PROJECTION CONSTANTS(Y)

BY
B. GRUNBAUM

1. There are two main problems connected with the notion of projections
in Banach spaces. The first, which grew out of attempts to generalize results
known to hold in Hilbert space, is the following: For a subspace X of a given
Banach space YV, does there exist a (continuous) projection of ¥ onto X?
Moreover, under what conditions is it possible to choose for each XCVY a
projection Px: Y—X such that the norms ||Px|| are uniformly bounded for
all XCY? For results in this direction see, in particular, Kakutani [6],
Murray [8], and Sobczyk [11].

The second problem is the following: Given a Banach space X, under
what conditions does there exist a projection onto X of any space Y DOX?
Moreover, what may be said on the norms of such projections? An important
concept in this connection is that of the class P, for a fixed A\=1: A Banach
space X belongs to B, if, whenever X is imbedded in a space Y, there exists
a projection of Y onto X of norm less than or equal to . Of particular interest
is class B; which has been completely characterized (see Day [4] for a sum-
mary of known results on the classes B, and for references to original papers),
but little of a positive nature is known about P, for A > 1.

In the hope that more precise knowledge of properties of Minkowski
spaces (i.e. Banach spaces of finite dimensions) will be helpful in solving
problems pertaining to projections in infinite dimensional Banach spaces, we
report in the present paper some results on projections onto Minkowski
spaces. We find it convenient to define, for any Banach space X, the projec-
tion constant ®(X) as the greatest lower bound of the numbers A such that
X &P If, moreover X EPp(xy, we say that ®(X) is exact.

It is well known [4] that any Banach space may be imbedded in a mem-
ber of P, and that each X €P; has the following extension property: Given
any Banach spaces Y and ZD Y, and any linear transformation f from Y to
X, there exists a linear transformation F from Z to X coinciding on Y with f
such that || F|| =|lf]|.

These facts imply immediately that we can find the projection constant
®(X) of a Banach space X by taking a member Y of PB1 which contains X and
taking the greatest lower bound (or minimum, if exact) of the norms of all projec-
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tions from Y onto X. In some cases (see, e.g. Theorems 1 and 3) this char-
acterization allows the determination of ®(X) in a direct way.

In the present paper we shall determine the projection constants for some
particularly simple Minkowski spaces and obtain bounds for other Minkow-
ski spaces. Our results are in a certain sense complementary to those of Mur-
ray [8] and Sobczyk [11].

2. Notation and statement of results. Throughout the paper the following
notation will be used:

n: a (fixed) natural number, N =27"1;

E™: n-dimensional Euclidean space;

m», I*: n-dimensional Minkowski space with points x = (x1, - - -, %,) and
norm ||x|| =maxigign | % resp. ||x]| = 2_0, EAR

R,: Minkowski plane whose unit cell is an affine-regular 2"-gon (i.e. the
transform of a regular 27-gon under a nonsingular affine map).

M™: any n-dimensional Minkowski space.

The main results of the present paper are:

THEOREM 1. ®(R,) =22"" ctg 27"r and is exact.
THEOREM 2. ®(E?) =4/m.

THEOREM 3.
@) = 2" Coy, mny2
and is exact.

THEOREM 4.

THEOREM 5.
®(M") £ (2/m)*n + O(n™);
(M2 < 3/2.

The following sections contain the proofs of the above results and some
additional remarks.

3. Proof of Theorems 1 and 2. The proof of Theorem 1 will be divided
into three parts:

(i) Applying an idea of Naumann [9] we shall represent R, as a (2-
dimensional) subspace of the N =271 dimensional Minkowski space m¥.
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(ii) Next we shall exhibit a projection P: m¥—R, such that

|2l = = etg -
N 2N

(iii) We shall show that any projection P*: mN—R, satisfies || P*| =P

Since m¥ &P, this will (according to the alternate definition of ®(X))
prove Theorem 1.

In order to establish (i), let the points of R, be given by (x,, x1), where
the system of coordinates is chosen in such a fashion that G,, the unit cell
of R,, has the representation

3.1) G, = {(xo, %1); max I %o COS 21¢ + x; sin 2i¢>l =< 1} ,
0<1=N-1

with ¢ =7/2N. The vertices 4;, 0SS N—1, of G, are then given by

cos (2 + 1)¢ sin (2] + 1)¢>

b
cos ¢ cos ¢

3.2) 4; =(

Let D=(di;)¥,_, be an N by N matrix with elements
{cosZi(j+1)¢, for0<:<N-—1and j=2%0=5k=N/2—1,
sin 2ijé, for0<i<N—1andj=2k+1,0<k=<N/2—1.

ij

It is easily verified that DD’ = (1/2) NIy, where D’ denotes the transpose of D
and Iy is the N by N unit matrix. Therefore, in the N-dimensional vector

space with points (xg, * * *, ¥x-1), a hypercube HY is given by
N—1
(3.3) HY = {(xo, .+, %y-1); mMax D dgx;| = 1} .
0<isN-1 j=0
Taking HY¥ as the unit cell, we obtain m”". It is obvious that R, is the sub-
space of m" consisting of points (x¢, * * -, xy—1) for which
x; = 0, 2=i1=N-1.
To establish (ii), let P: m¥—R, be the projection defined by
P(xo, - -+, xy—1) = (%0, 1, 0,0, - - -, 0) = (%0, %1).
In other words, denoting by e; the unit vector in the direction of the
positive x; axis, ;= (8, - - -, 87 7!), we have
e, fori1=0,1,

P(e,~)={ .
0, for2 <+ N-1.

In order to compute the norm ||P|| of P it is obviously sufficient to find
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max{“P(x)“; x & mV, le“ = 1}’
which, in turn, equals
max{||P(V)||; V a vertex of H¥}.

Now, it follows from (3.3) that any vertex V of H" is representable in the
form

V = (vo, 01, -+, 0n-1) = - (eo, €1, + =+, ex—1)- D,

where each ¢; is either +1 or —1. In particular

N—1

9 = — €; COS 21
0 N Z% ¢"

3.4
>
9 = — €; sin 2i¢.
1 N ¢

=0

We are especially interested in those vertices V®, 0<k=<2N-—1, for

which the corresponding € satisfy

1 fori: =k
ei"’={+ = fO<E<N-1,
—1 fori: <k
1 fori<k—N
ei'”_{+ ot N < k<N -1
-1 fori =k — N

It is obvious from (3.4) that HP(V)H is maximal for these and only these
vertices.
Now, as is easily computed,

*) 2 sin (1 — 2k)(2i + 1)o
TN s it D)o
*) 2 cos (1 —2k)(2(+ 1)¢
TN sin 21+ D
for 0Si<N/2—1, 0SE<2N—1.

Therefore, assuming the convention Ayyav =A, for the vertices of G,, we
see, on comparing (3.5) and (3.2), that

(3.5)

2
(36) P(V(k)) = “]{’“ ctg ¢'Ak+N/2._1, for O é_ k = 2N — 1,

and thus max||P(V)||=||P(V®)|| =||P|| =(2/N) ctg 6= (2/N) ctg (x/2N) as
claimed.
(iii) Let us assume that there exists a projection P*: m¥—R, such that
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3.7) 24| <[ 2.

We shall reach a contradiction in the following way:
Let P* be represented by

P*(ez;) = (az; sin (2] + 1)¢; by; sin (25 + 1)¢) € R,
P*(e2541) = (@2;+18In (25 + 1)¢; bajiasin (2 + 1)¢) E R,
for 0£j=<N/2—1, where obviously (since P* is a projection onto R,)
3.9 @y = by = 1/sin ¢; a1 =bo=0.
By (3.7) we have

3.8)

2
|l P*(v®)|| < - Ct8 for0 < k < 2N — 1,
and therefore, using (3.8) and (3.1), it follows that

Ve *) o
< Z [‘02; a2 + V2i+182i+1] SIN (2% + 1)¢> Cos (N + 2k)¢

=0

NE ®) e
+ Z V9 b2y + 7)2£+1bz.'+1] sin (2¢ + 1)¢ ) cos (N + 2k)¢

=0
2
<Wctg¢ foreach /,, 0 <k < 2N — 1.

Taking into account (3.5) and (3.9) we obtain (after elementary simplifi-
cations),

N/2—1
- ( > lasisin (1 — 2k)(2i + 1)¢ + azir1cos (1 — 2k)(2i + 1)¢]) sin 2k¢

=1

N/2—1
+( > [beisin (1 — 2&)(2i + 1)¢ + baiya cos (1 — 2E) (2 + 1)¢]) cos 2k¢ < 0,

=1
forO0 <k < 2N — 1.

Adding these inequalities for all values of & we obtain

N—-1
(3.10) 2 (gia; + kb)) <0
=2
where
2N—1
g = 2 sin 2i¢-sin (27 + 1)(2i — 1)4,
=0
2N—-1

gois1 = D sin 2ig-cos (27 + 1)(2i — 1)¢,

1=0
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2N—1

hoj = D cos 2i¢-sin (25 + 1)(2i — 1)¢,
=0
2N—1

haji1 = D cos 2ig-cos (27 4+ 1)(2i — 1)¢,

=0

for1 £ N/2 - 1.

But, on evaluating the above sums, we find that g;=#4;=0 for all j; therefore
(3.10) reduces to 0 <0. This contradiction proves assertion (iii) and thus also
Theorem 1.

REMARKsS. (i) It is easily seen that for n>2 there exist projections
P*: mN R, different from P but satisfying || P*|| =||P]|.

(ii) Applying arguments of the same nature as those used in the above
proof the projection constant of any Minkowski plane whose unit cell is a
polygon may be determined. But even in the case of a regular k-gon, if
k=27, the relation (3.6) fails and with it the estimate of the projection con-
stant given in Theorem 1. Thus, for 2=6 the projection constant equals 4/3.

Theorem 2 follows easily from Theorem 1. In order to establish it we
need the following lemma, whose obvious proof we omit:

LeEMMA. Let X be a linear space in which two norms || ||: and || ||z are de-
fined; let X, and X, denote the corresponding normed spaces. Then

[l = [lalle = we[ladls, Jor all x € X,
implies
1
— @(X)) = (X2 = w®(Xy).
m
Now, let E? be the Euclidean plane with norm || || and unit cell S, and

let || ||. denote another norm in the plane, according to which the unit cell
is a regular 2"-gon circumscribed to S. It is evident that

Il = Il = /Zn)ll s for all » € E2.

Therefore, by the lemma and Theorem 1, we have
T T .o
2277 cos o ctg o < ®(E? =< 2*"/sin o

for any 72 2. Since both estimates of ®(E?) tend, as n— «, to 4/, this proves
Theorem 2.

4. Proof of Theorem 3. The proof of Theorem 3 parallels closely that of
Theorem 1, although in the present case the technical details are more com-
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plicated. The proof is again divided into the following three parts, which are
sufficient in view of the alternate definition of ®(X).

(i) We represent I* as a subspace of m?;

(i) A projection P: m¥—l" is defined such that

n
”P” = —]\—7 Cot, 12 3

(iii) We show that any projection P*: mN—i» satisfies || P*|| = || P||.

In order to find the imbedding of I* in m¥ we need, let us assume that m¥
is given in the usual representation, according to which the unit cell H? is
given by

HY = {(xo,--~,xN_1); max |x.| < 1}.

0StsN-1
Let {e;} X! denote the usual basis of m¥, given by e;= (8, - - -, 8¥~%). The
vertices V of HY are obviously of the form V=(e, - - -, ev_1) = D 1o’ s,

where each ¢; is either +1 or —1. We shall need another basis for m~, which
we proceed to define.
(i -)
1 -1

Let A; denote the matrix
and let A, £>2, be the matrix obtained from A;_, by substituting 4. for
+1 and —A4, for —1. Thus, e.g.,

1 1 1 1
1 -1 1-1
A3= .
1 1 -1-1
1 -1-1 1

Obviously 4,2 is an N by N matrix with elements 1. It is well known
(see, e.g., Sobczyk [11] and the references given there) and easily proved that
A,=A4, and

4.1) A48 = N-Iy.
Let the elements of 4,, #>0, be denoted by a;;, 057, jS N—1. Since 4, is

nonsingular, the vectors {b;} (which correspond to some of the vertices of
HY) given by

N—-1
bi = > aiej, 0<i<N-1

=0

form a basis for m¥. (In the sequel we shall use the notation Y_;<y instead

of > '5L)
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Let I denote the set of n integers {0, 1,2,4,8,:--, 2"‘2}. From the
definition of the matrices 4, it is immediate that the components of by ac-
cording to the base {ej} are all +1, while for &1, 10, the components of
b; are © +1's alternating with the same number of —1’s. Therefore (see the
more detailed discussion in the third part of the proof; see also Sobczyk
[10, p. 940], we have

(4.2)

Z x;bi

i€l

=2 |l

i€l

This relation implies that the n-dimensional subspace of m¥ spanned by the
vectors {b;, i€I} is the space I*; in the sequel we shall use this (and only
this) imbedding of I* in m?.

We define now the projection P: m¥—I" by
b iEl,
0 igl.
As in §3, || P||=max{||P(V)||; V a vertex of H¥}. By (4.1), obviously

Z aiib; = Z a;,b, = Ne;

<N <N

Pe) = {

and therefore, for any vertex V=Y .y €¢; (e;= +1) we have

> <6j > a.ﬂn) L > <b; > a,,-ej).

1
V= — T
N v i<N N i<~ <N

From the definition of P it follows that

1
PV)=—2 <bi 2 aijéi>
N ier <N
and thus, by (4.2),
1
(4.3) 1P| = = 2| 2 aiseil.
N erl j<n

We are interested in max ||P(V)]||. Since all the (n—1)-dimensional faces
of the unit cell of I* are equivalent, it is sufficient to determine max ||P(V)||
for vertices V such that P(V) belongs to the “first octant” of I*, i.e. to
{ Zie[ x:bi; x:=0 for all iEI}. For such vertices (4.3) reduces to

Z ( E a,-j)e,-

1
4.9) lenl =5 2 Z

which is maximal provided the €;'s satisfy
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+1 if E a;j é 0,
el
-1 if Z a;; < 0.

i€l

(45) € =

Later, we shall have to determine explicitly those j for which the first, resp.
second, inequality holds. For the determination of max ||P(V)||, however,
the following simple reasoning is sufficient.

Let A* denote the » by N matrix with elements a;;, 1€1, 0SS N—1.
Then in the columns of A* occur all the V combinations of 4+1’s and —1’s
which have +1 in the first position. Therefore there are C,_i; different
columns in which +1 occurs n—k times and —1 occurs k times, for 0=k
<n—1. Therefore, if the ¢’s are determined according to (4.5), it follows
from (4.4) that

1 (2 n—1 n—1
Pl =~ n—2k)( >— n—2k< )}
” ” N{ IE ( k k>%;2]( ) k
n
= I—V n—1,(n—1)/2)

as claimed. In order to establish the last equality the following elementary
relations are used:

no(2m 1 /2m

=22m—l R R

,E;(k) +2(m>
i(2m+1>=22m,

k=0 k
m 2
Z k( m) = m2m1
k=1 k
i k(Zm + 1) = (2m 4 D)2t — m + 1(2m + 1).
k=1 k 1 m

In the final part of the proof we shall need more precise information
about the matrix A* and about the vertices of H¥ which maximize ||P(V)]|.

Let 6= (8o, &1, 82, 84, - - -, 8, - - -, 82»2) denote a sequence of # numbers,
each of which is either +1 or —1; let D be the set of all such sequences 9,
and let 6+ denote the sequence consisting only of 41’s. Then, for x = ZiEI x:b;
CI» we have

4]l = 2 || = max f2(x),
€D

i€l

where f® is the functional defined by
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f3x) = D b
iel

On the other hand, let j, denote the coefficient of 2” in the binary repre-
sentation D, ,2” of j, so that j,=0 or 1. It is easily seen that the jth column
of the » by N matrix 4*=(a;;), 1&€I, 0j< N—1, consists of:

+1 in the row ¢ = 0;
+1 (resp. —1) in the row ¢ = 2% if j; = O (resp. ji = 1).

Therefore, when (on p. 458) we determined the maximum of

1
[P = = 22| 2 aiess
N erl j<n
we took €;= —1 for those j in whose binary representation more than [n/2]

of the j,'s equal 1. With this determination of ¢;, let us denote

V=2 cei= 2 wibe

<N k<N

We are interested in the vertices V? of H¥ which maximize ||P(V)| in
the other “octants” of I*, i.e. for which

(4.6) |2l = Pwd = 2wH).

In the sequel we shall deal only with those 8 €D for which do= +1; we denote
this set by D*. For any §&D* and any <& let g(¢, 8) denote the number of
different » such that 8»=1 while ¢,=1, where 3, is the »th digit in the binary
representation of 7. In other words, g(k, 8)=2"! > 2 ky(1—8). As easily
verified we have for each 1€1I and each k&1

4.7 3 (1), = 0.

sep*
Now, putting
s (—1)ody+ fori & I,
I = {y,* fort €1,

and

(4.9) V= X v, (= 1ori & D),
<N
it is immediate that (4.6) is satisfied.
We are now ready for the last step in the proof of Theorem 3, which
parallels closely the corresponding step in the proof of Theorem 1.
Let us assume that there exists a projection P*: m¥—I* such that



1960] PROJECTION CONSTANTS 461

24| < || 2|
Let P* be represented by
P*B) = X pibs 0OSE<N-1
iel
where for kE 1,

% {1 fori = &,
= 0 for ¢ # k.

Then, since || P*(V)|| <||P|| for any vertex V of H¥ we have, in particular,
@) sl|pwn)| <Al = [le@dll = @)
for each 8&D*, and thus by (4.8) and the linearity of f?
1) = ) = (S i) <o

Adding these inequalities for all §&D* we obtain

0> X <P*( > yZb,,))

seD* k¢l
= 2 f‘( 2 yiP*(bk)) =2 E( > 6.~yZ) pi.
seD* k&l i€l k¢I \ jeD*

Now, for any ¢&I and k&I we have by the definition of y2

> b=k X bi (—1)sd,

seD* sep*
But, by (4.7), the last sum equals 0 and thus the contradiction 0> 0 is reached,
which proves Theorem 3.

REMARK. It is interesting to note that ®(I*) has the same value for
n=2m—1 and for n=2m. On the other hand it is easy to show that if
n=2m—1 there is only one vertex of H¥ maximizing || P(V)|| in each “octant”
of I», while for n=2m there are

2m—1
2( m—1

different vertices in each “octant” maximizing || P(V)].

5. Proof of Theorem 4. Let B" denote the (solid) unit sphere of the
n-dimensional Euclidean space E™. Since B* may be inscribed in a hypercube
K* in such a way that

n—l/?Kn C B» C Kn
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it follows from the lemma of §3 that ®(E*) £nl/2. We shall obtain the better
estimate given in Theorem 4 by using the same idea but, following a sugges-
tion of Professor A. Dvoretzky, averaging over all hypercubes K" circum-
scribed about B™.

Let S, denote the boundary of B*, and let S(4) denote the boundary of
the unit sphere of the subspace of E® orthogonal to the span of the set
A CE" Then each hypercube K* circumscribed to B* may be determined by

(n—1) points of contact x1, - - -, .1 of S, and K" satisfying
X1 E Sny
xs € S(x1)
(5.1) . ’
Tnm1 € Sy, + + +, Fna).

Obviously, different sets of points x1, - + -, ¥,-1 may determine the same
K™ The hypercube K determined by a set of points satisfying (5.1) shall
be denoted by K(xl, - -+, x.—1). We are interested in the “average” set

An ff fK(x,, ctty, x,._l)daz LR da,,,
S9°83 * *
(31 ZTn— 1)

where s; denotes the (2 —1)-dimensional volume of S; (thus sy = 27%2/T' (n/2)),
do; for j<n denotes the element of volume of S(xy, - - -, %,—;) and do, the
element of volume of S,; the integration being extended over all sets
(%1, - -+, %) satisfying (5.1). (Integrals of this type may be defined either
by reducing them to integrals of the support functions of the convex sets
concerned (see, e.g., [2, pp. 28— 29]), or, equivalently, by appropriate Rie-

mann sums.)
By reasons of symmetry it is obvious that A4, is a sphere. Denoting its

radius by 7, we shall establish that
(3)
n 2
mi/? <n + 1)
T
2

This statement being obvious for =1, we proceed by induction. Sub-
stituting repeated integration for the multiple integral we have

1
An+1 = "n+1Bn+1 = { ff f K(xly R xn)

Sn+1 Sp+1
*1Zn =1)ES (2p); Tn€Sy +1

(5.2) n =

~dag, -+, da,.} dony.
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The interior integral represents an orthogonal hypercylinder C(x,),
whose bases are translates of 7,5(x,) and are tangent to S,41 at x, and —x,.
Thus A,,+1 = 1/s,,+1fs,,+1C(x,.)d0',.+1.

Passing over to the support functions we have

1 2% x L 3 x/2 n
Togl = f f .« f f (costy + rasinty) II sin #¥ {;dt;.
Snt1v g, =0 ¢ 0 =0 f=1

Since
(3)
I‘ R
2
E41\
'(45)
2
)|
2 2 ) e 2
n1r1/2. " . +fn1l" ’
'(3)
2

()

and by using the inductive assumption on r,, we obtain

(n+1)
r
n+1 2

1/2 2
7D
2
which establishes (5.2).
Theorem 4 now follows immediately from the obvious remarks:
(1) If the unit cell B of a Banach space X satisfies

x x/2
f sint~1¢dt = Zf sin®*~!{dt = /2
0 0

there results

Tntl =

Tngl =

k
SC Y aK:CuS

=1

where @¢;,20, K; is the unit cell of a Banach space X; and K;DJS, then

k
®(X) £ u X a®(X).
t=1
(i) A, may be approximated with any desired degree of accuracy by
finite sums of cubes K(xi, - - -, x,1) with appropriate weights a;.
Thus ®(E") <r, as asserted in Theorem 4.
REMARK. As it is easily shown, there exists a relationship between the
numbers r, and the projection constants of I* spaces:
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Fon > raney = O(P7) = G,

This would be especially remarkable if (as we conjecture) ®(E™) =r, were
true.

6. Proof of Theorem 5. Suppose K and S are two n-dimensional convex
bodies in E*, each having O as center of symmetry. Let u(K, .S) be the mini-
mum of positive numbers p having the following property: There exists an
affine transform K* of K such that

K*C S CuK*

Obviously, uw(K, S)=u(S, K)=1, and u(Ki, Kz)=u(Ki, Ki)u(K; K,).
The lemma of §3 may clearly be formulated in the following way: If K; is
the unit cell of the #-dimensional Minkowski space X;, 2=1, 2, then

C(X1) = p(Ky, K2)@(Xy).

Now, a result of John [5] may be stated as u(K, B"*) <n!/?, where K is
any centrally symmetric #n-dimensional convex body, and B* is the unit cell
of E*. (This result may also be proved by considering the ellipsoid of minimal
volume circumscribed to K.) Therefore, we have (see §5)

n
()
2
r (n -+ 1)
2
Applying well-known expansions of the gamma function there results ®(M™)
< (2/m) 401 /n).

On the other hand, Asplund [1] has recently proved that if K is any
centrally symmetric convex body in the plane and S a square, then (X, S)
<3/2, with equality sign applying only if K is an affine-regular hexagon.
Since the projection constant of a Minkowski plane whose unit cell is an
affine-regular hexagon is 4/3, this immediately establishes the second part of
Theorem 5.

REMARKS. (i) If H™ denotes a hypercube of # dimensions and K any

n-dimensional centrally symmetric convex body, a theorem of Taylor [12]
and Day [3] may be formulated as

w(K, H*) £ n.

3\ 1/2
(P(Mn) é nl/2(p(En) é (1)
™

This immediately implies the estimate ®(M™") <, slightly weaker than Theo-

rem 5.
(ii) The determination of max {u(K, H™), K CE”} seems to be extremely
difficult, even in the three-dimensional case, where it possibly equals 2 (if K
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is a regular octahedron, u(K, H?) =2). Still more difficult seems to be the
determination of max ®(M™"). Probably max ®(M?) =4/3.

(iii) There are many interesting questions connected with u(K;, Kb).
E.g., it follows from John's theorem that max {,u.(Kl, K.); Ky, KzCE”} <n,
but the correct upper bound seems to be appreciably lower; even for =2 no
precise result is known. The analogy of these problems with those treated and
raised by Levi [7] should be mentioned.
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