THE APPLICATION OF STABILITY ANALYSIS IN THE
NUMERICAL SOLUTION OF QUASI-LINEAR
PARABOLIC DIFFERENTIAL EQUATIONS

BY
JIM DOUGLAS, JR.

1. Introduction. The principal advantage of finite difference methods for
approximating the solutions of partial differential equations over classical
techniques of solving boundary value problems, such as separation of vari-
ables, transform methods, or the use of Green's functions, is that the differ-
ence methods may be applied successfully to nonlinear differential equations.
We shall be concerned in this paper with the question of convergence of the
solutions of various analogues of the quasi-linear parabolic differential equa-
tion

(1.1) E—(j)(:vc, ) a_u> — q(x, 8, u) = r(x, ¢, u) ou
ox ox at
to the solution of (1.1) for the first boundary value problem
u(z, 0) = f(x), 0<x<1,
(1.2) u(0, t) = g(1), >0,
u(l, 1) = h(1), t> 0.
The (k+1)-dimensional generalization of (1.1),
(1.3) i(piu—>+--'+—a—(pa—“>—q=r9i‘,
0%1 9%y Oy Ox at

will also be treated. The only previous articles of a rigorous mathematical
nature treating the convergence problem for quasi-linear parabolic equations
are the extensive discussion by Fritz John [11] on the use of explicit differ-
ence equations for the initial value problem on the infinite interval — o <x
<  and a short article [3] of the author’s on the application of the backward
difference equation to a slight specialization of (1.1).

Specifically, it is the object here to extend results known previously for
a number of difference equations for less general differential equations, ac-
tually with the one exception mentioned above linear and with constant
coefficients, to convergence theorems for (1.1) and (1.3). An alternative proof
to the one given in [3] that the solution of the backward difference equation
converges to the solution of (1.1) or (1.3) is given. The Crank-Nicolson equa-
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tion [5; 12; 16] is treated in two forms, one which is a straight-forward gen-
eralization of the usual Crank-Nicolson equation for the heat flow equation
and requires the solution (by iteration, presumably) of a system of nonlinear
algebraic equations at each time level and a modified form applicable to (1.1)
requiring the solution of only linear algebraic equations at each time level.
In addition, a high order correct difference equation [4; 5] is extended to a
specialization of (1.1).

It should be noted that each of the difference equations to be treated is
implicit. In distinction to John’s case of the initial value problem on the
entire axis, the advantage in the bounded region case of taking considerably
larger time steps than one can with the usual explicit relations more than
makes up for the slightly larger amount of computation necessary to move
ahead one time step for analogues of (1.1). For example, the number of cal-
culations per grid point for evaluating the solution of the most obvious ex-
plicit analogue of the heat flow equation is five, while for the Crank-Nicolson
method it is eleven by use of elimination; however, as p, ¢, and r become more
complex, the ratio of these numbers becomes somewhat smaller. Since for
(1.3) a rather good initial guess is easily obtained, the number of iterations
necessary for adequate precision in the solutions of the linear or nonlinear
algebraic equations is small enough again to provide an advantage to the
implicit methods.

There are quite a few physical problems which appear not to be in the
form (1.1) that can be reduced to this form by simple variable transforma-
tions. For example, the equtaion

(1.4) a((z)‘”) (5, 4,5) = (s, £, 1)
. 9% Px: , U oz q\x, t, v —r(x, )v)gt“

when p =p;(x, £)p2(v) can be transformed into the form (1.1) in terms of the
dependent variable ‘

(1.5) u =f0{;?(z)dz.

The method of proof used throughout this paper is basically a generaliza-
tion of the technique based on stability analysis introduced recently [5].
This is combined with a variational attack based on the Courant minimax
principle [1, Chapter V1] applicable when the various matrices arising in a
related eigenvalue problem are symmetric and with a fixed point argument
otherwise. It is convenient to treat the linear case of (1.1) first for two
reasons: first, the results obtained can be applied in the nonlinear case to
simplify several arguments, and, second, each of the devices used in the
proofs for the nonlinear equation is illustrated in a somewhat simpler prob-
lem. Two preliminary sections precede the main body of the discussion. The
first summarizes the minimax principle and the lemmas that follow from it
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that we shall need, and the second outlines stability and its consequences for
linear difference and differential equations.

The following notation will be convenient. Let Ax divide one, x;=1Ax,
and t, =nAt. Denote f(x;, ta) by fin, and let A2fin= (fiz1.n— 2fin+Ffiz1.n)/(B%)?2
be the centered, divided second x-difference of f. We shall indicate the vector
with components fy, fi, - - -, fo, NAx=1, by fa.

2. Some preliminary remarks on eigenvalues. The location of the eigen-
values of the self-adjoint, second order, ordinary difference operator

(2 1) Az(pAz'w)i - GiWs,
where

Pir1p(Wiyr — wi) — pi_ypa(wi — wiy)
2.2 A (pAsw); = ’
(2.2) (pA.) e

will be of considerable interest in the analysis of the stability of various
analogues of parabolic differential equations. It is well known [1, Chapter
V1] that variational methods are very useful in determining qualitative be-
havior of the eigenvalues of the differential analogue

d< dw)
dx p dx 7w

of (2.1). Fortunately, it is a simple matter to translate the desired results
in the differential case to the difference case; for completeness, these results
will be sketched here.

For simplicity, let us consider the boundary conditions

(2.3) wy = wy = 0.

Let T denote the operator (endomorphism) on the space .S of (N41)-tuples
of complex numbers corresponding to (2.1) and (2.3); i.e.,

0, 1=0,
(2.4) (Tw): = { A(pAw): — qaws, i=1---,N—1,
0, i=N.
Let
1 N
(2.5) (w, 2) = > wa}

N+1 o

be the inner product on S; thus, S is an (V4-1)-dimensional unitary space.
The norm ||w|| of w is the positive square root of (w, ).

The eigenvalues of T are those complex numbers N such that there exists
a solution of the pair of equations
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(2.6) Tw + Nw = 0, (w, pw) = 1,

where p;>0; the solutions are the eigenfunctions. Now, it is clear that the
transformation T is real and symmetric for real p and ¢; consequently, in
this case, it is well known [9] that the eigenvalues are real and that the eigen-
functions can be chosen to be real and are complete. Moreover, if p and ¢
are positive, the eigenvalues are positive. For, if w is a real eigenfunction
corresponding to the eigenvalue ),

N—1

= —(T = - A(pAsw); — qwigw;

- A== (Tww) = = o 3 {Adph): — g
. 1 w; — Wi\’ 1 .
= ¥r1 Epi_1/2< A ) + N1 Z_‘;%wi,

by Abel’s transformation [18, p. 3].

One of the most useful ideas in the study of the qualitative behavior of
eigenvalues of differential equations is Courant’s minimax principle. The
following is a special case of the minimax theorem for Hermitian operators
on a finite dimensional unitary space [9, p. 151]:

THEOREM 2.1. Let the eigenvalues (not necessarily distinct) of T be ordered

by MENE - - - SMvi1. Let M be a linear manifold in S, and write
w(M) = sup {(Tw, w)/(w, pw): 0 # w & M}
Define, for k=1, - - ., N+1,
e = inf {u(M): M C S, dimension (M) = k}.
Then, Ne=px, k=1, - - - | N+1.

If in S we use the natural basis e®, e =(N+1)64, k=0, - - -, N, then
it is obvious that e/® and e™ are orthogonal eigenvectors with eigenvalues
zero corresponding to the boundary conditions (2.3). Moreover, if we set

(2.8) S* = {w: wy = wy = 0},

it is clear that the remaining, interesting eigenvalues are determined by the
restriction of the minimax principle to S*. We shall restrict our attention to
S* and renumber the remaining eigenvalues A, - - -, Ay_1.

Let us apply the minimax principle to find the variation of the eigen-
values of (2.6) with the variation of the coefficients p, ¢, and p. Let the de-
pendence of the eigenvalues on these coefficients be denoted by \i(p, g, p).
First consider the case ¢;=0.

THEOREM 2.2. Let p{°,2p®1,20, ¢P2¢?20, 0<p®<p®. Then,
NP, g0, pP) ZN(pP, ¢, p®), i=1, - - -, N—1.

Proof. By (2.7),
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Tw, w) N i — wi\2 Nl N—1
(_‘_— (sz—ln< Ax ks ) + > ini) > piw?.

(w, pw) i=1 i=1 i=1

Hence, it is clear that u(M; p®, ¢V, pM)Z u(M; pP®, ¢@, p®) and, con-
sequently, that ux(p?, ¢V, pM) Z w(p?, ¢@, p?). By the minimax principle,
the theorem is proved.

In the general case, a complete description is a bit messy. Actually, it is
sufficient for our purposes to be able to bound the eigenvalues from above
and below. Assuming the eigenvalues to be ordered by =X = - - - Ay,
we can prove the following result:

THEOREM 2.3. Let 0 <px<pi122p*, |¢:i| S¢*, 0<px=p:<p*. Then,

M(piize, @5y p3) > — q*/px

and
Av—1(pic1/2, @5, p2) < ¢*/ps + 4p*/ps(A%)2.
Proof. For any w0,

Tw, w N-1 -
T St )Y stz
('w P'w) =1 i=1 Px

*

Hence, by Theorem 2.1, the inequality for A\, is proved. To demonstrate the
inequality for Ay_y, it is sufficient to note that the method of proof of Theo-
rem 2.2 implies that

Avo(picap, Giy p) = Mvaa(D*, g%, px),

since the unnormalized (N —1)st eigenfunction of

2
P*Az ¢ — q*¢£ + Apxop; = 0) b0 = Py = O’
is ¢ =sin (N —1)mwx; and its corresponding eigenvalue is
* 4p* (N —=Dnr

q .
Mwv_1(p¥, ¢*, =—+4 sin?
w—1(p%, g%, px) e T on(an)? N

3. Stability. The concept of stability of difference equations is due to von
Neumann and was first described in the literature by O’Brien, Hyman, and
Kaplan [16]; however, they gave no demonstration of the relation between
stability and convergence. Later, Lax and Richtmyer [13] and the author
[5] independently gave proofs that, under certain other conditions, stability
is sufficient to imply convergence of solutions of linear partial difference
equations to solutions of linear partial differential equations. In addition,
Lax and Richtmyer proved that in a rather natural sense stability is also
necessary for convergence.
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The aproach to the problem of the relation between stability and con-
vergence taken by Lax and Richtmyer and the author differ somewhat. Their
results are limited to systems of difference equations involving the values of
several dependent variables at two time levels, and those of the author to a
single difference equation in one dependent variable involving its values at
several time levels. The number of independent variables is immaterial in
either case. Finally, they obtain convergence under much less restrictive con-
ditions, but do not obtain the rate of convergence, as the author does.

In this paper we shall be interested only in difference equations of the
form

(3 l) Anwn+l = B,wn + b,

where A4, is a nonsingular matrix for every #. Equation (3.1) is linear if 4,
and B, do not depend on w, or w,;; and is nonlinear if either does. We shall
treat several difference equations for which both 4, and B, depend on both
W, and Wyy.

DerINITION. The linear difference equation of the form (3.1) will be called
stable if, for every possible choice of the vector w,, b, =0 implies that

lwnsll = (1 + 48|,

where A is independent of # and At

There will be no need to define stability for nonlinear equations (3.1),
since stability will be used in a modified manner then.

A method [5] of demonstrating convergence from stability for linear par-
tial difference and differential equations will be outlined. The solution # of
the difference equation for which (3.1) is a difference analogue can usually
be shown to satisfy a difference equation

(3.2) Anun+l = Battn + b + hn;

where 4,, B,, and b, are the same as in (3.1) and %, is the elemental trunca-

tion error resulting from replacing derivatives by finite differences at a point.
Let

(3.3) Up = Un — Wn
denote the overall truncation error. Then, v, satisfies the difference equation
3.4 Anvayr = Bavn + k.

The analysis of v, can be simplified by the following time-wise superposition:

n—1
3.5 Uy = v,(.k),

k=0

where 2 satisfies the difference relations
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(k)

v, =0, n =<k,

(36) Anvr(:}—)l = hn, )
Anvi = Buoy | nzk+1,

Assume that
(3.7) |47 = M = M(at, Ax, - - - ), n=1,2---,
and that (3.1) is stable. Then,
(3.8) low|| = ML+ Aa™™ 7| m)
and

n—1
(3.9 lloal = M 3 (1 + Aad)»*1| k.

k=0

Now, with T =jAt,
1+ 4N = (1 + AT/j)7 < AT
Thus, for t, =T,

n—1
(3.10) lloa| < MeAT 37 ||| < MeATH/ A,
k=0

if || k|| < H. In the problems we shall treat later, the stability of the backward
difference equation will imply that M =0(At), and H=0((At)#) under cer-
tain restrictions; hence

(3.11) [loal] = 0((a1)9).

This can be extended to imply that an interpolation of w converges to u
in L, with an error which is O((Af)%).

The question of determining the stability of (3.1) arises. The following
procedure, which is used repeatedly throughout this paper, is sufficient to
imply the desired stability. Consider the homogeneous equation

3.12) AnZmi1 = Bnzm, m=n

for each n. We shall attempt to solve it by the separation of variables tech-
nique by assuming

(3. 13) Zim = am¢'.'
Substituting,
Cm By
(3.14) n_ Bt
Qm Ao

Let N denote dimensionality of the vector space. Then, if for each n there
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exist N linearly independent vectors which are solutions of the eigenvalue
problem

(3.15) B.p +AA.9 =0

such that the corresponding eigenvalues are bounded in magnitude by
140(At) uniformly in # and At, clearly the definition of stability is satisfied.
The establishing of the existence of these eigenfunctions will frequently
involve considerable complexity, as in many cases the matrices 4, and B,
will not be symmetric.
4. Linear parabolic equations. Consider the first boundary value problem
for the linear parabolic differential equation

4.1 i o B >
(t.1) 5a (P00 52) — s 0w = e 51

where p and r are positive, on the rectangle 0 <x <1, 0 <t <t*. Numerous
methods have been studied in the literature for the numerical solution of the
heat flow equation; i.e., p(x, t) =r(x, t) =1, q(x, ) =0. As an introduction to
the methods to be applied to the quasi-linear problem later and to provide
some useful lemmas for that work, we shall extend several of these difference
techniques to the more general equation (4.1).

As a first example, let us treat the backward difference equation

(4 2) Az(pAzw)i,n+l — @i n+1Wing1 = ri,n+l(wi,n+l - win)/At, 1= 1, c N — 11

Wio = %Ui0y Wo,n+1 = %0,nt1y WN,nt1 = UN, nt1.

To show stability of (4.2) it is sufficient to show for the boundary conditions

(4.3) Wo,nt1 = WN,nt1 = 0

that

(4.4) lon] <1+ 44
[|onl|

where 4 is independent of #» and At. To do this, let us separate variables at
each time step as follows. Let

P(x) = p(=, tasr),
(4.5) Q(x) = q(x, tat),
R(x) = r(x, tay),
and consider the difference equation
A:(PA2)imi1 — QiBimir = Ri(Zimi1 — 2im)/Al,
(4.6) i=1--+ ,N—1,m=n,

Zin = Winy 20,m41 = ZN,m41 = 0.
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Then, Way1=24,41. Now assume

(4'7) Zim = (Im(tt,;.
Substituting,
- R,‘ Ab);
.9) Omi1 (Ri/At)¢ ’

om A(PA:p): — Qi — (Ri/At)o: B

where N\ is a constant. For stability of (4.6) it is clearly sufficient that there
be a complete set of N—1 linearly independent solutions ¢ of (4.8) such
that |N| <1444t for each of these solutions. Thus, we are concerned with
the eigenvalue problem

AAL
¢0 = ¢N = 0)

R; R;
A(PA): — | — i i _i=0) '=1"",N_1,
woy  APae— (G 0)e+ e i

which is of the form (2.1).
Let us make the following assumptions on the coefficients p, ¢, and r of
(4.1) and on At;

P(x, 1) Z Px > 0, | g(x, )| = Q* < w0,

=
(4.10) =
R*;r(x,t)gR*>O, R*/At—Q*>0

Under these restrictions we know from §2 that there is a complete set of
eigenfunctions and that, by (2.7), the eigenvalues u =A"!are real and positive.
Hence, it is sufficient to show that u;=1—BA¢t, j=1, - - -, N—1. To do this
it is convenient to rearrange the terms in (4.9) as follows:

1 R;
A(PA$): — Qids + (-— - I)E ¢: =0,

(4.11) A

o= ¢y = 0.
Then, setting v=A"1—1, A<1+A4A¢ is equivalent to »> — BAt. By Theorem
2.3,
Q*
(4.12) vi(Piz1/2, Qs, R;/At) > — ? At.

*
Hence, we have proved the following:

THEOREM 4.1. If the relations (4.10) are satisfied, then the backward differ-
ence analogue (4.6) of the linear parabolic equation (4.1) is stable.

Note that no relationship between At and Ax was required. This is, of
course, typical of most implicit difference analogues of the heat flow equation.
If the coefficients p, ¢, and r of (4.1) are twice boundedly differentiable



1958] QUASI-LINEAR PARABOLIC DIFFERENTIAL EQUATIONS 493

in the region 0=x =<1, 0<¢=<t*, and %.:.. and u,, are bounded in this region,
then by [5] w, as extended to the whole region by bi-linear interpolation,
converges in Ly to # with an error which is O((Ax)2+At¢). Under much less
restrictive conditions on the initial and boundary conditions than are nec-
essary to make #,z5, and #, bounded in the closed region, w still converges to
u in L, [13]; however the convergence will in general be slower than that
above.

The Crank-Nicolson difference equation is well known [5; 12] to be
superior to the backward difference equation for the heat flow equation.
Consequently, it should be of interest to see that it remains stable and con-
vergent for (4.1). Let

Pir1/2.m(Wir1n — Win) — Pic1/2,m(Win — Wi_1.n)

(4.13) A(pmbwn); = (Ax)?

Then, the Crank-Nicolson equation may be written as

Az(Prr1/28:Wnt1)i + Ao(Prt1/282Wn)s — Giint172(Wing1 + Win)
(4.14) = Dripry it T W i=1,---,N—1,
At
Wo,nt+1 = U0,nt1y WN,nt1 = UN at1, Wio = Ujo.
If
P12 = pic1/a.nt1/2

(4.15) Qi = Qint1/2,

R; = 7inyays,

a stability analysis of (4.14) may be reduced to the eigenvalue problem

A,(PA9) Q¢+1_)‘2R‘ =0, i=1 N—1
(416) z zP )3 P 1+)‘ Atd’t ’ 1 =1, ’ ’
in exactly the same manner as for the backward difference equation. Set
1—2
4.17) b=
142

Clearly, a sufficient condition that |\| <14-A4At¢ is that u> — BAt. Now, by
Theorem 2.3,

E 3
(4.18) pi(Pi-1s2, Qi 2R/ Al) > — ZQR

At;

: ]
consequently, the Crank-Nicolson difference equation is stable.

THEOREM 4.2. The Crank-Nicolson difference equation (4.14) is a stable
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analogue of the parabolic differential equation (4.1) for all positive Ax and At.

Again this result implies L,-convergence of w to » under quite general
conditions [13]. If p, ¢, and r are twice boundedly differentiable in the closed
region and #;;z; and % are bounded there, the error is

0((ax)* + (49 + (A1)*/Ax),

[5]. The (Af)3/Ax term arises from the use of p; 412 in both second differ-
ences.

While the Crank-Nicolson equation is a quite good difference analogue
for the heat flow equation, a slight modification [4; 5] of it leads to a con-
siderably better analogue for which the error is O((Ax)*+4(At)?). We shall
now generalize this result to treat the differential equation

o%u du
(4.19) — — gq(x, )u = r(x, t) —> g=0,r>0.
dx? at

The specialization of (4.1) to (4.19) is done for two reasons. First, p is taken
to be constant to avoid having its derivatives appearing in the difference
equation, since frequently in practice p is obtained by interpolating experi-
mental data and its derivatives probably do not match the physical facts
very well. The restriction ¢=0 results from the method of proof; since the
difference equation to be derived can easily be shown to be stable for ¢ a
negative constant and r a positive constant, it is not inherent in the difference
equation.

As it can be proved [5, for u.,=u.| that the best choice of At as a function
of Ax as Ax tends to zero for the high order correct difference equation is
At =0((Ax)?), we shall assume throughout the discussion that

(4.20) At/(Ax)? = constant.
Then, to terms of the order of (Ax)%, (Ax)%At, or (Af)?2, [4],

1 2 2 1 3'intrse
= - Azui,n Azuin - X — (Ax 2.
5 ( it ) 2 ot (Ax)

0%Ui np1/2

dx?
From (4.19)

a4ui.n+l/2 9?

ot a_xz_ (qu + fue)i.n+1/2

2

2 1 Uin+1 — Uin
Az ['E Gimg172(ingr + Uin) + Tingry2 v ],

except for terms which when multiplied by (Ax)? are of the order of (Ax)*.
Thus, we are led to the difference equation
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2 (Ax)? (Ax)?
A,{(l — —12— Qint1/2 — W Tint1/2 | Wing1

Ax)? Ax)?
+ Ai{<1 - (——x)‘- Gint1/2 + u fi.n+1/2) wi,n}

(4.21) 12 6A!

Wintl — Win .
—Qi,n+1/2(wi.n+1 + win) = 2'i,n+1/2 T) 1= 1, ey, N—1.

Wo,n+1 = %0,n+1y WN ,n+1 = UN,n41, Wi0 = Uj0.

Although (4.21) is rather formidable in appearance, it is easy to discover
that it takes less than twenty per cent more work per grid point to evaluate
the solution of (4.21) than that of the Crank-Nicolson equation; in so far
as many fewer grid points are required to obtain a solution of equal accuracy,
(4.21) is usually preferable.

Again defining Q; and R; by (4.15), we can reduce the stability analysis
to the treatment of the difference equation

2 (Ax)? (Ax)?
A’{<1_ 2 %7 e Ri)zi'"+l}

patf(i- B0 gk 40 1), )
z - T i) %in
(4.22) 12 64!
Zin+1 — Zin
—Qi(zi,n+1+z,~,¢)=2R,~——Xt———; 1:=1,"',N—'1,

20,n+1 = BN, ny1 = 0.

Assuming z;, =a.¢$; and separating variables,

2 A 2 A 2 2R,
Az{(l - (4 Q: + (4) Ri) ¢i} — Qi + — ¢
At

Gnp1 12 6AL
(4.23) = — =\
an A’ {(1 (Ax)? 0 (Ax)? R) } 2R;
z 12 T 6At T ¢1 Qz¢1 Al 4’1’

Thus, we must treat the eigenvalue problem
2 (Ax)? 1 -\ (Ax)? ) 1 — X\ 2R;
A< 1 — it R; i}_ i + —— =0,
{( 12 ¢ 14X 6At ¢ Q¢+l+)\ At¢
(4.24)
i=1.--+,N—1,

¢0 = ¢n = 0.

Equation (4.24) is certainly not in the desired form. First, transform the
dependent variable ¢, as follows:
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(4.25) v, = (1 (A 4 LN (A9 o
’ P 12 14\ 6al ’>¢"

Then,
i\I,i
AW - (Ax)? - 1— X (Ax)?
x —_
1 — ; 'y
12 14+ XN 6A:
4.26 i —2A 2R;/ AL
(4.26) / v.—o
142 ) (Ax)? 1 =X (4x)? R
12 7 14\ 6at
\Ifo = ‘I’N = 0
The existence of (N —1) real eigenvalues My < - - - <Ay for (4.26) will be

proved by a fixed point argument; moreover, it will be implied in the argu-
ment that \;> —1 and Ay_; <1. As soon as the linear independence of the
corresponding eigenfunctions is established, stability will have been demon-
strated.

Consider the associated problem with a parameter v, —1 <v =1, for eigen-
values py, + - -, uy—1:

2 0:Y;
M@y 1=y @y
% - v (Ax
1 - Qi+ R
12 14+ » 6At
1-— 2R;/At
(4.27) 4+t / ¥ =0,
1+u (Ax)? 1 — v (Ax)?
1- Qi+ R;
12 14v 6As
\I/o = ‘I’N = 0

Equation (4.27) is of the form to which Theorems 2.2 and 2.3 may be applied
directly. Thus,

(4.28) 0<LTH® ey + BY ™ N -1
’ T 1+ ) (Ax)? 2N J ’ ’
where
. %
A(v) = max O < Q
(4.29) ) (Ax)? + 1 — v (Ax)? R1— (Ax)? o*
12 e 14 v 6A1 12

and
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(Ax)? 1 — v (Ax)?
1 - Qi+ ;
12 14 » 6Af
B(v) = max At
4.30 2
(4.30) 1 —» (Ax)?
1+v 6ar
< max Atl.
2R;
The last expression increases as v decreases toward —1. Clearly,
4.31) Bo) = L= BT oy L —1
(4. y) = T, 12 , v .
Thus, asv | —1,
., T
f—we) MoN
— ui(y — v
(4.32) Tl < + 0(1).
1+ () 3 1+

Hence, there exists M >0 such that (1 —»)/(1+»)> M implies that
l—ﬂj(V)<1—v.
14 uiy) 14

Consequently, there exists €>0 such that, if

(4.33) —14+esv=1,
then
(4.34) —1+e=ui(v) £1, j=1.--- N -1

As p;(v) is a continuous function of », we are now in a position to apply a
fixed point theorem. It is well known [14] that a continuous mapping of a
compact interval into itself must contain a fixed point. Thus, there exist
vi,j=1, - -+, N—1, such that

(435) /-‘f(Vi) = Vj .7 = 1’ T N - 1.

This demonstates the existence of N—1 eigenvalues of (4.26) and, conse-
quently, of (4.24). Let ¥(») be the jth eigenfunction of (4.27). Then,
YP®w;), j=1,- -+, N—1, are N—1 eigenfunctions of (4.26). (In case

V;i=vju1= -+ - =vj, then there exist 241 linearly independent eigenfunc-
tions of (4.27) for v=v;.) Thus,
4.36) ¢ = v =1 N-1
. ;= , =1 ... —
(Ax)? 1— v, (Ax)? 7= ’
1 - 0: + R,

12 14 64
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is a set of N—1 eigenfunctions for (4.24).

Remaining to be shown is that the ¢, j=1, - .., N—1, are linearly
independent, or, equivalently, that the dimension of the manifold spanned
by them is N—1. Consider first the independence of eigenfunctions cor-
responding to the same eigenvalue. Let ¢®, k=3, j+1, - - - | j+£, be eigen-
functions all with eigenvalue v;. Assume

itk
(4.37) 3 agi =0, i=1,--,N—1.
k=j
Then, as the denominators in (4.36) do not depend on k and are positive for
sufficiently small Ax,

ith

(4.38) 3 ar =0, i=1,-+--,N—1.
k=i

Since the ¥® are independent, ax=0, k=7, - - -, j+5, and the ¢* are inde-

pendent. Thus, if Ay, - - -, A are the distinct eigenvalues of (4.24) and MM;

is the linear manifold spanned by the eigenfunctions corresponding to A,
we have proved that

(4.39) Z‘, dim (M;) = N — 1.

=1

To facilitate completing the proof, let us rearrange (4.24) as follows:

ol S a)e) o

(4.40) + 1-x {i Ri: + (ax)? Af(Rm)} =0,
14 A As 6A!
¢o = ¢x = 0.
Then, this is of the matrix form
A¢ + {Bg = 0.

The following lemma of Hestenes and Karush [10, p. 477] is applicable:

LEMMA. Let \;, j=1, - - -, @, be distinct eigenvalues of Ap-+NBp =0, and
let M, be the linear manifold spanned by the eigenfunctions corresponding to \;.
Then,

dim (M, ® M, ® - - - ® M,) = 2 dim (M),).
=1

Thus, by (4.39) the manifold spanned by the N—1 eigenfunctions ¢ of
(4.24) has dimensionality N—1, and, consequently, they form a complete
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set. This completes the proof of stability for difference equation (4.21).

THEOREM 4.3. The high order correct difference analogue (4.21) of the linear
parabolic differential equation (4.19) is stable for Ax <(12/max g¢(x, t))V2

Again under sufficient hypotheses on the coefficients ¢ and 7 and on the
solution % the solution w of (4.21) will converge to that of (4.1). Since the
difference approximations were correct, in the small, to terms involving
(Ax)4, it is appropriate to consider the interpolation of w to the region
0=x=1, 0=t<t* to be correct to the same order. Then, if ¢ and r are four
times boundedly differentiable and » six times, w converges in L, to % with
an error O((Ax)*) for positive constant value of At/(Ax)2>r*/6. The latter
condition arises so that the M of (3.7) is O(A%).

5. Quasi-linear equation: backward difference equation. Consider the
boundary value problem

6(( z)a") b)) =), 0<z<1,0<i<p
- X, D y by = Xy b u) —> x ) ]
(5.1) 9« ? dx i g at

u(x, 0) = f(x), w(0, 1) = g(1), u(1, ) = h().

This quasi-linear parabolic equation is of sufficient generality to include
quite a number of problems of practical interest that cannot be satisfactorily
described by solutions of linear equations.
The simplest implicit difference analogue of (5.1) is the backward differ-
ence equation
Winy1 — Win
(5 ' 2) Az(?n+1Azwn+l)i - q(xi) tnt1, w,-,,) = r(xi) bnt1, wi") A—l ’

Wo,n+1 = U0,n+1, WN,nt1 = UN,nt1, Wi0o = %j0.

Notice that in case (5.1) were linear, (5.2) differs slightly from the backward
difference equation (4.2) in that w is evaluated at the known time level in the
second term; both g and r are evaluated at the known level so that the result-
ing algebraic equations at each time step remain linear and can be solved
easily by elimination. This is, of course, an important practical consideration.

For the case of constant p the solution of (5.2) is known [3] to converge
to that of (5.1) under sufficient hypotheses on f, g, and k. This proof is based
on a different, and less general [6], technique, and it is perhaps of interest
to give an alternative demonstration.

The truncation error introduced at one time level is propagated forward
in time for linear difference equations as a solution of the same difference
equation subject to the homogeneous form of the boundary conditions. Un-
fortunately, this does not remain true for nonlinear systems. Consequently,
the first step in the analysis in this case must be a derivation of a difference
equation satisfied by the truncation error.
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We shall assume throughout this section that p has three bounded de-
rivatives with respect to x and that ¢ and r have a bounded derivative with
respect to u. Also, » will be assumed boundedly differentiable four times with
respect to x and twice with respect to ¢. Although the proof to be given below
can be carried out for At and Ax going to zero independently, we shall take

At

(5.3) o

= constant,

since it can also be proved [3] that this is the most efficient choice.
Under these assumptions, it is easy to see [3] that

Uing1l — Uin
(5.4)  As(prr1Bathntr)i — q(%4, tagr, Bin) = 7(Xs, tny1, Uin) —_Zt-—‘ + ainAt,

where a;, =0(1). Let the overall truncation error be denoted by v;,:
(55) Vin = Uin — Win.
Then,

9
Az(pn+lszn+l)i - — Uin
ou

(8.6)

Vigntl — Vin dr Uintl — Wy
At ou At

= #(%i, lnt1, Win) " v + anAt,
where d¢/du and d7/du are evaluated at points called for by the mean value
theorem. Rearranging,

Ving1 —

Vin
(5 7) A,([J,.+1A,v,.+1).‘ = r(x;, t,,+1, w,-,,) —r + bin'b'in + ainAly

Vio = Vo,np1 = UN,n41 = O,
with b;,,=0(1).

The following decomposition of v;,,41 will simplify the treatment of the
growth of v as a function of n. Let

(5.8) Vint1 = Bins1 T Vint1,
where
6i,n+1 — Vin
Az(pn+leﬂn+l)i = r(x,-, by win) T ’
(5.9)
Yingl
= r(xiy tn+l; win) * + binvin + ainAt-

Az(Pprr18sYnir)s N

By Theorem 4.1 and (4.12),
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(5.10) “ﬂn+1” = ”"’n”
Set
(5.11) Zin = (DinVin + 0:nA)AL/1(%4, bttty Win).
Then,
(5. 12) Az(p"+1A27"+l)f = r(x,-, ln+l) win) lfiﬁlgl:—zz 5
consequently,
(5.13) vard] < llzall = 4lllud|at + (2072].
Thus,
]| £ (1 + AA9||vaf| + 4(A1)?,
(5.14) [onull = (1 + A80]uil| + 4(a)
[[od] = 0.
Hence,
(5.15) loal] = [(1 + 44D — 1]At < eAtAt,

Therefore, if w is extended to 0 =x <1, 0 <t <¢* by bilinear interpolation,

(5.16) { fo ’ fo o, t)2dxdt} " 0(Ad).

THEOREM 5.1. Under the restrictions on p, q, r, and u stated above, the solu-
tion of the backward difference equation (5.2) converges in L, to the solution of
the quasi-linear parabolic equation (5.1). For any constant At/(Ax)? the error is
O(At) in L,.

6. Quasi-linear equation : Crank-Nicolson type difference equations. Again
we shall consider the boundary value problem

a(( z)a“> (06 ) = 72 1 0) ) 0<x<1,0<t<t*
- ) by X, L, =rx, L, u)— x )
6.1) axpx dx 7 “ at’ ’

u(x, 0) = f(x), (0, ) = g(), u(1, 1) = h(?).

The Crank-Nicolson method for linear equations, as described in §4, con-
sists of evaluatingthe coefficients at (x;, f.41/2) and averaging the values of «
at t, and t,41 in the evaluation of # and its x-derivatives. This leads at each
time step to the usual simple system of linear algebraic equations which can
be solved by elimination. Unfortunately, if this is done in (6.1), the resulting
algebraic equations are nonlinear and must be solved by an iterative process.
A modification in the manner in which ¢(x, ¢, %) and 7(x, ¢, #) are evaluated
will allow us to regain the more readily handled linear algebraic equations.
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However, to insure convergence, it will be necessary to satisfy a restriction
between Ax and A¢; no such restriction arises in the standard Crank-Nicolson
equation. Thus, from a practical standpoint one must decide which disad-
vantage is the less serious for each problem.

Since the argument is somewhat simpler, we shall treat first the ordinary
Crank-Nicolson equation:

Ar(Pri1/282Wnt1)i + Ar(Pri1728:wn)s — q(Xiy bnt1/2, Wisng1) — (X, o172, Win)

Wingl — Win
{r(x;, bat1/2, Wint1) + 7 (%0, lng1se, win)} =,

(6.2) v

Wo,n+1 = U0,n+1, WN,n+1 = UN,nt1, Wio = Uq0.

Assume throughout this section that « is four times boundedly differentiable
in x and ¢ and that p is three times with respect to x and ¢ and 7 once with
respect to . Moreover, assume that

(6.3) Af/Ax = constant,

which again is an optimum choice of their functional dependence.
Then,

dx Jx
(6.4) 2q(xi, tay1sz, Uimtr/2) = @(%i, tngrsz, Wingr) + (%5 tarrse, %in) + O((AD)?),

Zf(xi, tnt1/2, ui.n+1/2) = ’(xh tny1/2, “i.n+1) + "(xi: bnt1/2, “in) + O((Atz));

i} a
2 _(? _“) = As(Prt1/2B5%nt1) i + Ac(Pay1/28.u0): + O((AL)?),
i,n+1/2

consequently,

Az(pn+l/2Aun+l)" + Az(?n+1/2Azun)i - Q(xi, tntaye, Ui ng1) — Q(xi; lnt1/2, Uin)
(6.5)

} Uinpl —

Uin
+ o((a).

= {r(x,-, bnt1/2, int1) + (%, tnyrs2y Uin)

Thus, the truncation error v, =ui,— W, satisfies the difference equation
(suppressing showing the dependence on x; and tn41/2)

A[pBeonss + 1)) = {r(wasr) + 7(wn)} *—M_—”—

Unt1 — Un
(6.6) + {7 (tngr) + 7(wn) — 7(war1) — r(wa)} EVE
+ {g(tnr1) + ¢(a) — q(wnsr) — q(wn)}

+ 0((49)?).

Applying the assumptions made above,
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AZ[PAZ(v7L+1 + vn)]i + aivi.n+1

6.7 ikl = Vin

©6.7) = r(was) + f(wn)};”—%~ + b + ci(AD?,
where

(68) a;, bi) C; = O(l)'

The coefficients a;, b;, and ¢; depend on n as well as 7, of course.
The analysis of v,41 can be aided by the decomposition

(6.9) Vint1 = Bint1 + Vint1,
where
Ar(pAzBni1)i + @iBint1

= {1(Wnr1) + 7(a)} Binrr/At + (it ai)vin + ci(AL)?,
Ac[pAs(Ynr1 + )i + @i¥int1 + vin)

= {r(@ar1) + 1)} i(ims1 — vin) /AL
Then, Theorems 4.1 and 4.2 may be applied as in §5 to obtain

[1Basal| = A([0d]] A2 + (40)%),

(6.10)

(-1 el = (14 Bao]la].

Hence,

(6.12) loasal] = (1 + CAD|vd| + C(A1)%
Consequently,

(6.13) lloal] = 0((a0)?).

THEOREM 6.1. Under the restrictions on p, q, r, and u stated above, the solu-
tion of the ordinary Crank-Nicolson difference equation (6.2) converges in L, to
the solution of the quasi-linear differential equation (6.1) for At/Ax any positive
constant with an error whick is O((At)?).

Let us turn now to a modified Crank-Nicolson equation involving linear
algebraic equations. The nonlinear algebraic equations in (6.2) arise from the
use of

1
- [q(x;,t,.+1,2, Wint1) + q(xi, tny1/2, uin)]

2
to approximate g(xi, fnt1/2, %int12) and a similar relation for r. What we
need, of course, is an approximation for #; .12 in terms of u;, that is second
order correct. Restricting p, ¢, 7, and % as above and using the differential
equation such an approximation is easily obtained:
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Fttin + 0((a):?
Py ((an?

wot S (0 5) ~ st | /s 4 oCan

At
= Uin + P — Az(?nAz“n)i - Q(xi) t,,, ui")] + O(Al)2
2r (%, tn, in)

At
Uint1/2 = Uin + Y

(6.14)

At
= Uin + R [Az(Pn+1/2Azun)i - q(xl" t") uiﬂ)] + O((At)2)°
2r (%, bay Uin)
The evaluation of p at t=¢,,12 is done to simplify what will be a somewhat
messy proof. It does not harm the order of the error, as we need only first
order correctness in approximating u,.
Again, we have taken
At

(6.15) —— = constant.
Ax

Define
At
(6. 16) 'w:. = Win + N [Az(fn+1/2Az'wn)i - q(xi; tn; w‘n)]'
2r(%;, bn, w;,.)

Then, the modification of the Crank-Nicolson equation to be studied here is
the difference equation:

*
Az(?n+l/2Azwn+l)€ + A:(Pn+l/2Azwn)i - zq(xi; tn+l/2, win)
*.  Wintl1 — Win
(6 17) = 2r(x,~, t,,+1/2, 'w.~,.) —_—
At
Wo,nt+1 = %o,n+1, WN,n41 = UN,nt1, Wio = Uio.

In deriving the truncation error equation, the writing of the explicit de-
pendence on x and ¢ will be suppressed. Thus, if

(6.18) Vin = Uin — Win,
then
Vi,nt1l — Vin
Azlpni1/2Bz(vass + va) )i = 2’(7":") —HAT——
Uint1 — Uin
(6.19) + 2[r(ul) + O(AD)?) — r(wi)] ———

At
+ 2[g(um) 4 0((A)? — g(wi)] + O((aN)*.

Now,
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r
r(“:n) - ’(‘w’:n) = (utn - 'w:s)
ou

;] A
= _f [vm + i {Az(pAzun) - Q(um)}

ou 2r(%in)
(6.20) - 2w {A(pAw,) — q(wm)}]
or aq
= a—u [vi,, + Zf(wi") {A,(ﬁA;‘U") — 31; ‘U,‘,.}
or
Al —

O {Adpha) — )}‘]
+WT) (PAstn) — q(thin) Vin |-

A similar relation holds for q(ug) —q(wy,). Thus,

*  Vingl — Vin
Az n Az Un. + Un)]i = 2r Win) —
(6.21) [pr+1/282(vn4a )] (win) A7

- aiAtAz(Pn+1/2szn)i + bivin + ci(Al)Z,
where

1 [aq n ar au] — o(1)
YT ) Low " ou ot ’

(6'22) by ¢ = 0(1)'

The derivatives in the expression for a; are each evaluated somewhere in the
rectangle | x —x;| <Ax, |t —tay12| <At/2. The expression was written in detail
since we shall distinguish the three cases: a; nonpositive, nonnegative, and
indeterminate.

As for both the backward difference equation and the ordinary Crank-
Nicolson equation, it is helpful to decompose v;,,,1. Let

(6.23) Vint1 = Bint1 + Vit
where

Biner — Vi

* n
2r(win) — a:ALA(Pri1/284Vn)5

Azprr1/28:Brs1 + va) i

(6.24)
Yint+l

*
A:(Pn+1/2Az'Yn+l)i = zr(win) Al

+ b,"l),',. + C.‘(Al)z.

As previously,

(6.25) varill = 4lllvaf] a2 4 (a9)2].

IIA
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The analysis of 8,41 will parallel roughly the stability analysis associated
with the high order correct difference analogue of the linear parabolic equa-
tion. Assume the following separation of variables:

Bint1 = Qny19i,

(6.26)
Vin = nd;.
Then,
27’,’
(1 4 a:80)A.(pAd): + — ¢
Anyt1l At
(6.27) = — =,
- AP0 — 2 g,
z % At 13
and we must treat the eigenvalue problem
21’,‘
(6.28) (1 + a:8t + N)A(pAs9)i + (1 — X) N ¢ = 0.

Equation (6.28) may be rearranged in the following two ways:

(6.29) ApA)s+ — Ty g
' APARS T T N A T

and

(6.30)  A(pAp)i —

L. [2" + (1 + a:di)a (;bAqb)] 0
i '_— i a; z zP)s | = Y.
At AL At ¢

The fixed point technique used on the high order correct difference equation
will be applied to (6.29) to demonstrate the existence of N—1 eigenvalues
and eigenfunctions, and the lemma of Hestenes and Karush will then be
applied, considering the eigenfunctions to be eigenfunctions of (6.30), to
demonstrate their linear independence.

Rewrite (6.29) as follows:

(6.31) apoag)+ s L 2y
e L4 e a7
14+ A
and consider the associated eigenvalue problem with parameter », —1 <v £1,
for eigenvalues u;{), j=1, - - -, N—1:
(6.32) A(pbg)s + B ! i e =0,

1 + [.Lj(v) 1 v a;At E !
14
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The argument will be broken down into three cases. First, let ;= 0. Then,
for —1<v =1, the coefficient of ¢, is positive; consequently, there exist N —1
eigenvalues u;(v) and eigenfunctions ¢ (v) such that

diAl *
6.33 0 < 1 — u;(») < 4p* 14 < 2p*At 2a*p*(AL)?
(6.33) T 14 k) T (Ax)? 2r;/ Al T r(An)?2 (1 4 V)re(A)?

where p* =max; p;, a* =max; a;, and r«=min; r,;. Hence,
2p*At 2a*p*(As)?

Cr(Ax)? (1 »)re(Ax)?
AL 2a%pr(ANE

r«(Ax)2 (1 4 »)re(Ax)?

(6.34) 12 ) 2

To be able to use the fixed point theorem, we need to know that some closed
subinterval of (—1, 1] is mapped into itself. To know this, it is sufficient to
know that for v+41 sufficiently small, u;(») Z». In particular, it is sufficient
to show that

2p*Al 2a*p*(Al)?
re(Ax)2 (1 + »)re(Ax)?
(6.35) 2p* At 2a%p*(A1)?

r:(A%)? (1 + v)r«(Ax)?
for v+1 sufficiently small. It is easy to show that, for »+1 positive, (6.35) is
equivalent to
- a*p*(AL)?
rx(Ax)?
2p* At
rx(Ax)?

(6.36) 14+rv=<2

To insure positiveness of the right hand side of (6.36) is sufficient to establish
the existence of NV —1 eigenvalues and eigenfunctions of (6.28). Let

Al T 1/2
6.37) < ( ) )

Ax a*p*

which makes the right hand side positive. Then, after completing the argu-
ment by the use of the lemma of Hestenes and Karush, it is clear that the
difference equation for ;.41 is stable and

(6.38) [[Busall = loal].
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Hence,

(6.39) oamal] = (1 + AAD|oal| + 4203
as this implies that

(6.40) leall = 0C(a9)3),

we have proved the following theorem.

THEOREM 6.2. Let the restrictions on p, q, v, and u as stated above hold, and
let (6.37) hold. Then, if a:n as defined by (6.22) is non-negative, the solution of
the modified Crank-Nicolson difference equation (6.17) converges in L, to that
of the quasi-linear parabolic equation (6.1) with an error that is O((At)?).

Note also that (6.37) is consistent with the lack of such a condition for
stability in the case of a linear differential equation if ¢=0.
Consider next the case ¢;=0. To prevent the possibility that

1 — w(v) <o,
1+ p()
which would imply that |u;(»)| >1, we need to maintain
1422 50,
14+
Let
(6.41) a** = m;clx (—ay).
Then, if
(6.42) vy > — 1 4 a**Al

the above requirement is met. Thus, in this case, to apply the fixed point
theorem it is necessary to show that some closed subinterval of (—14-a**A¢,
1] is mapped into itself. By (6.33),

1 a;At *
1 — p; 4p* 14 2p* Al
(6.43) P <7 -
1+ u() — (A%)? 2r;/ At 7+(Ax)
Hence,
2p* At
74 (Ax)?
6.44 i(v) =
( ) #1(”) 2[)*Al

1+

r(Ax)?
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If At/Ax=B,
1 B27’*
2p*At P*AL
6.45 0 2 —— =~ — ‘
( ) wi(v) Br, Bry
2p* AL

Therefore, if

AI‘ P* 1/2
(6.46) —< < —) ,
Ax a**ry

w;(») >, and a closed subinterval of (—1-+a**At, 1] is mapped into itself.
The remainder of the argument is identical with that of the first case.

THEOREM 6.3. Let the restrictions on p, q, v, and u stated above hold, and let
(6.46) be satisfied. Then, if a:n as defined by (6.22) be nonpositive, the solution
of (6.17) converges in Lq to the solution of (6.1) with an error that is O((At)?).

Finally, let us consider the general case for which the sign of a;, is in-
determinate. It is clear that if both (6.37) and (6.46) are satisfied, then as
At tends to zero with At/Ax fixed, some closed subinterval of (—1, 1] is
mapped into itself. Thus, convergence is again established.

THEOREM 6.4. If both (6.37) and (6.46) are satisfied, then the solution of
(6.17) converges in L, to that of (6.1) with an error which is O((At)?), provided
the restrictions on p, q, r, and u hold.

The special case of (6.1) arising when
(6'47) q(xy t: u) = Ql(xy t)“ + Q2(x) t))
with Q; =0, can be handled a bit simpler by the difference equation

Az[?n+1/2Az(wn+1 + w,.)]i - Ql(xi, tn+l/2) (wi,n+l + win) - 2Q2(xi, ln+1/2)
(6.48)

wi,n+1 — Win

*
= 2r(%:, tat1/2, Win)
At

The restrictions (6.37) and (6.46) remain, except that a;, is now defined by

(6.49) Gi= — e — —
r(w?n) du 0ot

7. Quasi-linear equation: high order correct equation. In the study of
the higher order correct difference equation for the linear parabolic equation
we specialize the differential equation somewhat; here we shall limit ourselves
to the boundary value problem
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9*u ou
7.1) %=r(x,t,u)g; 0<x<1,0< <Y

u(z, 0) = f(x), w(0,0) = g(0), u(l,0) = h().

Moreover, assume that 7 is boundedly differentiable four times with respect
to its arguments and u six times, and let

Al
(7.2) = constant.
(Ax)?
Then,
aZui,n+l/2 1 2 2 | (Ax)2 64u,- n+1/2

73 —_— = Azui,n + Azuin - : 0 Ax 4 )
7.3 —= 7 [Battini = o T oy
and

Ui g1 07 ( oy 3“i.n+1/2>

— = — | 7(%s, tar1/2, i —

dxt dx? A A at
02 aui,n
(7.4) = — (7(xi, Lnt1/2, Win) ___+_1_/_3> + 0(AY)
0x? at
Uin — Uin
= A: (r(xi, tn+1/2, Min) —+‘1_‘—> + O(A[)
Al
Hence,
2 (ax)? ] } z{[ (Ax)?
AJ: 1 —_— 7 uin ui,n + AZ 1 + r ui" ]ui"}

7.5 {[ PYVIRA O e VIR

) = o((any,

= {r(uz,n+l) + r(uin)
where again the explicit dependence of 7 on x; and ¢n41/2 has not been written.
Consequently, we shall define the high order correct analogue of (7.1) to be
the difference equation:

: (Ax)? A2l (Ax)® i
Az{[ - 6—At_ r(win):l wi.n+1} + z{[ + 6A1 ’(wi"):l ‘0'5"}

(7.6) = {r(wl,n-f-l) + r(wi) } w‘;[—_ﬂ@’

Wo,nt1 = Uo,ntl, WN,nt1 = UN,nt1,  Wio = Uio.

Notice that the algebraic equations in (7.6) are nonlinear as a result of the
coefficient of the time difference. In general, they must be solved by iteration.
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This can be accomplished by predicting an approximate value w{%y,; by some
means, such as either

2

) Azwin
Wintl = Win + At

r(win)

or

(0
Wint1 = 2Win — Win—1,
using win,, to evaluate the time difference coefficient, and solving the linear
equations for w{h,, by elimination. Then, find w{s,, from w{a,,, etc. Unless
dr/du is quite large, the resulting iteration should converge quite rapidly.

To study convergence we must derive the truncation error equation. If
(7.7) Vin = Uin — Win,

then

A: {[1 - (a=)? f(win)] Vint1 + |:1 + %i f(win):l Vin

6A!L

(Ax)? du or } Vingl — Tin
7.8 - — = Ving = (T(Wint1) + 7 (Win) | — —
(7.8) 2 3" {r(wins) + rlwa)) =——

du or n du dr + 0((an)Y

— — 0. — — Vin x)*%).

ot ou N ot ou
Rearranging,

2 (Ax)? (Ax)?
A:{ 1— —r(win)] Vi1 + [1 4+ ———r(win) + ai(Ax)2] vin}
6A!¢ 6A!¢
(7.9)
Vin+1 — VUin
= pi —————— + by + ci(Ax)4,
At
where
1 du or )
G, = — — — — = ,
6 9t ou

(7.10)

ou or
pi = 7(winy1) + r(wi) + — — A
ot ou

b,‘, C; = O(l)
As usual, the study of v;,.41 can be facilitated by the decomposition
(7'11) Vintl = Bi,n+1 + Yint+1s

where
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AQ{[I (ax)7 ] 4 [y B Ax)?
z 6AL 75 | Bint1 [ 6A1 ri + dz’( -V):lun}

(7.12) _ D Tt
At
2 (Ax)%] } Yint1
e — | Yin = p;-m bt (Ax) i
{[ onr |V il + ci(Ax)
It is easy to see that, if
(7.13) =LA (&, 1, W)
. -, r* = max r(x, [, u),
(Ax)? 6 '
(7 . 14) H’Yn+1“ é A [anHAt + (At)s]‘

The analysis of ;.41 will be a separation of variables argument based on
the fixed point procedure used for the lincar high order correct equation and
the modified Crank-Nicolson equation. Assume

ﬁi,n-l—l = all+1¢i7

(7.15) :
Vin = Q4.
Then,
Ax 2 ;
s s 5o
Qnt1 6A¢ Al
(7.16) _ N

Qn 2 (Ax)2 :| } Pi
A< 1 — —7i|@ip — —— ¢
{ onr *]? a?

The two arrangements of (7.16) of interest are

1 — )\ (Ax)? n ai(Ax)Q] i} 1—X p;

f +— S Pgi—0
1+ x 6ar T 15 T’

(7.17) Ai{[1+-

and the natural one obtained by clearing the denominator of the right hand
equation of (7.16). We shall demonstrate the existence of N—1 eigenvalues
and eigenfunctions of (7.17), and the lemma of Hestenes and Karush as
applied to the natural form of the equation will complete the stability argu-
ment for B i1

Let

1.

(7.18) m:[r+

Then,

1 — A (Ax)? ai(Ax)z:I
1 n 6ar T 14
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2 1—2A p,'/At
7.19 ALY, v, =0
( ) + 14 A ) 1 — X (Ax)? a;(Ax)?
-2 e ——
14+ X 6A¢ 14+ A
Let —1<y=1, and let u;(»), j=1, - - -, N—1, be the eigenvalues of
1 — u(v pi/ At
(7.20)  An¥; + i) ;=0

1+ ui(») 1 —» (Ax)? a;(Ax)?
Y e
14 14

Consider first the case of ¢;=0, and let a* =max a;. Then, the denominator is
positive; hence

1 — v (Ax)? a,(Ax)? *
1 + r;
Osl—u,-(v)S 4A!L 14+ » 6A¢ 14+
L+ () T (An)? pi
.21
(7.21) 4A1 21— V<ri>* 4a*Al
S — et —— () 4+ :
px(Ax)* 3 14 v\ p; (1 + v)px
Now,
(7.22) A rwa)

= <1
pi  r(wim) + r(Wing1) + biAL

for At sufficiently small. Hence, for At sufficiently small and 1+ sufficiently
small,

L—wi(y) 1—w

0 ;
1+ u(p) 140w

IIA

i.e.
(7.23) ui(v) > ».

As before, this is adequate to assure the stability of 8; .41 for ¢;=0. We have
implied the existence of N—1 eigenvalues \; and eigenfunctions ¥@. That
these give eigenfunctions ¢ corresponding to the same eigenvalues follows
in the same manner as in the treatment of the high order correct difference
analogue of the linear parabolic equation.

The general case is mildly more complex in that we must force positive-
ness of the denominator in (7.20). Let a** =max (—a,). Then,

720y 14 @ a9 1+ (Ax)z[(l _y a**:l‘

%

14+ v 6At 14+v 14

For 0 £» <1, it is sufficient that 1 — a**(Ax)?2 > 0 or, equivalently,
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Ax < (a**)~12 For —1<v=0,

7%

— —ad* >0

6A¢
or, equivalently, At <r¢/6a** implies positiveness. Thus, for sufficiently small
Ax and At, the denominator is positive and (7.21) and the following results
hold.

Therefore, for small Ax and At,

(7.25) [[Basall = loa],
and
(7.26) onnl| = (1 4 Aag)[|oa]| + 4(a)>.

It is clear that this implies that, if (7.13) is satisfied,
t* 1 1/2

(7.27) { f f | u(x, §) — w(x, 1) |2dxdt} = 0((A0)?) = 0((Ax)Y).
o Jo

In the above, w(x, t) is interpolated to fourth order correctness in x and sec-
ond order in ¢.

THEOREM 7.1. If the restrictions on r and u called for above are satisfied and
(7.13) holds, the solution of the high order correct difference equation (7.6) con-
verges in L to the solution of (7.1) with an error which is O((Ax)*).

It is easy to modify (7.6) so that the algebraic equations are linear.
Exactly the same replacement as in the Crank-Nicolson equation works.
However, it is apparently somewhat more difficult to show that the solution
converges to that of (7.1), for it appears that no simple variable transforma-
tion such as (7.18) will put the eigenvalue problem into self-adjoint form.

8. Several space variables. Most of the results of the previous sections
can be extended quite simply to problems in several space variables. We
shall be interested in approximating the solutions of

8.1) lé] < 6u>+ 4 a3 ( 6u> ou
. —\p — e 4 — — ) —gqu=r—
o \? o, o\ on) ¢ ot

Where P=P(x1, oty Xy t)v Q=(1(x1, oty Xy t)y and r=r(x1, oty Xy t)y in
the linear case or of
8.2) a( 6u>+ + 6< 6u> u

. — — LY — — — == r —
( an\? om o\ on) T
with g=q(x1, - - -, %%, £, w) and r=r(x1, - - -, X, £, #), in the quasi-linear case
for (x1, - - +, xx) €D and 0 <t=<t*. Let the boundary of D be denoted by C;

then we shall again limit ourselves to the first boundary value problem:



1958] QUASI-LINEAR PARABOLIC DIFFERENTIAL EQUATIONS 515

u(xh"')xk:o)=f(x1;"';xk); (xly”'rxk)epa

(8.3)
u(xlx C oty Xk t) = g(xly Tty X, t)) (xl, co 7xk) EC’0<t§t*

The region D will be assumed open and connected. Moreover, for sim-
plicity, let C be of such a nature that there exists a sequence {Ax("')}, @
=1,2, -, Ax®—0, such that for each a some translation of the lattice
of points (1 Ax@, - - - Ax®), 4;=0, +1, - - -, has the property that every
neighboring lattice point of a lattice point falling in the interior of D lies
in D\UC. Two lattice points are neighboring if exactly one z; differs for the
two points and this difference is one.

The stability proofs for the linear difference equations rested very heavily
on the variational lemmas of §2, and these can easily be extended to the
higher dimensional case. In fact, it is really necessary only to obtain the
analogue of (2.7). Let

1

1
(84) (¢y ‘/’) = 'Z_V' ;1.;'

Gir,e - iWin, - in
k

where the indices run over those combinations corresponding to interior
points of D and N is the number of such points. Define

k
A(pAd) = 20 Aui(phsd),
(8.5) =

¢’1'1.'~~.t'j+1,-"-ik - ¢i1,”‘.t’j.~'--ik

0z, =
’ Ax

Consider the eigenvalue problem

Ax(pAzd) — g¢ + Apgp = 0, (®iyy » -, 25) € D,
¢ =0, (23 + + +, 24,) € C.

Then, the analogue of (2.7) is the following:

(8.6)

k
(8.7) (0d, SN = 2= (pb28, 82:0) + (4, @)
=1
Thus, the lemmas useful in the treatment of the one space variable case
hold for the arbitrary case. An additional lemma [15, p. 164] on matrices is
necessary in the general case.

LEMMA. Let A =(ay)), ¢, j=1, - - -, m, be a real symmetric matrix with
eigenvalues \\EN= - - - SNn. Let B=(ayj),1,j=1, - - -, m—1, be the matrix
obtained by deleting the last row and last column of A, and let its eigenvalues be
MmEpe S - - Spme. Then, NS and pm—1 S\.

The extension of the backward difference equation to the higher dimen-
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sional case will be carried out, and the remainder of the results will be stated.
Let

W41 — Wn
Az(pn+1Azwn+l) - qn+lwn+l = Tnt1 Al ) (xl, Ty, x;,) E D.
(8.8) \
W41 = Un+t1, (xb Tty Xk e C’
Wo = Mo, (xl,--—,xk)C—:D.

The stability analysis leads to the eigenvalue problem
(8.9) spo) = (L4 q)s+— Lo =0,
At A Af
or, rearranging,
(8.10) A.(pAt) — g6 + (i - 1)—'— ¢ = 0.
A At

From (8.9) and (8.7) it is clear that A>0 for sufficiently small Az. Let » =\"1
—1, and denote its dependence on the coefficients and the region by

(8.11) ¥(p, g, r/At; D).
Then,
(8 12) Vl(p: q, '/At; D) = VI(P*) "Q*, T*/Al; D)

Let R be the least cube containing the lattice points in D and on C, and let
S be its boundary. It is well known [15, p. 204] that any matrix correspond-
ing to the difference operator

At

(8.13) — [petis — g8,
r

as applied to any lattice region, is symmetric; i.e., regardless of the ordering
of the points. Hence, by the lemma above, the lattice points in R and not in
D may be deleted one after the other without reducing »,; consequently,

(8.14) vi(p, g, r/At; D) = vi(px, —q*, r*/AL; R).

If L is the side length of R, then the eigenfunctions for (8.13) on R may be
taken as
7|'jix|'

L

k
(8.15) ¢ = ][] sin ) ji=1,-+-+-,L/Ax — 1.
=1

Thus,
vi(px, —q*, r*/At; R) > — AAt,
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and
1

8.16 Ay < ————
(8.16) YT A

This demonstrates the stability of the backward difference equation (8.8).
The Crank-Nicolson analogue of (8.1),

Wnt1 — Wa
(8.17) A pnr1/28:(wWns1 + wn)] — Gnt1/2(Wnt1 + Wi) = 270q1)2 T:

can be shown in the same manner to be stable.
The nonlinear problem (8.2) can be treated either by the backward differ-
ence equation

+1 = Wa

Wh,
(8.18) Be(pnr18:Wni1) — ¢(Wns1) = 7(Wat1) A7

or by the Crank-Nicolson equation

A:[Pn+l/2A:c(wn+l + wn)] - Q(wn+1) - Q(Wn)

(8.19) Wa

= [rnp) + rw)] 22

At
Under the same restrictions on % and the coefficients as for one space vari-
able, the solutions of (8.18) and (8.19) converge to that of (8.2) with errors
which are, respectively, O(At4 (Ax)?) and O((Af)?2+(Ax)?).

Note that (8.18) is not quite consistent with (5.2), since ¢ and w are
evaluated for w,; instead of w,. This reduces the elemental truncation errors
introduced at each time step somewhat and should reduce the constant in the
O(At4(Ax)?) error. Since (8.18) must be solved by iteration at each time step,
this probably does not increase the computational effort. As (8.19) must also
be solved by iteration regardless of how #,1/2 is approximated, no advantage
can be gained by going to the modified form of the Crank-Nicolson equation.

The practical choice between the backward difference equation and the
Crank-Nicolson equation is rather clear in cases where both apply. The linear
equations that must be solved at each time step are of exactly the same form
for the two methods and require approximately the same amount of computa-
tion to solve. The Crank-Nicolson method, fortunately, requires many fewer
time steps and, thus, is much preferable.

The considerably less tedious noniterative difference methods for ap-
proximating the solution of the heat flow equation, such as the alternating
direction implicit method [2; 17] and the method of [8], give rise in the more
general case to error equations not amendable to the above techniques. Thus,
whether they may be extended is open; however, an example [7] indicates
that they do.
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