ON THE GROWTH OF MEROMORPHIC FUNCTIONS
WITH SEVERAL DEFICIENT VALUES(Y)

BY
ALBERT EDREI AND WOLFGANG H. J. FUCHS(?)

Introduction. Let f(z) be an entire function of finite order N and let M(r)
denote its maximum modulus in the region | 2| <7. The following well known
proposition is easy to prove.

THEOREM A. If some value T (# ) is exceptional in the sense of Borel, then
(i) N\ is a positive integer;
(ii) log M(r)=Zar* for some positive value of a.

In this paper, we investigate the possibility of proving analogous theorems
for meromorphic functions possessing deficient values (in the sense of R.
Nevanlinna).

The main interest of the results obtained lies in the fact that they provide
partial answers to the three following questions.

I. Under which conditions are deficiencies invariant under a change of
origin?

I1. When are deficient values also asymptotic values?

II1. How does the presence of deficient values influence the gap structure of
the Taylor expansion of an entire function?

We leave aside questions II and III which will be treated in another
paper [1].

We explain our notations in §1 before stating our results in §2.

1. Terminology and notations. The complex variable will be denoted by

2 =12+ 1y = re? (x, 9, 6 real; r = 0).

The function f(z) is, in general, meromorphic.
The sequence of its zeros (other than the origin) will be denoted by

(1.1) ai, Gz, G3y * -
and the sequence of its poles (other than the origin) by
(1.2) by, bay bay - - -
As usual, the moduli of the terms of these two sequences are taken to be
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nondecreasing and each zero or pole appears as often as its multiplicity indi-
cates. By

dl’ d2: d31 ]
we denote the sequence obtained by rearranging (1.1) and (1.2) as a single

sequence, the terms of which have nondecreasing moduli.
The staridard symbols of the Nevanlinna theory

1og, M(r, f), m(r, ), n(r, @), N(r, a), N(r, ), Tr, /),

are used throughout the paper; familiarity with their meaning is assumed.
If no confusion is to be feared, we write M(r), T(r), - - - instead of

M(r, ), T(r, f), - - -.
We define

n(r) = n(r, 0) + n(r, ),
N(r) = N(r, 0) + N(r, ).
The letters A and u denote the order and lower order of f(2), respectively:

. log T'(r) .. log T(r)
A = limsup »  p = lim inf .
r—w log r r—wo lOg r

We say that f(2) is of regular growth, if \=p (both may be + «). The
deficiency 6(r, f) of the value 7, with respect to f(2), is, by definition,

r,f)=1— lilfl—’sﬁ:lp ]1\‘7((:’;)) .

If no confusion is to be feared, we write 8(7) instead of &(r, f).
An important part is played, in this paper, by the quantity

) N(r)
(1.3) k= «k(f) = ln':r:iupm .
Clearly
(1.4) x < lim sup NG, 0) + lim sup NG, ) =2 —68(0) — d(x).
= T(r) T T(r)

2. Statement and discussion of results. Let [], (2) denote the canonical
product formed with the sequence of zeros {a,} defined by

a,= —p' (»=1,2,3,:++,0<A<+ ).

Lindelsf obtained an asymptotic representation of J]» (z) which readily
yields [S, p. 54]:



294 ALBERT EDREI AND W. H. J. FUCHS [November

K(Hx (Z)) =1-50) = _Isinm|

g+ |sina)|

1
(q <M= q+—2—: gz O,integer),

(16)-1-v0- 12221

(2.1) A

1
(q+?<)\§q+l,q;0,integer).
It is therefore clear that the assertion (i) of Theorem A cannot hold for all
meromorphic functions satisfying the inequality
(2.2) k(f) < 1.

However, the following Theorem B, of R. Nevanlinna, shows that some
connection exists between the order A, of f(2), and the numerical value of «(f).

THEOREM B. Let

(2.3) k(\) = inf (x(f))
where f ranges over all meromorphic functions of order N\. Then
k) =0 AN=1,23.-.).

For all other N\, k(\)>0.

R. Nevanlinna posed the problem of determining the exact value of 2(A).
Using an important lemma of A. A. Goldberg [3], we have obtained a com-
plete solution of this problem for A <1. A detailed account of our work in this
direction will appear elsewhere [2].

In the general case A<+ «, which will be considered here, our results
are not as precise. We prove

THEOREM 1. Let f(2) be a meromorphic function of finite order N. Then

| sin mA |

(2.4) k(f) =

1
22+ — | sin ) |

This result gives the correct order of magnitude of k2(\) since (2.1), (2.3)
and (2.4) yield

(L) z 1 2 il —«(ILw) azp

1 3.3
2.2)\+;—|sinr)\l
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(For A<1, (2.4) is superseded by the result to appear in [2].)

Next we turn to generalizations of the second part of Theorcm A.

First we shall show that an entire function may well have a finite deficient
value without being of regular growth. This is easily deduced from the follow-
ing theorem, which is also of independent interest.

THEOREM 2. Let f(2) be an entire function vanishing at all points of the se-
quence {a,} 2., and nowhere else. Assume that
(i) a,<0 (»=1,2,3,--:);
(ii) Z| a.,| —¢ converges for some finite value of p;
@iii) X |a,|t diverges.
Then
50, /) > —— @z 1)
’ 1+ logg 1=
where A 1is an absolute constant and q is the genus of the canonical product
formed with the zeros a,.

Canonical products of finite genus, with negative zeros, need not be of
regular growth. It is easy to see that, for a suitable sequence {a,}, with occa-
sional very large gaps between consecutive terms, A=g+1, u=gq. Let g(z) be
such a product; then, by Theorem 2, 6(0, g) >0, provided ¢=1. Moreover,
taking ¢=1 and replacing 2z by 2¥, we obtain examples of entire functions,
possessing deficient zeros, and such that N\=2k, u=k (k=1,2,3,-: ).

It might be of interest to mention, without proof, that it is possible to
construct, for arbitrarily small positive values of ¢, entire functions with
A=1—¢ u=1/2—¢ 6(0)>0.

A study of these examples suggests the following problem which we are
unable to solve:

If f(2) is entire and of finite order N, does the presence of a finite deficient
value tmply N = 2u?

Theorem 2 raises another interesting question:

Which sequences {a,} have the property that, if an entire function f(z) van-
ishes at all points a,, and nowhere else, then 8(0, f) >0?

Theorem 2 disproves the conjecture that such sequences are associated
with functions n(r, 0) possessing special properties (that is other properties
than the obvious properties of all counting-functions).

Although Theorem 2 shows that an inequality such as (2.2) has little
influence on the regularity of the growth of the characteristic of a mero-
morphic function, a closer inspection reveals that the assertion (ii) of Theorem
A, may be generalized if « is sufficiently small (Theorems 4 and 5). This
generalization is basic in our results concerning the problems mentioned in
the Introduction. Its proof is based on the two following companion theorems.

THEOREM 3a. Let f(2) be meromorphic. If c>1 and r> 2, then



296 ALBERT EDREI AND W. H. J. FUCHS [November

2.5 1T(r) = T(er) + max { N(or, 0), N(or, @)} + 0 (logr) (r— ).

g—1

If f(2) 1s entire,
(2.6) log M(r) < —i—l T(or) + N(or, 0) + O(logr) (r— «).

THEOREM 3b. Let g be a non-negative integer. Put

a = el/('H-l),

and let E(u, q) denote the primary factor of genus q.
If f(2) is @ meromorphic function with f(0) =1, then for

2.7 0<2p<r<-;—-R,
we have
log | f(re®) | = log | f(2) |
(2.8) _ (i _ i
- p<lazylsR 108 E y ’ )l p<|§,.l:sk log E(b- ’ q) I + S’
where
| |S| = 2N(ap) + N(r) + % {8T(aR) + 2N(aR)} (g = 0),
g 5 1
2.9 {|s] = (f) {87t + Gt D N(ap>}
r\ ot
| + (L) s7@n) + 2w am)] @2 1.
Further, if
1 p7 do
o) = :L (1?2 — 2t cos 8 + 1)‘/2’
then

R
2T(r) — N(r) < (g + r? f N(at)t o1 (—i—) dat
(2.10) ? ot
+WER (L) + [s1,

where |S | satisfies (2.9).
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From Theorem 3a, we deduce

THEOREM 4. Let f(2) be meromorphic and assume that two of its values o, B
are deficient. If

¥ = max {1 — (), 1 — 8(,8)},

log (TZI_—.—:YS)

4
tog (1 + (1 — 7))
p=1 (v =0).

COROLLARY 4.1. Meromorphic functions with more than one deficient value
have a positive lower order.

then

v

M (7 # 0))

From Theorem 3b, we deduce

THEOREM 5. Let f(2) be a meromorphic function. Assume that for some non-
negative integer q and some B, 0<B=<1/2,

B
(2.11) k(f) < m .
I If
(2.12) A>q+1-38
then every interval
(2.13) x = r = (35)6y (x > =0)
contains a point s such that
T(wyu—148 < T(s)s—o1+8 (%0 < u £ 5).
II. If
(2.14) u<gqg+8
then every interval (2.13) contains a point t such that
T@)t® = T(v)v? (»=2).

COROLLARY 5.1. If (2.11) and (2.12) hold, then
rzg+1-8
If (2.11) and (2.14) hold, then
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A=Sgqg+8
Combined with Theorems 1 and 4, Corollary 5.1 yields
THEOREM 6. Let f(z) be a meromorphic function of finite lower order u. Let
p be the integer defined by

IS<+1
? 2‘”?2

If
(2.15) x(f)<-—6——— <0<Bél)'
Se(p + 1) 2
then p=1,
Ix—21 < %’
and

B
p—B=p=A<p+_—-
10
As an immediate consequence, we obtain the following generalization of
Theorem A.

COROLLARY 6.1. If k(f) =0, then the order of f(2) is either infinite or a posi-
tive integer. In both cases, f(2) is of regular growth.

Valiron [10] proved

TueoreM C. If f(z) is of finite order N, and if N\—p <1, then all deficiencies
are invariant under a change of origin.

Combined with Theorem 6, this gives

COROLLARY 6.2. If f(2) is a meromorphic function of lower order n and if

1
K(f) < —'———3—— ’
10e (/.; + ——)
2
then all deficiencies are invariant under a change of origin.
It is interesting to combine some of our results with the following

LeMMA 1. Let f(z) be a meromorphic function of finite order. If
(2.16) A= D 8rN)>1—7 0<v<1),
Tyéco
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and
(2'17) a(wrf) >1-— Y
then
I(r,f") T(r,f)

(2.18) 1 — 4 < lim inf Slimsup——"-—<1+44,

. T(,f) 1o T(r, f)
and
(2.19) k(f) = il .

1 — 42

In the special case of entire functions, it is clear that the condition (2.17)
may be omitted. Lemma 1 then shows that if A is sufficiently close to 1,
k(f") will be so small that some of our results may be applied to f’. This
yields information about T'(r, f’) which, in view of (2.18), may be expressed
in terms of T'(r, f).

Combining Corollary 6.1 and Lemma 1, we thus obtain

THEOREM 7. An entire function of finite order with

(2.20) > 8(r) = 2,

is necessarily of positive integral order and of regular growth.

Using Lemma 1, in the same way, it is clearly possible to restate other
results of this paper. The modified theorems will be applicable to entire func-
tions with A close to one.

Using the full strength of Lemma 1, there will be further extensions to
meromorphic functions with Y_8(r) close to two and one deficient value of
deficiency close to one.

It would be interesting to omit the latter restriction. We are unable to do
this, but observe that such an omission would necessarily weaken some of our
statements. It is known, for instance, that part of Theorem 7 does not hold
for all meromorphic functions satisfying the condition (2.20), since there
exist functions of this type and of finite nonintegral order [4, p. 83].

3. Estimates for the logarithmic mean of the primary factor of genus g.
Let g(=0) be an integer and put

E(4,0) =1— u,
2
@1 E(u,q)=(1—u>exp(u+%+---+§) (g > 0).

Since ¢ is fixed throughout this section, we write E(%) instead of E(x, g).
We start from the representation
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log E(u) = fo ; E_ N dg,

where the path of integration can be chosen as a straight line segment, pro-
vided u is not a positive number greater or equal to 1. Hence, for 0 <0 <2,

| log | E(re®) | | gf
0

Integrating with respect to 6 gives

r 1adt
| tei® — 1]

3.2) —f llog ] E(re“’)l ld0 = m(r, E(z)) + m(r, G )) = fort%(t)dt
where

6.3 o =t f?f do 1 fzr do
' Cordy et —1]  2rdo (2 — 2tcoso+ 1)1z

The function ¢(¢) is defined for all positive ¢ (1), and it is easy to
verify that

o(t) = ﬁ—{ + mz;;(l 3;4.6 (2m21; 1)>2<(1 j:z)?)m}
< {1-+-——10g

l—l—t‘}
=141 P 1 —¢)

We shall require several properties of ¢(#), in particular

(3.4)

1
(3.5) ) = o(5)
which readily follows from (3.3). For =2,
(3.6) o<(t)<1f2' b 2
' ¢ 2r t—1 ¢

By (3.2) and (3.5),

3.7 m(r, E(z)) + m(r, Et )) < f t-lg(f)dt = 12 f lwu-c—lqs ({-) du.

We now evaluate the integral

[ “pg()dt = J(8),

which, in view of (3.6), is convergent for 0 <8 <1. Clearly,



1959] MEROMORPHIC FUNCTIONS WITH SEVERAL DEFICIENT VALUES 301

(3.8) 7@ = f "% f ) 7 d
' Txdo Jo (2= 2coso+1)12

and the change of variable

cos (0 —
! =cosf+ sinftan¢ = M;
cos ¢

transforms (3.8) into

1 T /2
J(B) = —f de {cos (0 — ¢)}#1{cos ¢} ~*ds.
wJo o—x/2
Interchanging again the order of integration

1 pri2 $4r/2

(3.9) JB) = — [ (cos ¢)-*ds f {cos (6 — ¢)}#-1de.
T J—x/2 0

Now

¢+x/2 /2 0
(3.10) f {cos (0 — ¢)}p-1d0 = f { cos w}f1dw +f {cos w}t1dw,
0 0 —$

where the latter integral is an odd function of ¢. Hence (3.9) and (3.10) yield

1 /2

/2
J(B) = {cos qb}"’dd:f { cos w}f-1dw.
0

T J_x/2

Expressing these integrals in terms of the I'-function [11, p. 256], we find
1 1-—
")) ()
2 2 2
)7 G+3)
272T{1 — — )P {—4+ —
" ( 2) " \z 1>

r@zr{d —z =

J(@B) =

Using the identity

)
Sin w2

we obtain

2

sin ( ,s)r2(3+ 1- Zﬂ)rz(}—— 1- 25)
T 4 4 4 4

The factor of sin (xf) in the denominator has a minimum at 8=1/2, This
is readily seen by examining

(3.11) J(B) =
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d 3 3 o 2
ZlogT (= + )T (=-1) = :
(3.12) a8 (4 + ) (4 t) Z v
(5+m) -

For |t| <1/4, the left-hand side of (3.12) has the sign of ¢, so that
I'(3/4+t)T'(3/4—t) has a minimum at ¢=0. Hence, by (3.11)

x? < 44
I(3/4) sin (x8) sin=B

(3.13) f ',._14,(,)0 =JB) =

4. Proof of Theorem 1. Let f(z) be a meromorphic function of finite non-
integral order A. Then f(2) has the canonical representation

s(5)
(4.1) f(z) = z*eP® —————  (E(w) = E(u,9);9 = [,

2
E(=
()
where E(u) is defined by (3.1) and P(2) is a polynomial of degree not greater
than g.
We write {d,} for the sequence obtained by rearranging the zeros {a.}
and the poles {b,} of f(2) in a single sequence (0<|di| <|ds| <|ds| - - - ).
Obviously

> 1=n(,0) + n(t, ©) = n(f).

ldyl 5t
From (4.1), we deduce
z
=(z)
d,
and integrating with respect to 0(z=re®), we find
o0 (o) = Bln(-2 Q) + = (o 5} +oo
m(r, m\r,—) = m|r, E{— m\r, r9).
f re=1 d’ E(z/d')

By (3.7)

"‘(” E(%)) +'”("E(z1%) (Idl ’E‘”’>+’”(|;| Etz))
] R S

log (r— + =),

|log | f2) | | §§

Therefore
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(4.2) m(r, ) + m(r, _fl_) < Z ld,lt‘““tb( )dt + O(r9).

ya=1

0 0 0 t
> ) (—t-) dt = f n(l)-¢ (——) dt,
rual /) |dyl| r [] 1 4

T(#) = m(r, ) + N(r, ) = m(r, if) + N(r,0) + O(log ),

Since

and

(4.2) implies

4.3) 2T() — N(r) < 10 f

n(t)t‘ﬂ"aﬁ( )dt + 0(r) (r— + »).
0

We choose € (>0) such that
(4.4) gte<i<g+1-ec

By (4.3) and the definition of k(f) there is a constant C such that, for
f>f°)

(4.5) 2—x—oT() < 1 f n(t)rc—l.p( )dt + Cre.

0
Choosing ¥ such that

(4.6) A<r<A+g

multiplying (4.5) by r~7~! and integrating from x to + «, we obtain

2—k—¢ f " Ty < f Qe fo " n()-g (-i-) di

xTY
+C—— (r > ro).
Y—q
Denote by I the repeated integral in (4.7); interchanging the order of the
integrations, we find

I= f n(t)—e1dt j: r*""“q)( )df.

The substitution r =t¢s yields

4.8) I= fo " w()rr1ds f :s""“¢ (%) ds.

4.7
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We now set

0= (D)o

PO = [ awsmias = = MOy [ NG

¢

(4.9)

so that (4.8) takes the form

I=- fo e (%) dF ).

An integration by parts yields

wm e[S

Clearly

1F() = n(d)t f ) ﬁ = n(®) ’

i Y

and since #z(t) is of order A, the second of the inequalities (4.6) yields
(4.11) lirﬁ‘iup 1F(t) = + .
Hence there must exist an increasing, unbounded sequence {x,} such that,
for each x,,
(4.12) {F(t) < 5 F(x,) t S x).
On the other hand, by definition, F(¢) is a nonincreasing function so that
(4.13) F() = F(x») (tz x).
Using (4.12) and (4.13), in (4.10), we obtain for x=x,

ena{ )Y
= F(x.){ fo lu"“"l"‘qﬁ(u)du + fl ”u”'q'lcﬁ(u)du}
= A(e)F(xy).

We now consider (4.7) with x=x, and use the estimate (4.14) for the re-
peated integral:

(4.14)

a-—Y

Cx,

(4.15) (2—«-— e)f”T(r)r-'r—ldr < F(x) {A(e) + o —oF® )} .
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In view of (4.11) and (4.12), for sufficiently large »

1 .
=
F(xr)
and hence
('t 4
(4.16) lim —— =
) y— F(x,) ’
since
g—v+e<0,

by (4.4) and (4.6).
Combining (4.15) and (4.16), we obtain
2—k—c¢€ . F(x)
———— = limsyp———
(4.17) A(e) zZow o
T(r)rrdr

z

By (4.9) and the definition of (f), we also have

Fx) ¥ L wN (r)r—1dr
(4.18) limsuyp———— < limsup = vx(f),
e ) T(r)r—r1dr e f ) T(r)r—1dr
so that (4.17) and (4.18) yield
2 e =)
v4(e)

Now let e—0; then y—A\ and

A(e) — fo ”u*“"‘ld:(u)du.

Hence
2—x

A f w19 (u)du
0

=< « = «x(f).

Theorem 1 follows by solving this inequality for « and using the estimate
(3.13).



306 ALBERT EDREI AND W. H. J. FUCHS [November

5. A property of canonical products with negative zeros. We prove the
following:

LEMMA 2. Let g(z) be a canonical product of finite genus q (Z1). If all the
zeros of g(2) are real and negative, then

600, g) > 1—+qu )
where A is an absolute constant.

Proof. We start from the well-known representation

© zq+l
log (6) = (=11 [ 09 i a,

due to Valiron [8, p. 237]. Taking real parts,
® n(x) xcos (g4 1)8 + 7 cos gb i

x9tl x2 4 2 4 227 cos 0
We first assume that g is odd and consider the [¢/4]+1 arcs defined by
27k s 2rk 1
it 0 S S i D (k=0,1,2,---,[g/4]).

Their total length is greater than wg/48(¢g+1), and on each of these arcs

(5.1) log ]g(re“)l = (_1)q,q+xf

(5.2

1
(5.3) cos (g+ 1)8 = 7

Now (5.2) also implies

* q¢— 8 T
21rk+Iq+1§q0<21rk+? (¢=0,1,2, - - -, [g/4]),
and since ¢—8k= —¢, we have
1
(5.4) cos q0_2_—2--

In view of (5.1), (5.3) and (5.4)
1 r"“f * n(x) x+r
[]

- x
g(re'®) 20+l 22 4 92 4 Qa7

2
on arcs of total length greater than 7/100. Hence

5.5 I)Zr‘”‘f" n(x) dx
-9 m(r,g T 400J¢ attt xt 7

log
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Using the estimates (3.2) and (3.4), it is easy to see that there exists an
absolute, positive constant B, such that

r q

o 14¢

dt.

m(r, E(z, ¢)) + m(r, ) =< B(1 + logq)

E(z, @)

This implies

z 1 ® /r\ dx
m(r, E(———; q)) + m(r, ————) =< B(1 + log q) (—) ,
a E(—f— ) lest \ % x+r

a»

© n(x) dx

(5.6) T(r, g(z)) = B(1 + log 9)"“fo s tr

since g(2) is a canonical product.
Comparing (5.5) and (5.6), we obtain the lemma for odd values of g.
If ¢ (>0) is even, we would consider the [(g—2)/6]+1 arcs defined by

5.7 21rk+ T <o < 21rk+ S« (k—012 [q;Z.])
g1 g+1T T g41 4g+ 1) o Le 4

Their total length is still bounded from below, independently of ¢, and
on these arcs

2eh+ 2l 2 < o< 2ok
= x - x.
Ly ‘rq+1 q 7 T
Since k< [(g—2)/6] implies
"% 2,
qg+1 3
we now have
1 1
-—cosqvg—z—; —cos(q+1)0g—2—-

From this point on, the proof given for odd values of g applies without
modifications.

If g=0, the inequalities (5.7) become meaningless because of the restric-
tions imposed on £; it is also clear that, in this case, the lemma is no longer
true.

6. Proof of Theorem 2. Let g(z) be the canonical product, of genus g,
formed with the zeros a,.

By definition, ¢ is the smallest integer such that
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1
(6.1) me<+°°,

and hence, ¢ is also the largest integer such that

1
(6.2) EW=+ 0,

By assumption (iii) of Theorem 2, ¢=1 and by assumption (ii),g < + .
Hence the results of §5 may be applied to g(z); in particular, the inequalities
(5.5) and (5.6) yield

©® pn(x) dx *° n(x) dx
(6.3) Cretl < T(r,g) < Dret? ,
0o x x4 7 o xttl x4 7

where C and D are suitable positive constants.
It is well known [9, pp. 51-52] that (6.1) and (6.2) imply

* n(x) J
(6.4) fo L <t =,
and

© n(x)
6.5) fo L

Let € (>0) be given. By (6.4), we may choose ¢ (>0) so that
f (=) dx < e,
¢

x9+?2

and hence, by the second inequality (6.3),

t n(x) dx
IT(r,g = Dr“"{ f (2) da + e} < 2eDrotl,
0 x(H'l r

provided 7 is large enough. This clearly yields
yatl

6.6 I
(6.6) T

Using the first inequality (6.3),

al’ n(x) dx
Cre — 2 T(r, 9.
0

xetl 2r
and by (6.5)

(6.7

4l
lim =C
r—= T(r, g)
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Now consider the most general entire function f(z), with the sequence of
zeros {a,}:
f(z) = f¥g(2).
If Q(2) is a polynomial of degree at most equal to g,
(6.8) T(r,g) = T(r,f) + T(r, e°) < T(r, f) + Hre,
the latter inequality holds for some suitable constant H and all sufficiently

large values of . In view of (6.7)

T
1 < lim inf L0,
T ® T(" g)

and thiS clearly 1mplies
6 0, = 6(0 >
( f) ( ) g) 1 ] 4

by Lemma 2.
If Q(2) is a polynomial of degree greater than g, or an entire function, we
use

(6.9) I(r, &) = T(r, f) + T(r, g),
instead of (6.8).

If Q(2) is a polynomial of degree greater than ¢
(6.10) T(r, e?) > Hret,
for some suitable H and r large enough.

If Q(2) is an entire function, we observe that

log M(r, e?) = ﬁax ®RQ(2)
8| =r

and obtain (6.10) by an obvious argument involving the inequality of Borel-
Carathéodory, Liouville’s theorem and Nevanlinna’s inequality relating the
logarithm of the maximum modulus and m(r, e9).

Now (6.6), (6.9) and (6.10) imply

. T(f’ f)
lim =
r—w T(r, g)

and hence
6(0, f) = 1.

7. Proof of Theorem 3a. We may suppose, without loss of generality, that
f(2) has no zero or poles on |z| =¢7. (The general case follows from this by an
obvious continuity argument.)
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We may also suppose that f(0) =1, since
T(r,f) = T(r, A2°f(2)) + O(log r).

We start from the Poisson-]Jensen formula

1 o R-r
log |f(z)| = E;fo log | f(Re™)| R? — 2Rrcos (0 — ¢) + r* %
(7.1) + laﬂz(ﬂ log | gz, @) | — |b§'<:ze log | g(z, b)) | ,
where
R=or (e>1),
and
8z 0) = H '
Let
R — 1
(7.2) R2—27Rc05(0—¢)+f’= tre
Then
R—7r R+r
L SttesT—
(7.3) lo| = iy
R—7»
Using (7.2) and (7.3) in (7.1) and noting that
| os, @) <1 (j2] <R,
we obtain

(.9 1og |s@| 5 [ log 1R | d + — [ [1og | sRe#)| |05
- Z lOg Ig(Z, b')' .
|by|<R
Now
1 2%
(7.5) o f log [ f(Re#) | dp = N(R,0) — N(R, ) (Jensen’s formula),
xJ o

and
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1 2x . 1
(7.6) 2—] | log | f(Re*#) | | dp = m(R, f) +m(R, 7) < 2T(R).
wJo
Combining (7.4), (7.5) and (7.6) we obtain

4T (R
B _ 5 1og e 5],

o= |byI<R

(7.7 18g |f@)| = W(R, 0 — NR, =) +

where X+ denotes max{O, X }
If f(2) is entire, it is clear that (7.7) is equivalent to

(7.8) log M(r) = %1- T(or) + N(or, 0) (R = or).

If f(z) is meromorphic, we integrate (7.7) with respect to 6 and notice
that, by Jensen’s formula,

1 2r
- X —| log|glre b)|do = N(R, ») — N(r, ).
1yi<k 2w J o
We thus obtain
T(') = m(”f) + N(” °°)

< —f—l T(or) + (N(o7,0) — N(or, @))* + N(or, @)
(7.9) 7 ]
= —— T(7) + max {N(o7, 0), N(or, =)}.

The inequalities (7.9) and (7.8) coincide, respectively, with (2.5) and (2.6)
except for the O(log r) term which appears if the condition f(0) =1 is dropped.

8. Proof of Theorem 3b. Let f(z) be meromorphic, f(0) =1. Consider the
polynomials

Lo- O (1-2), Mo- I (1-3),

laplsR » I1bIsR »

formed, respectively, with the zeros and poles of f(z). The function

IL- @
L@ f(2)

is clearly regular for |z| <R and, for a suitable choice of the determination of
the logarithm

8.2) Ms) = 3 CalR)sm (|5 =R

(8.1) k(z) = log
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Since R is fixed throughout this section, we write C, instead of C,(R).
To estimate the coefficients C,, we use the well known formulae [6, p. 86]

(8.3) Cpr™ = —f (R{h(re“’) "’"’dﬂ (r=R,mz=1).
If0<|d| <|z| =7,
b4 © 1 d"‘
8.4 ®1 1——)=1 ———(R
(8.4) og( d) og|d| Em r2’"

and the formulae (8.3) may be applied to the power series on the right-hand
side of (8.4); we thus obtain

1 d» 1 ptr re?|

(8.5) __"—="ﬂ[ log [1 — — | e~im0dg O<|d| <rymz=1).
m ™ wJ . d

Similarly
1 m 1 +r ret? )

(8.6) ——-—~=——-f log|1 — —| e %0 (r<|d|;mz=1).
md® 7w J_. d

By a simple continuity argument, it is easy to see that (8.5) and (8.6) remain
valid for |d| =r.
Combining (8.3), (8.5) and (8.6), we obtain

m

1 +r
Cprm™ = —f log | f(re®®) | e~imtdg + — E —
™ -

M jaysr T
(8.7 m m m
r 1 b, r
D N T
M r<lay[sR @, M bl T r<|bylsk b}
Now

+r 1 +r
l— log | f(re) | e"""”dﬁl = —f | log | f(rei®) | | do
™ -

—‘l’

®-9 2 (m(r,n tm (r, %))

= 4T(r) — 2N(r),
so that (8.7) and (8.8) yield
1 1 1 1
(8.9) Can=— 2 ——— 25 —+ ()

m
M 1<laysR @ M <|bisk O}

where
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(8.10) | yn(r) | = 4T(r) —m 2N(r) 4 n(:)‘ .
L4 mr
In particular, =R implies
Cn = Tn(R)
and hence
4T(R) N n(R)

8.11 Cn| =
(8.11) [Cal s+ —

We next choose a bound p (0 <p<(R/4)) and assume
R
(8.12) 2p<r=|z|<—2—-

Let ¢ (=1) be an integer and let E(«, g) denote the primary tactor ot genus
¢, defined by (3.1).
Replacing, in (8.9), r by p, and returning to the definition of E(«, ¢), we

find
" e =( )]
® Crzt — log =5——¢ = log |E{—>
{mz-:l ’ o8 Ho(z) p<IaZyIsR %8 a»
(8.13) - 3 log E(i, q>|+log II (1—i>
p<|bylsSR b, laylsp a
2 q
—log| JI (1 — —)} + ® D ymlp)z™.

byl sp b, m—1

Combining (8.1), (8.2) and (8.13), we obtain

1) tog || = 5 tog|5(Z0a)| - T g

E(—z—, q)’—{—S
b, | ’

r<larlsR p<|by| SR
where
q had 2z
S = a{ 2 m(p)zm + 2 Cmzm+log ]I (1 - —)
(8.15) m=1 m=g+1 laylsp ay

—log II <1—i>}
byl 5 b,

We now estimate the various terms on the right-hand side of (8.15). We
first prove
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616 3 [9m0) | < {876) - 43 + %n(p)} (7)

By (8.10)
q z " s 1 "
8.17) 2 [ym(p) | ™ = {4T (o) — 2N (p)} Z(L) + ) 2 _<L) ’
m=1 m=1 P met P

and since (p/r) <(1/2) (by (8.12)),

@19 é(Y(ﬂéCYﬂG&
(8.19) . RORY
< (& )?.%(’“)(7) = (2)

The inequality (8.16) follows from (8.17), (8.18) and (8.19).

Similarly, using (8.11) and (8.12)
r q+1
n(R) | — .
@} (%)

(-7

(8.20) > | Calm < {8T(R)+

m=g+1

We next observe that

(-2l 2
laylsp ay laylsp

(8.21)

log + {log

Il

’

and since

ay
1—- =
z

1—2”§ —-log(l——i)
2 r

|
< NG, 0) + (o, 0) {log () — 108 (1 = Z)} .

1- == <1+—

r

we also have

log

Hence (8.21) implies

L(-)
laylse a,,

log
(8.22)

By (8.12)
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4
—>2, r—p>op
P

so that

r p r? r r
log(—)—-log(l——)=log{ } <2log—< —
P r o(r — p) P p

%(%)" @=1).

Using (8.23) in (8.22), we obtain
n(p, 0) / r\*?
< 36,0 + 222 (2,

Z
I (1-)
laylsp ay q p

and this estimate remains valid if the zeros a are replaced by the poles b.
Combining (8.15), (8.16), (8.20) and (8.24), we finally obtain

6.25) || = {876) + 5”;")} (‘,,‘) + {7 + z”ff i} (—’ﬁ)”

In the above estimate, we have assumed g1, but it is clearly possible
to obtain for log | f(z)l an expression such as (8.14) with ¢=0. Starting from
(8.1) and (8.2), we obtain immediately (8.14) with ¢=0 and

(8.26) S = (R{iC,,.z’"+log II (1—i>—log I (1—1)}.

m=1 lal 50 a, [I9PH b,

(8.23)

IIA

(8.24)

log

The inequality (8.20) is still valid with ¢=0. There is nothing to change
in (8.22) and, by (8.23), its right-hand side may be replaced by

N(p,0) + (s, 0) {1 + log %} :
Hence (8.26) yields
621 || S {8T(R) + 20(R)} =+ NG) + ) {1 + 1og'7}.

Using the fact that T'(#) and N(u) are increasing functions and that

no)log— = [ 9 < e b <,
p o 0
au dt
(8.28) n(u) = n(u)(q + l)f 7 S (@+ DN(aw) (a = et

we obtain (2.8) and (2.9) from (8.14), (8.25) and (8.27).
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2(5 )|+ 19]
3, ! ’

where {d.} denotes again the sequence obtained by combining the sequences
{a,} and {b,}. Taking mean values, as in the proof of Theorem 1, we find

en+m(nsYs T |m(nE(L) )+ m|n—0 ]| +1s].
m m(r f) p<|dy|SE m(r <d.) q) mrE<5:’)

From (2.8), we deduce

llog |f&)| | = X

p<ldy|sR

log

Minor modifications of the arguments which lead to (4.3), now yield
2T(r) — N(r)

B ¢ © 1
(8.29) <n f n()-¢ (—) dt + rin(R) f i (—) a+|S].
] r R r

By (3.6) and (8.28)

© 12 ®
r'n(R) f t-«—l¢<_> dt < 2r7+1n(R) f -2
R r R
r\ ¢t
<2N@R) (=) .
= (aR) (R)

Inequality (2.10) follows from (8.28), (8.29) and (8.30); this completes
the proof of Theorem 3b.
9. Proof of Theorem 4. We may suppose, without loss of generality, that

(8.30)

a=0, B = «,

since, by Nevanlinna’s first fundamental theorem, a bilinear transformation
of f(z) does not alter the lower order of T'(r).
Let

y<d<e<i;
then the definition of deficiency implies
N(r,0) < ¢ T(r), N(r, ©) < T(r),

for all sufficiently large values of r.
In (2.5), choose

9.1) g=1+

Then, for all sufficiently large values of 7.
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1t

9.2) T(r) < T(or) { 4 4 log '} ,

where A is a suitable constant.
Since f(2) is clearly not a rational function,

log r
—>
T(r)
as r—+ o, and hence
9.3) "+ A ogr <
. ¢ c
T(r)

provided r is sufficiently large.
By (9.1), (9.2) and (9.3), there exists some 7, such that

T(a’kfo) 1
T(o* ') ¢(2—¢)

(k=1,2,3,--.).

This implies

T(o"r0) _ n T(a*ro) > { 1 }"
T(ro) k=1 T(c* 1ro) c2-2o)f
Hence, if r>7, and n is determined by
a"rg S r < o™ty

we have

log 7() _ log T(orre) _ "8 {6(2 - c)} + log T(ro)

log » log (ant1ry) (n+ 1) log o + log 7o

1
-l
log T 27—
y = limint B T0 , _ 2—9

r—w lOg 1 4 - lOg o

Theorem 4 now follows by letting c—.
10. Proof of Theorem 5. In this section, we put

r or

(10.1) o = (35)18, p=—) R=—.
ao a

We show first that, in view of (2.11),
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E !
2T(r) — 2N(r) < (g + 1)re f N(at)t—1¢ (—)dt
(10.2) ’ §
r\? r q+1
+w€)ﬂ@+&%ﬁ T(aR) @z 0),

provided 7 is sufficiently large.
If f(0) =1, this follows immediately from (2.10), (2.9) and the inequality

mm<%nm

which is a consequence of (2.11), for all large .
In fact the constants 8.5 could be replaced by the smaller number 8 4-10/27.
If f(0) #1, we replace f(z) by

fi(z) = 42f(z),

where the constant 4 and the integer » are determined so that f;(0) =1. The
functions N; and T3 associated with fi, in the same way that N and T are
associated with f, satisfy

(10.3) Ni(w) = N(w) (»21),
(10.4) T1(u) = T(u) + O(log =) (u— + «).
Since f(2) and fi(2) obviously are not rational functions,

log u

T(u)
as u— + «© and so, by our choice of p,

log r

N
T(ap)

as r—+ .

Now (10.2) holds with N and T replaced by N and Ti. In view of (10.3)
and (10.4), it is possible to return to V and T provided suitable logarithmic
error terms are introduced. These terms may be absorbed in the term with
T(ap), at the expense of the increase in the numerical factor from 8 +10/27
to 8.5.

Next we prove

LemwMA 3. If (2.11) holds and if
o = (35)V5,
(10.5) g+B8=c=sqg+1-5,
then,
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T(r) T(n)
< sup
r° rloSufer U°

’

(10.06)

provided r exceeds a suitable positive bound r,.

Proof. Put
B
T= —
Se(g + 1)
so that, by (2.11),
(10.7) Nu) < 7T(w)

for all large u.
Suppose now that 7 is so large that (10.2) holds and that (10.7) is valid for
all > (r/g). Suppose also that (10.6) is violated, so that

(10.8) T() < (—?—)cT(r) (i <us< ar).

a

Then, by (10.2), (10.1), (10.7) and (10.8)

@ = 20T(0) = (g + 17T f "’ (%t)cre—lcp (%) i1 + 8.5(a0) T (r)o~

a\et!
+ 8.5 (—-) T(r)ee.
T

Hence, dividing by T'(r) and putting v=¢/r, we obtain

(RIP)
2—-2r=(¢g+ l)ra°f v 1¢(v) dv + 8.5a% ¢
(p/r)

+ 8.5atlge—a1,

Let J denote the integral in (10.9); by (3.13) and (10.5),

© 44 4.4 2.2
(10.10) J <f v 1p(v)dy < — - < —-
0 sinw(c —¢q) sinxB B

(10.9)

We finally notice that, in view or (10.5), the definitions of a and & imply
(10.11) a? < at < aftl = ¢,

(10.12) 07T ¢ = d—ﬂ’ gl < B =—.

Using the estimates (10.10), (10.11) and (10.12), in (10.9), we obtain
22e(g+ D1 17e
—+

22 —_—
= 2r+4 P 357
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and in view of the definition of 7,

) < 1 +2.2+48<2
TS5 5 35
This contradiction, which is a consequence of (10.8), completes the proof
of Lemma 3.
We now prove assertion 11 of Theorem 5. Let

c=q+8.
By assumption (2.14), ¢>u and hence
.. T(w)
(10.13) lim inf = 0.
u—sw U

We first show that (10.13) implies the following property: Given u, (> 0)
it is possible to find yo (> uo) such that

0o o T

yf, voSusoye U

(10.14)

In view of (10.13), there exists some v (> u,) such that
_TG) _ T(w)

c
v° U,

(10.15) a

At some point y of the closed interval [uo, v]

T T
(10.16) O _ qp T
y° uwsuss U°
This definition of y and (10.15) imply
T c
(10.17) 0 o rw) (i> :
¥ v
If
(10.18) v < oy,

(10.17) yields

1) TO) | 16) |
y° y° ye
This contradiction shows that (10.18) is impossible; therefore
s y<oy<p,
and hence, by (10.16),
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T(y) T(u)
= sup .
y° vSusoy U

Taking yo=1y, we obtain (10.14).
It is now clear that we may find an increasing, unbounded sequence
{y,}51, such that

T(yv) T(u)
= sup —-

(10.19) c

Yy vySuSovy U°
It is also possible to assume
(10.20) Y1 > ro,

where 7, is the bound in Lemma 3.
We now associate, with each y,, a sequence Y, containing a finite number
of elements:

@ ™ )

lo yliy oyt (.7=.7(”))-
Since our arguments involve a single sequence YV,, we write ¢ instead of
£,
DEFINITION OF 7,
(i) Let
l = Y

and take # to be some point of the closed interval [¢)/a, at0] such that

T(t T(u
(10.21) W _ )
I t/osusote  U°
By assumption,
to g yl’

so that, in view of (10.20), we may apply Lemma 3 with »=¢,. This yields
T4 T |

10.22
( ) p p
Since by (10.19)
T T(u
(10.23) W _ sup @,
to tosusote U°

it is clear that

7
(10.24) Zsh <ty
o
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and also

(10.25) o _ g T,

I tiSuset, U°

(ii) Notice that (10.25) is the same relation as (10.23) with ¢, replaced
by 4. Hence the arguments which lead from ¢, to ¢, may be repeated with ¢,
replaced by #, provided Lemma 3 is still applicable. This requires 7o <#. If
t1 <7y, we interrupt our construction and take Y, to be the sequence: ¢, ¢;.

Otherwise, we define successively £, &, - - -, ¢; and terminate Y, with ¢;
characterized by
(10.26) i £ 1o < ti-1.

It is clear, by our construction of V,, that the relations (10.21), (10.22),
(10.23) and (10.24) imply

T(hs) T T(W)

(10.27) > = (S usStyk=01,---,7—1),
k1 [/ ue
and
{
(10.28) =S b < b (k=0,1,--,j—1).
o

(iii) In order to see that Y, has a finite number of terms, we prove

b1
beyr < — (tee1 > 10).

ag
If this inequality were false, we would have

T(t41) T(u) (%)
sup —_—=
tia G_/oSuSel,, U t

IIA

)

which contradicts the first of the inequalities (10.27).
Now let x (>7,) be given and choose some point ¢, in the closed interval
[x, ox], where
T T(u)
(10.29) @ = sup .

te zSus<ozr U°

Given v (2¢), we select some ¥, such that
(10.30) v < 9y, ax < Y.
Then

t,-§r0<x<ax<to,
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and, in view of (10.28), some member #, of Y,, falls in the closed interval
[x, dx]. Hence

T(t) > T (h,) )

(10.31) T

If

t=v = oz,

the inequality
(10.32) Tt(f) > T:f),
follows from (10.29).

If ox <v, then

W <v

and, by the first inequality (10.30)
v < lo.

In this case, (10.32) follows from (10.31) and the second inequality
(10.27). This completes the proof of assertion II of Theorem §.

The proof of assertion I is along similar lines, but simpler in detail.

Put

c=qg+1-p

and let 7o (>0) be the bound in Lemma 3.
The assumption A> ¢ implies

. T(u)
lim sup

u—w u°

=+°°,

and hence, it is possible to find a point %, (>07,) such that

T'(uo) T(u)
—— > sup
Uug ro<u<oro U°

)

(10.33)

and then a point s, of the closed interval [7o, %], such that

T T
(10.34) (il) = sup ) .
$1 roSusuo U
By (10.33) and (10.34), it is clear that
aro < S1,

and also that
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T(s1) - swp T(u) .

Sf reSuss, uc

(10.35)

We next choose some point s; belonging to [si/e, a51] and such that

T(s2) T(u)
= sup .

(10. 36)
S; n/eSusen U°

Since s, >7y, Lemma 3 yields
T(s2) N T(sy)

(10.37) ’
53 5y

and in view of (10.35)

(10.38) 51 < 52 < o5y,

It is also clear, by (10.38), (10.36), (10.37) and (10.35), that

T(s) | T(w)

5% u°

(fo <u= Sa).

Repeated application of the same construction leads to a sequence
{sk}i=y such that

(10.39) Sk < Sk41 S o5t (k = 1; 2’ 3) c ))
and
T (5k+1) > T(Sk) > T (u)

(10.40)

(roSusSsi,k=123---).

Sk Sk u°
In order to see that the sequence {s:}i~, is not bounded, we prove
0Sk—1 < Skt1.
If this inequality were not true, we would have

T(sk41) T(u) _ T(s)

S _— =

I\

’
Sk+1 5 JosSuSon, U° SE

which contradicts the first of the inequalities (10.40).

In view of (10.39), it is clear that, if x> s, each closed interval [x, ox]
contains a point s of the sequence {s:};~.,. Assertion I of Theorem 5 now fol-
lows from the second of the inequalities (10.40).

11. Proof of Corollary 5.1. If (2.11) and (2.12) are satisfied, assertion I of
Theorem 5 enables us to associate, with each 7 (>xo0) an s, in [r/a, r], such
that
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s qt+1—8 r q+1—8
T¢) 2 T() = T(w) (—) > T(a) (—) .
Xy, [£.4))
Hence
pzgt+1-—28

Similarly, if (2.11) and (2.14) are satisfied, there will exist, by assertion 11
of Theorem 5, some ¢ such that = ¢ implies

I() < (})Mr(n.

Hence

A=g+8.
12. Proof of Theorem 6. We show first that p=1.
Since by the definition of x(f) and (2.15),

(12.1) 7=mu{1—M®J—4@ﬂ}<dﬁ<I%y

Theorem 4 gives u=1 if y=0, and

gt ()
log(1+7—(i—4:-7)> log(%)+log {1—_8_———{-21}

if y=0. By (12.1)

(12.2) p 2

1 1 10
10 < Se < —> —_—<
2y 1—4 9
and hence
8 80 1
—_— 2y < — +—<10<—
1—+« 2y

It is now clear that (12.2) implies u>1/2 and therefore p=1.
We next show that

(12.3) ASp+1-8

If this inequality were false, we could, in view of (2.15), apply Corollary
5.1 with ¢=p and obtain

F%P’l‘l—ﬁ,
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contrary to hypothesis. By (2.15), Theorem 1 and (12.3)

5(B+1)>x(f)g Isinr)\ll > | sin 7\ | 1 g|sin1r>\|.
e
? 2.2)\—{—7 2.2(p+1_ﬁ)+? e(p + 1)
Hence
| sin oA | <£'
5

If / is one of the integers closest to A, then

8
211 =] £lsina@ =N = |sin1r)\i<?-

Since
p—(1/2) =p=AN=p+1-5
this leaves only the possibility /=>p,

B
Ix=2l <5

The last unproved assertion of the theorem, u=p—g, now follows from
Corollary 5.1 with ¢g+1=p.

13. Proof of Corollary 6.1. Suppose first that f(z) is of infinite order. Then
(2.11) and (2.12) hold for every integer ¢ (20) and, by Corollary 5.1, u is
greater than any assigned integer. Hence u= + « and the result is proved for
functions of infinite order.

If A<+ =, then Corollary 6.1 follows at once from Theorem 6.

14. Proof of Lemma 1. The following inequalities are implicit in R.
Nevanlinna’s proof of the second Fundamental Theorem [5, p. 64]. They were
stated explicitly by Ullrich [7, p. 207].

For every meromorphic function f(z), of finite order, and every finite set
of complex numbers 71, 72, - - -, Tp

. (s f—l—-) +(n fi) + O(log 7) < T(r, f)

v=1 -7
Sm(r,f) + N(,f') + O(log 7).
Since f'(z) has a pole of order k41 where f(z) has a pole of order &
(14.2) N(r, f") < 2N(r, f).
For ¢>0 and all sufficiently large 7,
(14.3) N(r,f) < (1 = &=, ) + oT(r, 7).
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Using (14.2) and (14.3) in the second of the inequalities (14.1), we obtain
T(’f’f’) = T(f,f) + (1 - 6(°°’f) + G)T(f,f) + O(lOg f),

and in view of (2.17),

(14.4) lim sup —0) < 5 s, ) < 1 4 .
T T(') f)
The first of the inequalities (14.1) yields
1
T(,f) > ’”( - )
lim inf T(’f) = liminf ), e
(14.5) e e "
(=)
m|r,
3 timinf —2 "2 = 3 5(r,, )
= im inf — = v f).
yaml r—w T(f, f) yeml
Since p is arbitrary, (14.5) and (2.16) imply
T(r,f'
(14.6) lim inf T(' ) sast-n.
r—® 7,

Combining (14.4) and (14.6), we obtain (2.18).
Now by (14.2), (14.6), (2.16) and (2.17)

Y < 2tim sup {]IY((:’ff)) ;((rff’;}
r— y 7,
2y

1
= 2(1 — &(o,f)) " < -

lim sup T =
(14.7) e TS

The first inequality (14.1) may be rewritten in the form

N(” 'fl") I, & "’('f——l—) +0( log # )gl

I(r,f") T, v  T(r)) I(r,f)
Hence
. 1 1
N(" 7) T(r.f) & ("f —r )
hrrn_’s.up _T_(r,T <1- hﬂ, tnf o) g 111'1_1. :nf —W )

and in view of (14.4)
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1 P
N ('a }.—,—) Z 8(77:f)
limsyp————= 1 — =

rme . T(r,f) 14+

Since p is arbitrary, this inequality implies

1
N(r,—
: f A
(14.8) limsup ———=1-— .
Landd T(f,f) 1+ Y
Using (14.7), (14.8) and (2.16), we finally obtain

1
N(r, ) N(” f_> 2 1 4
7, . -
k(f) £ lim sup -+ lim sup = L +1- Yo
r—w T(r,f') re o T(r, f) 11— I1+v 1-—-4°
This completes the proof of Lemma 1.
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