ON THE ANALYTIC CONTINUATION OF
MAPPING FUNCTIONS

BY
PHILIP DAVIS AND HENRY POLLAK

1. Introduction and summary. In this paper we study some analytic con-
tinuation properties of the mapping function of a region B with an analytic
boundary. We are interested in relating the continuability properties with
the set of moments

(1) MKm,n = ff xmy"dxdy (m, n = 0, 1’ PR )
B

which is an easily obtained set of geometric quantities related to the region
B. It is considerably more convenient to deal with the complex “moments”

(2) Omn = ff zmzrdxdy; z = x + iy.
B

In view of the relationships

m,n

(33') Om,n = Z (i)m—j(i)n—kCM.an,kﬂj+k.m+n—J'—k)

Jj=0,k=0

m,n
(=9)"27 " 30 ConfCoukskimbn—imts

1=0,k=0

(3b) Hm,n

we are at liberty to pass from one set of moments to another.

The relevance of the moments (1) to plane sets S is that they form a
“complete set” of domain functionals when the domains S have been suitably
restricted. We may define this notion as follows: Let & designate a family of
sets S and let F,=F,(S) (n=1, 2, - - - ) be a sequence of set functionals
each of which is defined for all SE&. The sequence { F,.} will be called com-
plete for & if

F,,,(S)=F,,(T), (n=172)3)"')’S7T)E)@
implies S=T. The equation S= T may hold a.e., or it may hold in the stronger
sense that each point of S is a point of T" and vice versa.

A relationship between complete sets of domain functionals and complete
sets of functions is easily found.

THEOREM. Let © designate the family of plane sets which are measurable
and which lie in a fixed circle C. Let L(C) designate the class of functions which
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are defined over C and are integrable. Let f.(x, v) EL(C). A necessary and suffi-
cient condition that

fj; Ja(, y)dady = ffT fa(x, y)dxdy, (n=1,2,3,--")

imply S=T a.e., is that the sequence {f,} be complete in L(C).

Proof. Sufficiency. Designate the characteristic function of a set S by
Cs(x, ). Assuming the above equality,

J fCCS‘x’ Pt Ddsdy = [ f i azay = | [ 1, ey

= ffCCT(x, )fa(x, v)dxdy.

Thus,

ff(CS—CT)fndxdy':O (n=1,2,3---).
c

Since {f.} is complete in L(C), and Cs—Cr is in L(C), this implies that
Cs—Cr=0 a.e. Hence, S=T a.e.
Necessity. Let S&E& and let 6 be a set of measure 0. Then,

f L Sfadxdy = 0 (n
f j; fadxdy = f fo frdxdy (n

But this implies that S=60 a.e. Hence, Cs=0 a.e. Therefore, {fn} is complete
for the set of characteristic functions. Since linear combinations of character-
istic functions are dense in L(C), it follows that {f,.} is complete for L(C).

We may restrict membership in & further and eliminate the necessity for
writing “almost everywhere” by producing a family for which S, T, &, &, S
=T a.e., implies S=T. For instance, the following family has this property.
Let & designate the family of open sets S lying in a fixed circle C and such
that there are exterior points of S in any neighborhood of any boundary
point of .S.

By way of proof, suppose that S=T, a.e. We wish to show S=T. Suppose
there were a point P in .S but which is not in 7. Such a point cannot be an
exterior point of T. For then, we could find a neighborhood N of P which is
contained in S and in the exterior of T. Thus S and T would differ by more
than a set of measure 0. Such a point P cannot also be a boundary point of

192)3"")7

implies

1) 27 3’ o ')‘
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T. For in such a case we could, by hypothesis, find a neighborhood N of P
which is interior to S and which contains a point P’ which is in the exterior of
T. Then we could find a neighborhood N’ of P’ which is interior to S and ex-
terior to T". This again is impossible since .S and T would differ by more than
a set of measure 0. The assumption that P is not in T is therefore false.
Similarly, if Pisin T, we may prove it is in S. Therefore S=T.

COROLLARY. Let S and T be bounded open sets which possess exterior points
in any neighborhood of any boundary point. Then

ff amyrdxdy = ff xmyrdxdy (myn=0,1,--+)
s T

Proof. This is now a consequence of the completeness of the powers in
L(O).

Before we proceed with the general exposition, we shall give a short sum-
mary of the methods and results. For this purpose, we shall think of a simply-
connected domain B with an analytic boundary; some of the results in the
body of the paper, however, are for multiply connected regions.

To begin with the methods, let us see briefly why the moments of the
domain B and the continuability of various mapping functions ought to be
related to one another. We start by considering the transform

[s@)]"d 4.

B Z — W

implies S=T.

1
16) = Tg(o) = — f

where z is outside the closure of B. On the one hand, many properties of f(2)
are contained in the coefficients of the expansion

12 1 _ -
f(z) = :Z_;, zjr-lffkw’[g(w)] dd,.

In the special case in which g(w) =w", the cocfficients are just moments of B.
On the other hand, Green's theorem gives

1 f [lz(w)]_dw.

s —w
where b= [gdw. If we define fi(w) = [h(®) ]~ for wEBH, then
1 (1) dw 1 h(S(w))dw
fo = o [ SR [ R,
2ridy z— w 2midy  z—w

where S(w) is what we have called the Schwarz function of b, i.e., the func-
tion on b such that @ = S(w). If b is analytic, then S(w) is, of course, analytic
in a neighborhood of &, and
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where M is any function mapping b onto the circumference of the unit circle,
with m as its inverse. If we pick for M a particular mapping function of B,
this procedure gives, then, relationships between the continuability of m,
through the continuability of .S, to the moments of B.

Another important tool is the inversion formula for the transform T,
given by

()]~ = % f Kz, )f(2)ds,

where Kp is the Bergman kernel of B.
Theorem 4 states that if m(z) maps the unit circle onto B such that m(0)
=0, then a necessary and sufficient condition for k(#(z)) to be an entire

function is that
[ [ ~le1aa
B

Here, as defined previously, % is an indefinite integral of g. If we choose g(z)
=z* we obtain that a necessary and sufficient condition for (#(z))*+!, and
hence (m(2))¥*!, to be entire is that

! 1/n
lim\ff z"zkd A = 0.
n—w | B i

1/n
lim = 0.

n—

Other choices of g give further theorems about m. Later theorems discuss the
possibilities for z(m(z)) to be polynomial, and to be an entire function of a
specified order a.

Finally, we study the meaning of

[f EOIRY i/

itself. For regions with an analytic boundary, this may be identified as the
parameter on the furthest curve of a family to which a certain function con-
tinues; for domains with a nonanalytic boundary, this limit has not been
identified thus far.

2. Preliminary identities and expansions. We shall assume that we are
dealing with a finite region B (see Fig. 1) lying in the complex z=x+1y plane
and bounded by N+1 analytic Jordan curves by, by, - - -, by. It is assumed
that b surrounds the others. The finite simply connected region which each
bi, k21, bounds is designated by Bi. B, will designate the infinite region
whose boundary is do. The following notation will be employed: for a point

lim sup
n— 0
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Fic. 1

set S, S will designate its closure, S will designate its complement with respect
to the Riemann sphere, and S will designate the conjugate of S. That is, S
is the reflection of S in the line y=0. Our grasp on the moments (2) (or (1))
is through the transform

) 1) = T(g(w)) = f ] Ol

zZ— w

Here dA4., is the area element in the w variable. Certain aspects of the related
transform

1 i
s) 10 = — [ @I .

s (2 — w)?

have been studied by S. Bergman and M. Schiffer [1], I.LE. Block [2] and
A. Beurling [unpublished]. Our interest in this transform lies in an alto-
gether different direction.

We shall restrict the functions g to which T is applied to those with the
following properties: (a) they are regular in B and continuous in B, (b) they
possess an integral

© i = [ st

which is a single-valued analytic function throughout B.
By the complex form of Green's theorem, (4) may be rewritten in the
form
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bl g, 15 [ (i)l

zZ2— W

(7) f( ) 2w » 22— W 271 k=0
It is clear from (4) or from (7) that, starting from a given g(w), the transform
T defines N+1 analytic functions in By, By, - - -, By. It is clear, moreover,
from (7), that it also defines an analytic function in B itself. These N+2
analytic functions are not continuations of one another. Nevertheless, the
set of functions defined in this way will be designated simply by f(z). To avert
any possible ambiguity, we shall also use fo(2), - - -, fv(3), to designate the
“components” of f(z).

Our first object is to obtain some representations for T'(g). Let D

(=0, 1, - - -, N) be a region which contains b;. In particular, D; may be
an annulus-like strip which contains b;. Let the function
(8) ¢ = Mi(w) with inverse w = m(})

be regular and schlicht in Dy and map b, onto Iﬁ'] =1. Then from (7) we have

LA KmE)
© O ol e R

We now employ the following notation: let (z) be regular in a region S.
By #(2) we shall mean the “reflection” of ¢(z), that is, (2) is that function regu-
lar in S and defined by

(10) i(2) = [13)]
Since {f=1 on !{] =1, we have

(11) [ma()]~ = [m]-(%) on || =

Hence, (9) can be written in the form
ul h(n(1/5))
wE)o e

ti=1 8 — m({)

(12) f@) = mi (§)ds.

27 k=0

The paths of integration in (12) may now be deformed provided that no
singularities of the integrand are encountered. If the inverse transformations
¢ = M;(w) are applied to (12) there results

f (i (1) Mi(w))) J
w
o

Z—w

(13) © =¥
27 k=0

3. The Schwarz function for an analytic curve. The representation (13)
may be simplified. Let us examine the function which appears in the integrand
of (13): S(w) =m(1/M(w)). (We have deleted the indexing). This function
is, first of all, analytic in an annulus-like region which contains b in its inte-
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rior. It ostensibly depends upon the particular pair of mapping functions
(M, m) which have been selected. But we can show that, in reality, it is inde-
pendent of these and depends solely upon the analytic Jordan contour 4. To
show this, observe that for z&5, we have ] M(z)l =1, hence by (11),

(14) (1) M(2)) = [m(M(2)]~ = z; 2 & b.

That is, S(z) is an analytic function of z which at the points 2&b takes on the
values z. But, an analytic function is uniquely determined by its values along
a curve. Thus, m(1/M(2)) depends only upon b.

An analytic curve may be characterized by a mapping function onto the
unit circle. However, such a function is not unique, while the function S(z)
for which

(15) 5(s) = 2; =y
is unique. We call this function the Schwarz function for the analytic curve b.
(10) S(z) = m(1/M(2)).

Thus, for the unit circle,
a7 S(z) = 1/=.

However, it can also be obtained explicitly in many cases where a mapping
function is not immediately available. Thus, e.g., consider the algebraic curve
C:

(18) 2t 4yt = 1.
Writing x=(z2+2)/2, y=(2—2)/2¢, we have on C,
(19) (z 4 2)4 + (z — 2)* = 22% + 122%8* + 23* = 16;
whence, solving for 2,
(20) S(z) = (=322 4 2912(z* + 1)12)102,
In §10, we indicate some additional properties of the function S(z).
4. Further representations for 7(g). For cach contour b, (=0,1, - - -, N)

let us introduce its Schwarz function Si(z). Then, (13) becomes

1 X h(Sk(w))
(21) f(z)_z—ﬂéfbk R dw.

This representation can be obtained directly from (7) and (15).
Let a designate a point of the finite plane which does not lie on 0. Let
d,=dist(a,b). Then, for |z—a| <d, we have

(= w) = (e — ) Y (e — @)/ (w — a))

=0
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uniformly for w&b and so

il h(Sk(w))
(22) @) = — 5; g (z — a) E) n (o= oyt

By expanding (z—w)~! in negative powers of 2, we obtain a representation of
f(z) valid in a neighborhood of 3= =

(23) fo(z) = — E i Z W’E(Sk(w))dw.
2w =0
If the point a, |a| < =, is located in By, By, * - -, or By, then a similar proc-
ess applied to (4) yields
[g(w)]-d 4.,
24 - —a)i— f = e,
(24) 1@ = >=: c-o— ] o

and when ¢ = =,

had 1
(29) o) = 3 5 — [ [ wilgwlaa.

7=0

By comparing (22) and (24), (23) and (25), there are obtained the identities
1 —dA 1 X k(S
(26) _f M_ _Zf ( k(_wﬁd
b

('w - a)"“ 271 k=0 v b (w — a)"‘“ “
7 ~ | [ wilgw)]-2a = — H(Su(w))du.
27 ffw [g(w)]-d4 = P ,E% bkw (Sk(w))dw

These identities can also be established by applying Green’s theorem directly
to the left hand members and using (16). By passing to the plane of the unit
circle, and using (8) and (16), we have

26) - f [s@)]d4. 1 Y, hGm(1/5))
™ B

(w — a)™*! T o it1=1 =0 (me($) — a)it!

o =f [ wlseoaa = m=l§[mk@)]fﬁ(m(%))mk'<r)dr.

As a special case of (27'), we select g(w) =w". This yields

mi (§)dw,

! Jag)h — 1 3 il nt1ly, !
() — ) fB wardd = s |2 IO/ 0

5. Representation of T in terms of polynomials of Faber type. Assume
that the origin lies in B and consider the set of functions

- or
(29) [#.(2)] = P K (2, w)

(1’1=0,1,"')

W=
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where Kg(z, @) is the Bergman kernel function(!) for the region B. If the
functions ®, are orthonormalized with respect to the inner product (f, g)
= [[pfédA, then there is obtained a set of functions ®;(z) which are complete
and orthonormal for the class L?(B). For simply connected regions, the func-
tions & reduce to

% n 1 1/2
(29) m@=(§§ W) M)

where M(z) is the interior mapping function of B(?). For a fixed z in the ex-
terior of B, 1/(z—w) is a regular function of w, w& B and hence, we have

o I

Z2—w n=0 22— w

(30)

The convergence of (30) is uniform and absolute in B. The coefficients a,.(2)
may, in view of the 2nd equation of (30) and (29), be written in the form

1 1
(31) an(z) = — P, (——)
z 2
where P,(z) is a polynomial(®) of degree n. Thus, we may write
1 1 1
(32) N (—) 1w,
Z—W  am0 3 z

In the equation (32), it is not necessary for 2 to lie exterior to B. Take any
270, then there is a region C,: G(z, 0)> —log r>0, 0 <7 <1 containing the
origin such that z is exterior to C.. G(z, 0) designates the Green’s function
for the region B with pole at 2=0. For such a z, (z—w)~! as a function of w
is regular in C,. Hence the series (32) converges(*) uniformly and absolutely
for w in C,. We may conclude further, that if .S is any point set which is
bounded away from z=0, then (32) converges absolutely and uniformly for
all zin S and for all w in a sufficiently small neighborhood N of the origin.
Take S as b. Then for any function #(z) which is regular in B and continuous
in B we have, for wEN,

(33 fw) = — ‘®w=§G{ﬂimeymamw

21rz b 2 — W 2 z

But, in view of the orthogonality of the set ®* we must have, in addition,

(") S. Bergman, [3, p. 21].

(2) Bergman [3, p. 10]. See also Walsh and Davis [7] where the functions have been gener-
alized and their convergence properties extended.

(3) These polynomials are of Faber type. See Davis and Pollak [4, p. 661].

(*) Walsh and Davis [7, p. 9].
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(34) t(w) = %( f th(w)cp’f,(w)dA> B (w).

By comparing (33) and (34), we obtain

(35) f f H(w) [®r(w)]-d4 = L —1 P, (%)t(z)dz.

2w 4

Take now, #(w) =®}(w). These functions are, in view of (29) and the stated
hypotheses on b, regular on b. Hence we have

(36) f fB By (w) [Bo(w)|"dA = by = zi Lo, (%) & (2)dz.

midp 2

From (32), the transform (4) can be written as

(37) @%~—Z<ffkwﬂ¢aWM) P(2) s€BoBy By

T n=0

6. An inversion formula for 7. We now derive an inversion formula for
T(g) under the assumption that g is analytic in B. Under this assumption,
h is also regular in B, and hence, we may find contours b} (k=0,1, - - -, N),
b} lying in B, b¥, - - -, by surrounding b, - - -, by respectively, and &3 sur-
rounded by b,, and such that

(38) M=—EL

27r1 k=0

h(Si(w)) o

Z2—w

(Cf. (21)). Hence, f(z) may be continued analytically across bx. (That is, each
of the N+41 analytic components of f, fi, can be continued across its appropri-

ate by, (£=0, 1, - - -, N)). Consider now,
: _3@ A(Si(w))
(39) v - 223 [ 2

Integrating (39) over b we obtain

f m(z)f(z)dz—— f o3 [ 2D g

=0v b 22— W

‘I’: y - *
f (S, (w))dw — f - _(ZZU dz = Z‘, b 7(S;(w)) ®m(w)dw
(40) j=0 b] b j=0 )

Z h(S (w))tb,,,(w)dw =2 ff [g(w) ]~ <I>m(w)dA

=0

The last equality follows by Green's theorem. Now,
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(1) o) = ([ [ slsielaa) el w€ B,
so that by (40),

(42) ls)- = 5: ([ eley@is) el wE B.
Now, Kg(z, w) = D> o ®i(z) [®}(w) ], this series converging uniformly for

2& B and w confined to any closed region contained in B. Thus,
1
(#3) s@)]- = 2 [ Kale, o)), wE B,
b

We are now in a position to establish the following result(?).

THEOREM 1. The function g(z) can be continued analytically across all com-
ponents of b if and only if each component function

(44) (@) = —f @l ., € B

B Z2— W

can be continued analytically across by to the interior of B. In such a case, the
inverse of T is given by

(45) kwk=%ﬁKmmmm@

where the values of fi are used on by in forming (45).

Proof. We have already shown that if g(z) is regular in B, then fi(z) con-
tinues analytically across b and (45) holds. Suppose, conversely, that fi(z)
comes from a g(w) through (44) and that each f; continues analytically across
bx. Define a function g*(w) by means of (45). That is,

(46) ")} ——fxmmmmz

By our regularity hypothesis, we may find contours b; lying interior to B on
which fi(z) is still regular. Thus,

(47) [¢*(w) - fxmmez

Now, for z on b*, it is known that Kg(z, @) is an analytic function of w which

(%) These matters have been discussed in Davis and Walsh [5] for simply connccted do-
mains and from a different point of view.
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may be continued analytically across b (£=0, 1, - - -, N). Thus, by (47),
g*(w) must also have this property. For ¢ in B,

R e R R T ar

Since both integrands are regular over the indicated sets, we may invert the
order of integration and obtain

o=y

(49) _ _. f(2)dz _ __‘ f(z)dz
midy t —2z  2miJdy t— 2

i 1 fk(z) d

KB(Z, 'u'))dA.,,

k=0 2miJ iy L — 2

Now, let tEB;j. Then, (27ri)“1fbj(f,~(z)/(t—z))dz=f,~(t) while
@m)t ) (fu(e)/(t — 2))dz = 0 for K #j.
bk

Thus we have, T(g*) =f(z), component by component. Thus, T(g—g*) =0.
It follows from (37) that [[p®}[g—g*]~dA =0 (n=0, 1, - - - ). Since {®}}
is complete in L2(B), this implies that g=g*.

7. General continuation theorems. The transform f= 7(g) is known ini-
tially to define N+1 analytic functions in the N+1 components of B. If it
is assumed that g is regular in B, then it follows from the last section that
each component of f may be continued analytically across the corresponding
br. In the present section we study the singularity structure of f in more de-
tail.

Let v designate a simple closed rectifiable Jordan curve and let H(z) be
analytic and single valued in an annular region 4 which contains 4 in its
interior. Let I and E designate the bounded and unbounded regions into
which the plane is divided by v. The Cauchy integral

1 H(w)

(50) 1(z) =2—7r; i w

w

defines two analytic functions ¢g(z) and #/(z) in E and I respectively.

LEMMA. H(z) —tg(z) is continuable analytically to I and H(z)—t1(3) is
continuable analytically to E.

Proof. Let contours v; and g lie in 4 and surround v on the I and on the
E sides respectively. Let z lie in I, but within the annulus bounded by v;
and y. By Cauchy’s theorem, we have
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1 [ Hw) Hw) |
(51) H(z)—% i w—f z-—w
Thus,
(52) HG) — 4() = — f HO®) o = 102).
Y z— w

The functions #r and g are frequently called the inner and outer functions for

H.
We can now establish that the singularity structure of f;(z) is identical
to that of 2(S;(2)).

THEOREM 2. The function fi(z) —h(S;(2)) which is initially known to be
analytic in an annular strip in B; adjacent to b; may be continued analytically
across bj and into the whole interior of B.

Proof. From (21) we have

1 X h(S
file) = — Zf i) dw, 5 € B;
(53) 2wt =0V e, 2 — W
L[ RS HS:(0)
_21ri{fbjz—wdw+§j be z—wdw}.

Now, the function 7%(S;(w)) is regular on b; and hence by our Lemma,
Jo,(h(S;(w))/ (2 —w))dw — k(S;(w)) may be continued analytically across b; to
the complete interior of B. On the other hand, consider the remaining inte-
grals [, (A(Si(w))/(z—w))dw, 2EB;, k=j. These can obviously be continued
analytically from B; into the complete interior of B. However, due to the
presence of the contour b, itself, this continuation may possibly not be single-
valued. We now prove that the period around each contour is zero and hence
the integrals are single-valued. Let ¢, be a contour lying in B and surrounding
bx. Then,

o S [ e

k

[ - e e

since the inner integral vanishes identically for w&b;. This completes the
proof.

We now wish to refer the continuation properties of f to the mapping
functions m; instead of to the Schwarz functions S;. We first introduce some
geometrical notations.

(54)
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FiG. 2a

As in §2, each boundary b is surrounded by an annular strip D;
(k=0,1, - -+, N)in which the mapping functions { = M;(w), w=m({) are
regular and schlicht. Let C be any region which lies in BN\D; (for fixed k)
and which possesses part of b; as part of its boundary (see Figs. 2a, 2b). Let
this part of the boundary of b be designated by b;. Under the map My,
C goes into a region C* which is contained in the image of D, and which
borders on |¢| =1. Let this part of |{| =1 be called ¢’. Under reflection in
|¢| =1, the region C* goes into a region C§ which borders on |¢] =1. The
region Cj may or may not be contained in the image D} of D) under M.

Having fixed an 11, we may set up the correspondence C<»C} (depending
upon ;) as explained above. In the theorem which follows, the regions C
and C% will have this meaning.

TuEOREM 3. The transform fi(z) can be continued analytically across bj
so as to be regular in Bi\JC if and only if h(#i.(2)) can be continued analytically
so as to be regular in C}.

Proof. Suppose first that fi(2) can be continued analytically across b, so
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—-—

F1G. 2b. Simply connected region utilizing inner mapping function.

as to be regular in By\JUC. By Theorem 2, fi(2) — k(i (1/M(2))) is regular
in B. Hence, (i (1/My(2))) can be continued across b} so as to be regular in
C. Designate this composite function by p(2). As z varies in C, 1/ M(z) varies
in C%. Set t=1/M(2), then for tE Cf, z=m(1/t). Thus, z is a regular function
of t for t& Ck. Hence p(mi(1/t)) is a regular function of ¢ in Cp. But, p(mx(1/£))
= h(m:(1/ Mip(mie(1/8)))) = k(#ix(t)). Thus, k(#k(t)) is regular in C§.

Conversely, let k(#i(t)) continue analytically so as to be regular in C.
For s&C, Mi(z) is regular and takes values in C*, while 1/ M(z) takes values
in C¥. Therefore, h(mx(1/Mr(2))) is regular in C. But by Theorem 2, fi(2)
— (i (1/ Mi(2))) is regular in B. Therefore fi(z) must be regular in C.

In this theorem as it is phrased above, the region C must be taken interior
to D;. However, if by M, we understand an interior mapping function of
by (F=0) and an exterior mapping function (k=1), then any C lying in B
and bordering on b will be admissible.

COROLLARY. Let B be a simply connected region and let m(z) map the interior
of the unit circle onto B such that m(0) =0. Then, f(z) =fo(z) continues analyti-
cally into B—(0) if and only if k(i (2)) is an entire function.

Proof. Under the correspondence C<>C% (see Fig. 2b), any simply con-
nected region lying in B, bordering on an arc of  and not containing the
origin corresponds to a finite simply connected region lying in | §‘| > 1, border-
ing on an arc of |{| =1, and vice-versa. The corollary now follows.

Additional corollaries can be obtained by specializing the function g.
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Thus, e.g. if g(z) =1, then the above results read directly on m(z).

8. Analytic continuation and moment properties. In the present section,
we relate the analytic continuability of the mapping function of a simply
connected domain with the growth properties of certain sequences of mo-
ments.

THEOREM 4. Let B be stmply connected and let m(2) map the unit circle onto
B with m(0) =0. A necessary and sufficient condition that h(#i(2)) be an entire

function s that
B

Proof. From the previous Corollary, a necessary and sufficient condition
that A(#(z)) be entire is that f(z) continue analytically to z=0. From (25)
and the Cauchy-Hadamard formula for the radius of convergence of a power
series, we obtain (55).

(55) lim

n— o

= 0.

COROLLARY. Let m(2) be defined as above. A necessary and sufficient condi-
tion that [m(z) |+ be an entire function is that

(56) lim

| 1/n
f f z"[z’c]—dA‘ =
n—® | B

A necessary and sufficient condition that m(z) be entire is that

11/n
ffz"dA| =0.

In the case of multiply connected domains, Theorem 4 is no longer ap-
plicable, but the following inequality may be obtained. See also (86), (87).

THEOREM 5. Let my($) map the interior of [;[ =1 conformally onto the inte-

(56") lim

n-—®

rior of bp (k=0,1, - - - | N) with m(0) =ay. If k(7 (})) are all entire functions,
then
il/n
(57) limsuplffz" [g(2)]-d. 1\ < max | a.
n—» 0<k=N

Proof. From (27’) we have,
1
= [leraa= = [ Simopi(m (- =) @
I£1=1 k=0

In view of the fact that the functions k(#.({)) are entire, the integration path
in the last integral may be taken as |{| =7, for all 0<r<1. Let A4(r)
=maxyi— [mi(§)|, Bu(r) =maxisi—, | R(me(1/8))mi)| . Then,
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(59 [ [ lran| = X Lo s,
and

(59) ‘ff 2[e(2)]- dAII/n < (,,,.,)1/7.{);%::O [Ak(r)]an(r)} ””.
Therefore,

(60) llinﬁs;1p|ff 2[g(2)] dA =< Or_snkang Ai(r).

Since r may be selected arbitrarily small and since lim,.q Ax(r) = |ak|, we
now obtain (57).

COROLLARY. If B is doubly connected and if m(0) =0 (k=0, 1) and h(#({))

are entire then
[ [ =lso1-aa
B

In the two theorems which follow, we deal with simply connected regions
B with interior mapping function m({), m(0) =

1/n
(61) lim = 0.

n— o

TueortM 6. The function h(m({)) 1is a polynomial of degree n if and only if

(62) f fBzv[g<z>]—dA o, p

Proof. If +({) =k(m(¢)), then [t(})]-=h(m(¢)); hence, A(m({)) is a poly-
nomial of degree # if and only if ¢({) is. Write m({) =a{ +a$?+ - - -, m'({)
=a1+2a:{+ - - - and assume first of all that A(#(8)) =bo+bil+ - - - +b.0™

From (27') we have

f [ #leoran - - fI YI=l[m(§>]w2(w-¢ (—;—)) ' (©)d.

Now [m({)]rm’(¥) =¢7R,(¢) where R, is some regular function in [§“| =1, and
R,(0)5£0. Then,

b, b
(63) ff z[g(z)]~d .2—7;j‘|;|=1§pRp(§) [bo + ?4' . +F:| dg.

For p=n the right hand integrand is regular in I{‘[ =1 and (62) follows.
Conversely, suppose that (62) holds. Then by (25) we have

v

n.

C C1 Cn

(64) J&=—+—+ =
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for some constants ¢y, ¢1, * + *, ¢.. On the other hand, from (37) we have

(63) wwvié(fﬂwwkﬂwmﬂép(%)

In view of the fact that P,(2) are polynomials of degree #, we have from
(64) and for some constants dy, d1, * - -, dp,

1 1 1 1 1 1
mwf@=%—m@)wﬁw(ﬁ+-~+werQ)
Z 2 pA 2 2 }4

It follows from (65), (66), (36) and the uniqueness of the representation of f
in a series of P,’s that

(67) ff [g(w)]‘éz(w)dA =0 for p = n.

Using (29’) we have

68 M M rd4 =0 f = n.

(69 S ki) orpzm

Applying Green’s Theorem to (68) there is obtained

(69) f[h(w)]‘M’(w) [M(w)]rdw = 0 forp=n
b

or

(70) [ tmenlea =0 for p = .

Ifl=1

Since by Theorem 4 k(m({)) is entire, it is regular in |§‘| =<1 and it follows
from (70) that A(m({)) must be a polynomial of degree n at most.

CoOROLLARIES. The mapping functiorn m({), m(0)=0, has the form m()
= (Polyn ())'* if and only if [[pz"z*—'dA =0 for all n sufficiently large. m({)
is a polynomial if and only if [[sz"dA =0 for all n sufficiently large. B is the
circle |z| =7 if and only if [[s2"dA =0, n=1,2,3, - - -.

THEOREM 7. Define r(z) =(1/2)f(1/2). The function r(z) is entire of order
Za if and only iof h(m(Y)) is entire of order <a. Here m(0)=0.

Proof. If (¢) =k(()), then h(m({)) = [t(§)]~. Hence, k(m(¥)) is entire
of order =« if and only if #({) has this same property.

From (12) we have,
1 hm(1/0)m' §)ds

n e = 20id e 1 — )
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To establish an inversion formula for (71), we could use Theorem 1. How-
ever, it seems simpler to proceed as follows. From (40) we have

72 (@) (9)dz = 2i ~&,(2)d4.
(1) [ #leres = [ [ s eleas
Utilizing (29')

[ @@= 2 [ [ @rwe ek
(73) b B
= [ bOrHEME s,
b
the last equality following by application of Green’s theorem. Here M is the
interior mapping function of B and is inverse to m.

Applying the transformation z=m({) to the first and last integrals in (73)
we obtain

1 1
74 n _— d = h — "d .
w fm_‘i‘ m(¢) r(m(g-)) ¢ fm_l[ (m())¢nde
Now if h(m(g’)) = E;‘;o dkg-k, then

[ tmo)Tsvds = 2mids
Fl1=1
so that

) _ 1 0
[h(m(w) ]~ = 2 duit* = Py 2wk [(m($)) [-¢+ds

k=0 Tl k=0 $1=1
1 & o1 ( 1)
75 =—2 o — ——r\{—)d
(75) 2ri;§)w>ﬁrl-1 ¢ m(i’)r m({) {
1 r(1/m($))d¢

2w d o §(1 — @E)m(E)

which is the required inversion formula.
Suppose now that &(#({)) is entire and satisfies an inequality of the form

(76) | @) | <o), 0<r=|¢]| <.

Since A(7({)) is entire, then the integral in (71) may be extended over any
circle whose radius is sufficiently small. For each z, we shall select an appro-
priate radius 7, and obtain from (71) and (76) the estimate

an Ir(z) ] =< r,~¢o(i>-A' max
r

z El=7,

el
1 — zm(})
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where A = max; s Im’(g‘)[.

Since m({) =ail+al?+ - - -, limp,o m($) /¢ =a1. Hence to a given ¢, there
is a {o such that
(78) (] = 9le] = |m@] = a| +0]¢]
for [£] S¢o. Fix a 0<e<|ai| and select 7, as follows,
1
(79) 7,

- (l—l—e)(l all —-e)lz]
For z sufficiently large, r,<¢o, and hence, from (78) and (79),

min | m(0)| 2

1
=7, A+olz]
Hence, max; -, |1/(1-—zm(§‘))] =<(14¢)/e. Thus, for Iz[ sufficiently large,

A
(80) | 7(2) | éﬁd’((l‘ké)(lal' —|z]).

ax —G)IZ

Assuming, conversely, that r(z) is entire and satisfies an inequality of the
type

(81) |riz)| <¥(), 0<r=|3z] <=,

we may proceed similarly with the integral (75). Select

(82) o = .
(1+¢]|w]

For le sufficiently large, 7, <{o and therefore

min ]m(g')l Zlﬂ'_i_‘_,
11 = T 1+ w]

while maxigj—r, | 1/(1 —w§)| =<(1+4e¢€)/e. Then, from (75), for le sufficiently

large,

1+ w| [/A+e|w]
< .
T (@ a| —¢ ( )

If we now select, as a special choice, ¢ =y =¢”", the theorem follows from
(80) and (83).

" COROLLARY. The function h(m(¢)) is entire of order <o if and only if

(84) | f fBz"[g(z)]‘dA

(83) | B(m(w)) |

Iall — €

1/n
= O(n~V<), n— «©,
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Proof. The quantities [[zz"[g(2) |~d4 are the Taylor coefficients of 7(z) so
that classical growth theorems(®) may be employed.

9. Identification of lim,..sup| [/zs"g(z)d4|Y». We have seen in the pre-
vious section that growth properties of the quantities | [/zw"[g(w)]-d4| "
are intimately related to the analytic continuability of A(m({)). Introduce
the abbreviation

1/n

(83) o = gy = limsup

n— o

[ #ls@rad

In §8 we investigated the case ¢ =0. In the present section we shall study
the case ¢>0 in more detail.

If R designates the maximum distance from 0 to B, then (85) yields the
immediate estimate

(86) s <R

In many cases the weak inequality in (86) can be strengthened. Let m,({)
map the interior of |{| =1 conformally onto the interior of Co, and assume
that A(#0({)) is regular in |§‘| <r, r>1. Then, using the same technique as
that employed in the proof of Theorem 5, we can show that

(87) o < max | mo(0)].
[§l=r"1

Hence, in this case
(87) o < R.

Thus, the equality sign in (86) can hold only if /(#.(2)) is nonanalytic on the
outer boundary. This occurs, e.g., in the case of the unit square S with g=1.
In this case, an explicit computation yields 0 =2Y2=R. The converse is not
true. There are simply connected domains with a nonanalytic boundary for
which ¢ < R. Thus, for instance, let B be the crescent shaped region formed
by the two circles ¢;: |z| =1, ¢: Iz—1/2| <1/2. We have, for n>0,

(88) ffz"dA =ff 2dA —ff 2dA = —ff 2dA.

Now
1/n
(89) lim lff z"d A = lim‘ff zZ"d A
B c2

It is of considerable interest to identify the constant o, more precisely
for simply connected domains with an analytic boundary. To this end, we
make the following definitions. We assume here that B contains the origin.

(&) Cf., for example, Titchmarsh, [6, p. 253].

1/n

1
=—<1=R.
2

i
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z-plane
¢-plane
D,
F1G. 3

For values of 7, 0<r<R=max,c3|z|, define a one-parameter family of
curves C, as follows, (see Fig. 3).

(90) C, = boundary of [BN (|z| < 7)].

The curve C, is therefore contained in B and, under the interior map M (z)
has an image CF. Under the map {’=1/{, C} has an image D,. For small
values of 7, D, is a very large circle-like curve which tends to « as r—0.
As r—R, D, becomes the circle ]§‘| =1 itself. If r;<r,, it is clear that D,,
contains D,, in its interior. It should be emphasized that the family D,
is a fixed set of curves which depend upon B, but not upon g. If g is analytic
in B, then A(m({)) is analytic in |§‘| =1 and therefore, for values of 7 suffi-
ciently close to R, it can be continued analytically to D,. As r—0, and D,
expands, this property will, in general, cease. We make the following defini-
tion: 7o 1s the greatest lower bound of quantities r such that h(i(2)) is continuable
analytically to D,.

THEOREM 8. g,=7,.

Proof. From (25) we have f(z)=(1/m) > wo 771 [y [g(w) |=dA. From
(85) and the Cauchy-Hadamard theorem, f(z) must be regular in the region
|z| >0, and will possess a singularity on |z| =0,. Thus, f(z) will continue
across certain parts of the boundary of B and will be regular in C
=B—(|z| <0,). By Theorem 3 it follows that k(#({)) must be regular in the
region C} corresponding to C. (The correspondence of Theorem 3.) This C} is
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precisely D,, as defined in the previous paragraph. Hence 7o <o,. Supposec
now 7,<a,. Then, by definition, £(#({)) would be continuable analytically
to D,, and hence again by Theorem 3, f(z) would be regular in the region
B—(I zl =r¢), which is a larger region than C. Now from (4) it is clear that
f(2) can have no singularity in the complement of B. Hence, the singularity
of f which is located on | z| =, must occur either at a boundary or an interior
point of B. From Theorem 1, since g is analytic on b, f must be regular on 5.
Therefore the singularity on [zl =0, is located at an interior point. This
contradicts the regularity of fin B — (I z[ =10), 70<0,. Therefore we must have
Yo=0y.

10. The Schwarz reflection function; further facts. The function S(z) de-
fined by

(15) S(z) = 3 zonb

is sufficiently interesting in its own right to warrant separate study. This
function embodies within it the reflection principle for analytic functions in
that the following facts are true.

(a) The point 2 given by

(91) 2 = [S@)]-

is the reflection in b of the point 2. Given a small neighborhood containing
an arc of b, let w=1¢(z) map this neighborhood one to one conformally in such
a way that b goes into a part of the real axis Im (w) =0. According to Schwarz,
the reflection of z in b is given by zz=t"1[(¢(2))]~. Consider the function
S1(2) = [t7*[(t(2)) ]"]~. For zon b, we have S,(z) =2. Therefore S,(z) = S(z) and
(91)holds.

(b) If f(2) is regular in B and continuous in B and if for z on b, f(2) takes
values on the unit circle, then f(z) may be continued analytically across &
by means of the formula

(92) HSE ] = 1/[/&)]-

(c) More generally, the invariant form of (92) is as follows. Let f(2) be
regular in B and continuous in B and for 2Eb, let f(z) take on values on an
analytic curve d. Designate the Schwarz functions of & and d by S, and S,
respectively. Then f(z) may be continued analytically across b by means of
the formula

(93) J{Ss@]7) = [Sa(fe)) ]
This may be written in the form,
(94) Sa(z) = J(Su(f71(2)))

which is the law of transformation of one reflection function into another.
(d) S(z) satisfies the equation
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(95) S©S@) =2

identically. The “Hermitian idempotence” of S(z) expresses the idempotence
of the reflection operation.

The differential geometry of reflection has been studied by E. Kasner(?).
The identity (95) is reminiscent of the theory of permutable functions as
developed by Ritt(®) and others.

We have already seen that an analytic curve determines S(z) uniquely.
The converse is also true:

THEOREM. Let S(z) be regular and single valued in a doubly connected an-
nulus-like region A. Then S(2) cannot be the Schwarz function for two distinct
homotopic analytic curves lying in A.

Proof. Let C; and C; be two analytic curves lying in 4 and bounding the
(finite) simply connected regions B; and B; respectively. Assume that S(z)
is the Schwarz function for both C; and C,. As a special case of (27), or by
applying the complex Green’s theorem directly to the left hand number, we
have

1
f f zmzd A f gmgntldy = ———— f 2 [S(z) ]z
(96) B, 21(n +1) 2iln+ 1) J¢,
(myn=0,1,---).
Similarly

(97) fj; 2"z d A = 2l 1+1)f z™[S(z) |*+1da.

By the assumed regularity of S(z) in 4, we have by Cauchy’s theorem,

98) fc

Therefore,

(99) ff gmzrd A = ff zmzndA m’ n = 0’ 1’ .. ).
By By

Therefore, from (3b),

(100) fj; xmyrdd = ffB amyrd A (m, n

From the corollary in the introduction it follows that B, = B,.

(") Annals of Math. vol. 38 (1937).
(8) Comptes Rendus vol. 176 (1923).

zmS"t(z)dz = f 2S5 t1(3)dz.

1 Ca

0,1’...)‘
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Though the singularity structure of S(z) is completely given by Theorem
2, it is of interest to obtain results on this question which are independent of
the transform f(z). We note first of all that S(z) cannot be regular throughout
the interior of its curve. For, from, (96) with m=#z=0,

1
(101) 0 < Area (B) = EfS(z)dz =0
c

assuming regularity. We may even state that S(z) cannot be equal to the
derivative of a function which is analytic and single valued on C. This state-
ment may be generalized in two ways;

THEOREM. Let g be regular in B, and let §(S(2)), initially known to be regu-
lar near C, continue analytically to be regular in all of B. Then g is identically
constant.

Proof. We have

[ 1¢@aa

Il

1
J[ ¢ol@ria = [ vokol:

1
o f v@rs@s o

I

Therefore g’(z) =0 and the conclusion follows. The same conclusion holds if
we require that g’(2)2(S(z)) be the derivative of a function analytic and single
valued on C.

It follows from this theorem that the singularities of S(z) cannot be
annihilated by its being operated upon by a regular function.

TurorEM. Let B be contained in | z| <d. Let f(z) be analytic in |2| <d? and
satisfy xf'(x) +f(x) >0 for real x>0. Then S(2)f(2S(2)) cannot be regular in B
(or cannot be the derivative of a function which is analytic and single valued on

C).

Proof. Let
] an
= n < d2
() ; = | |
Then,
© an
2£(02) — 2n <d
f(r%) ,,§,n+1’ | 7]
and

Z [72f(r®)] = 2r i a.r’ >0

r n=0



1958] ANALYTIC CONTINUATION OF MAPPING FUNCTIONS 223

by hypothesis. Setting
rP=2a24 4% 0< > aurtrdady = f f > anzrzrdady
B 0 B

n=0

d 1 1
S o [ ssmas = — [ @)
a=0  21Jp 2iJ
The conclusion now follows as before. As a corollary we cite: Let p(z), r(z) be
regular in B and assume that p(z) = [r(z) ]~ along C. Then p and 7 are con-
stants. For, p(z) = [r(2) ]~ on C. Therefore p(z) =#(2) on C or p(z) =7(S(2)).
The conclusion now follows the previous theorem.

THEOREM(®). The Schwarsz reflection function S(z2) of an analytic curve C 1is
rational if and only if C is a circle.

Proof. The circle Iz—zo|2=p2 possesses the reflection function S(z)
=(p?/(2—20)) +2o. Conversely, suppose that S(z) =R(z)=P(z)/Q(z) where
P(z)=aopz™+ - - -, Q(2) =boz"+ - - -, aeho5%0, (P, Q) =1. Since we have iden-
tically R(R(2)) =z,

aR™ + @R 1+ - . .

102 _—
(10 bR+ bR 4 -

or,
(103) (GoR™ + GR™1 4 - - - ) = z(BoR" + bR 4 - - . ).
CasE 1. Suppose m>n. Then,
GPm™ 4 G, QP™ '+ - - - = Q™(boR" + bR+ - - - ).
Thus,_Q_| d@oP™, and since (P, Q) =1, Q =const. Thus, R=aez™+ayz 14+ - . ..
Since R(R(z)) =z, identically, it follows that
z = ao(az™ + arz™ '+ - - )"+ a(agm A+ - )P -

Comparing leading coefficients, we find ow@z™ =z and so m=1, aao=1.
Then,

(104) R(z) = az + B, ax =1, Re (aB) = 0.

CAsE 2. Suppose m <n. Then as before, Q[EozP", and since (P, Q) =1,
Q=const. or Q=const. z. Since P is of smaller degree than (Q, we must ac-
tually have R(z) =c¢/z. Now R(R(z)) =z implies ¢ =¢. Thus, in this case,

(105) R(z) = ¢/z, c real.

(°) The present theorem utilizes the Hermitian idempotence of the reflection function.
Though Hermitian idempotence as such does not appear to have been studied, an equivalent
theorem for ordinary idempotence is well known. The authors wish to thank Dr. Morris New-
man for a fruitful discussion in this area. The present arrangement of this proof is due to him.
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CasE 3. Suppose m =n. Then
@ P™ + @;QP™ 1t + - - - = z(hoP™ + 5,QP™ 4 - - - ),
This implies that @¢o—bz=0 (mod Q). Thus, Q= Cz+d and so P=az+b for

some a, b, ¢, d. Writing
R@) <a b)
z) = 2,
¢ d

the identity R(R(z)) =z implies
 2C )
- z2 =z
¢ d/\¢ d

Thus, we need only to look for matrices

(a b
M= )

¢ d

such that MM =1I. Assume, as we may, that det M =1. Since M= M-", this

- “l

so that d=d, b= —b, ¢= —c, d=a. Writing a =a,41as, b="by41bs, c =c1+1cs,
d=d,+1id,, we obtain a=a;+1a;, b=1bs, c=1c;, d=a—1ia,. Thus,

<a ib
T
i a

ad+bc=1. R(z) is now seen to take the form

2

(106) R(z) = + 3

2 — 2o
with p=c¢~! and zo=1a/c.
All the solutions of the functional equation R(R(2)) =z are given by (104),
(105), and (106). Case 1 yields the straight lines in the plane, while cases 2
and 3 are the proper circles.
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