SOME EQUIVALENCE CONDITIONS FOR THE UNIFORM
CONVERGENCE IN DISTRIBUTION OF SEQUENCES
OF STOCHASTIC PROCESSES

BY
ERNEST G. KIMME

0. Introduction. Let (2., ®, p) bea probability space and let {x.(t,w),t& T}
be a sequence, n=1, 2, - - -, of real stochastic processes defined thereon;
T is a real parameter set, and will usually here be taken to be the interval
[0, 1]. In [3], the convergence, as n— o, of such a sequence was investigated
for the case wherein the processes have independent increments, and a con-
vergence criterion was given that insured the convergence in distribution of
the sequence of random vectors
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for the case t;=j/N, 1<j< N, T=[0, 1], and £,=0. The question of the con-
vergence of these vectors is of the greatest importance in the consideration
of the general problem of the convergence of a sequence {F|[x,], ngl} of
functionals defined on the processes { x,(t, w), tET}. It is, accordingly, a
matter of some interest to determine minimal conditions under which the
sequence (1) will converge. It is the object of this paper to show some equiv-
alences of such convergence conditions.

The convergence in distribution of the finite-dimensional distribution or
characteristic functions of the process sequence {x,(t, @), t&T} determines,
uniquely in distribution only, a “limiting” process {x(t, w), tE T} whose
finite-dimensional distribution or characteristic functions are the limits of the
corresponding finite-dimensional distribution or characteristic functions of
the sequence {x,,(t, w), tET}. This limiting process may without loss of
generality be assumed to be separable. The criterion of separability is dis-
cussed fully in [1], and the remarks above are dealt with in [3]. Of interest
here is the obvious implication that any stronger convergence condition on
the finite-dimensional analytics of the process sequence {x,(t, w), tE T} also
determines, uniquely in distribution at least, a (separable) limiting process.
In particular, a limiting process is so determined when the process sequence
converges “uniformly in distribution.” This form of convergence is defined in
[3] (definition 2 of that reference) and is stated as follows: The sequence
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{x,,(t, w), tE T} of stochastic processes converges UNIFORMLY IN DISTRIBUTION
if and only if for every integer m =1 and every positive M

lim E{exp i D mn(tey w)}
n—w k=1
uniformly for (ty, -+ * y tmi liny * * * pm) ET™Q [— M, M]m.

In the sequel, the first result exhibits the manner in which this uniformity
affects the finite-dimensional distributions of the process sequence. A more
satisfying “continuity” theorem for uniform convergence in distribution is
also established. It is then shown that the Theorem 7 of [3] dealing with the
convergence of the sequence (1) can be improved to render the convergence
uniform with respect of the partition (4, - - -, ty) of [0, 1]; this in turn is
easily seen to imply the original hypothesis of uniform convergence in dis-
tribution. Finally, for processes constructed from “Poisson” arrays of row-
independent asymptotically infinitesimal random variables, these various
convergence phenomena are shown to be equivalent to the uniform con-
vergence with respect to t& T of the Lévy-Khintchine representations of cer-
tain “accompanying distributions.” This last supplies the necessity of the
conditions of Theorem 5 of [3], wherein only the sufficiency was shown. From
this series of theorems it therefore appears that the hypothesis of uniform
convergence in distribution is of much greater significance to the general
problem of the convergence of functionals on process sequences than is indi-
cated in [3]. It is one purpose of this paper to exhibit this point.

The notation of this paper will be that of [3]:

plaa(tiyo) SN USFSm) = Fally, -« -, tws Ay, * - 5 M)y
E{exp i Eﬂkxn(lkr w)} = ¢n(t1, oy tmy By /“‘m)
k=1

and similarly for the “limiting process” {x(t, w), tET}, dropping the index
n throughout. The n-fold integral mean of an n-dimensional distribution
F(xy, - -+ -, x,) over the interval ®3_; [xx—#, x,+h] will be denoted by

)_fh ) f"F(xl-}-ul,'~-,xn+un)du1---du,.
y ¥n) = _ n n (21"

F®(xy, - -
h

and the corresponding characteristic functions by

" sin ugph
M (u1, + * v ) = ( 11 : >¢(uu C ot Ea),

k=1 mxh

where ¢ is the characteristic function of F.
The proofs of some of our results are at times quite tedious, and an effort
has been made to avoid details wherever the analysis was felt to be straight-



1960] SEQUENCES OF STOCHASTIC PROCESSES 497

forward enough to warrant it. A great many elementary details remain where
it seems needful to exercise some caution in the order in which things are done.

1. “Continuity” theorems. In this section some equivalences are estab-
lished between convergence of sequences of finite-dimensional distributions
and uniform convergence in distribution of the related stochastic processes.
The first result is obtained in the absence of any condition other than that of
uniform convergence in distribution.

THEOREM 1. Let {x.(t, w), tET} be a sequence of stochastic processes con-
verging uniformly in distribution. Then for every positive integer m and every
6>0and >0,

. »
Ellm an (th"')tm;xly"')xm)

no® INj=Nj1<8j315ism

uniformly in {ti, - -, tu} €T in {8, -+, 8.} € (0, &), and in
{7\01, I ,)\Om} € (— «©, )™ Moreover, the limit is given by

f AFEM (L1, -« « ytmi A1y * * * 5 Am)
INj—NojI<3;i 1sism

where F®(t; \) is the integral mean over [—h, h]™ of F(t; A\), this last being a
finite-dimensional distribution of the limiting process.

Proof. The Lévy inversion formula for F® reads

(h)
An=f dF, (;1’...,15'”;)\1,...’)\,")
INj—Ng;1<8;; 1sism

1 pe o m o /sin ukb, Sin uxh
_f ce o (m) - f exp(—zE:#kXOk)H( : )
aJ o k=1 k=1\ Mk pih

'¢"(t1’ t lm; M1, *° ﬂm)dllrl s d[-lm.
Applying the estimate
I sin ukﬁk-sin [.tkhl < 1 + h«Sk 1

ik B+ 4

it is easily seen that

PEEPRIEE-=10 G | e Lk

™ \jkm1 h —~ 14

where

nlt; - nzt;
Buv.. = sup | duy(t; 1) — bums(t; ) | EE T € (=, )]

I+ | w])e

k=1
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The hypothesis of uniform convergence in distribution of the process sequence
{x.(t, ), tET} and the presence of the factors (1+|u:|)!/2 in the denomi-
nator of the supremands of B, ., insure that B,, .,—0 as n;, #s— o inde-
pendently. The second factor in the estimate above of |4 —An,| is less

than or equal to
<1 + 6h>"‘
h

and the third factor in the same estimate is independent of ¢ and No. The first
conclusion of Theorem 1 is then established. The second conclusion follows
immediately from the observations made in the introduction concerning the
relations between F, F® ¢, and ¢ and the remark that uniform convergence
in distribution implies ordinary convergence in distribution of stochastic
processes.

In order to augment the hypothesis of Theorem 1 to the point where an
equivalence theorem can be established, it is necessary to state a theorem of
the “Helly convergence” type dealing with convergence uniformly with re-
spect to parameters not involved in the Lebesgue-Stieltjes integration. We
will state without proof the theorem (which for lack of anything better we
have called the “Uniform Helly Convergence Theorem”) in the multidi-
mensional form:

UniForRM HELLY CONVERGENCE THEOREM. Let T and M be any two (ab-
stract) sets. Denote (— ©, )™ (for m a positive integer) by R. Let {f.(t;x);n =0}
be a sequence of real functions defined on T @R, satisfying the following condi-

tions:
(a) aVo>0 such that for all n=0 and all t&T,

Var{fn(t; x);x € R} < V.

(b) For any €>0 there exists a positive number A:>0, depending only on e,

so large that
Var{f,(l; x); x € R — [—A, AJ} S e

for all n=0 and all tET.
(c) For every h>0 and each xER,
lim /(6 %) = fa" (5 %)
uniformly for tET; the superscript denotes the integral mean of f, on [—&, B]m
with respect to the second (vector) variable x, as defined in the introduction.
Then for any real or complex function g(u; x) defined and bounded on MR,
and such that for each xER,

lim g(u; x') = g(u; x)
X —X
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uniformly in uE M, the relation

tim [ gGindnn = [

n—w {xeR) [xe

holds uniformly in (u, ) EMST.

)g(u; x)dfo(t; x)

Using this rather formidable result we can establish a direct generaliza-
tion of the “continuity” theorem for characteristic functions. The convergence
we are concerned with is, of course, uniform convergence in distribution of
sequences of stochastic processes, and the continuity condition of the limiting
characteristic function in the one-dimensional case carries over in an obvious
way; however, this continuity condition now imposes some uniformity con- -
ditions on the finite-dimensional distributions of the limiting process.

THEOREM 2. Let {xn(t, w), tET} be a sequence of stochastic processes. Then
a necessary and sufficient condition that for each positive h

(1) liMpa FP(ty, -+« ) twi N, -+ + -, An) exists for each integer m=1 uni-
formly for (b1, «  * ytmi My + + ¢, M) ET™Q [— 0, © |™, and

(i1) for each €>0 there exist Ac>0 independent of tET such that

f dFW(t;N) < e
IN>A,

where

F(h)(t; A) = lim F,(.h)(t; A)

1s that
(i") the processes {x.(t, w), tET} converge uniformly in distribution, and
(ii") limu .0 @(¢; p) =1 uniformly in tE& T, where ¢(t; u) =lim, ¢,(¢; u).
Proof. (ii)=(ii’). If /7 is not an odd multiple of u, then the definition of
¢™ (¢; u) implies

uhl

|1 —¢m] é‘l— -
sin uk

in uh
B o).

The second factor in the second term can be estimated for any A>0 by

I

| 1= ¢6®(;u) |

f (1 — e *#)dF®™(1, x)

<2 dF®(t; %) + | u] A.
lz|>A

If then u is chosen so small that
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|| A <f dFW(t; ) <1
lz|>A
we find
|1 —¢®(tu)| <3 dF®(t; ).
|z|>A

Since (ii) implies that the integral on the right in the last inequality can be
made small uniformly in ¢ for sufficiently large A, and since

h
v

lim —
|#]—0 SIn wh
obviously independently of ¢, we conclude that (ii’) holds whenever (ii)
holds.
(ii)=(ii). From I: (11.8) of [1] it follows that

f AFM(x) < (1 + 27r)2Af
lzI>A 0

which indicates that (ii’)=>(ii), and hence (ii) and (ii’) are equivalent inde-
pendently of the rest of the theorem.

The necessity of Theorem 2 follows now from the Uniform Helly Con-
vergence Theorem, while the sufficiency follows from Theorem 1.

The conditions (ii) and (ii’) of Theorem 2 suggest that if the parameter
set T were compact, some form of stochastic continuity on the limiting proc-
ess might replace these uniformity requirements. Such a result is Theorem 3.

1/A
[ 1—o®(t; )| du

THEOREM 3. Let {x,,(t, w), tE T} be a sequence of stochastic processes with
compact parameter set T. Let {x(t, w), 1E T} be a real stochastic process which
is continuous in distribution, i.e., such that

lim F@{;\) = F(@;\)
t—tt’'eT
at continuity points N of the limit, for each tET. Then a necessary and sufficient
condition that {x,,(t, w), tE T} converge uniformly in distribution to
{x(t, w), tE T} is that for each integer m21 and each h>0

) ®
Hm Fp (f1, - ydmiAy c s 5Am) = F (b, 0 ylm3 Ay 0 0 0 5 Am)

uniformly in (t, + + +  tm; My » » + , NR) ET®(— 0, )™

Proof. The proof is immediate from Theorem 2 and the hypothesis of
compactness (sequential) of 7. We omit the details.

The addition of an independence condition (in the form of the assumption
that the processes {xn(t, w), te o, 1]} have independent increments) reduces
the multidimensional convergence conditions of the preceding theorems to
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one-dimensional form. The reasons are obvious; by such an hypothesis we
impose an explicit analytic relation between joint and “marginal” distribu-
tions of the random variables of the relevant processes. It is an interesting,
and as yet open, question whether less stringent dependence relations will
still permit results like Theorem 4 following.

THEOREM 4. Let {x,(t, w), tE T} be a sequence of stochastic processes with
independent increments and let T be a compact set. Let {x(t, w), tET} be a
stochastic process with independent increments which is stochastically continuous
in the sense of Theorem 3 above. Then a necessary and sufficient condition that
{x,,(t, w), 1C T} converge uniformly in distribution to {xn(t, w), 1E T} s that
for each h>0

1im F,(.h)(t; A) = F(h)(l; by}

n— o

uniformly for ¢, NNETQ(— o, =),

This last result is in essence Theorem 3 of [3], and for proof we refer
thereto. The present Theorem 4 is included primarily for continuity of ex-
position.

Before concluding §1, it will be convenient to establish two further results
dealing with uniform convergence in distribution. The first of these, Theorem
5 following, exhibits an alternative formulation of the uniform convergence
of smoothed distributions and holds quite generally. It is, moreover, clear
from Theorem 5 that the “Lévy distance” between distributions could be
extended and used to obtain yet another formulation of this same property.

THEOREM 5.

. (h) (h)
lim F, (tl:"'7tm;xl"":xm)=F (tl)"'ytm;xh""xﬂl)

n—wo

for every h>0 uniformly for (t; x) ET"Q(— «©, ©)™ if and only if for every
€>0 there exists a positive integer N, depending only on m and e, so large that
n=N=

Fly, *» - ytm; %1 — € -, %m—€) — €= Fully, + * * y lm; %1, * * * , %m)
SF(Uy,: ytmyxtit e, %n+ e +e
for all (t, x) ET"Q(— @, @)™
Proof. The smoothed distributions F® satisfy the inequalities
F®W(ty, oo Jtmyx1— by o ooy %m — h) = F(t, * + « 5 tm; %1, - - ) Xm)

éF(h)(tl,"',tm;xl'l'h;'"’xm+h)

identically in &, ¢, and «, and similarly for F,. The required implications of
the theorem follow in the obvious way.
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The “stochastic continuity” needed in Theorems 3 and 4 is equivalent,
when the limiting process has independent increments, to the much stronger
condition of absence of fixed points of discontinuity. We refer to [1, III,
Theorem 2.8]. In the present circumstances it would be very convenient to
be able to replace this continuity condition on the limiting process by a con-
dition on the process sequence itself. As might be expected, the condition
that does this for us looks like an equicontinuity condition on the process
sequence {x,,(t, w), t&|o, 1]}, n=1. Theorem 6 following makes this precise;
the corollary weakens the equicontinuity requirement in a very pleasant
way using, again, the hypothesis of independent increments in an essential
way.

THEOREM 6. Let {x,(t, w), tE[0, 1]} be a sequence of stochastic processes
with independent increments converging uniformly in distribution. Then (any
separable version of) the limiting process has independent increments. Moreover,
(any separable version of) the limiting process has no fixed points of disconti-
nuity if and only if the following additional condition on the convergence of
{x.(t, @), t€[0, 1]} is satisfied: for each >0 there exist a positive integer n.
and a positive number 8, such that if nZn.and 0=1<m1 < + + - <ry=11sany
partition of [0, 1] such that

max{rk—rk_lzl < kéN} < 0
then

6.1) sup{p{| 2t 0) — (o) Z imaSt<m1 <k N <e

Proof. The first part of Theorem 6 is established (under the weaker
hypothesis of ordinary convergence in distribution) as the corollary of Theo-
rem 2 of [3]. From remarks made earlier it also follows that we need to show
that (6.1) is equivalent to the continuity of ¢(¢; p) =lim, ¢.(¢; u) for (¢; p)
€0, 1]® [— M, M] for any M >0. The proof proceeds, therefore, using the
characteristic functions of the various processes. The condition (6.1) has
the following analogue in terms of characteristic functions: for any ¢>0 and
M >0 there exist a positive integer #/ and a positive number 8! (depending
in general on M) for which, for any ordered partition {r:} of [0, 1] such that

max{rk — Tk—1-: 1 é k é N} < 6:,
we have, for n>n,,

(6.2) sup{ | ¢ult; ) — du(risw) | i1 SIS T, 1S ES N, 0] S M} <e

We can show that (6.1)<(6.2)<lim, ¢.(¢; u) is continuous.
In outline, we show that (6.1)=(6.2)=lim, ¢.(¢; u) is continuous=(6.2)
=5(6.1) in that order. Since for {7;} as defined above, we have

| 6n(t; 1) — balris )| < 20| #at; @) — @alri, @) | > A} + | 1] 4,
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for any &, ¢, u, #, A>0, the first implication, (6.1)=(6.2) follows by suitable
choice of A small and » large. If (6.2) holds, lim, ¢.(¢; u) is continuous, since
lim, ¢,(¢; k) =¢(¢; u) uniformly for (¢, u) E[0, 1]® [— M, M] by the hypoth-
esis of uniform convergence in distribution, (6.2) implies asymptotic equi-
continuity of ¢,(¢; ), and ¢(¢; u) is a characteristic function. If, conversely,
lim, ¢.(¢; u) is continuous, the uniform convergence of ¢, to ¢ implies (6.2)
immediately. Finally, (6.2)=(6.1) since it is easily shown that if

0<C=inf{|o;m)]|:Up €0,1] @ [-M, M]}
then

Pl 2ty ©) = talri, @) | Z ¢}
M + 27/€)?
= (__j-M%/E)“'C'SuP{ | $alt;u) — ulrisw) | imen St ST, 1 Sk S,

|u| = M},

That such a number C exists follows from (6.2), since (6.2) insures the con-
tinuity of ¢; this, together with the conclusion that {x(t; w), t& [0, 1]} has
independent increments implies that ¢ is not only continuous but is an in-
finitely divisible characteristic function, and is therefore bounded away from
zero on sets [0, 1]® [— M, M]. Theorem 6 is established.

THEOREM 6, COROLLARY. Theorem 6 holds with condition (6.1) replaced by
the following: there exists a sequence of numbers { 8., n=1} such that
lim §, = 0

7n— o

and for every €>0

6.1y msuplpl |5t o) ~mls o) | 2 s

|t —s| <8,0=1ts=1} =0.
Proof. Since (6.1)=(6.1)"’ trivially, it is necessary to show only that under

the hypothesis of Theorem 6, (6.1)"’=(6.1). To see this we observe that since
the processes {x,.(t, w), t& |0, 1]} have independent increments

P{ l x"(t) w) - x,,(s, w)l ; e}
is a nondecreasing function of |¢—s]|, and

2lim p{ | 2ty ©) — 2a(s, 0) | 2 ¢}
n— o
at continuity points of the limit. In fact, the hypothesis of uniformity on
the convergence of {x,(, w), t€[0, 1]} permits the following assertion: for
any 7 >0 there exists an integer N, such that for all (¢, s) € [0, 1]2, any >0,
and all m, n= N,
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1] nlty @) — amls, )| Z e41} —n
< ol 2alt, 0) — 25, 0) | Z ¢
< ol #nlt, ©) = (s, )| 2 e =9} + 5

this follows in the manner of Theorem 5. Let {7:, 1 <kE< N} be any ordered
partition of [0, 1]. Let >0 be fixed and choose 7; so large that n=n=

sup{p{ | 2u(t, ) — 2u(s, @) | = ¢/2}; |t —s| <&} <e/2.

Let ny=max {nl, Ng/z}; then (6.3) holds for n=¢€/2 and m, n=n,. We may
now write for n=ny and 1,1 ZtZ 7k

P{ | %ty @) — xalTi, w)l = f} = 17{ I 2 (Thy @) — Xn(Th—1, “’)l > 5}
< o | Ha(7hy @) = Tng(mics, 0) | = ¢/2} + /2.
Upon setting 8. of Theorem 6 equal to §,, we find that if

max{r — 7p-1; 1 S bk < N} <&, = 6.

(6.3)

o —-—

we have for n=n, that

sup{p{ | #a(t, @) — #u(r,0) | Z e} St <7, 1 Sk S NY

< max j){ | Ty (Thy @) — Xy (o1, w)l = 6/2} +¢/2

1=5k=N
< sup{p] | #m(t, @) — @asls, @) | Z ¢/2}5 [0 = 5| <8} + /2
<e

This is (6.1) of Theorem 6, and the corollary follows.

2. Convergence properties of suprema and infima. As remarked in the
introduction, the notion of uniform convergence in distribution of sequences
of stochastic processes was formulated to obtain an extension of Donsker’s
result for functionals defined on the Wiener process. The crux of such an
extension [3] was shown by Donsker (in the Gaussian case alluded to) to lie
in the convergence in distribution of vectors of suprema and infima of the
form

{ sup w0, inf (01575 N
t_ Sty 41 S1Sy
where {t,-}N is an ordered partition of the parameter set of the processes
{xa(2, w), tET}. The joint distributions of these vectors are probabilities of
certain subsets of the function-space representation of these stochastic proc-
esses; these subsets are of the form

{a; S 2a(t,0) B, 1St S 1,1 S5 < N}

It should be remarked that these subsets resemble the “compact-open” sets
of the function-space. Theorem 7 following exhibits an equivalence between
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the convergence (with an accessory uniformity) of the probabilities of such
sets and uniform convergence in distribution of the underlying processes.
We quote first a lemma due in essence to Kolmogorov.

LEMMA. If {y(t, ), tE[0, 1]} is a separable stochastic process with inde-
pendent increments and 0=t <tH < - -+ <ty=1 and O=7<1< + -+ <7y
are any two partitions of [0, 1] such that the second is a refinement of the first
(i.e., for each k there is a pi such that tr=7,,), then for any ¢>0 and any real
numbers (a1, - - -, an, B1, + - -, Bn), we have

pla;i+e<ylmo) B — kDt <m <t,1 <£j< N}
< pla; S y(t,w) S Bl <t S 4,127 < N}
+ max sup p{| vt @) — ¥ )| = €.
ISESM m StS7

We omit proof of this result here; it is proved (in a trivially different
formulation) in Theorem 7 of [3].

THEOREM 7. Let {x.(t, w), tE[0, 1]} be a sequence of separable stochastic
processes with independent increments. Let {x(t, ), t&[0, 1]} be a separable
stochastic process with independent increments and no fixed points of discon-
tinuity. The sequence {x.(t, w), tE [0, 1]} converges uniformly in distribution to
{x(t, w), t€[0, 1]} if and only if for every positive integer N and every >0
there exists a positive integer n(e, N) such that if n=n(e, N), then

plaitesat,w) S8 —tin <t =, 1 Sj< N} —e
plai £ @t 0) S B4 <t =14, 1 £ j = N}

plaj—e< 2w B +e6ti1 <t <t,1 <7< N} +e

(7.1)

IIATIA - TIA

for any partition 0=t,<t,< - -+ <ty=1 of [0, 1] and any 2N numbers
(aly c o, AN, Bly R 31‘7)'
Proof. We establish first that condition (7.1) is a necessary consequence

of the convergence and continuity hypotheses. For notational convenience,
let

PO, {7} 0 = max  sup  p{| ¥t @) — y(m, @) | Z ¢}

1Zk=M 1 1 <tS7

for an stochastic process {y(t, ), t€[0, 1]}, any €>0 and any partition
0=719<m1< -+ - <ry=1for [0, 1]. Let also

A(T, ) = {fE (=, @) 0 — e < f(r) < B+ ¢
forallr€E T2 <7r=<7;1=<j= N}

for any real € and any subset T of [0, 1]; for the purposes of this proof the
dependence of the set 4 on the numbers {t;}, {a;}, {8;} need not be ex-
plicitly indicated. In this notation, (7.1) becomes
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plz € 4A([0,1], — 9} — e = pla. € 4([0,1],0)}
< plr € 4[(0,1], 9} +

The proof proceeds easily, depending on the preceding lemma and Theo-
rem 6. From the lemma, we have for any ordered partition {r:} of [0, 1]
which refines {¢;, 1<j<N} and any ¢>0

{2n € A({ne}, —¢/3)} — plan, {1}, ¢/3) = plan € 4([0, 1], 0)}
é P{x" e A({Tk}) +5/3)} + p(xm {Tk}a 5/3)~

From the corollary of Theorem 3, for each €>0 and each partition 1k§
there is an integer #; depending only on e and the number of points in 74
(i.e., independent of the values of the terms in each of the sequences {a;},
{8;}, {t;}, and {7,}) such that if n=n,

e (i 5= D) 2rfue (i 3)

(7.3) ép{x € A({m},ii+i)}

3 3

(7.1)

(7.2)p

n €
3

Finally, from the lemma again, for any partition {Tk} the limiting process
satisfies

(7.4) p{xe A({n},%} < plx € 4A([0, 1], 9} +1><x,{rk},%>,

and
plx € 4A([0,1], — 9} — p(x, {m},é) < p{xe A({rk}, _2?& } .

To assemble (7.2), (7.3), (7.4) into a proof of (7.1)" choose {7:} so fine
that (the limiting process having no fixed points of discontinuity)

p(x, {Tk}, e/3) < ¢/3
and for sufficiently large #, say n=#.,,
P(%n, {Tk}, e/3) < ¢/3.

The first choice is possible in view of the continuity properties of the limiting
stochastic process, and the second follows from Theorem 6. Let u,
=max {m, n,}; then #=n,=(7.3) holds for the partition {r;}. Since these
choices are made independent of the values of the terms in the sequences
{a;}, {8;}, {t;}, and {r;}, we have for each integer N and each ¢>0 that
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plee 4([0,1], -9} —e= P{xe A({”}’ "?)} _33f

fees(i -}
?

< plx € 4([0, 1], 0)}

I\

and similarly for

plr € A([0,1], 9} + € 2 plan € 4([0, 1], 0);

for any partition ty=0<#4 < -+ <ty =1, and any 2N numbers
{ar, - -+, an, By, - - -, Bn}. The necessity part of Theorem 7 is accordingly
proved.

The sufficiency follows by choosing N=3, ay=a1=as=az=— », Bi=0s

=4 o, B1=F:=X\ in (7.1), and applying monotone set convergence as t;—#
from below monotonically and t,—t from above monotonically; (7.1) holds
independent of the positions of # and #, and hence for # large

ploa® SN—¢f —e< pla() SN} S plan(®) SA+ ¢ +e

independent of ¢ (and N). From Theorems 4 and 5 this establishes the uniform
convergence in distribution of {xn(t, w), t€]0, 1]} to {x(t, w), tE]o, 1]}
This completes the proof of Theorem 7.

In Theorem 9 of [3] a conclusion like that of Theorem 7 above was used
to deduce the convergence in distribution of { F[x,], #=1} for a certain class
of functionals F. In view of this, it certainly seems reasonable that our Theo-
rem 7 could be used to obtain a restricted equivalence (at least) between
the condition of uniform convergence in distribution of {x,,(t, w), tE]o, 1]}
and the convergence in distribution of F[x, ] for all members of an appropriate
class of functionals F. This question remains open; it appears to involve
(considering the statement of Theorem 9 of [3]) some nontrivial topological
subtleties.

3. Generalization of the Gnedenko-Kolmogorov theorems. In the present
section the hypothesis of uniform convergence in distribution is used to ob-
tain an extension of the results of [2] for the limiting distributions of sums of
independent random variables. Partial results of this type were obtained in
Theorem 5 of [3].

Let {xu, 1Sk <k, n=1} be a sequence of finite sequences of independent
random variables. Let F,; and ¢.: denote, respectively, the distribution and
characteristic functions of x,;. Let 7>0 be chosen arbitrarily (and, once
chosen, fixed for the rest of the discussion) and let

Al = f xank(x) .
1z]<s
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For each t& [0, 1], let
%, w) = D {x,,k: 1<k< tk,.},

(t) = Z{anw f_g°

X
1 + deFnk(x+ a,.k):l < k < Ifkn} y

© M2
G.(t; x) = Z{f g ung,.k(x—}- anw): 1 < k< tkn}

where, in each case, »,{ } denotes the sum of all members of the class
specified in the braces. Let ¢,(¢; u) denote the characteristic function of
%x,(t, w). Assume that for any ¢>0

lim max p{|xzx| = ¢ =0.

n—o 1Zk=kp
This last is the requirement that {x,.k} be “infinitesimal” or, more descrip-
tively, “asymptotically infinitesimal.” The random variables {x,,k} SO con-
strained we shall call a “Poisson array.” Finally, let, for any >0

G ;%) ! f e (t; w)d
s (L %) = — 2 (1 u)du.
Zh z—h

We remark, before proceeding with Theorem 8, that if {x(, ), tE [0, 1]}
has independent increments and no fixed points of discontinuity, and if
%(0, w) =0, then the distribution of x(¢, w) is for each ¢ infinitely divisible and
can be represented by a real number y(¢) and a bounded nondecreasing func-
tion of x G(¢; x). This pair (y(), G(¢; x)) will be called the Lévy-Khintchine
representation (pair) of x(¢, w) (or of the distribution or characteristic func-
tion of x(¢, )). The representation is explicitly given by the Lévy-Khintchine
formula

ux )1-}-062
14 «? x?

wherein the integrand is assigned the value —u?/2 at x=0, by continuity.

log E{exp tux(t, w)} = tuy(f) —I—f <e"“ -1-— dG(l; x)

THEOREM 8. The following conditions on a process sequence
{aalt, @), € [0, 1]}

constructed as above from a Poisson array are equivalent:
(A) (1) 3 limpy.. va(t) uniformly in t& [0, 1].
(i) 3 limn.e GP(t; x) for each k>0, uniformly in (t, x)E[0, 1]
[24) [— ©, © ]
(B) There exist real functions v(t) and G(t; x) such that
(i") () is continuous on [0, 1] and lim,., va(t) =v(t) uniformly for
tefo, 1].
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(ii") G(t; x) s jointly bounded and mondecreasing in (¢, x)E [0, 1]
®(— o, ), G(t; ©) is continuous in t& [0, 1], T(t, — ©)=0, and
lim G.(¢t; x) = G(¢; x)

for each x which is a continuity point of G(1; x), including x = + o, uniformly
for t&0, 1] at each such x.

(C) {xa(t, w), tE[0, 1]} converges uniformly in distribution.

Moreover, under (any of) these conditions, the limiting process of (C) is a
(separable) stochastic process with independent increments and no fixed points
of discontinuity; the limits in (1) and (ii) of (A) are given by

(i) lim va(f) = v(0),
8.1
8.1 .. . m 1 poth )
@ii”) lim G, (¢;2) = 7 G(t; wdu = G (t; x)
n— o z—h

in terms of the function-pair (v, G) of (B); and this function-pair is the Lévy-
Khintchine representation pair for the limiting process of (C).

Proof. 1. (A)=(B). (i) and (i’) are clearly equivalent, so it is only neces-
sary to show that (ii)=(ii"). Let G™(¢; x) be the limit in (ii). Clearly
GM(t; —0)=0. Let

G**(1; x) = lim sup G.(¢; ),

n— 0

G*(t; x) = lim inf G,(¢; x).

n— o

Since for any £>0 and any (¢, x),

G (5 %) S Galts x + )
we have always
(8.2) G¥*(l;6 — h) £ GW(; ) < G*(t; x + ).

Let €>0 be given. For each 2>0 we can find #. so large that n=#n.= for all
¢ €0, 1]e[- =, =],

(8.3) 1G5 x) — 6Vt 2) | <e
From (8.2) and (8.3) we conclude that for each £>0, n=n., and any (¢, x)
E[O, 1]®[—°°v 00],

G*(t;x—20) —e< G (o —h) —e< Gl x — b) £ Gall; %)

A (k)

(8.4) <6l e+ =P et ) +e
< G*(t; o+ 2h) + e
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Hence for any £>0, €>0, (¢, x) [0, 1]®[— «, =],
G*(t; 2 — 2h) — e = G*(t; x) = G**(4;x) = G*(t; 2+ 2h) + e

If we allow eé—0 and 2—0 we conclude that at every continuity point in x of
either G*(¢; x) or G**(¢; x) we have
(8.5) 3 lim G.(t; x) = G*(¢; x) = G**(t; %) = G(I; %),
n— o

the last member of (8.5) being a definition. Since G*(¢; x) and G**(¢; x) are
both nondecreasing in x for each ¢, so is G(¢; x) on its range of definition by
(8.5). G(¢; x) can therefore be defined for all real x (‘x| < ) by continuity
from the right in x, in which case (8.5) holds for all real continuity points x of
G(t; x), for each ¢.

From this last, it follows easily that G(¢; x) is jointly bounded and non-
decreasing on [0, 1]®(— », =). Hence for any ¢t&[0, 1] and any real
x1 < X2,

(8.6) 0 = G(t; 22) — G(t5 21) = G(1; x2) — G(1; %)

Further, (8.4) can be rewritten as follows: for every €>0 and A>0, n=n
=for all (¢, x)

(8.7) G(t; % — 2) —%gcna;x) §G<z;x+zh)+§-

If x is a continuity point of G(1; x) and &, is chosen so small that
G(1; 2 + 2ho) — G(1; 3 — 2hg) < %

then for this x, €, and ko, #=n.=for all ¢,

| Gat; %) — GU; %) | = | Galt; #) — G, & + 2h0) |
+ | G(t; % + 2ho) — Gt;% — 2h0) | <%+_;=“

Hence (8.5) holds uniformly in ¢ for each x which is a continuity point of
G(1; x).

From (8.7), letting x— =+ o, it follows also that (8.5) holds uniformly in
t for x=+ .

It now remains to show that G(¢; — «)=0 and G(¢; + «) is continuous
for t&[0, 1]. The first statement follows easily from (8.7) by allowing
x— — . The second statement follows less easily from the infinitesimality of
the Poisson array {x.}. It is known [2] that the condition of infinitesimality
on {x,:} implies that
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1
(8.8) limsup {IG,.(t;oo)—G,,(s;oo)| : lt—s| gk—,ogt,s§1} = 0.

now
Let ¢>0 be given, and let #; be so large that for » =n,, we have

| Galt; ©) = Gals; ®)| < ¢/3
for all (¢, )€ [0, 1]2 for which |¢—s| <1/k.. Choose 7, so large that if 7=,
we have

| Galt; ©) = G(t; =) | < ¢/3
for all t€[0, 1] (since, as observed above, G.(t; ©) converges uniformly to
G(t; »©)). Then if n;=max {n;, %2} , we have for any ¢, s such that lt—sl <k,l,
|G(t; ) = G(s; ) | S | Glt; ) = Gaylt5 =) |

F [ Guat; ©) = Guyls; @) | + | Gayls; ) = Gls; )|

<€+€+€—
3 373 °©

This establishes the continuity of G(¢; ) on [0, 1] and concludes the proof
that (4)=(B).

2. (B)=(A). We show that (ii")=(ii). Since G,.(¢; x) for each » and
G(t; x) are all jointly bounded and nondecreasing in (¢, x), given €>0 we
can find A.>0 and a positive integer #; so large that if n=n;,

f dGa(t;x) < -
JzI>A, 4

and

f dG(t; x) < <.
lzI>A, 4

Let Go be an upper bound on G,(¢; x) and G(¢; x), and let >0 be given.

‘Without loss of generality we may take +A. to be continuity points of
G(1; x). From Egoroff’s theorem there exists a subset Ce of [—A., A.], of
Lebesgue measure less than eh/(4G,) for which G,(¢; x) —G(¢t; x) uniformly on
[0, 1]®([—A,, A]—C.); the set C. covers the discontinuity points of G(1; x)
in [—A, A.]. Choose #; so large that #n=n,=

| Galts ) — G(t; 0) | < 3e/4

for all (¢, x)€[0, 1]® [(—Ae, Ac]—C.). Let 13 be so large that n=n;=
| Galt; @) = G(t; )| < ¢/4

for all t€ [0, 1]. Then if #ny=max {n, ny, n3}, n=n4= for all t€ |0, 1],
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3e
| Galt; 2) — G(t;2) | < T if x € [—A, A] = C,,

< f dGa(t; %) + dG(t; x)
lz|>A, 1zI>A,

+ | Galt; @) — G(t; ) |

< € i € " € 3e it | 2| >4
LI e “
Hence if n=n,, for any ¢ we have
3e
| G.(t; x) — G(1; x)| < y if x & C..

Let
1 path
é(")(t; x) = ﬂj;_;. G(t; w)du;
we have then, for n=n,

1 z+h
I&WW—dWmﬂéﬁf | Gatt; w) = Gt; ) | du
z—h

1
=—f | Galt; 4) — G(t; ) | du
2h lu—z|sh;ueC,

+ —1— | Galt; ) — G(t; 4) | du
2h lu—z| sh;uéC,
=< —G-—o du + f
- h ueC, 4
<e

for any (¢, x)E[0, 1]® [— =, = ]. Accordingly (ii) holds, G®(¢; x) being the
limit. (B)=(A4) is established.
3. (A) or (B)==(i") and (ii’ ) hold. (i”’) follows trivially. (ii"’") follows with
equal ease, since (A) or (B)=(B)=
. 1 poth
lim G, (¢; %) = 7 G(t; w)du.

n—x z—h

This is precisely (ii’’).
Before proceeding with the rest of the proof of Theorem 8 it is necessary

to introduce some further notation: for the Poisson array {x.}, let
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mt; m) = E{iyank +f (e — 1)dFu(x + ani): 1 < k < [tk,.]}

, - iux \ 1+ #
= il [ (e =1 - )T a6 )

where as usual the integrand in the last member of the equality is assigned the
value —u?/2 at x=0. Let also

An(t; p) = | log ¢ult; u) — nalt; )| -

The rest of the proof of Theorem 8 follows the methods of [2] for the analo-
gous results for one-dimensional distributions, and we will regard these as
well enough known that we may dispense with those details that carry over
to the present case directly.

4. (B) or (C)=for any M >0, A,(¢; u)—0 uniformly for (¢; y)E[O 1]
®[—M, M]: Let

o) = [ " o (x),

o) = f e dF (% + ans).

—0o0

Then
Gur(u) = eiHant(u)
and
$alt; ) = I {omlu): 1 S & < [tRal}.

Expanding log ¢.(¢t; u) in powers of ¢..(u)—1, we find that for large n we
have for any (¢, W) E[0, 1]® [— M, M],

I $nk(ﬂ') I kn a
. A n - 1.
8.9 AW S max o 3 [dul) — 1

There exist positive constants C; and C. depending only on 7 (in the defini-
tion of the truncated means a,x) and M, for which for large »

2

I $nk(”') -1 I é le ank(x + ank)

| 2
(8.10) 1 M+ ?
= Cz']‘—lj‘o I log I dur(n) | | dp
for all Ipl <M andall k=1, 2, » ka. (8.9) and (8.10) hold if either (B) or

(C) holds and {x.} is an mﬁmtesxmal array.
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If either
kn © x2
(8.11) Ef_“ s s+ aw) = Gl =)
or
ﬁ -1
(8.12) Sm(w)| =7——0
Fciin | éa(1;0) ]

is bounded uniformly for |u| M for large #, the infinitesimality of the
Poisson array {x,.k} enforces A,(¢; u)—0 with the required uniformities.

If now (B) holds, (8.11) is bounded uniformly in #, from (ii’). If (C) holds,
®.(1; u) converges uniformly for Ipl = M for any M >0 to ¢(1; ) which must
(again from the infinitesimality of {x.i}; see [2]) be the characteristic func-
tion of an infinitely divisible distribution. Hence on any finite interval,
¢(1; p) is bounded away from zero, and (8.12) is therefore bounded from
above uniformly in | yl = M for large n. In either case, A,—0 as required.

5. (A)=(C), and the (separable) limiting process has independent incre-
ments and no fixed points of discontinuity; moreover, the limits (y, G) of
(B) constitute the Lévy-Khintchine representation pair for the limiting proc-
ess.

6. (C)=(B), and the (separable) limiting process has independent incre-
ments and no fixed points of discontinuity; the Lévy-Khintchine representa-
tion for this limiting process is the pair (y, G) of (B): Let

é(t; 1) = lim ¢a(t; 4);
n— 0
the hypothesis here (condition (C) of Theorem 8) is precisely that the limit
exists uniformly for (¢, ) €[0, 1]® [— M, M] for any M >0. From the theory
of limiting distributions for sums of independent random variables (see [2])
it follows that ¢(¢; u) is for each ¢ the characteristic function of an infinitely
divisible distribution; this (limiting) distribution is the distribution of the
random variable x(¢; w) from the limiting process. It has been shown that this
limiting process has independent increments (Theorem 5).

Let (G(¢; x), v(¢)) be the Lévy-Khintchine representation pair for the dis-

tribution of x(¢, w). For each ¢, we then have
lim G.(¢; x) = G(; %),

n— o

lim v.(8) = v(),

n— o

(8.16)

the former relation holding for each x which is a continuity point of G(1; x)
and x =+ . We require that these limits satisfy the conditions of (B).
First we recall that the limiting process has independent increments, so
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that G(¢; x) is bounded and jointly nondecreasing in (¢, x). Further the condi-
tion of infinitesimality on the Poisson array is precisely (6.1)" of the corollary
to Theorem 6. Here §, may be taken to be any sequence which is 0(k;Y).
Hence the limiting process is without fixed points of discontinuity, and
G(t; x) must therefore satisfy the continuity conditions of (B). Clearly y(¢) is
continuous, too.

Let x be a fixed continuity point of G(1; x), possibly + . Then x must
also be a continuity point of G(¢; x) for every t&[0, 1] and lim, G,(¢; x)
=G(¢; x) for allt€ [0, 1], from (8.16). G(¢; x) is continuous and nondecreasing
in ¢ and for each n, G.(¢; x) is nondecreasing in £. From a theorem of Dini it
follows that lim, G.(t; x) =G(¢; x) uniformly for t€[0, 1]. This completes
the proof of Part 6, since we have shown that (C)=(B), and that
{x(t, @), tE[0, 1]}, the limiting process, has independent increments and no
fixed points of discontinuity with Lévy-Khintchine representation pair (G, 7).

This completes the proof of Theorem 8. The theorem can obviously be
restated in terms of the alternative Lévy representations of the limiting
process; we omit this and bring this paper to its conclusion.
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