A CLASS OF NONCOMMUTATIVE POWER-ASSOCIATIVE
ALGEBRAS()

BY
ROBERT H. OEHMKE

1. Introduction. Let A be a nonassociative algebra over a field F. If for
each x in 4 the subalgebra F[x] of all polynomials in x over F is an associa-
tive algebra we call A a power-associative algebra. In particular the elements
of A must satisfy the identity

(1) x-(x-x) = (x-%)-x.

To any algebra 4 over a field F of characteristic not 2 we can attach a
commutative algebra 4™ over F which is the same vector space as 4 and
which has a product (x, ¥) expressible in terms of the product x-y of 4 by

1
(2) (%, 9) = ?(x'y+y-x)-

Powers of elements in A agree with their powers in A. Thus the power-
associativity of 4 implies the power-associativity of 4.

This paper is chiefly concerned with the class of nonassociative algebras
satisfying (1) and having A a separable Jordan algebra. We shall denote
this class by the letters SJ.

Suppose that G is a nonassociative algebra over a field F of characteristic
not 2 and G contains a subspace .S closed under the operation (x, y) defined
by (2). The set of all finite linear combinations of elements in G of the form
xy —vx for x and y in S form a subspace U(S) of G. If T is any linear mapping
on U(S) into S we call the mapping T a bonding mapping of G [2](?). Every
bonding mapping determines an algebra B(G, .S, T) which is the same vector
space as S and is defined by the product

1
®) £y = () + Gy = 7T

for all x and v in .S, where xy is the product in G. We say that B(G, S, T) is
bonded to G. We note that

Received by the editors September 17, 1956.

(1) T'his paper is a part of the author’s dissertation submitted in partial fulfillment of the
requirements of the degree of Doctor of Philosophy at the University of Chicago. The author is
indebted to Professor A A. Albert who directed the progress of this dissertation.

(3 Numbers in brackets refer to the bibliography.

226




NONCOMMUTATIVE POWER-ASSOCIATIVE ALGEBRAS 227

4) xy+yx=2xy+yx

Albert has shown [2] that any algebra of characteristic not 2, 3 or 3,
satisfying (1) and having A a central simple Jordan algebra of degree ¢>2
has a scalar extension Ax which is obtained from a bonding mapping. Here
the degree ¢ is defined as the maximum number of primitive orthogonal idem-
potents e; in the expression of the unity quantity e=e;+ - - - +e; for any
scalar extension of the algebra. We shall extend this result and show that for
all algebras 4 of class SJ there exists a direct sum G of simple associative
algebras and 3 by 3 matric algebras over a Cayley algebra such that 4
=B(G, S, T).

A class of algebras A satisfying (1) such that 4™ is a semi-simple Jordan
algebra with an inseparable component will be exhibited for which no bond-
ing mapping exists.

2. Bonding mappings. A separable Jordan algebra is defined as a semi-
simple Jordan algebra each of whose components has a separable center over
its base field. Let 4 be an algebra of class SJ over the field F. The algebra
A is a semi-simple Jordan algebra over F and is therefore a direct sum of
simple Jordan algebras.

Any simple Jordan algebra is isomorphic to a Jordan algebra of linear
transformations or is an algebra of order 27 over its center. These algebras
are called special and exceptional Jordan algebras respectively. The simple
special Jordan algebras are the Jordan algebras associated with one of the
following types under the multiplication defined in (2): (a) a simple associa-
tive algebra over F, (b) the set of symmetric elements of a simple associative
algebra with an involution J of the first kind over F, (c) the set of symmetric
elements of a simple associative algebra with an involution J of the second
kind over F, (d) a Clifford system over a field K containing F [1; 3; 5].

THEOREM 1. Let A be an algebra over a field F of class ST and let A be
special. Then there exists an associative algebra G over F such that A =B(G, S,T).

We first prove the following elementary results.

LeymyMa 1. If for some scalar extension K of F we have Ak bonded to Gx the
algebra A s bonded to G.

Let T be a linear mapping satisfying (3) for all x and y in Ak. Then in
particular if x and y are in 4 we have xy—yx in U(4Ag) and (xy—yx)T,
=x-y—(xy-+yx)/2. Since x-y and xy+yx=x-y+y-x are in 4 we also have
(xy—yx)To in A. The transformation T, cut down to 4 induces a linear
mapping T over F such that (xy—yx)To=(xy—yx)T for all x and y in 4.
The mapping T is the desired mapping bonding 4 to G.

Now let A=A4,+ - - - +4, where each AP is an ideal of A and a
simple Jordan algebra. Even though cach 4! is an ideal of A™ it doesu’t
necessarily follow that 4, is an ideal of 4 or even a subalgebra of 4 under the
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multiplication x-y. However we do have the following:
LeMMA 2. Ifxisin A;, y is in A and 157 we have x-y=0.
By a linearization process and (4), (1) becomes
o TOPEE Yt eyt
= (yz+ zy) -2+ (xz2 + 3x)-y + (xy + yx)-2.

If we let z2=¢; in (5) where ¢; is the unity element of 4; we obtain x-y=y-x.
From (4) we have 2x-y=xy+yx=0, so x-y=0.

We have seen that the only nonzero products in 4 arise from the products
of two elements of the same component of A, Therefore we need only show
the existence of an algebra G,, a subspace S, of G, equal to the space 4., and
a transformation T, mapping U(S,) into 4 and satisfying (3) for all elements
x and y in 4,. The composition of all the G,, S, and T, will be the desired
G, Sand T. The G,, S, and T, will be defined separately for each of the types
(a)—(d) above.

If A is of type (a), it is the Jordan algebra associated with a simple
separable associative algebra C over F. Since C is separable it has a splitting
field K. The extension Cg is a direct sum of total matric algebras. By Lemma
1 and Lemma 2 we can assume that C is a total matric algebra and 4! is
the Jordan algebra associated with kt. The algebra has a matric basis
(---ej;-++)overF.

LEmMA 3. If ALY is the Jordan algebra associated with the total matric alge-
bra C then G,=S,=C and T, is defined by

(ei)Tr = €ii-€i; — €ij/2 for i # j,
(ei)Tr = — eri-ea + eis/2.

Since (3) is linear over F we need only show that it is satisfied for the basal
elements or that

(6)

1

7 €ij €pg = 2 €ij* €pqg + ? €pq* €i; + (€ijepg — €pe€i;) Tr.

To prove that (7) holds under the definition in (6) we assume first that
1#j, p, g and j#p, q. Put x=e;;, y=e¢,, and z=¢,, in (5). We obtain e;; e,
=e,,-e;;. This identity together with (4) gives us e;;-€,,=0. Since the right
hand member of (7) is 0 it has been verified in this case. Assume next that
i=p#q, j. We put x=e,;, ¥y =e¢;;, 2=¢;¢ in (5) and obtain e;;-e;,=0 and again
(7) is satisfied. Now if j=p and 7=¢ we must show that

(8) eijreji = € — e1i° i1 + €15 €j1.

We use (5) with x=e;;, y=e; and z=ey;, all indices distinct, and obtain (8).
If i=3, (8) reduces to e;;-e;;=e;; which is clear from (4). If ¢=1 in (8) this
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becomes e1;-ej1=e1;-e;1. If 1=7 and 1% p=gq in (7) the right hand member is
zero. This identity is satisfied if eii-e,, is also zero. The product ei;-e,p is
seen to be 0 when we put x =e;;, 2=y =e¢,, in (5). The only remaining case to
consider is 2=¢ and j#p. We need to show that e;;-e,;=e,; —e,,-€,; which is
clear from (5) with x=e;;, y=¢,:; and z2=e¢,,. Thus (3) is satisfied for x and y
and A, and T, defined as above.

If AP is of type (b) it is the Jordan algebra associated with the set of
symmetric elements of a simple separable associative algebra C over F with
an involution J over F of the first kind. If K is a splitting field of C the in-
volution J can be extended uniquely to an involution over K of Ck. The
algebra Ck is a direct sum of total matric algebras with an involution J,.
The set of symmetric elements of Ck is (4{")x. By Lemma 1 we may assume
that F=K. We need the following two lemmas on involutions.

LemMA 4. If J is an involution of a direct sum of total matric algebras any
component M 1s left fixed by J or is mapped into a component M’ of the same
degree. The total matric algebra MY will have a matric basis (- -« fij - - )
where fi;=ejand (- - - eji - - - ) is a matric basis of M.

We shall omit the proof of this lemma.
If M is a total matric algebra of degree n=2m then M = M,, X M, (direct
product) where M= (gu, g2, g, g22) and M,=(---e;---) for 2, j

=1, - .., m. Every element of M is uniquely expressible in the form
9) a = Agu + Bgiz + Cga + Dgy

where 4, B, C and D are elements of M,,. If we define

(10) o/ = D'gn — B'gis — C'gar + A'gas

where A’, B’, C’ and D’ are the transposes of 4, B, C and D. J is an involu-
tion of M. The set of symmetric elements of M are of the form a=Agy
+(B—B')gn+(C—C)gu+A'gn [4].

Two involutions J and J’ of an algebra C are called cogredient if there
exists an automorphism S over the center of C such that J'=S5-1JS.

LEMMA 5. An involution J of a total matric algebra M 1is cogredient to trans-
position or to the involution described in (9)—(10).

The proof of this lemma can be found in [4].

By these two lemmas we see that J, leaves M fixed and is cogredient to
transposition, Jy leaves M fixed and is cogredient to the involution defined
in (9)—-(10) or J, maps M into an isomorphic component. We shall treat
each of these separately.

We first assume that J, is cogredient to transposition and leaves M fixed.
We can choose a matric basis ( - - - e;; - - - ) on M such that e,J,»°=e,-,~.

LeEMMA 6. If AT is the Jordan algebra associated with the set of symmetric
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elements under transposition of a total matric algebra MM then G,= M, S, = set
of symmetric elements and T, is defined as

1
(ei; — €:)Tr = — €55 (e + €;) + 7 (es; + €5) for i # 7,
11
(11) r .
€ii)Lr = -~ €.
2

To prove that T, satisfies (3) we need only show that it is satisfied for the
elements e;; and e;j4e¢;; or that

1 1
(12) (€5 + €50)  (epq + €qp) = Py (ei; + €5) (epg + €4p) + EY (epq t+ €qp) (i + €50)

+ [(eii + €0) (epg + €4p) — (€qp + €pq) (€5 + eji)]Tr-

Assume first that ¢#p, ¢, j and j#p, ¢. Put x=e;;+ej, y=epq+eq and
z=¢,, in (5). We obtain (e;;+e¢;:) - (epo+€4p) =0 and since the right hand side
of (12) is also 0 this identity is satisfied. Next if we put x =e;;+€;;, ¥y =eip+epi
and z=¢,, for p#i, j we have (e;+ej:) (eiptep)=1(ejptep;) €rp=—¢pp
(ejptey;) +(epiteip) when i) and  eii (€iptepi) = (€iptep) epp=—epp
-(e:p+eyi) +(eiptep) when i=7and again (12) is satisfied. Now let x =y =e¢,;,
z=¢eyq+eq and 7, p and ¢ be distinct. Identity (5) gives us e;;- (epq+€4p) =0.
If we put 2=p and j=gq in (12) it reduces to (e;j+e;:) - (ei;+e;:) = (ei;+eji)
-(es;+e;:) and is certainly satisfied. It remains only to show that e;;-e,,=0
when 75 p. This is obtained from (5) by putting x =y =e¢;; and z=-¢,,.

We next consider the case where J,leaves M fixed and is cogredient to the
involution described in (9)—(10). We shall use the following notation: k,;
= esgu + ejign, fii = (i — €;)gin, di = (eij — e)gn, hij = eisgn — ¢jigen, [
= (e;j+e;:) g2 and dij=(e;;+e;:)gn. The set S, of all Jy-symmetric elements
has a basis (- hy - fan - - dse -+ ). The set U(S,) has a basis
(ki fan s de ).

LEMMA 7. If A is the Jordan algebra associated with the set of symmetric
elements under the involution described in (9)—(10) of a total matric algebra M
then G,= M, S,=set of symmetric elements and T, is defined by

(13a) (hi))Tr = — hyj-hi; + % hij,

(13b) 2(hi) Ty = fij-dji + haj-hji — his — hyj,
(13¢) (f)Tr = — his fui + %fm

(13d) F)Tr = fre bz,

(13e) @) T, = — dji- by,
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and 1#j.

For a number of choices of x and y we have both xy —yx and xy-+yx equal
to 0. To show that (3) is satisfied in these cases we have merely to show that
x-y=0. This can be done by using (5) with z=£%,, and a proper choice of 7.
If both x and y are equal to k;; we have xy —yx =0 and xy+yx =2k,;, however
it is easily demonstrated from (4) that k- ki =hi. To prove that (3) holds
under the definition of T in (13a) we make use of the two identities k;;- kj,
=hii-hig and i hig= —hgq - Big+hiy obtained from (5) by substituting
x="hi;, y=hji, 2=h;q and x=h;4, ¥y =hiq and 2="h4. The remaining products
x-y with xy—yx = h;; that we need to consider are f;; d;p, fiq" @pa, fij* dpi and
fip-@iq. For each of these products we use (5) with z2="r,,.

In considering (13b) we must first show that the right hand member is
independent of the choice of j. We let x=f,;, y=h., and z2=d;; in (5) and get
Joi*@pi — hpi-hip — fij- Qijthij-hii=hpi-hip+hip-hpjthij-hji—his—hypp—hj;=0.
Use (5) with x=f;, y=h;; and z=d;; to obtain —f;;-d;;=f:;-d;;. By setting
x=fu, y="hj; and z2=d;; we obtain a third identity fi;-d:j=Ff:;-d;;. These three
identities combine to give us fij-dji+Ai hji—fip-Qpi—hip-Bpi—hj;+hypp=0
and the right hand member of (13b) is independent of the choice of j. From
these identities we can also obtain (ki — k;;) Tr=2"fi;-dji+ 2" hi; hj;— 2" "hy;

To prove that (3) holds with the definition of T, given in (13c) we let
2=h,, and x and y equal the two factors of the product x-y=fiq bpg, fra #aar
fai-hpi in (5). This gives us three of the necessary four identities. The fourth
identity, fi;-kii=h;;-fi; is obtained from (5) by letting y=h;;, x=f;; and
Z=hjj.

The right hand member of (13d) is independent of the choice of j, for if
we let x=f;;, y=h,; and 2=18,, in (5) we have f;;-bij=fpi  kip. Terms of the
form f;; will arise only when we consider the products f;-k;;. Clearly these
products satisfy (3) as T, is defined in (13d) since f;;-h;:+h;:- fi;=0.

We can show that (3) holds under the definitions (13e) and (13f) by using
the identities proven for (13c) and (13d) with the subscripts 1 and 2 of g;
interchanged and with the matric coefficients of g;; replaced by their trans-
poses. This leaves #;; fixed and replaces fi; by d;..

Finally if M is mapped onto the component M7¢ distinct from M by the
involution J, the symmetric elements are linear combinations of elements
e;;+fii and e;;+f;; described in Lemma 4. We have

LEMMA 8. If A is the Jordan algebra associated with the set of symmetric
elements under the involution Jy of the direct sum of total matric algebras M and
Mo then G,=M @ MI°, S,=set of symmetric elements and T, is defined by
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1 1
(ei) Ty = Py (eii + fis) - (es; + fi) — Py eij,

1 1
(fidTr = — > (esi + fi) - (eis + fis) + Effi,

(14) ) .
(eii) T, = — 7 (eu +fil) : (eil +fli) + “2— €ii,
1 1
(fi) T, = 7 (e1i + fir) - (e + frs) — —Z‘fﬁ,
and 17#j.

To show that (3) is satisfied under this definition of T, for all products
% -y, except the product (e;;4f;:) - (e;:4fi;), we use (4) and (5) with z=e,,+fpp
and the proper choice of p. When 14, j we put x = (e;;+f:), y = (es1+f1;) and
z={(e1;+fa) in (5) to obtain (e;j+f;:) - (eji+fii) = (e +fin) - (e +£13) — (eri+fa)
: (eﬂ +f1,*) +e,','+fii. When 7=1 (3) reduces to (61j+fj1) : (e,-l +f1j) = (elj+fj1)
- (e;1+f1j). This completes the study of algebras of type (b).

If A" is a Jordan algebra of type (c) it is the algebra over F of all J-
symmetric elements of a simple associative algebra C where J is an involution
of the second kind. If K splits C over F then J can be extended uniquely to
an involution of the second kind on Cg. The following lemma tells us the
nature of this involution [3].

LEMMA 9. Let M be a direct sum of total matric algebras over K. If M has an
involution J of the second kind over K then M has 2t components and J leaves no
component fixed.

Since J carries each component into an isomorphic component we may
apply Lemma 8.

If A" is a Jordan algebra of type (d) it is the Jordan algebra associated
with a Clifford system over a field containing F. Again with the assumption
of separability we can make a scalar extension by K that splits the center of
A, Then (A{P)k will be a direct sum of Jordan algebras associated with a
Clifford system over K. We can assume that F=K and 4!" is one of these
components by LLemmas 1 and 2. 4" is a subspace (s, - - -, s,) of an associ-
ative algebra C. The multiplication of these basal elements in C is given by
si=a;#0 in F and s;5;= —s;s; for 15].

LEMMA 10. If AP is the Jordan algebra associated with the Clifford system

(s1, - - -, Sa) of an associative algebra C then welet G.=C, S,=(s1, - - -, s,) and
T, be defined as
(15) Z(SiSj)T,- = §;°5;.

To show that T, satisfies (3) we need only show that s;-s;=a; since s;-s;
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=2"15;5;+2"1s;5:+ (sis;—5;5:) T by the definition of T,. Identity (4) gives
us s;-Si+5i-5:=2a; so s;-s;=a;. This completes the proof of Lemma 10 and
Theorem 1.

3. The exceptional simple Jordan algebra. Let 4 be an algebra over F
satisfying (1) such that A" is an exceptional simple Jordan algebra whose
center is separable over F. The algebra A4 belongs to the class SJ. We can
make a scalar extension K of F such that (4™)g will be a direct sum of ex-
ceptional central simple Jordan algebras over K. It has been shown [6] that
any exceptional central simple Jordan algebra arises in the following manner.
Let G be the algebra of all three-rowed matrices with elements in a Cayley
algebra C over K. The algebra C has a basis (e, us, - - -, us) and multiplica-
tion is defined by eu;=ue=u;, —uju;=uu;= +uy for 14, and 43 =0,;540 in
K. The general element of C is x=81e+Bus+ - - - +PBsus and we can define
an involution x—% of C by &=fe— (Batta+ - - - +Bsus). If A=(x;;) is an
element of G and P is a diagonal matrix of G with elements in K the mapping
A—A7=P(x;;)’P~1is an involution of G. The J-symmetric elements of G are
closed under the multiplication (4, B) =2"1(4B+BA) and form an excep-
tional central simple Jordan algebra under this multiplication.

If P=(m, m, m3) for m; in K, the set of symmetric elements of G are finite
linear combinations over K of the elements e;i, (wu);;— (mu):; and (wie)j:
+ (m;e)+; where u is any of the u; above. We wish to determine the nature of
the multiplication of 4. From (4) we have that e;;-e;i=e;;. Also we obtain
e;;- i =0from (5) by putting x =y =e;;and z=c¢;;. Identity (5) with x =e;; —e¢;j;,
y=e;, 2= (mu);;+ (7;%);; for any of the basal elements e, u,, - - -, us gives us
2ej;- (i) it (i) i3] = (i) s (m0) 5= e [ (a0 - () o5 ] (4 i (0 0) 5.
Now let both % and v be any of the eight basal elements of C. If we put x =e¢;;,
y= () ji+ (m;%)i; and z=(T)ri+ (Mmd)a in (5), we have [(mu);i+ (m;i)s;]
[ )rit (i) an ] = 271 (mrem jiav) 5+ 27 (rmidu) n. Next put x=ei;, y=e,, and
2= (m%) oo+ (Tyfh) e in (5) we get e [(Wpu) qp+(7rq7z)pq] =0. Now put x
= (mau)js + ()i, ¥y = (Tp0) gp + (WD) pe and z = e;; in (5§) and obtain
[(7rj0)ij+ (i) 73] - [(Tp0) gp+ (7o) po ] =0. We have shown that all products of
basal elements in 4 agree with their products in A except the product
[(raw) ji+ (m52) 5] - [(w) ji+ (;8):;]. We will now show that this product has
the property. We first show this for v=e. Let x=(m;e):;+ (mi€) i, y=(7:€)1:
+(mke)a and z=(m@)jp in (5) for k=i, j. We have [(mumrje)s;+ (memie);i]
Arw)i + ()] + [(wmedes + (mmje)a] - [(ra)e + (@) a] = [(war,e)e;
+ (marve) ] - [(mju)is+ () ju ] Letting o = (m00) 5+ (wi18) js, y = (rate) i+ (mat) e
and z= (1rku),-k+(7r,~12)k,-'in (5) we have 1r,~[(7r,~e)k,~+(1rke).~k] : [(7r,~u)k,~+(7rkﬂ),~k]
Fmi[(wie) jit (mie) 5] - [(wm) i+ (idw) o] = s (wae) et (we)as) - [(mane) ot (wjit) s ]
These two identities together give us [(me)x+ (mie);i]- [(mene) ju+ (708)5;] = 0.
Now if #=9 in our product we have the square of an element and since
x-x+x-x=xx+xx, this product agrees with the product in 4, The remain-
ing case is where both # and v are distinct from e and from each other. Let w
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be the unique basal element such that uw=9. Now let x= (mu);;+ (7;u);;,
¥y = (mw) i + (m:®) s and z = (men) jx+ (7;4)x;in (5) and we have [(1r,-u),-,~+ (w;@) ij]
(e 0) i+ (ramid) ji ]+ [ () o+ ()] - i [ (m) o+ (m,0)25] =0. Now  let-
ting X = (7riu),-,-+ (7!',"12),']', y= (Tj'l))kj+(7l'k1-))jk and z= (1rje)kj+ (7rke),~;, in (5), we
obtain [(ma)ji + (m)s]- [(maw)y + (mard);i] = [(mara)p + (w7mid)i;]
- [(ma0) e+ (m9)e;] =0. These two identities give us [(me) e+ (mi#)i;]
- [(wx0) jx+ (7;9)x;] =0. We can summarize the above in the following theorem.

THEOREM 2. Let A be an algebra over a field F such that A has an ideal I
that is a simple, separable, exceptional Jordan algebra. Then I is an ideal of A
and the multiplication of I in A agrees with the multiplication of I in AD.

This theorem together with Theorem 1 gives us:

THEOREM 3. Let A be an algebra of class SJ. Then there is an algebra G
that is a direct sum of a semi-simple associative algebra and algebras of three-
rowed matrices over a Cayley algebra such that A=B(G, S, T).

For each component of 4™ that is an exceptional Jordan algebra we de-
fine T,=0. This together with the mapping of Theorem 1 defined on the
components of A™ that are special gives us the desired mapping 7.

4. An algebra not of the form B(G, S, T). Let F be a field of characteristic
p7#2, 3 with two elements o« and B that are algebraically independent and
transcendental over the prime field of F. Let a and b be roots of the irreducible
equations x?—a =0 and x?»—B8=0 over F respectively. The field K = F(a, b)
is a nonsimple extension of F. The field K is a Jordan algebra under the
multiplication xy of the field. We shall now define a second product x-y such
that the vector space K is a noncommutative algebra 4 over F satisfying
(1) and having A =K. This algebra has a basis consisting of all elements
a*bt for s, t=0,1, - - -, p—1. We define

asht- gmbr = gstmpttn -+ (511 — tm)(a — B)

(16) N
= aBta’b’ + (sn — tm)(a — 6),

where s+m=r+pq, t+n=i4+pj and 0=r, i<p—1. Since a?=q, b»=8 and
the characteristic of K is p we see immediately that this definition holds for
all values of s, ¢, m and #n. Now let x= Ecia"‘b“, y= Zd,-a’"fb"i. Then x-y
+y-x = xy +yx+ D cdi(sim; — timy) (o — B) + Dcidi(mit; — nys:) (e — B) = 2xy
and A =K. However A is not commutative since ab-ab*—ab?-ab=2(a—f3)
#0. Again let x= Y ca*bt. Then (x-x) -x=(xx) x=(xx)x+ > cicick(sidn
+site —tisk—tise) (a—B) = (xx)x and

x- (v 2) = a(ax) 4 D cocien(sitit siti— tesi— ;) (a—B) = x(axx) = (xx) x = (x-x) - .

Therefore Identity (1) holds for the elements of 4.
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Assume that there exists an algebra G that is a simple associative algebra
or an algebra of three-rowed matrices over a Cayley-Dickson algebra such
that 4 =B(G, S, T). If G is of the latter type we see that T must be identically
zero and A is commutative. Therefore we shall assume that G is associative.
We denote its product by x o y =xy for all elements of K we havexoy=yox
andx-y=2"Y(xoy+yox)+(xoy—yox)T =xyand there is no transforma-
tion that bonds G to 4.

We shall now show that the vector space K is a commutative subalgebra
of G under the product x 0 ¥ and therefore 4 cannot be bonded to G by the
above. Recall that x o y4+yox=2xy for all x and y in K. In particular
xox=xx so no confusion should arise from the symbol x2. Now a%0d
=go(aob)=—(@ob)oa+2a(aob)=boa’+2a(aob)—2a(boa)=—a%0b
+4a(aob)—2a%.Soa?0b=2a(aocb)—a%. Buta?ob=—aoboa+2a(aob);
therefore (eoboa)=a% and (@aob)?’=(aoboaob)=a%ob and (boa)?
=boa%. Wealsohave 2abo (aob)=aoboaob+boaocaob=—aoboboa
+2ao0boboa+ta®?=2(aodb)oab. Therefore abo(aob)=(ao0b)oab
=(a o b)ab=ab(a o b). But ab(a 0 b) =ab(—b o a+2ab) = —ab(b 0 a)+2a%?
=—(boab)oa+2a%?*=aboboa—2a%oa+2a?? so (aob) satisfies the
identity

an x? 4 (ab)x — 2a%?* = 0.

Now (@a0bd)? = (—boa + 2ab)? = (boa)? — 4ab(boa) + 4a%? = — (a0 b)?
+4ab(a o b) —2a%? or (a o b) satisfies the identity x2—2(ab)x+a2b2=0. This
together with (17) gives us (ab)(a 0 b) —a2b2=0. Multiplying by a=15~! we
have (a='b~!) o (ab(a 0 b)) —ab=a""b"1oabo (aob)—ab=a o b—ab=0.
Therefore a 0 b=ab and G is commutative.

S. Subalgebras of B(G, S, T). Let 4 be an algebra B(G, S, T) where G is

an associative algebra.

THEOREM 4. Let G’ be a commutative subalgebra of G. Then G'NA is an
associative, commutative subalgebra of A.

For if G’ is a commutative subalgebra of G and x and y are in G'NA we
have xy—yx=0. Expressing the product x-y in terms of the mapping T we
have 2x-y=xy+yx+2(xy—yx)T =2xy. Therefore products in 4 of the ele-
ments of G''A agree with their products in G.

THEOREM S. Let A be an algebra of class ST and let S be an associative com-
mutative ideal of AP . Then S is an associative commutative ideal of A.

The components of G corresponding to S can be taken as the associative
algebra S since S=S®. By Theorem 4, S is an associative, commutative
subalgebra of 4. Since the components of 4™ form orthogonal subspaces of
A by Lemma 1 we have that S is an ideal of 4.

The following theorem is a conjecture of R. Schafer [7].
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THEOREM 6. Let A be a finite power-associative ring without elements of
additive order 2, 3 or 5. If every element a of A satisfies an equation of the form
a"@ =q, n(a) an integer greater than 1, then A is a vector space sum A =A1+A..
The subspace A, is an ideal of A and a direct sum of finite fields. The subspace
A, is bonded to A and A" is a direct sum of classical 3-dimensional central
simple Jordan algebras without nilpotent elements 0.

Schafer has proved [7] that under these hypotheses 4 is a direct sum
of finite fields and such 3-dimensional Jordan algebras. Since the center of
each component of 4™ is a finite field, 4" is a separable semi-simple Jordan
algebra; hence it is of class SJ. By Theorem 3 there is an algebra G such that
A=B(G, S, T). Write A=A;+A4,; where A{" is a direct sum of finite fields
and A" is a direct sum of 3-dimensional Jordan algebras. By Theorem 5,
AP’ =A, is a direct sum of finite fields.
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