THE FOURIER COEFFICIENTS OF THE INVARIANTS
j(2%; 1) AND j(34%; 1)

BY
JOHN RALEIGH

INTRODUCTION

1. In [4](*), E. Hecke initiated investigations on a class of properly dis-
continuous groups, here denoted by {G()\q)}. Any G(\,) is generated by the
two substitutions S(7) =74\, T(r) = —1/7, where A\,=2 cos (r/q), q integer
=3.

When ¢=3, G(\;)=G(1) is the modular group with invariant

J(1;7) = 1287 (1;7) = a1 4 2%-3-31 + 22.3%.1823x + - - -,

where x =exp (2wir). This invariant is usually denoted briefly by j(r) in the
literature.

For ¢=4, the group G(\y) =G(21/?) was investigated by J. W. Young,
[13], who obtained the invariant, here denoted by j(2V/%; 1), as a quotient of
theta-null series. A relationship between j(2'/2; 7) and j(7) is discussed and
utilized by R. Fricke, [3, vol. II, ler Abs., Ses Kap., §2]. The above paper by
J. W. Young is not mentioned in the work of Fricke.

If ¢=6, the group G(\s) =G(3'/?) is the subject of a paper by J. I. Hutchin-
son, [5], who obtains the invariant, here denoted by j(3!/2; 7) also as quotient
of theta-null series.

In [7], H. Rademacher obtains convergent series for the Fourier coeffi-
cients of j(1; 7) and in [11] W. H. Simons uses methods similar to those ot
[7] for the determination of the Fourier coefficients of the invariants A(r) and
1/X\(7), algebraically related to j(1; 7).

The purpose of this paper is to extend the method of [7] to obtain con-
vergent series for the Fourier coefficients of j(2'/2; 7) and j(3V%; 7).

In §2, two relations between j(2/2; r) and j(r) are established directly for
a convenient calculation in closed form of the first few coefficients in terms
of those of j(r). This supplies a partial check on our main theorem.

The corresponding Formulae (2.04) and (2.05) may be determined by
other methods. However, to the best of our knowledge, they do not appear
explicitly in the literature. In §3 the modified Farey dissection of the circle
is discussed. In §§4, 5, 6, 7, we establish the main result, explicit in Formula
(7.7). In the second part of §5, (Formulae (5.1)" and (5.3)"), a sum of exponen-
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tials, Bx(n), appears, and we show that B,(%) is also reducible to a Klooster-
man sum.

In §9 we establish also two relations between j(3'/%; 7) and j(r) explicitly
in Formulae (9.04) and (9.05). These relations are new. The remainder of §9
indicates how the same methods, used for j(2'%; 7), have been carried out
to obtain convergent series for the Fourier coefficients of j(3'/2; 7).

Details of estimates are partially omitted, since they would reproduce,
except for multiplicative constants, those of H. Rademacher, [7].

I. THE FOURIER COEFFICIENTS OF THE INVARIANT j(21/%; 7)
AND ITS RELATION TO j(1; 7)

2. The group G(2V2) and its invariant. The group G(2'/%), whose gener-

ators are S(r)=7+42Y2, T'(r)= —1/7, has a fundamental region defined by
the inequalities:

21/2 21/2
—— = Q) < —> g(r) >0,
2 2
|r| 21if ®(x) <0, |r] >1if ®@F) > 0.

(cf. [4] or [13)).
Utilizing a remark by Rausenberger, [8], we let

o(r) = j(2020) + j(r/2) = a7 f a7k 2 - - -,

where x =exp (2wir/2?) and j(w)=j(1; w) =123J(1; w). Then ¢(7) is invari-
ant under S(r) and T(r), hence under all transformations of G(2V/2), but has a
double pole in x at =7, or x=0. Let us denote by J(2'/2; 7) the invariant
belonging to G(2'/%). Such an invariant is a simple automorphic function for
G(2'2) in the sense of Ford, [1, Ch. IV], and hence has a pole in x at the para-
bolic point 7=7. Moreover, the fundamental region being schlicht and
simply-connected, J(2'2; 7) must be a schlicht function, hence the pole is
simple (cf. [1, p. 91]).

From the above considerations we infer that there exists a relation of the
form

(2.001) A-J(2V2% 1) + B-J(2V%; 1) + C = ¢(7)

with 4, B, C to be determined.

Similarly, considering the function ¥(7) =j(2V/27) - j(r/2V?), also invariant
under the transformations of G(2!/2), with a pole of third order in x, we infer
that:

(2.001)’ AT T32V% 7y 4+ B-J2(2Y% 1) 4+ C-T(2Y25 1) + D' = y(r).
We preassign the boundary correspondence as follows:

J(212; py) = 0, J(212;4) = 1, J(212; o) =
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where p;= —2V%2(1—1)/2. Since these conditions are not sufficient to deter-
mine the constants A, B, C, A’, B’, C’, D', we exploit the transformation
equation of rank 2, (cf. [2, vol. II, p. 371], or [3, vol. III, p. 395]). Such an
equation is the result of elimination of ¢ between the three relations:

(40 — 1)3

. . [ w (46’ — 1)3
2.0 j) =21 E;(;> 2T =

g

where o(w) is a one-valued function of the transformation polygon T3, (cf.
[3, vol. 111, pp. 297 ff., pp. 390 ff.]). For our purpose we simply interpret
g{w) as a parameter. We obtain, from (2.01),

(@) + §'(w) = 28(2%2 — T2 — 28-13),
J(@) 5" (w) = 212(17 — 41)3,

where t=0+40’. Now, comparing (2.001) and (2.001)" with (2.02), we infer
that:

(2.02)

at + B
1)

(2.03) J(21%; 1) = ) a, 8, & constants.

But, from (2.01) when e =¢'=—1, t= -2,
) = 2050 = /(@) = (w/2).
On the other hand, from the Classinvariant theory, (cf. [3, vol. I1I, p. 394]),

we have:
,,'(1'21/2) = 26.53 = 1| — 1 = 1 i .
J i21/2 J 21/2)’

i.e. such a value is assumed by j(w) only at points homologous to w =122, and
if w=2"?r, this happens when 7=1:. However we have preassigned that
J(242; ) =1, hence, from (2.03)
—2a+ 8

; =

(2.031) 1.

Similarly, when ¢ =0¢'=1, t=2,

Jlw) = 2838 = j'(w) =j<—w2—), by (2.01).

Again,

2172

7(2%2) =j{21/2(—7><1 - i)} =j(=1+14) =203,

7(212p,) = § P2 =3 _l—i =7 2 =j(1 4+ 7) = 26.3%,
J : 2112 2 1— i
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This value is assumed by j(w) only at points homologous to w=2!%p,, hence

if we let w =227, this happens when 7 =p,. By the preassigned correspondence

J(2Y2; p,) =0. Hence, for t=2, (2.03) supplies the equation:

2a + 8
P

Solving (2.031) and (2.032), we obtain 8= —2a, 6 = —4a; i.e. the linear rela-
tion(?):

0.

(2.032)

t— 2
(2.033) J@T) = —
Either by substitution in (2.02) or by a process of differentiation, the
constants 4, B, C, A, B’, C’, D’ are readily calculated. By setting

J@ ) = 2520 ),
we obtain the following equations, relating j(2/2; 7) with j(2Y2r) and j(r/21/?):
(2.00) (2% 1) = 3-23i(2% 1) + 273 = j(20r) + j(r/27),
(2.05) {72172 7) + 24-32}3 = j(21/27) - j(r/2112).

Since j'3(w), and hence j'?(2w), have series expansions with integral
coefficients, (cf. Fricke [2, vol. 2, p. 344] or Petersson [6, p. 56]), Equation
(2.05) shows that the Fourier coefficients of j(2!/2; ) are rational integers.
Moreover, Formulae (2.04) or (2.05) permit the calculation of the first few
coefficients in terms of the coefficients C, of the modular invariant j(w), the
C.’s being known in closed form up to Cigo, (cf. [12]):

722 1) = 171 4+ 2313 4 22-1093x + 2114722 4 - - -

2.1 ©
@1 = f@@) = =1+ 3 cuan,
n=0
where x =exp (2mwir/21/2).
The substitutions of G(2'/2?) can be separated into two classes, as follows:
(cf. [13;9]),

a 5212
(2.2) V= ), ad — 2bc = 1,
2z 4
2 7 a,21/2 b, > .’
(2.3) V' = o oamn) 2a’d" — b'd’ =1,

where a, b, ¢, d, a’, b’, ¢/, d’ are rational integers and

(?) Obtained by other methods, a linear relation such as (2.033) appears in [3, vol. 11, p.
104].
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(2.49) Jj@2Y V() = (2% V(1)) = j(21% 7).
Accordingly we write:
Caske L.
~ ( Ko =+ 1)21/2/k)
k21/2/2 —h ’
where
(2.9) kW = — 1 (mod k), (ky, k) = 1, k = 0 (mod 2).
Cask II.
o (h*21/2 — 2hk* + 1)/k>
k — 2t ’
where
(2.5) Ui* = — 1 (mod k), (2h, k) =1, k=1 (mod 2).
Setting

T = iz/k + h2'?/k, ®(z) > 0,

the invariance property (2.4), with the notation of (2.1), becomes:

26 27z ok B 4 K
(2.6) f(exp {_21/212 + 2m ;}) —f<exp {_2”2kz + 2m z})

for Case I; and

2 6) 27z k _ 2w k¥
(2.6) f(exp {—21/2k + 2mi ;}) —f(exp {—21/2kz + 27 7})

in Case II.
3. With the notation of (2.1), by Cauchy’s theorem,
1 f(x)

Cn = —

2wid ¢ antl

X,

where C denotes the circle defined by |x[ =exp (—2Y?*7r N~?). Using the Farey
dissection of order N of the circle C, by means of arcs £ x, we may write
, 1 f(x)

Cn = —

hoki0sh<ksN 2L gy,

dx.

1
X xnt

Here and in the following, ./ denotes summation running over all %, k with
(h, B)=1. On the arcs &, we put
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2w Lk 2r |
x = exp(——N—2+ 2m;+ —zd;) ;

21/2 21/2
then
1 , .
Cn=— 2 exp (—2wink/k)

2U2  i0sh<ksN

(3.1) i
ok . -2 12 -2 1/2
.f—oﬁk f(e2n(h/k)—2r(1v —i$) /2 )e2rn(N —i$) /2 d¢-

From (2.4) it appears that the points #2'/2/k have the same singular char-
acter as T=17, hence the Farey arcs, of order IV, will be defined as follows:

To every term h2Y2/k in the Farey series of order N, (0<k<k=N,
(h, k) =1) corresponds an arc

h ’ h 12
— 212 — S, = 212 + I

k
with
ﬁ_ 02—, = h+ 212, _h_ 212 gy, = b+ ke 2172,
) k4 ks k k4 k.
where
IR h ko
Zoour < gz < 2 gue,
3.2 ky k ks

k ki, ke = N.

Here ©,2'%2/k; and hy2'/%2/k, are the terms adjacent to k2Y2/k in the Farey
series of order M.

The end points of the arc in question are the “mediants” lying between
the terms (3.2). Since

hky — hik = 1, hok — hky = 1
or
hk; = 1 (mod k), hky = — 1 (mod k),
we have, from (2.5) and (2.5)’

3.3) ki = — K (mod ), ke = K’ (mod k) when £ = 0 (mod 2);
and
3.3) k1 = — 2k*(mod k), ky = 2k* (mod k) when k= 1 (mod 2).

The mediants do not belong to the Farey series of order NV, hence
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ki+ k>N, ko+ k>N

or, by (3.2)
(3.4) N—k<k=N, N —k <ky=N.
The integers k; and k, are thus uniquely determined. We have
, 21/2 , 21/2
(3.5) 0}',]; = ﬁh,k - =
k(ky+ k) k(ks + k)
4. If we introduce the abbreviation
(4.01) w= N"%— i¢,
we may write:
1 l?l’;,lk
Cn = — Z/ e—?rinh/kf f(e—hin(h/k)—(zn/z‘“)-(kw/k))ezmw/zll”d¢
2172 ) ki0sh<ksN ok

-z

where D{ means summation over %, k with k odd, 0ShA<E<N, (k, k)=1;
and Y/ means summation over corresponding %, £ with & even.
If we make use of formulae (2.6) and (2.6)’, we get:

Shik
— N1 —ominhlk owih! [k—am 2V 22w Lomnw /2l 2
n sze S e Jerrmwi2Vgg
4.1) ok
! —2minhlk onk 2m ik k—2x |21 22w L2mnw (212
+ ﬁ Z 2min ., f(e* e do.
-
Let
(4.2) flx)=x"14+D(x)
(4.3) D(x) = D cax™
n=0

Then the expression (4.1) can be split into four parts:

(4.4) & = Q) + RO(n) + Q(n) + RO(n),
with
Ih
(4.41) Q©®(n) = 2-1/2 Z/ e—?wi(nh+h’)/kf e41r/(21/2k2w)+2rnw121/2d¢,
2 ok
Ihk

(4‘42) R(e)(n) = 9-1/2 Z/e—h'inh/kf , D(e’.hrih/k—hr/(21/2k2w))621mw/21/2d¢’
2

Ok
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Shk
. 2
(4.41)1 Q(O)(n) — 2—1/2 ZI e—2r:(nh+h*)lkf , le/(2l/ kzw)+2ruw/21/2d¢’
1 —hk
Shk
(4.42)/ R(°)(n) = Q-1/2 E/ e—Zn‘nh/kf D(e2rih'/k—21r/(21/2k2w))621rnw/2112d¢.
1

S

In order to estimate Q(n) and Q®(xn) we divide the intervals of integra-
tion into three parts as follows:

21/2 21/2 21/2 21/2
- < - < <
k(ky + ) RN +Fk)  k(N+Ek)  k(kt k)

For k even, k=2p, p=1,2, - - -, we have:

’

n
— i =

= l’h,k-

v/21 2Y/2/2p (N+2p)
Q@ (n) = 2712 3 D gtk 2 f
p=1 hmod 2p —2V2/9p (N42p)

[N/2] —21/%p (N+2p)
+2muz 3 S e—2ri(nh+h')l2pf

(4.5) p=1 hmod 2p ~2'%/9p (k1 -+ 2p)

N /2] 2Y/2/2p (k+2p)
4212 3 D grmitahtan 2 f
2

p=1 hmod 2p Y2/ 9p (N+2p)

=0 () + 01" (n) + Qs (n).

In all three integrals the integrand is
e4r/(2l/2-4172w)+21m/(2llzw)d¢ — ef/(21/2p2w)+2m/(21/"w)d¢_
If kisodd, k=2p—1, p=1,2, - - -,

2112/ (2p—1) (N+2p—1)

[(V+1)/2]
QOm) = 2712 3 > e—Zri(th‘)/(zp—l)f
p=1  hmod (2p—1) —2%/(2p-1) W+2p—1)

[(N+1) /2] —21/2/ (2p—1) (N+2p—1)

+ 2z > Z' e—2ti(nh+h')/(2p—l)f

p=1  hmod (2p—1) —2"%/ (2p—1) (k1+2p—1)
212/ (2p—1) (ke+-2p—1)

(4.5)

[(N+1)/2]

+ 212 E Z' e—2ri(nhti®) [ (2p—1) f
2

p=1  hmod (2p—1) Y2/ (2p—1) (N+2p—1)

=0 (n) + 01" (n) + Q2" (m).

In these three integrals the integrand is

o2v/ (21/2(2p—l)2w)+2rnl(21/2w)d¢.

S. Let us set
(5.1) Agp(n) = Y gtri-(ahtiIzp,

h mod 2p
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Then
@ [V/2] 2Y/2/2p (N+2p)
0 () = 2 Y Any(n): TRTER—
p=1 —2"%/2p (W 4-2p)
and with
— —2 .
¢ - (N - w)/l’
) [N/2] N 24212 0p (N+2p)
(5.2) Qo (m) =212 3 Asy(n)-— f e/ @2 w)t2mnw 21 g
p=1 N2 /05 (N42p)

where A,,(n) is a Kloosterman sum for which we have the estimate (Rade-
macher [7] and references there given):

(5.3) | Aop(m) | < C2p)2/e+e(2p, m)M2,
In the w-plane we take as a contour the rectangle R, of vertices
i

T2 p(N 4 2p) '

—2

Then
) (R 12,2 2 12
QO (”) _21/2 Z 2p(n) e”/(2 pw)+2Tnw/2 dw
p=1 R,
(5.4)

1 Wizl —~N"3piMy —N " My N2y
1/2 Z A2P(”){f +f f },
12 =1 N=piM, Npinr N2y
with M,=1/212p(N+2p). Consequently

[(N/2] 1 [N/2]

. 2
007(n) = == 3 Asy(n)- Lap(n) — > Anm){Ti+ T+ T4},

1/2
2/ =1 p=1

i1

where the four integrals L,,(n), Ji, J2, J; have the same integrand.
Estimating J; and J3, we have:

1

w=y+t ——
22p(N + 2p)
—N?2=u= N7
®R(w) = u = N7%,
o».(i> - : < N2 2pX(V + 2p)?
w) w4 1/2p*(N + 2p)?

2p2<1 + 2—P>2 < 8p?
N/ =
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Hence I er/21/2p2w+21mwl21/2| < eawz”%zmw—?/zl/?, and

| 7:]

5.5
(S.5) | 74|

< 2Nt (ataN 2! < Clp—lN—lehnN‘zﬂl/z.

We pass on to the estimation of J,. In Jy,
1 1

<v

w=—N?4i, ———— <
21%p(N + 2p)

I\

1 — N2
Rw) = — N2 < 0, G‘<—)=———<o;

w N—% 4 92

hence
| 61/21/2pzw+2mm/21/z| <1
and
(5.6) hl < —— 2 <oy,
212p(N + 2p)

By the results (5.3), (5.5) and (5.6) we have:

[N /2] [N/2]

2p(N + 2p)

99

Z Az,,(n){J1+]2+]3} <C, E (2p)213+¢(2p, n)l/3p—lN-—le21mN—2/2l/2

p=1 p=1
If we assume =1, then (2p, n) <#, and hence

N/2]

(5.7) S AT+ To+ Ts} = O(ermnv 2 ipuisy—1/ste)

p=1

Now we consider the integral denoted by Ly,(%) in (5.4)

1
Lap(n) = — [ ex/anhursaemuratitgg,
2wiJ R,
1 . (w/212p20)r 2 (2mrnw/21/2)”
=— | 2 2 dw
27 Ry p=0 /l.! =0 v!
= Residue e/ @'/ "p"w)+2rmo/2!/?
w=0

d r \'t! 1 2mn\* 1
fi’%(Z‘/?p?) (u+1)1<275> Wl

21/2 (ﬂ_nl/z)zuﬂ 1
o\ P vi(v + 1)! ’

Ms

2pnt’?;,

or
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202 dpl?
(5.8) L) = 3 11< 2 > p=1,2--,

where I,(2) is the Bessel function of first order with purely imaginary argu-
ment. From (5.4), (5.7), (5.8) we have

(e 2 W2V A,,(n) <47rn”2> s
5.9 n) = — I O(e2mnN 21212113 \7—1/3+¢)
69 07 = =% 3 =L 0 + o n )
Passing to the case of k& odd, let us write
(5.1)" Bipa(n) = 3 etriteihier,
h mod (2p—1)
or
Biu(n) = 2:’ e—2r¢(nh+h‘)/k’
hmod k;k odd
with 2kh*= —1 (mod k). The sum Bi(n) is also a Kloosterman sum. Indeed,
if k=1, By(n) =A:(n) =1 with
Ap(n) = 2 emitnh—mlk, ki = — 1 (mod k).
hmod k
We may write
Bi(n) = E/ eI D) [ k= 3.

hmod k; k odd
Since % is odd, we have (k, 2) =1 and therefore the congruence
2.2 =1 (mod k)
has the unique solution

x = 2¢®-1 (mod k),

ie.
1
(5.101)’ - = 2¢®-1 (mod k),

where ¢ (k) denotes the Euler function(®). Hence

Bi(n) = ZI e—zn'/k(nh+z¢<’=)“.h') = S(—mn, 2201, k)
hmod k; k odd

in the Salié [10] notation. By the properties, (cf. [10]), of Kloosterman sums,
S(—n, 2201 k) = S(1, —n-2601; k) = §(—n- 2001 1; k),

(3) From (5.101)’ follows that # - 29®=1=4-2"1(mod k) =n(1—k)/2 (mod &), k odd.
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since we have (k, 2¢®—1) =1. Hence, returning to our notation,

1—k
Bu(n) = Ay(n-20®-1) = A,,( - n) E odd.

Accordingly
(5.3) | Bopi(n) | < C*(2p — 1)2/3+(2p — 1, m)1/3, p # 1.
From (4.5)’
. [(N+1) /2] 212/ (2p~1) (N+2p—1)
Qo (m) =27 3 Byp(n)- gre/2V oD e 2y
—2'2/ (2p—1) W+2p—1)

or, with w=N—2—1¢,
© [(N+1) /2]

Qo (n) = 2712 Z Bap1(n)

!’
(.2) f "+12‘/ 2/ @p—1) (N+2p—1)

621/21/2(2p—1) w+21nw/21/2dw.
N=2_i2V?/ (2p—1) (N4+2p—1)

Taking as a contour the rectangle R, of vertices
1212
+ ’
2p-DWV+2p-1)

0 (n) is split up into four integrals in the same manner as Q¥ (n):

2 [+1)/2]

(0)
Qo (n) = 2 > By i(n) - Mapa(n)
(5.4) ”
. 1 [v+1)/2)

Bopi(m){ K1+ Ky + K3).

A0 B—

We obtain the estimates

(5.5) Bl pyesgprainsys < Cipm Nty iRl

| K|

2(2172)
, | K| <
(5.6) 2p— DV +2p— 1)
< 47N

[(N+1)/2] )

(5.7), 3 B2p-—1(n){K1+ Ko+ K;;} — 0(821nN_1/21/znl/3N—-1I3+c).
p=1

Also
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Mgp_l(n) = — 321/21/2(2p-—l)2w+21rnwl21/2dw
2wt J g,
2, (2r/212(2p — 1)2w)* & (2mnw/21/%)
- 5, Lo/ 2,
Rz p=0 ”’! =0 y!

~ i( 212y >v+1 1 (21m v 1
TS\ -1)) v+ ;ﬁ) !

B 1 0 (7!'(21’!)1/2>2"+1 1
T @p— D S\2p -1 v + 1)1

i.e.

Moy r(n) = 1 s < 4nll?
T 2p — Dymr \2(2p — 1>>

B 2112 , <21r(2n)1/2
@ - DEm T\ 2p—1 >

From (5.4), (5.7)', (5.8)',

00 - 25 R B 20y
(5.9’ ’ e S 2p—1 '\ 2p—1

—2,,1/2 _
_|_ 0 (621rnN /2 nl/3N l/3+¢),

(5.8)

where
Byp-1(n) = Azpa((1 — p)n).
6. At this stage we return to formulae (4.5) and (4.5)’ and we show that

0:”(n)

(6 1) (e) = 0(627"N _2/21/2n”3N_”3+‘),
Q2 (n)
0)

Q1 (n)

(6.1) @ = O(ermN P yis =13ty

Q: " (n)

These estimations follow closely the method used by Rademacher [7], hence
details are omitted.

7. Referring to formula (4.4), R®(n) and R (n) can also be broken into
three sums:

(7.1) ROm) = 55 4+ 557 + 857,

7.1y ROm) = 5 + 55 + 557,
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by using the same decomposition of the Farey arc

— Ok S ¢ S P
We find, again omitting details,
(7.5) R@(n) = O(exeN 122113 y—1/8+e)
(7.5) RO(n) = O(e2=nN 122113 N —=1/5+)

Finally, putting together the results of (5.9), (5.9), (6.1) (6.1)’, (7.5), (7.5)’
we obtain

2n W21 Ao(n) 7 (41m”2>
= 1

Cp = —
ﬂllZ y=1 2v 2v
7.6 N 2 LOEDR] 4, (1 — ,,)n)I <2,,.(2n)1/z)
' Qe & 2 — 1 "\ -1

+ O(eh'nN_2/2”2nl/3N—1/3+e).
For every fixed n=1, we let N— « and we have the
THEOREM. The Fourier coefficients of the invariant
j(212; 7) = —2xir/2V/? + o+ i cneh'inrnl/’
n=1
are determined by the sum of two convergent series

R { 5 Avl) (21rn1/2>

w2, v

1 2 Asua((1 —v)n) (27r(2n)1/2>}
I
tamnZ T o Mo

(7.7

where n=1, and
Ar(m) = E’ e 2rilmith) [k kW = — 1 (mod k).

hmod k&

8. The same remark has to be made here, as by Rademacher [7], concern-
ing the exclusion of the value n=0. The coefficient ¢, has been obtained in
(2.1) as ¢y=12%-13.

Using formula (7.7), calculations have been made with only four terms of
each series, obtaining, e.g.:

¢ = 4371.46, exact value: ¢, = 4372,
ca = 96,255.92, exact value: ¢ca = 96,256.
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II. THE FOURIER COEFFICIENTS OF THE INVARIANT j(3Y/2; 7)
AND ITS RELATION TO j(1; 7)

9. Let J(3Y2; 1) be the invariant belonging to G(3/2), with the properties:
J@p) =0, J@UE) =1, J@U i) = «,

where
=312 4 4

p3 = 2

As in §2, here we exploit the transformation equation of rank 3, (cf. [2,
vol. II, p. 385] or [3, vol. III, p. 395]). Such an equation is the result of
elimination of ¢ between the three relations:

33 + 1)(9 + 1)3
o

., S w 33’ + 1)(9¢" + 1)3
J'(w) = J<?> = s

jlw) =
(9.01)

’ 2
g

where o(w) is a one-valued function of the transformation polygon T3, (cf.
[3, vol. 111, pp. 297 ff. and pp. 390 ff.]). For our purpose we simply interpret
o(w) as a parameter. We obtain

7(w) + 7' (w) = 33(3%% + 22-3%2 — 22479 — 25-59),
J(w) §'(w) = 3%t + 2)-(2-41 + 3%)%,
where ¢t =040'. The functions
o(r) = j(3°7) +j(r/3'1%),  ¥(r) = j(3"*r)-j(7/3'/)
are invariant under the transformations

S(r) = 7 + 312 T(r) = — 1/7,

(9.02)

¢(7) with a pole of order 3 in x, ¢(r) with a pole of order 4 in «, x = e2rir3'l?,
We infer that

A-J33Y2 1) 4 B-JA31% 1) + C-J(3Y% 1) + D = ¢(r)
and
AT JH32; 1) + B T3(3Y2 1) 4 €T30 1) 4 DT (3Y2 1) + B = y(r).

Now, comparing these two last equations with equations (9.02), we infer
that:
at + B

Y

(9.03) J(312; 1) =

But, from (9.01), when o=0¢'=1, t=2,
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jlw) = 24335% = j'(w) = j(w/3).
On the other hand, from the Classinvariant theory, (cf. Fricke, [3, vol. III,
p. 395]), we have:
7(31/2) = 243358 = j(— 1/i31/2) = j(3/31/2);

i.e. such value is assumed by j(w) only at points homologous to w=13/2,
and if w=3Y?%r, this happens when 7 =1. However we have preassigned that
J(3Y2; 7) =1; hence, from (9.03) we obtain:

(9.031) 2a+B)/6 = 1.
Similarly, when 6 =0¢'= —1, t=—2,

Jjw) =j(w) =0, by (9.01)
Again

__31/2 y __1 ‘3[/2
o) (252

03 —3U2 4 4 23172
)/ 1/2 = 47 — = 1 = q =
73 Ps)—]<3”2> ]( T ) J<31/2_i> 0

By the preassigned correspondence, J(3'2; p3) =0, hence (9.03) supplies the
equation:

(9.032) (=2a+8)/8 = 0.
Solving (9.031) and (9.032), we obtain 8=2a, §=4«, i.e.
(9.033) J(312 1) = (¢ + 2)/4.

Either by substitution in (9.02) or by a process of differentiation, the con-
stants A, B, C, D and A’, B’, C’, D', E’ are readily calculated. By setting

(311 7) = 237(310% ),
we obtain the following equations, relating j(3'/2; r) with 7(3"/2r) and j(r/3V?):
(9.04)  j3(31% 1) — 2-32-72(3"%; 1) + 27-23j(3V/%; 1) = j(3'/*r) + j(r/311%),

(9.05)  j(3V% 1) {203 4 j(31%; 1)} = j(31/2r) j(x/31/2).
Using (9.04) or (9.05), the first few coefficients of j(3!/?; 7) may be computed:
(9.06) (j3Y%; ) = a1+ 2-3-7 + 33-29% + 25-271a% + - - - = f(x),

where x =exp (2wir/3Y/2). Also from (9.04) and (9.05) we obtain a quadratic
equation in j(3Y%; 7), whose coefficients involve {j(3V/%r)+j(r/3V2)} and
{j(3”2'r) -j(r/312) } linearly.

Although this group has been known for a long time, (cf. [5] and refer-
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ences there given), relations (9.04) and (9.05) are new. To the best of our
knowledge, they do not appear anywhere in the literature.

As shown by J. I. Hutchinson, [5], the substitutions of G(3!/?) form two
classes:

a b31/2
(I) V=< ), ad — 3bc = 1,
c31/2 d
a’3z
(I1) V' = < ), 3d'd — b'd =1,
¢ d'32
where a, b, ¢, d, @/, b’, ¢/, d’ are rational integers. We write:
i + 1
Ko - 31/2
~ | k3ue
—h
3
with kb= —1 (mod k), (k, k) =1, when k=0 (mod 3);
3nk* + 1
h*31/2 —_—
k
V' =
k — k3112

with 3kh*= —1 (mod k), (k, k) =1 when k=1 (mod 3) or k=2 (mod 3). We
have

1 f(x)

aAn = —

2riJ ¢ xntl

b
where

fx) = 214+ D anam = j(312; 1),

n=0

and C is the circle | x| =¢—2mV-23"%,
The Farey arcs are taken around the point (k/k)3'/?, and hence we pro-
ceed as in the case of G(2'/%). We obtain

20 W1 Ay (n) (47m1/2>
an = — I]
nt? .33 3 3y
2 LNEDBL 4o (yp) ( 41r(3n)”2>
Gm T -1 \3@r—1)
2 LEDIB g0 (1 — v)n) s (41r(3n)1/2>
@Bt S 3y — 2 ! 3(3v — 2)

—2,.1,2 _
+ O(eh'nN /3% ,nl/3N 1/3+e),

(9.6)
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where n=1, 4;(m) being defined as in (7.7), whence a Theorem which sup-
plies the Fourier coefficients of j(3'/2%; 7) by means of convergent series, by
letting N— e, n fixed.

10. In the class of groups G(\,), with 1 =X;=2 cos w/g, described in §1,
G(1), G(2V?) and G(3'/?) are the only groups whose arithmetical character is
known, i.e. we know the coefficients of the substitutions. Hence the Farey
dissection may be determined, and the Hardy-Littlewood method can be
applied to obtain the Fourier coefficients of the invariants.

In a long series of papers (cf. [6] and references there given), H. Petersson
has found other methods for the determination of the F. C. of certain classes
of automorphic forms. In ([6, p. 13]), Petersson announces his intentions to
extend these results to certain classes of automorphic functions. These meth-
ods presuppose, in general, the full knowledge of the group.

Although an important contribution toward the arithmetical character
of the groups G(\,) is due to D. Rosen [9] even for the next in order particu-
lar case of ¢=5, As=(1+5%2)/2, we were not able to take advantage, to this
date, of such results, in order to determine the Group G(\;) nor to devise the
proper Farey dissection.
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