption that B is reflexive, that m is a vector-valued meas-
ure, that f is integrable with respect tom, and that g is integrable with respect
to the vector-valued measure s defined by #(S)=[sf(z)dm(z), it follows
that fg is integrable with respect to m and that [sf(2)g(z)dm(z) = [sg(z)dm(z).
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This is easily proved for the case of a simple function g and a bounded meas-
urable function f. Then since both sides depend continuously on g in the uni-
form topology, it follows that the equation holds for all bounded measurable
functions f and g. This implies that if f and g are any functions satisfying the
hypothesis, then the equation holds for sets S on which both f and g are
bounded. Then it follows easily for all measurable sets .S, because both sides
of the equation are countably additive set functions.

In addition to the o-ring & of subsets of X consider a o-ring &’ of subsets
of X’ and let N\ be a measurable function from X to X’, that is, a function
such that A-1(S§’) is in & for each .S’ in &’. Then it is easy to see that for any
vector-valued measure m on S the set function # on &’ defined by #(S’)
=m(\"1(S")) is a vector-valued measure on &’. Moreover if f is a simple func-
tion on ', it is easy to check that [f(z)dm(z) = [f(\(z))dm(z). From this it
can be first proved for bounded measurable functions f and then for any func-
tion f integrable with respect to # that [f(\(z))dm(z) exists and equals
Jf(2)dm(z).

We now let X be a locally compact Hausdorff space and let & be the
Baire subsets of X. Let I (X) denote the set of continuous complex-valued
functions on X vanishing at «. The set IM(X) is a Banach space under the
norm ||f|| defined previously. For each 7 in Q we define ¢, to be the bounded
linear map from M(X) to B which takes f into [f(z)dm(z), so that ||¢,,.]|
<||m|| and m—¢., is a bounded linear transformation from Q to the space of
bounded linear transformations from IN(X) to B.

Conversely for a reflexive Banach space B, which we consider henceforth,
let ¢ be a bounded linear transformation from IN(X) to B. We shall show
that ¢ =¢. for some m in Q. For each u in B* define ¢.(f) = (¢(f), #) so that
. is a bounded linear functional on M(X) and |l¢|| =sup. (||¢.||/||#]]). By the
Riesz representation theorem for linear functionals there exists for each % in
B* a unique complex-valued measure m, on X such that ¢.(f) = [f(z)dm.(z)
for all f in MM(X), which has the property ||m.|| =||¢.||. Since m. is unique, it
must depend linearly on %. Therefore for each Borel set S, m,(S) is a linear
function of u. Since B is reflexive, there exists m(S) in B such that m.(S)
=(m(S), u) for all # in B*. The set function m is a vector-valued measure
because m, is a complex-valued measure for each u. Also

< [ @i, u> = [ f@im = 6.) = @, 0

for all u in B*, so that ¢(f) = [f(z)dm(z) for all f in M(X). Thus ¢ =¢,.. More-
over, ||m|| =sup ([|m./||ul)) =supu (|8u]l/I[#])) =[|8[|. Thus m—n is a met-
ric isomorphism of Q with the Banach space of operators from I (X) to B.
In particular, Q is a Banach space and Hm” =SUpPreM(x) (Hff(z)dm(z)”/”f”).
In this equation we may even take the sup over those f with compact sup-
port, since they are dense in IM(X).
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DerinNITION 1.1. The weak operator topology of Q is that topology ob-
tained by considering Q as the bounded linear transformations from I (X) to
B, and then defining the weak topology in the usual fashion.

The unit sphere of Q is compact in this topology.

2. Measures associated with operators. We turn now to the study of a
closed linear transformation " whose domain is a dense subset of the reflexive
Banach space B and whose range is a subset of B. The class of such trans-
formations we call . It is well known (see, for instance, von Neumann [17])
that each T in ¥ has an adjoint which is a closed linear transformation T'*
on B* with dense domain and that 7** =T This means that (Tx, ) = (x, T*u)
for each x in D(T) and each % in D(T*). Thus T*, the set of T* for T in T,
is the set of closed linear transformations on B* with dense domain.

A vector-valued measure m on the Borel sets & of the complex plane X
will be called a T-measure if for each bounded Borel set S we have m(S) €D(T)
and Tm(S) = [szdm(z). The vector x =m(X) will be said to have the T-meas-
ure m under these conditions. It is clear that the set of all T-measures is a
linear subset of Q. Later we shall see that this set is closed.

As an illustration, let m be a T-measure and 2, be a point with m( {zo }) #0,
Then Tm({20}) = [(s02dm(z) =20m({20}), so that m({30}) is a characteristic
vector of T. Conversely if m is a vector-valued measure which lives on a
countable set Sy, then it is easy to see that if Tm({z}) =zm({z}) for each z
in Sy then m is a T-measure. Thus the notion of a T-measure is a generaliza-
tion of the notion of a characteristic vector.

As another example, let B be a Hilbert space and let T'= fsz(z) be a
normal transformation on B. Select any x in B and consider the set function
m on & defined by m(S) = E(S)x. From the properties of the spectral measure
E it follows that m is a vector-valued measure. Moreover

Tm(S) = TE(S)x = fsz(z)E(S)x = fsz(z)x = fzdm(z),
s s

so that m is a T-measure. We shall show later that x has no T-measures other
than m,

In the following pages we collect a few simple properties of T-measures
which will be useful later and then prove the fundamental theorems about
T-measures.

Given a T-measure m and a Borel set Sy, it is obvious that the restriction
of m to Sy, i.e., the vector-valued measure 7 defined by #m(S) =m(SMNSy), is
also a T-measure.

If m is a T-measure and f a bounded measurable function, and if the
Borel set S is bounded, then [sf(z)dm(z) € D(T) and T[sf(z)dm(z)
= [s2f(z)dm(z). For a simple function f= >t \ys,, where ys, is the char-
acteristic function of the set .S;, this amounts to a quick computation:
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T fs 1()dm(z)

= AT N S)

teml

= Z)\,-f zdm(2)
SN,

= f 2f(2)dm(z).
s

For an arbitrary bounded measurable function f it can be proved by approxi-
mating f in the uniform topology by a simple function g and noting that
[sg(z)dm(z) approximates [sf(z)dm(z) and that [szg(z)dm(z) approximates
[szf(z)dm(z), so that by the closure of T the assertion follows. If it is assumed
merely that f is integrable with respect to m, then the above proof holds only
on bounded sets .S on which fis bounded. To prove the equality for all bounded
Borel sets S, it is necessary to make use again of the fact that T is closed.

Conversely if the vector-valued measure m has the property that for every
function f in M(X) with compact support it is true that [f(z)dm(z) ED(T)
and T [f(z)dm(z) = [2f(z)dm(z), then m is a T-measure. To prove this define
a numerical measure m, for each # in B* by m,(S) = (m(S), u). Then for each
u in D(T*) we have

[ 1@imre) = < [ @ino), T*u> - <T [ 1w, u>

=< 2f(z)dm(z), u> = fzf(z)dmu(z).

Since the functions with compact support are dense in (X)) and since the
representation of a linear functional on IMM(X) as a measure is unique, we
must have mr*,(S) = [s2dm,(z) for all Borel sets S. For S bounded this be-
comes (m(S), T*u)=([szdm(z), u). Since u is any vector in D(T*) this implies
that m(S) ED(T) and Tm(S) = [szdm(z), as was to be proved.

We have seen that ##(S) = [sf(z)dm(z) is a vector-valued measure if f is
integrable with respect to m. On the other hand if m is a T-measure it was
shown above that m(S)ED(T) and Ts#(S) = [szf(z)dm(z) = [szdm(z) for all
bounded Borel sets S, so that 7 is also a T-measure. In particular, we see
again by taking f to be a characteristic function that the restriction of m to a
Borel set Sy is a T-measure.

To note that the concept has suitable invariance properties, let m be a
T-measure which lives on the spectrum o of the operator T. (We shall see
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later that every T-measure has this property.) Let f be analytic on an open
set about ¢, and let C be a finite collection of simple closed rectifiable curves
lying in the domain of f and surrounding o. Then the operator f(T') is defined
by f(T) = (1/2m5) fef\)d\/(A\—T) (seeHille [10]). We omit the easy proof that
the vector-valued measure 7 defined by #(S) =m(f~1(S)) is an f(T')-measure.

For a Hilbert space B it will at times be necessary to state theorems about
T-measures in terms of the Hilbert space adjoint 7° and the inner product
in B rather than in terms of T* and the bilinear product {x, %). There exists a
unique 1-1 norm-preserving anti-linear map 7 from B onto B* such that
(x, ¥) ={x, 7y) for all x and y in B. If T° denotes the Hilbert space adjoint of
T, then T=7"1T%*r,

If u is a vector-valued measure with values in B* let u® be the vector-
valued measure with values in B defined by u%(S) =7"'u(S*). Then if uis a
T*-measure, u® is a T°-measure. Conversely, if u? is a T°-measure then u is a
T*-measure.

We now prove some of the more fundamental properties of T-measures.

LeEMMA 2.1. Let S; and S, be compact disjoint subsets of the complex plane.
Let T be in T, let xx be an analytic function from S{ to B such that xx ED(T) for
all\in S! and (T —N)x\=x, a constant. Similarly let u, be an analytic function
from Si to B* such that u, ED(T*) for N in S¢ and (T*—N)ur=u, a constant.
Then if x,—0 as |\| — » it follows that (x\, u)=0.

Proof. Define the function f(A) to be (x), %) for X in S{ and (x, u\) for A
in S7. This definition is consistent since for A in S{ N\S{ we have

(x, u)\> = <(T - )\)xx, u)\> = (xx, (T* - )\)ux> = (xx, u)

Since x\ is analytic in S/ and u, in S; it follows that f(\) is everywhere
analytic and therefore a constant. But f(A\)—0 as A— » since xx»—0 as \—»,
so that f(\) =0 identically.

COROLLARY. If in addition to the hypotheses of the theorem T 1is bounded,
then (x, u)=0.

Proof. If T is bounded, then xx = (T'—X\)~*x for | \| >|| 7| and lim x.c — A2
=x. Thus (x, u)=1limxj.e —A{x\, #)=0.

THEOREM 2.1. Let T be in T and let m and p be T and T*-measures respec-
tively which live on Borel sets Sy and S, respectively with Si\S;=0. Then m Lp,
i.e., (m(U), u(V))=0 for all Borel sets U and V.

Proof. Replacing U by UNS; and V by VNS, if necessary, we may as-
sume that UC.S;and VCS.. As a function of the Borel set S, (m(U), u(SNV))
is a numerical measure, so to show that (m(U), u(V))=0 it is enough to prove
that (m(U), u(V))=0 for all compact subsets V of V. Thus we may assume
that V is compact. Similarly we may assume that U is compact. Define
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x =m(U), u=puV), o= fv(1/(z —N)dm(z) for N in U’, and u,
= [y(1/(2—\))du(z) for N in V’. Then x, is analytic on U’ and (T —\)xr=x.
Also uy is analytic on V' and (T*—N)ux=wu. Since x» vanishes at infinity,
Lemma 2.1 states that (x\, #)=0. Since lim ., —Axy=m(U) =x, this gives
(x, u)=0 or (m(U), u(V))=0, as was to be proved.

To see the significance of this theorem, let m be a T-measure concentrated
at the point 2, so that m({z:}) is a characteristic vector and Tm({zl})
=zm({z}). Also let u be a T*-measure concentrated at the point 2,52, so
that T*,u({zz})=z2u({z2}). Then the theorem says that (m({zl}), u({22}))
=0, i.e., that characteristic vectors of T are orthogonal to characteristic vec-
tors of T* which belong to different characteristic values. This is a well-
known and trivial result.

COROLLARY 1. If m is a T-measure and p a T*-measure, then (m(S1), u(Sz))
=0 for disjoint Borel sets Sy and S,.

Proof. Let 7 be the T-measure defined by #(S) =m(SNS;), so that
lives on S;. Let 7 similarly be defined by u(S) =u(SMNS:), so that & lives on
S;. By Theorem 2.1, L, so that (m(S1), u(Sz2)) = (m(S1), 1(S:)) =0, as was
to be proved.

COROLLARY 2. If m is any T-measure and u is a T*-measure for which
w(X) =0 (X is the entire complex plane), then m Ly, t.e., (m(U), u(V))=0 for
all Borel sets U and V.

Proof. We have
(m(U), u(V))

m(UNV), u(V)) + m(UNV'), u(V))
= = (m(UNV),u(V)) + m(UNV), u(V))
=0

by Corollary 1.

COROLLARY 3. If the values of T*-measures are dense in B*, then each x in
B has at most one T-measure.

Proof. If x had the two T-measures m; and m,, then m =m; —m. would be
a nontrivial T-measure with m(X)=0. By the previous corollary (with the
roles of m and u interchanged), for every Borel set .S the vector m(S) is orthog-
onal to the values of all T*-measures. Thus m(S) =0, which contradicts the
fact that m is nontrivial.

COROLLARY 4. Let f be a Borel function which is integrable with respect to the
T-measure m and the T*-measure u. Then for each Borel set S,

([ 1erime, ) )= (s, [ s0raute )
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Proof. Let the measure % be defined by #(C) = (m(C), u(S)) and let the
measure g be defined by a(C)=(m(S), u(C)). Then for each Borel set C we
have

m(C) = (m(C), u(S)) = (m(C N S) + m(CNS"), u(S))
= (m(CMNS), u(S)) by Corollary 1
= (m(CMS), u(CNS)) = (mS), n(CNS))
= (m(S), u(C)) = w(C),

so that m=g. Thus

([ serim@, ) = [ 10m = [ @

_/ \
- ms) [ reaute )

COROLLARY 5. Let T be the operator on the Hilbert space B which acts on the
complete orthonormal set {x;},ﬁl by Txi=xiy1. Then there are no nontrivial T-
measures.

Proof. In the dual space B* there exists a complete orthonormal set
{u;}{';l with (x;, #;)=28;;. Also T*u;=u,_; for ¢>1 and T*u,=0. Thus for
each a with |«| <1 the vector v,= )", a'u; is a characteristic vector of T*
corresponding to the characteristic value a. This means that the measure
consisting of a point mass v, concentrated at the point « is a T*-measure.
Thus if SC {\: [)\| >1/2} and if Ia{ <1/2, Corollary 1 implies that (m(S), va)
=0 for each T-measure m. Now it is easy to see that the vectors v, with
|a| <1/2 span B*. Thus m(S)=0. Similarly it can be shown that m(S)=0
if SC{N:|X\| <1/2}. But every Borel set S can be written in the form
S=5US, with SiC{r:|A|=1/2} and S.C{N: |\ <1/2}. Thus m(S)
=m(S1) +m(S;) =0. Hence m(S)=0. Therefore m is trivial, as was to be
proved.

It is easy to see that in case B is a Hilbert space Theorem 2.1 can be stated
as follows: Let T be in T and let m and u be T- and T°-measures respectively,
which live on Borel sets S; and S, respectively with SiN\Sy =0. Then m Ly,
ie., (m(U), u(V))=0 for all Borel sets U and V.

THEOREM 2.2. If Sy and S, are compact disjoint sets such that each component
of S{ M\S{ contains a point of the resolvent set of T, then for any two T-measures
my and mo it is true that my(S)) #ma(Ss) unless mi(Si) =ma(Sz) =0.

Proof. Suppose m1(S1) =m2(S:) =x. Define

1
o = f ——— dmy(2) for A in SY,
s

K
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n = f ! dms(z) for A in Sy .
Sy 8 —

To see that this definition is consistent for X in S{ /MN.SY, note that it is con-
sistent for A in the resolvent set since in that case there is only one vector x\
with (T'—N)xyx=x. Then note that the definition must be consistent on each
component of S{MS; because each component intersects the resolvent set
in an open region. Thus x, is everywhere analytic and x,—0 as A— =, so that
x is identically zero. This gives x = (T —\)x) =0, as desired.

THEOREM 2.3. Every T-measure m lives on o(T).

Proof. Let R\ be the resolvent of T and K the resolvent set. Let S be
any compact subset of K, and write x =m(S). Then xx= [s(1/(z—N\))dm(z) is
analytic in S’ and (T'—N)x\=x. On the other hand R\x is analytic in K and
(T —=N)Ryx=x. Moreover, Ryx=x, for N in KMNS’. Thus x, can be extended
to be analytic in the whole complex plane. Thus %) =0 since x,—0 as A—«,
Therefore x = (T —\)x»=0. Thus the measure m is zero on all compact sub-
sets of K. It follows that the measure m,, defined by m,(S) = (m(S), u) is zero
on compact subsets of K, for all # in B*. By regularity m, is zero on all sub-
sets of K. Hence m is zero on all subsets of K. Thus m lives on ¢(T'), as was to
be proved.

It is natural to define the basic sets O(7, M, €) of a topology on T as
follows: let Ty be any member of T, M any finite-dimensional subspace of
D(Ty), and € any positive number; write O(T,, M, €)= {T: MCD(T),
|(T = To)x|| <¢l|]|| for all x in M}. It is easy to see that the conditions that
these sets be the basic open sets of some topology are satisfied. The resulting
topology is called the strong topology because it agrees with the strong topol-
ogy on the set of operators. Convergence of a directed set {T,,,} to T means
convergence of { Tax} to Tx for each x in (7). The strong topology is not
well behaved because for T and 7% in § with 7 C T, every neighborhood of
T, will also be a neighborhood of T5.

The next theorem might be called the continuity property of T-measures,
that is, continuity as a function of 7. It says that under certain conditions
a T-measure can be obtained as a limit of T.-measures, if {T,} is a directed
set such that T3 —T* strongly. It will be the principal tool in the investiga-
tion of §3.

THEOREM 2.4. Let T be in T and let { Ts} be a directed set of transformations
in T such that Ta—T* in the strong topology of T*. Let mq be a T o-measure with
lma|| <c for all a. Let m in Q be a cluster point of the directed set {my} in the
weak operator topology of Q (such cluster points exist because those measures m
in Q with Hm” =c are compact in the weak operator topology). Then m is a T-
measure.

Proof. It will be enough to show that for each f in M(X) with compact
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support we have [f(z)dm(2) ED(T) and T [f(z)dm(z) = [2f(z)dm(z), or equiv-

alently that
<ff(z)dm(z), T*u> = <f zf(z)dm(z),u>

for all u in D(T*). Since Ta—T*, there exists for each ¢>0 an index a, such
that u€D(T¥) and || T*u— Tku|| <e for all a>ao. Then (ff(z)dma(z), Tru)
= ([2f(z)dma(2), u) for a>a, because m, is a T,-measure. Since m is a cluster
point of {ma} in the weak operator topology, we can choose a particular
o > ao such that |([f(z)dma(s), T*u) — ([f(z)dm(s), T*u)| <e and
| Jof(2)dma(z), u)—([2f(z)dm(z), u)| <e. It follows that

Kfﬂ”m@ﬂw>—< mmm@mﬂ

< l<ff(z)dm(z), T*u> - <ff(z)dm..(z), T*u>
+ |<ff(z)dma(z), T*u> - <ff(z)dm..(z), T:u>
+ ‘<fzf(z)dm..(z), u> - <fzf(z)dm(z), u>

s o [ fram)|| + ¢

< 2¢ + d|md]| |11

= 2¢ + e/l

Since ¢ is arbitrary, this gives ([f(z)dm(z), T*u)=([2f(z)dm(z), u), as was to
be proved.

COROLLARY. The set of T-measures m with ||m|| <1 is closed in the weak
operator topology of Q.

Proof. Call the set in question C. If m is in C then there exists a directed
set {m,} of elements in C converging to m. Define a directed set {T.} of
elements of T by T,=T, so that {T%} converges to T* and m, is a T.-
measure. By the theorem, m is a T-measure, as was to be proved.

To make Theorem 2.4 useful there must be some way of showing that the
T-measure m is nontrivial. An example of how this can be done may be seen
in Theorem 3.2.

3. Application to scalar transformations. Consider a function E( ) on the
Borel sets of the complex plane whose values are operators on the reflexive
Banach space B, such that for every disjoint sequence {S,-} of Borel sets we
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have E(U2; Si)= D 21 E(S:) in the strong topology, and such that E(X)
=], and such that E(SiN\S:) = E(S1)E(S;) for all S; and S,. This function is
called a spectral measure. It is not hard to show (see Dunford [5]) that the
norms ||E(S)|] are uniformly bounded. The reason we use E( ) instead of the
more usual symbol E for a spectral measure will become apparent.

It follows directly from the definition that for each x in B the set function
E( )x defined by (E( )x)(S)=E(S)x is a vector-valued measure. We define
a transformation T'= [zdE(z), which has for its domain the set of all x in B
for which z is integrable with respect to E( )x, by setting Tx = [2dE(z)x. It
is obvious that T is a linear transformation. Dunford calls T a scalar-type
transformation, which we abbreviate to scalar transformation. The domain
of T is dense because E(S)x&D(T) for each bounded Borel set .S and each x
in B. Since the set function E*( ), defined by E*(S) = (E(S))* for each Borel
set S, is also a spectral measure, we may analogously define a transformation
U= [2dE*(2). It is also linear and has dense domain. For x in ®(T) and « in
D(U) we have

(Tx, u) = <f 2d E(2)x, u> = fzd(E(z)x, u)

f 2d{(x, E*(z)u)

<x, fsz*(z)u> = (x, Uu),

so that T has an adjoint and UCT*. For x in D(T) and u in D(T*) it is true
that (f2dE(z)x, u)=(x, T*u). In particular, for every bounded S, every
u in D(T*), and every x in B we have (x, [szdE*(2)u)=([s2dE(2)x, u)
=([2dE(z)E(S)x, u)=(E(S)x, T*u)={(x, E*(S)T*u), so that [szdE*(z)u
= E*(S)T*u. This shows that z is integrable with respect to E*( )u and that
J2dE*(z)u=T*u. Thus uSD(U) and Un= T*u. It follows that U= T*. Simi-
larly, T=U*. Hence T and U are closed. Thus T and U are in & and T* re-
spectively and are the adjoints of each other.

In case B is a Hilbert space, it is a theorem of Mackey and Lorch that
every scalar transformation T is similar to a normal transformation, i.e.,
there exists an invertible operator 4 such that A='T4 is normal. A good place
to read about scalar transformations is in Dunford [5].

THEOREM 3.1. 4 transformation T in T is a scalar transformation if and
only if each x in B has a T-measure and each u in B* has a T*-measure. If T
is a scalar transformation, then each x in B has a unique T-measure. If each
x in B has a unique T-measure, then T is an extension of a scalar transformation,
and if T is bounded 1t is a scalar operator.
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Proof. If T = [2dE(z) is a scalar transformation and if x is an arbitrary
vector in B, then for each bounded Borel set S the function z is integrable
with respect to E( )(E(S)x) and the integral is [s2d E(z)x. Thus E(S)x&ED(T)
and TE(S)x = [s2dE(z)x. It follows that x has the T-measure E( )x. Similarly
every u in B* has the T*-measure E*( )u.

If every x in B has a T-measure and every % in B* has a T*-measure, then
by Corollary 3 to Theorem 2.1 every x in B has a unique T-measure.

If every x in B has a unique T-measure m., then define the transformation
W from B to Q by Wx =m,. Then since Am.+um, is a T-measure for Ax+puy
it follows that masyuy=Mm.+um,. Hence W is a linear transformation. If
xp—x in B and Wx,=m,,—m in Q, then m is a T-measure by the corollary to
Theorem 2.4. Since m,,(X)—m(X) we have m(X) =x. Hence Wx=m. Thus
W is closed. By the closed graph theorem W is bounded. For all x in B we
have [[m.|| = wx|| <[|w]| ||«].

For each x in B and each Borel set S define E(S)x =m.(S)=(Wx)(S).
E(S) is an operator because W is an operator. It follows immediately that
EWU2, S:)= D1 E(S)) in the strong topology for every disjoint sequence
{S:} of Borel sets. Finally note that the vector E(S)x has a T-measure which
is the restriction of m, to S. Hence E(S)E(S)x=mgs):(S)=mgus)(X)
=E(S)x. Thus E(S) is an idempotent operator. The set function E( ) is
therefore a spectral measure. If x€B and S is a bounded Borel set, then
E(S)xED(T) and TE(S)x=Tm.(S) = [szdm.(z) = [s2d E(z)x. It follows from
the closure of T that Tx exists and Tx= [3dE(z)x whenever x&D([zdE(z)),
i.e., whenever [zdE(2)x exists. Thus [zdE(z) CT. Therefore T is an extension
of a scalar transformation.

Now if each x in B has a T-measure and each « in B* a T*-measure, then
by what we have just proved there is some scalar transformation [zdE(z) of
which T is an extension. For the same reasons there is some scalar trans-
formation [zdF(z) of which T* is an extension. Therefore J2dF(2 CT*
C [2dE*(z). Thus for each « in B* the function F( )u is a [2d E*(z)-measure.
Since u has the unique [2dE*(z)-measure E*( )u, it follows that F( )u
=E*( )u. Hence F( )=E*( ). Thus [zdF(z)=T*=[zdE*(z), so that T
= [2dE(z) is a scalar transformation. This proves the first statement of the
theorem. The second statement has already been proved.

It has been shown that T is the extension of a scalar transformation if
every x in B has a unique T-measure. If T is bounded, the scalar transforma-
tion is also bounded, and so must be equal to T. This completes the proof of
the theorem.

If T=[3dE(z) is a scalar transformation, define

Tl = supse (| EC )| /]| ]]).

Then
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<Z NE(S))x, u>’ = sup :<x, Z MNE(S)*u } R

Tl =sup

where the sup is taken over all x and u with ||x|| =||%|| =1 and over all finite
disjoint sequences {S,-} of Borel sets and corresponding finite sequences
{)\;} with |)\.-| =<1. By the uniform boundedness theorem (see Banach [3]),
||| T]|| is finite if the above sup is finite for each fixed x. This is the case be-
cause for fixed x the sup is equal to ||E( )x||. Let G. be the set of all scalar
transformations T with ||| T||| <c. It is easy to see that then |||T*||| =¢, so
that G¥, the adjoint of the set G., consists of all scalar transformations U on
B* with [H UIH =<c. It will be seen later that the following theorem about G.
is generalization of the spectral theorem.

THEOREM 3.2. Let T be in the closure G, of G. in the strong topology. Then
there exists a function E( ) from the Borel sets of X to operators on B such that
(1) for each u in B*, E*( )u is a T*-measure for u and |[E*( )u|| <cl|u||;

(2) if x€D(T), then Tx= [2dE(3)x;

(3) if T s in the closure of the subset of G. consisting of those transforma-
tions whose spectrum is in a given closed set C, then E(S)=0 if S is disjoint
from C;

(4) +f B is a Hilbert space and c=1, then E(S) is a positive Hermitian oper-
ator and || Tx|| = f|2| 2d(E(2)x, x) for all x in D(T).

Proof. Since TEG,, there exists a directed set {T,} from G. converging
to T, and under the assumption of (3) we may choose the transformations T,
to have their spectra in C. Let T, = [2dE.(z) so that Ts = [2dE%(z). For each
index @ and each u in B* consider the T-measure E}( )u, which depends
linearly on u. The inequality ||| T%|| Sc implies || EX( )u|| <c||«||. Let D. be
the set of all m in Q with ||m|| <¢||«||. Then D, is compact in the weak oper-
ator topology. Hence the Cartesian product space D = [Jues* D, is also com-
pact. For each index «, EX( ) can be identified with the point of D whose
coordinate it D, is EX( )u.

Since D is compact the directed set {EX( )} has a cluster point in D
which we call E*( ). The coordinate of E*( ) in D, will be written E*( )u.
The value of E*( )u on the Borel set S will be written E*(S)u. The trans-
formation on B which takes u into E*(S)u will be written E*(S).

By Theorem 2.4, E*( )u is a T*-measure for each » in B*. To prove the
equality E*¥( Y(Au—+puv) =ANE*( )u+uE*( )v, note that we can simultaneously
approximate E*( )(Au+uv) by EX( YA\u+uv), E*( )u by EX( )u,and E*( )v
by EX( )v in the weak operator topology because E*( ) is a cluster point of
the directed set EX( ). Hence the equality in question is a consequence of the
equalities EX( )\u+uv) =NEX( u+uEX( )o.

Now E*( ) we may consider to be the function on the Borel sets of the
complex plane whose value at S is E*(S). For each Borel set S, E*(S) is a
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linear operator on B* because E*( )u is a linear function of % and ||E*( )u|
<c||4||. Under the assumption of (3) we have (x, [f(2)dE%x(z)u)=0 for each
index a, each x in B, each « in B*, and each f in IM(X) with compact support
disjoint from C. Passing to the limit we obtain (x, [f(g)dE*(z)u) =0. Since
this holds for all x and f the measure E*( )u lives on C. Thus E*(S)=0if Sis
disjoint from C. Hence E(S) = (E*(S))*=0 if S is disjoint from C.

To show that E*( )u is a T*-measure for %, i.e., that E*(X)u =u, assume
otherwise. Choose x in D(T) such that (x, # — E*(X)u) » 0. Define S,
={z: |3| =r}. Then

|Ea( )Ea(S!)4|| = sup f f(2)dEa(2) Ea(S/ )%

Irl=1

B #f(2)

B ui}llgx f:s; 2 Bl

= sup {(—Z-Z dE.(3)Tax
If=1ild 5 2

< |[/Tilx)/r ff(z)dE..(z)T,x.
1

= —:!IEa( )Tax”

< |7
r

s = |7+ + 1)

if « is sufficiently large, say a> aq.

For each positive number » choose a function f, in IM(X) with compact
support which is 1 on S, and for which ||f,|| = 1. Since E*( )u is a vector-valued
measure, the vector [f,(z)dE*(z)u—u converges to E¥(X)u—u as r— .
Therefore for each €>0 a number 7.>1/e exists for which

%<x, ffre(Z)dE*(z)u - u> — {(x, E*(X)u — u)% < e

Since EX( )u has E*( )u as a cluster point in the weak operator topology, an
index a.>ay exists for each ¢>0 for which

'<x, ff,((z)dE*(z)u - u> - <x, ff,e(z)dE:‘(z)u - u>i < e

We have
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i
| (x, E¥(X)u — u)| <e+ i<x, ff,e(z)dE*(z)u - u>}
< 2 + <x, ff,((z)dE::(z)u - u>]

— 2+ < [ ¢ = var. o=, u>]

=2+ < f (fr(2) — 1)dEq(2) Ea (S7)x, u>‘

(since f, () — 1 = 0 for z in S,'()
2¢ + [[ullll £.@) = Ul Ear ) Ea (S|

IIA

IIA

2¢
2e + — (17l + 1]]]]

IIA

2¢
2e+ o (175 + 1]l
ul].

Since € is arbitrary this gives the contradiction (x, E*(u) —u)=0. Thus
E*( )u is a T*-measure for «.
For x in ©(T), » in B*, and each bounded Borel set .S we have

IIA

e[2 + 2| T4l + 1

(Tx, E¥X(S)u) = {x, T*E*(S)u)= <x, fsz*(z)u>
s

= de(x,E (2)u) = fszd(E(z)x, u).

Since this holds for all bounded Borel sets S, [zd(E(2)x, u) exists and equals
(Tx, u). Since this holds for all  in B* it follows that [zdE(z)x exists and
equals Tx. We have thus proved (1), (2), and (3).

If B is a Hilbert space and c=1, then E,(S) and EZX(S) are idempotents
of norm 1 and therefore projections. Thus for each non-negative function f in
MM (X) with compact support and each x in B we have

0s ([ roaeom ") = < [ 1@z >

= <x f f(z)dE:(z)rx>.

Passing to the limit this gives
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<ff(z)dE(z)x, x) = <x, ff(z)dE"'(z)rx> =0.

It follows that (E(S)x, x) =0 for all Borel sets S. Hence E(S) is a positive
Hermitian operator. Since E*( )rx is a T*-measure, the measure m, defined
by

m,(S) = T7LE¥*(S*)rx = 77 EX(S*)r V)rx = EX(S*)x = E(S*)x

is a T%-measure. Therefore

T"j;f(z)dE(z)x = T°L.f(z*)dE(z*)x
= f 2f(z*)dE(z*)x
S‘

= f 2*f(2)dE(z)x
8

for each bounded Borel set .S and each bounded measurable function f. Thus
for each x in D(T) we have

(fsz(z)x, Tx> = }Lni(»ﬁz;QZdE(Z)x, Tx)
rll_.rz <T°fm<rsz(z)x, x)
,lft (fm«‘ z]sz(z)x, x)

=f | 2|2d(E(2)%, ).

(Tx, Tx)

i

This completes the proof of the theorem.

The double strong topology on ¥ is defined after von Neumann by taking
the open sets in the strong topology of ¥ and the adjoints of the open sets in
the strong topology of T* and letting these form a sub-basis.

COROLLARY 1. The set G. is closed in the double strong topology.

Proof. If T is in the closure of G. in the double strong topology, then by
part (1) of the theorem each  in B* has a T*-measure, since T is in the
closure of G. in the strong topology. Similarly each x in B has a T-measure.
By Theorem 3.1 it follows that T is a scalar transformation. By part (1) of
Theorem 3.2 it follows that ||| T*||| Z¢, or ||| T]|| S¢. Thus TEG:. as was to be
proved.
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COROLLARY 2. If T is a symmetric transformation on the Hilbert space B
(that is, TES and T CT), then there exists a set function E( ) (called a gen-
eralized spectral measure) from the Borel sets of the real line to the positive Her-
mitian operators on B such that

(1) for each x in B, E( )x is a T°-measure for x,

(2) if xED(T), then Tx = [2dE(2)x and || Tx||?=[| 2|2 d(E(2)x, x).

Proof. For any finite-dimensional subspace M C®(T) let P be the projec-
tion whose range is M. Then PTP is a Hermitian operator whose range is
finite-dimensional. By the theory of finite-dimensional matrices this implies
that PTPEG, (see [15]). It is clear that the operators PTP form a directed
set if we let P,TP, precede P, TP, whenever PP, =P, and that this directed
set converges to T strongly. Thus T€G,. Hence there exists a set function
E( ) with the properties described in Theorem 3.2. Since for each M the spec-
trum of PTP is included in the real line, E( ) lives on the real line by (3) of
Theorem 3.2. Since B is a Hilbert space and c=1, part (4) of Theorem 3.2 is
true. It remains only to prove that E( )x is a T°-measure. This follows from
the fact that E*( )7x is a T*-measure, since the measure u? defined by u°(S)
=7"1E*(S*)7x is therefore a T°-measure and

po(S) = TIEX(S*)rx = 7Y (T EN(S*)r )12 = E%(S*)x = E(S*)x = E(S)x,
since E(S) = E(S*) (because E( ) lives on the real line).

CoOROLLARY 3. If H is a self-adjoint transformation on the Hilbert space B,
then H is a scalar transformation, H= [2dE(z), where the operators E(S) are
projections and E( ) lives on the real line.

Proof. By Corollary 2 there exists a generalized spectral measure E( )
which lives on the real line such that Hx = [3dE(z)x for x in D(H) and such
that E( )x is a H°= H-measure for each x in B. Thus H is a scalar transforma-
tion since every x in B has an H-measure as well as an H°measure (which
implies that every # in B* has an H*-measure). By the unicity of H-measures,
E( ) must be the spectral measure for H, so that H = [2d E(z). Therefore E(S)
is an idempotent which is positive Hermitian, or a projection. This completes
the proof.

Professor F. Wolf has called the attention of the author to an interesting
result of Bade [2]. Bade considers a directed set { T} of operators in G. such
that Ta—T* strongly for some operator T on B, much as in Theorem 3.2.
In addition he assumes that there is a closed set C of complex numbers such
that the spectrum of each T, lies in C and such that linear combinations of
functions of the type 1/(z—2,) with 2o in C’ can be used to approximate any
continuous function on C. The conclusion is that T&G,. This result can be
derived from Theorem 3.2, with the hypothesis that the spectrum of each
T, lies in C replaced by the weaker hypothesis that the spectrum of T lies
in C. To see this, let T be such an operator in G., so that (1) and (2) of Theo-
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rem 3.2 hold for some function E( ). The T*-measure E*( )u lives on C be-
cause it lives on the spectrum of T*. If u is any other T*-measure for %, then
u also lives on C, so that E*( )u—u is a T*-measure for 0 which lives on C.
For each \ in C’ define x\= [cd(E*( )u—u)(2)/(z—N\), so that (T—N)x\=0
for all N in C’. Since \ is in the resolvent set of C this implies that x, =0 for all
\ in C’. By the assumptions about C this means that [¢f(z)d(E*( )u—u)(2)
=0 for every continuous function f(z) on C. Therefore the measure E*( )u—u
is zero. Thus « has the unique T*-measure E*( )u. It follows from Theorem
3.1 that T* is a scalar operator.

The author knows of no way to show directly that G, includes the set of
normal transformations if B is a Hilbert space. Therefore Theorem 3.2 cannot
be used to prove the spectral theorem for normal transformations directly,
but instead the usual proofs based on Corollary 3 may be given. For the rest
of the paper we assume that the spectral theorem for normal transformations
is known.

Halmos [9] has defined an operator T on a Hilbert space B to be sub-
normal if there exists an extension B of B and a normal operator T on B
which is an extension of T. We define similarly a transformation T in ¥ to
be subnormal if there exists an extension B'of B and a normal transformation
T on B which is an extension of T. The following theorem gives a new char-
acterization of the subnormal transformations.

TueEOREM 3.3. The transformation T is subnormal if and only if TEG,.
Since Gy is the set of normal transformations, this means that the subnormal
transformations are the strong closure of the set of normal transformations. The
transformation T is subnormal if and only if there exists a generalized spectral
measure E( ) such that

(1) for each u in B, E*( )u is a T*-measure,

(2) Tx=[2dE(2)x for all x in D(T),

(3) ||Tx||2=/] 32| *d(E(2)x, x) for all x in D(T).

Proof. We may assume that B is infinite-dimensional since otherwise the
various transformations mentioned in the theorem can easily be shown to be
normal. Let T be subnormal, so that B and T exist. We may assume that B
has the same dimension as B, since the least subspace of B including B and
invariant under T and T* will have this property; and on this subspace T
is normal. For any finite-dimensional subspace M of D(T'), we may therefore
find a unitary map U of B onto B which takes each vector of M\UT (M) onto
itself. Thus U-'TU is a normal transformation on B, which agrees with T
on M. The existence of such a transformation for arbitrary M means that
TEG:.

If TEG,, conditions (1), (2), and (3) follow from Theorem 3.2.

If there is a generalized spectral measure E( ) satisfying (1), (2), and (3),
then by a theorem of Neumark [13] there exists an extension B of B and a
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spectral measure £( ) on B such that E( ) =PE( )P, where P is the projec-
tion whose range is B. Let T = [zdE(z). Then for x in D(T), ||Tx|?
=[] 2|2d(E(2)x, x) = [| 2|2 d(PE(2) Px, x) = f|z|2d(E(2)x, x). Since the latter
integral converges, x€D(T), and so || Tx|| =|| T'%||. Moreover

PT(x) = szdE(z)x = fzdPE(z)Px = Tx.

Since || Tx|| =|| Tx||, we must have Tx=Tx. Thus T is a normal extension of
T, so that T is a subnormal transformation. This completes the proof of the
theorem. See [1] for this type of argument.

CoROLLARY 1. The subnormal operators are the closure of the normal oper-
ators in the strong operator topology.

Proof. It follows from the theorem that the closure of the set of normal
operators is included in the set of subnormal operators. To prove the con-
verse, it is only necessary to repeat the first part of the proof of Theorem 3.3
for operators instead of transformations.

4. Functional calculus. A functional calculus for certain transformations
T in T will be developed. It is clear by induction that if m is a T-measure and
S is a bounded Borel set then m(S)E&D(T™) for each positive integer % and
Trm(S) = [sz"dm(z). More generally if p(T) is a polynomial in T, then under
the same assumptions m(S)ED(p(T)) and p(T)m(S) = [sp(z)dm(z). This
gives one hopes of establishing a functional calculus by defining, for a given
Borel function f, f(T)x =y to mean that x =m(S) for some Borel set S over
which fisintegrable with respect to some T-measure m and thaty = [sf(2)dm(z).

There are two requirements which such a definition of f(T) might not ful-
fill. First, there might not be a sufficient number of T-measures, in which
case the domain of f(7T") would not be dense. Second, it might turn out that
f(T) so defined is multiple-valued.

Neither of these things can happen, as we shall see, for the following class
I’ of transformations.

DEFINITION 4.1. The class ' consists of those T in T for which the set F
of values of T-measures is dense in B and the set F* of values of T*-measures
is dense in B*.

LeMmMmA 4.1. If TET, then each x in F has a unique T-measure m, and each
u in F* has a unique T*-measure u,. The sets F and F* are linear, and m, and
My are linear functions of x and u respectively.

Proof. If x& F there exists a T-measure m and a Borel set .S, such that
x =m(S,). Defining m; by m1(S) =m(SNS,), we see that x has the T-measure
m,. Since the values of T*-measures are dense, there is no other T-measure
for x by Corollary 3 of Theorem 2.1. If x has the T-measure m, and y the
T-measure m,, then Aix+Xyy has the T-measure Nim.+Nm,; hence F is
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linear and m; is a linear function of x. The statements about F* are proved
similarly.

We now consider any Borel measurable function f on the complex plane
and any T in T'. Let F; be all those x in F for which f is integrable with re-
spect to m,. Define F¥* similarly.

LEMMA 4.2. The set Fy is linear and dense in B. The set Ff* is linear and
dense in B*.

Proof. If x and y are in Fy, then f is integrable with respect to m. as well
as m,, and so is integrable with respect to m . 4ny=Nm.+Nem,. Thus
Mx+NyEFy, so that F; is linear. Write U, = {z: |f(z)l <n}. Then for each
x in F we have x =m.(X) =lim, m.(U,). Now m.(U,) has the T-measure m,
defined by m,(S) =m.(U.MNS), which lives on the set U, on which f(z) is
bounded. Thus m.(U,) € Fy, so that F is included in the closure of F;. Since
F is dense, this implies F; is dense. The statements about F#* are proved
similarly.

Now consider the transformation fo(7") from F; to B defined by fo(T)x
= [f(z)dm.(z), where the integral exists because x& F;. This transformation
fo(T) is linear because m; is a linear function of x. Similarly define fo(T*).

LeEMMA 4.3. We have fo(T*) C(fo(T))*.

Proof. For x in F; and u in F/* we must prove (fo(T)x, u) = (x, fo(T*)u), or
(Jf(z)dm.(2), u)=(x, [f(2)dus(2)). The latter equation however is just Corol-
lary 4 to Theorem 2.1, with S=X.

The lemma tells us that fo(7") has an adjoint with dense domain, since the
domain F#* of fo(T*) is dense. As is proved in [15], the transformation f,(T)
therefore has a closure (fo(T))**.

DEFINITION 4.2. The transformation f(T) is the closure of fo(7T), i.e., is
(fo(T))**.

We have now defined a map f(z)—f(7T") from the set of Borel functions on
X to the set T. Some of the usual properties of the functional calculus for
self-adjoint transformations, such as are expounded in [15], [17], or [1], can
be demonstrated.

THEOREM 4.1. Let f and g be Borel functions and let T be in T'. Then

(1) if f(2) =2, then f(T)CT;

(2) fONT) =N(T);

(3) f(T*) (T

(4) if xE€F; and if the measure . is defined by .(S) =m.(f~(S)), then
1 1s a f(T)-measure for x;

(5) A(T)ET;

(6) if {S,.},“,';l is an increasing sequence of sets with U, S,=X, if C is the
set of all x in F for which m, lives on one of the sets S, and if CC Fy, then f(T)
is the closure off(T)| C;
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(7) if f(2) is bounded, then F=Fy;

(8) #f (fo 8)(2) =f(g(2)), then f(g(T)) = (fo g)(T);

(9) there exists a demse linear set LCD(T))ND((T)ND((fe)(T))
ND((f+g)(T)) for which the closures of the transformations f(T)|8, g(T)|8,
(f+2)(T)|2, and (fg)(T)| ® are respectively £(T), g(T), (f+£)(T), and (fg)(T),
and for which (f+g)(T)|@=£(T)|2+¢(T)| and (fe)(T)|2=f(T)g(T)|&;

(10) if fo(2)—f(2) as n— o for all z, then there exists a dense linear subset
R of B such that the closure off(T)| R is f(T) and such that f.(T)x—f(T)x as
n— o for all x in N.

Proof. If f(z) =2z and xEF;=D(fo(T)), then fo(T)x= [zdm.(z) =Tx, as
was shown in §2. Thus fo(T) CT, and since T is closed, f(T) CT, proving (1).

It is obvious that f(AT) =\f(T).

Since (f(T))*=(fo(T))***=(fo(T))* and since (fo(T))*Dfo(T*), we have
(f(T))*Dfo(T*). Since (f(T))* is closed, this gives (f(T))*Df(T*).

If x€ F; and if S is a bounded Borel set, then we saw in §1 that [szdm,(2)
= [/ f(2)dm.(z). Since f(z) is bounded on f~'(S) it follows that ,(S)
=mi(f1(S)) € F; and  f(T)m(S) = f(T)ms(f~1(S)) = fo(T)m.(f~1(S))
= [;18,f(3)dm.(z) = [szd.(z). Thus s, is a f(T)-measure.

We have just seen that each x in F; has a f(T)-measure. Similarly each »
in F# has a f(T*)-measure, which is at the same time a (f(7"))*-measure since

F(T*)C(f(T))*. Since F, is dense in B and F# is dense in B*, this implies that
AT)er.

To prove (6) it is necessary only to show that f,(7") is included in the
closure of f(T)| C, since the closure of fo(T) is f(T). If xE F; let x, =m.(S,).
By hypothesis x,E C. We have x,—x and fo(T)x, = [, f(z)dm.(2)— [f(2)dm.(z)
=fo(T)x as n— = since x& Fy. Thus fo(T) is included in the closure 0ff(T)| C,
as was to be proved.

If f(z) is bounded, then for each x in F the integral [f(z)dm,(2) exists so
that F=Fy.

To prove that f(g(T)) = (fo g)(T), we consider the sequence of sets {S,,}
defined by S.=g'{z: |f(z)| =n}N{s: ]g(z)[ <n}, which satisfies the hy-
pothesis of (6). Take any x in C, so that there exists an » for which m, lives
on S,, and define . by #.(S) =m.(g1(S)). Then s, is a g(T)-measure for x
by (4). Moreover for any subset S of {z:|f(z)| >n} we have m.(S)
=m,(g~1(S)) =0, since m, lives on S, and S,MNg~!(S) is void. Thus #, lives
on {z:|f(z)| = n}. Hence x € Df(g(T))) and f(g(T))x = [f(z)dr.(2)
= [f(g(2))dm.(2) = [(fog)(z)dm.(2) = (fog)(T)x. Therefore, f(g(T))|C
=(fo g)(T)| C=A4. It follows from (6) that f(g(T)) as well as (fo g)(T) is the
closure of 4, so that f(g(T)) = (fo g)(T).

To prove (9), let S.={z: |f(2)| <7 and |g(2)| =n}, so that {S.} satisfies
the hypothesis of (6). Write 8=C. Then @CF;, RCF,, € C F/4q, and RC Fy,.
It follows from (6) that f(T), g(T), (f+g)(T), and (fg)(T) are the closures
respectively of f(T)[Q, g(T)Ii?. f+e) (D], (fe)(T)| 2. Moreover, for x in 2
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we have f(I)x + g(T)x = [f(z)dm.(z) + [g(z)dm.(2) = [(f +g)(z)dm.(z)
= (f + g)(T)x. Choose n for which m, lives on S,. Define . by #(S)
= [sg(2)dm.(z). As was shown in §2, 7%, is a T-measure. By definition g(T)x
=11,(S,) =m.(X), and hence 7, is a T-measure for g(T)x. Since f(T) is
bounded on S, we have g(T)x € D(f(T)) and f(T)g(T)x = f(T)r(S,)
= [s.f(2)dhs(2) = [5,f(2)g(2)dma(2) = (fg) (T)x. Thus (fg)(T)x=F(T)g(T)x for
x in & This completes the proof (9).

To prove (10), define the sequence S, of (6) by S, = {z: |f(z)| =<n and
Ifi(z) —f(z)| =1 for all ign} and write R for C. Clearly S, is a monotone
increasing sequence. Also U, S,=X because lim, f,(z) =f(z) pointwise. Any
element x of N is in F; because f(z) is bounded on each S,. Thus by (6), f(T)
is the closure of f(T)I RN. For any x in N, m. lives on S, for some #, so that
xEFy, for izn. Moreover fi(T)x= [s.fi(z)dm.(z) converges to [s.f(z)dm.(z)
=f(T)x as i— = by Lebesgue's bounded convergence theorem (which is
easily shown to hold for vector-valued measures). This finishes the proof of
Theorem 4.1.

At several points the calculus just developed falls short of the functional
calculus for self-adjoint transformations. One would like to have equality
instead of inclusion in (1) and (3). It would also be desirable to strengthen
(9), and prove for instance f(T) +g(T) C(f+g)(T), or at least that f(T) +g(T)
and (f+g)(T) agree on their common domain. The author was not able to
decide these questions.

In analogy with the case of a self-adjoint transformation, it might be ex-
pected that f(T) is bounded in case f(z) and T are bounded. That this is not
true can be seen from very simple examples.

We merely state, without giving the somewhat lengthy proof, that an
operator T in I is a scalar operator if and only if f(7) is bounded for every
bounded Borel function f.

5. Weak 7-measures. For certain operators T there are no nontrivial T-
or T*-measures. For instance, let T be quasi-nilpotent. Then any T-measure
m must be concentrated at the origin. Its value at the origin must be in the
null space of 7. Thus there are no nontrivial T- or T*-measures in case the
null spaces of T and T* are trivial. On the other hand it would be desirable
to generalize the notion of T-measure in order to have every measure concen-
trated at the origin be a T-measure when T is quasi-nilpotent.

Before giving the generalization in question, we must prove some pre-
liminarv lemmas.

Leyya 5.1, If T is a closed linear transformation on the reflexive Banach
space B, and if m is a vector-valued measure on the set of positive integers with
values in T(T), then Tm is a vector-valued measure.

Proof. We first note that if {x.-} is a sequence from T(7T') converging to
x in T(T) for which T\,H <K for all 7, then Tx,—Tx in the weak topology
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as 1— ». To see this, note that for all » in D(T*) we have (Tx, u)={(x, T*u)
=lim (x;, T*u)=1lim (Tx;, u). This, together with || Tx,|| <K, implies the re-
sult.

Let C be the range of m, so that CCB. To show that C is closed, let
{m(S,—)} be a convergent sequence from C. By passing to a subsequence if
necessary, we may assume that the sequence {S;} of sets is convergent to a
set S. Since m is a vector-valued measure, {m(S;)} will then converge to
m(S). Thus C is closed. By the Baire category theorem, there exists a K such
that {m(S):||Tm(S)|| <K} is dense in some C-neighborhood U of a point
m(So) of C. We may assume that S, is finite, say n <n, for all # in S,. If
x€ U, we may therefore find a sequence {x,} converging to x with || Tx,|| <X.
Then {Tx.}, by the above remark, converges weakly to Tx. Therefore
|Tx|| =K for all x in U.

Since m is a vector-valued measure, an integer n; > no can be chosen so that
m(S{\USe) €U whenever SiC {n:n>n}. From this and the above we see
that || Tm(S)|| < K, for some constant K, independent of S. It follows that
> Tm(S;) converges weakly to Tm(U; S;) for every disjoint sequence
{S:} of Borel sets. In other words, (7)., is a vector-valued measure for each
u. This proves the lemma.

LemMA 5.2. If T s a closed linear transformation on the reflexive Banach
space B and if m is a vector-valued measure with values in D(T), then Tm is a
vector-valued measure.

Proof. If {S:} is a disjoint sequence of measurable sets, define the vector-
valued measure u on the positive integers C by u(R) =m(U.er S:). Then Tu
is a vector-valued measure by ILemma 5.1, so that 2., Tm(S;)
=32 Tu({i}) =Tu(C)=Tm(U; S,), as was to be proved.

If f is a simple function and Tm exists (i.e., Tm(S) exists for all Borel sets
S) we obviously have [f(2)dm(z) ED(T) and T [f(z)dm(z) = [f(z)d(Tm)(z).
For an arbitrary bounded Borel function f take a sequence { f,,} of simple
functions converging uniformly to f. Then [f.(2)dm(z)—[f(z)dm(z) and
Jfa(2)d(Tm)(z)— [f(z)d(Tm)(z) as m— . Since T is closed, this gives
Jf@)dm(z) ED(T) and T [f(z)dm(z) = [f(z)d(Tm)(z). Thus if we define the
measure m° by m°(S) = [sf(z)dm(z), it follows that Tm® exists and that Tm?®
= (Tm)".

It is clear that if T is an operator, then || Tm|| <|| T}| |||

DEFINITION 5.1. The set Q, is the set of those » in Q which have compact
support, i.e., those » which live on bounded sets. The transformation Q from
Qo into Qo is defined by (2»)(S) = [szdv(z). A measure » in Q, is said to be a
slice of a measure m in Q if there exists a bounded Borel set Sy with »(S)
=m(SMNSy) for each S; v is called the slice of m lying on S, i.e., the restric-
tion of m to S,.

It is clear that Q is a linear transformation from Qp to Q. If v in Qy lives
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on the set S= {z: lzl éc} , then for each Borel function f with Hf” =<1 we have

= 4l = -

| [ oaane)| = | [ e

Therefore by definition ||Q|| <¢[|¥]|.

Let v be in Qo and let f be integrable with respect to ». Let 7 be the meas-
ure defined by 7(S) = [sf(2)dv(z). Since 7 lives on the same sets as », 5EQ,.
We have

(W)(S) = de:‘z(z) = sz(z)dv(z) = ff(z)d(ﬂv)z = (2»)7(S).
s

Thus Q5=(Qv)". ,

If m&Q, and Tm exists then taking f(z) =z and taking m°® as above we
have seen that Tm®=(Tm)° This means that TQM =QTm, assuming that
Tm exists.

DEFINITION 5.2. A measure m in Q is a weak T-measure if for éach slice
v of m and each positive integer n, T"v exists and “(T—Q)"v””"——»O as n— o,

The notion of a weak T-measure includes that of a T-measure. It is clear
that any slice of a weak T-measure is a weak T-measure, and that if mEQ,
is a weak T-measure, then Qm is a weak T-measure. More generally let f be
a bounded Borel function and define m° as above. For any slice v of m, »° is
the corresponding slice of m® Thus [[(T—Q)||'»=|((T—Q)mv)9| V=
§Hf“”"|](T——Q)"vH”"—)0 as n— o, so that m® is also a weak T-measure.
Furthermore, if Tm exists, then each slice of Tm is of the form T» for some
slice v of m and

I = @yl 5 (7 = @i + ([ (T — @) - 0
as n— o so that Tm is a weak T-measure.
As an example consider a weak T-measure m and a point {zo} which has

measure x. Let v be the measure of mass x concentrated at 2y, i.e., the slice
of m on {z}. It is easy to see that

1T = 9wl = (T = z0)mall,

so that ||(T—z20)"x||"/»—0 as n— = because v is a slice of m. Conversely it
follows easily that a measure of mass x concentrated at a point {z,} is a weak
T-measure if [ (T——zo)"xH”"—>O as n— . Applied to a quasi-nilpotent oper-
ator T this means that every measure concentrated at the origi\n is a weak T-
)

measure.

THEOREM 5.1. If m is a weak T-measure, then for every bounded Borel set
S there exists an analytic function x\ on S’ such that (T —N\)xy=m(S) for each
N in 5, defined by xa=— 2o [s(1/N=2)")d[(T—Q)"m](z). It has the
property x,—0 as IN| = and —Aen—m(S) as [N > .
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Proof. Since 1/(A—2) considered as a function of z is bounded on S for
each \ in &', the integral [s(1/(\—2)"+*))d[(T —Q)"n](z) defines an analytic
function x, on S’ and

]  max T = 2yl = —= Iz = o]l

es | (N — z)ntt

where 7 is the distance from N to .S and » is the slice of m lying on S. Since
H (T—Q)"v“ Un—0 as n— o, the series xx= — Y _» , x,(\) converges uniformly
on compact subsets of S’ and therefore defines an analytic function on S’.
Obviously x,—0 and —Axx—m(S) as A— . We shall prove that (T —N\)
(= Zf,LO x.(N\))—>m(S) as N— . Since T is closed, this will show that
(T —N)xx=m(S). We have

w—m(—i%m)——zr —

n=0 n=0 s (A — g+t

n=0 S ()\ - Z) ntl

v 1
- -3 mv—mww+2f

(T — @)*m](z)

2 al(T — 9)rm] (o)

a[(T — 2)"m](2)

a0d s (A — z)rt! (_)
< 1
Y‘ o — n
* am0d s (A — )" [T — 2)m](3)
! 1
o g" s (A = z)"“ d[(T — )+'m]() + Z s (Tt_)d[(T — @)mm](2)

fdm(z) fs o Z)N+l d[(T — N+'m](z)

1
) = [ AT = v

“f ——I——d[(T - Q)N‘“m](z)H < H(T — QN+)| -0
s ()\ — Z)N-H 1; T Nt

as N—x, this completes the proof.

This theorem has as some consequences results analogous to results for
T-measures which were demonstrated in §2. The most important of these is
the analog of Theorem 2.1.

THEOREM 5.2. If m 1s a weak T-measure, u a weak T*-measure, and S, and
Se are disjoint Borel sets, then (m(S1), u(S2))=0.
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Proof. Since (m(S:), #(C)) is a numerical measure as a function of C,
(m(S1), u(S2)) will be zero if (m(Sy), u(C)) is zero for all closed bounded sub-
sets C of S;. Thus we may assume that S, and similarly S, is closed and
bounded. By Theorem 5.1 there exists a function x) analytic on S/ and 0 at
infinity such that (7 —\)x,=m(S:). Similarly there exists ) analytic on S;
such that (T*—=N)ux=u(S:). By Lemma 2.1, (m(S1), u(S;))=0, since —Ax,
—m(S1) as A—> .

COROLLARY 1. If m is a weak T-measure and u is a weak T*-measure with
w(X) =0, then (m(Sy), u(S2))=0 for all S1 and S,. If those x having weak T-
measures are dense in B then each u has at most one weak T*-measure. If f s
integrable with respect to the weak T-measure m and the weak T*-measure p,

then ([f(z)dm(z), p(X))=(m(X), [f(z)du(2)).
Proof. If u(X) =0, then u(S; )= —u(S:). Therefore

(m(S1), u(S2)) = (M(S1M S7), u(S2)) + (M(S1 M S2), w(S2))
= (m(S1M S7), u(S2)) — (M(S1MN S2), u(S7))
-0
by Theorem 5.2.
If 4 in B* has weak T-measures y; and u,, then (m(X), (u1—u2)(S))=0 for

each weak T-measure m and each Borel set S, as has just been demonstrated.
Thus under the assumption that a dense set in B has weak 7-measures, this

shows that u; = ..

To verify that last assertion of the corollary, put x=m(X) and u=u(X).
Define the measures m, and g, by m,(S)=(m(S), u) and p.(S)=(x, u(S)).
Thus

mu(S) = (m(S), u) = (m(S), u(S) + w(S)) = Mm(S), u(S))

= (m(S) + m(S"), u(S)) = (x, u(S)) = w(S),

and so m, =pu.. This gives

< f f(Z)drn(Z),u(X)> - f f(@)dma(z) = f 1(2)dus()
- < [ f(Z)du(Z)> - <m<X>, f f(Z)d#(z)>-

The next two theorems are not proved because the proofs follow exactly
the proofs of Theorems 2.3 and 2.2.

THEOREM 5.3. If m is a weak T-measure it lives on the spectrum of T.

THEOREM 5.4. Let m, and m, be weak T-measures and Sy and S, be closed
disjoint sets such that each component of S{ (S contains a point of the resolvent
set of T. Then my(S1) =ma(S:) implies that mi(S1) =m2(S;) =0.
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The exact analog of Theorem 2.4 does not hold. Instead we have the fol-
lowing result.

THEOREM 5.5. Let {T.} be a sequence of operators on B and T an operator
for which Tx—T* strongly. For each o let mq be a weak Tou-measure with “ma” =c.
Let m be a cluster point of the sequence {ma} in the weak operator topology. Let
{a.} be a sequence of positive constants converging to 0 such that || (Ta— Q) m,||V/»
<a, for all n and a. Then m is a weak T-measure and ||(T —Q)*m||!/" <Za, for
all n.

Proof. For each f in ¥(X) with compact support and each u in B* we
have || [f(2)d[(Ta=Q)"ma] )] <[ [f [[(Ta— @) m.| <|fl|a} and || J2f(2)dma ()|
<c sup, |2¥(2)]. Also

([ rdta. = rmd@,n) = £ 10 () [ ev@ama, @)

and -
<ff(z)d[(T - Qmm](2), u> = é(—l)*<j><fz"f(z)dm(z), (T*)"“u>.

Now (T¥)riu—(T*)" iy as n— o because Tf—T* strongly. Thus we may
choose ay such that (T¥)*#u is arbitrarily near to (T*)*iu for all &> e, and
then choose a>a, such that ([zif(z)dma(z), (T*)*iu) is arbitrarily near to
{Jzif(2)dm(z), (T*)"~u) for 1 ¢ =n, because m, has m as a cluster point in
the weak operator topology. Thus the quantities

|< [ #p@imo), (TI>"-fu> - < [ sy@ame), (T*),._,-u>;

< :; [ zy<z)dma<z>j|l<ri>n-iu— (T%)iu

+ |< [ ssimo, (T*)n-fu> - < [ srim), (T*)n-"u>!

can simultaneously be made arbitrarily small for all ¢ with 1 <:<#%. Hence
(Jf(2)d[(Ta—Q)"m.](2), u) can be made arbitrarily close to

<ff(2)d[(T— Q)"m](z),u>

by an appropriate choice of «. It follows that

{ [ r0aia=-smio,w)| < sl
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Since this holds for all # in B* we have ||[f(2)d[(T— Q)"m](z)“ <allfll. As
was shown in §1 this implies that ||(T—Q)"m| <a}. Thus m is a weak T-
measure, since the same inequality must also hold for all slices of m. This
completes the proof.

SUPPLEMENT. If for each positive integer o we have || Tuma|| S K and mo(X) =
X, then m(X) x.

Proof. let f be any function with compact support in IM(X) for which
f(z)=1 for |z| <M and 0=<f(z) <1 for all z, so that | (f(z) —1)/2| <1/M for
all z. For each u in B*, ([f(z)dm(z), u) is a cluster point of the sequence

{ (Jf(z)dma(z), u}}, so that

K [ rwime), u> — (x %)

< sup <ff(z)dma(z > (x,u)| = sup <f(f(z) — 1)dm.(z), u \
~ cap{ 29 om0, 5 sup [ 2=l supl
1 o o + a1 x4,

Letting M become infinite we obtain | (m(X), u)—(x, u)| =0, or (m(X), u)
= (x, u). Since u is arbitrary this gives m(X) =x, which finishes the proof.

As defined by Dunford [6], a spectral operator T on a reflexive Banach
space B is one for which there exists a spectral measure E( ) such that for
all Borel sets S

(1) TE(S)=E(ST,

(2) the spectrum of T| RE(S) is a subset of S.

The spectral measure E( ) is uniquely determined. The adjoint T* of T is
also a spectral operator and the corresponding spectral measure, denoted by
E*( ), has the value (E(S))* on the Borel set S.

If x is any vector in B there exists a function x, analytic for z in S’ with
values in R(E(S)) such that (T —z)x.=E(S)x. This follows from the fact
that the spectrum of T| R(E(S)) is a subset of S. This implies (we omit the
proof) that E( )x is a weak T-measure. This remark enables us to character-
ize the class of spectral operators.

THEOREM 5.6. An operator T on a reflexive Banach space B is a spectral
operator if and only if every x in B has a weak T-measure and every u in B* has
a weak T*-measure,
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Proof. We omit the proof that if T is a spectral operator then every x
in B has a weak T-measure. Every u in B* has a weak T*-measure because
T* is also a spectral operator.

Conversely assume that every x in B has a weak T-measure m, and that
every % in B* has a weak T*-measure u,. The measures m, and u, are unique
by Corollary 1 to Theorem 5.2. Therefore m, and u, are linear functions of x
and u respectively. The transformations x—m, and «—u, are closed. To see
this let a sequence {x,} from B converge to x and let {m,,} converge to a
measure m in Q. Then m(X) =lim m, (X)=Ilim x,=x. By Theorem 5.5, m is
a weak T-measure. Therefore m =m,. This proves that the transformation
x—m, is closed. By the closed graph theorem, the transformation x—m, is
bounded. Similarly the transformation u—u, is bounded.

Thus for each Borel set S the transformation x—m.(S) is an operator
E(S) on B. Since (m(S), u)=/{(x, u,(S)) for all # in B*, the adjoint E*(S)
of E(S) is the transformation u—u,(S). If y=E(S)x, then m, is defined by
my(U) =m(UNS), so that m, lives on S. Therefore E(S)y =y, so that E(S)
is an idempotent. The set function E( ) is therefore a spectral measure since
E(X)=1I and

E(U S,-)x = m,(U S¢> = Zmz(Si) = Z E(S)x

for every disjoint sequence {S;} of Borel sets and all x in B. For any x,
Tm, is a weak T-measure, so that by uniqueness T'm,=mr,. Thus TE(S)x
=Tm.(S) =mr(S) =E(S)Tx.

It remains to prove that the spectrum of T[ R(E(S)) is included in S.
We first calculate the adjoint of T| R(E(S)). Each « in B* is a bounded linear
functional on B and therefore on RM(E(S)). Two such, u; and u,, are equal on
R(E(S)) if and only if (E(S)x, ur—us) =0 for all x in B, or (x, E*(S)u,)
=(x, E*(S)us), which implies E*(S)u;=E*(S)u,. Since any bounded linear
functional on R(E(S)) comes from such a % in B*, by the Hahn-Banach theo-
rem, it follows that there is a 1-1 map u—a from R(E*(S)) onto the dual
space of R(E(S)). It is obvious that || || <||%||. From the closed graph theorem
it therefore follows that the map #— is a homeomorphism and that R(E*(S))
may be identified with the dual space of R(E(S)). For x in R(E(S)) and = in
R(E*(S)) we have (Tx, u)=(x, T*u). Therefore the adjoint of T| R(E(S)) is
T*| R(E*(S)).

Let A beany numberin §’. By Theorem 5.1, for every x =m,(S) in R(E(S))
there exists y in B with (T'—\)y=x. This gives

& = E(S)x = E(SI(T — Ny = (T — NES)y,

so that we may suppose y&E R(E(S)). Thus ER((T——)\)[ R(E(S))) = R(E(S)).
Similarly, R((T*—N\)| R(E*(S))) = R(E*(S)). Since (T*=N\)| R(E*(S)) is the
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adjointof (T —\)| R(E(S)) it follows thatNisin theresolventsetof T'| R(E(S)),
as was to be proved.

Consider a spectral operator T" and the corresponding spectral measure
E( ). Itis known [6] that T— /NdE()) is a quasi-nilpotent operator, so that
there exists. a sequence {a,.} of positive numbers converging to 0 such that
|| (T—j)\dE()\))"H Un < g, for all positive integers #. Since the projections E(S)
are uniformly bounded there also exists a constant ¢ such that ||E( )x||
§c|]x|| for all x in B. If we define M to be the set of T satisfying these condi-
tions for fixed ¢ and {a,. }, then the following analog to Corollary 1 of Theorem
3.2 is valid.

THEOREM 5.7. Each operator T which is a limit in the double strong topology
of a sequence { T.} of operators in N is a spectral operator.

Proof. Let E.( ) be the spectral measure associated with T, so that for
each x in B the set function E.( )x is a weak T,-measure for x. For each Borel
set S we have

[QE.( )x](S) = f)\dEa()\)x = f)\dE.,()\)Ea(S)x.

Hence QE.( )x=/NE.(\)E.( )x. Therefore (T —Q)"Ea( )x= (T —NE.(\))"
-E.( )x. It follows that

1/n

|| Eo )xH 1/n

(T = Q)rE.( )4} = !}(T - f)xdE(A))n

an(el| 2]}

By Theorem 5.5 this implies that any cluster point m. in the weak operator
topology of the sequence { Eq( )x} is a weak T-measure. Since lima..o, | T
=||T«||, the norms | Tax|| are bounded. Thus the norms | ToEa( )x|| are
bounded, since by the commutativity of s and E.( ) we see that ” T.E.( )x||
=HE.,( )TaxH §c||T.,x“. By the supplement to Theorem 5.5 it follows that
m(X)=x.

Thus every x in B has a weak T-measure. Similarly, every % in B* has a
weak T*-measure. Therefore T is a spectral operator, as was to be proved.

IIA
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