ON THE INVERSE LIMIT OF EUCLIDEAN
N-SPHERES(?)

BY
MORTON BROWN

In [1] Bing constructed a 1-dimensional hereditarily indecomposable
continuum which is the inverse limit of a sequence of circles C; and such that
the maps fi: C;—Ci_, were of degree 1. In this paper we show that the dimen-
sion cannot be raised, i.e., if S=Lim(SY, f;) where S¥ is an N-sphere and
fi is essential, then S is not hereditarily indecomposable. In doing so we fur-
ther generalize Bing’s definition of “e-crooked.” Lemma 2 shows how to
construct hereditarily indecomposable continua by making the bonding
maps sufficiently crooked. In Lemma 3 we get a necessary crookedness con-
dition on the bonding maps if the limit space is to be hereditarily indecom-
posable. The remainder of the paper is devoted to proving that in the case of
N-spheres (IV>1) this condition cannot be satisfied.

DEFINITIONS AND NOTATION. Let X; be a sequence of compact metric
spaces, and for =2 let f; be 2 map of X; into X, ;. Then the subspace(2) (3)

S = {Z € I:.I Xi| fi(z) = Zi}

of [I; X is the snverse limit space of the inverse system (X, fi).

If d; is the diameter of X, then a metric for [[ X; (and hence for S) is
given by |z—2'| = 2.5 2-id; 2, —3! .

Let f: X—Y where X, Y are metric spaces. Then for ¢>0(%),

2,yE X and |z — y| <a}
implies | f(x) -f(y)l <e
If X is compact then L(e, f) >0 for all ¢>0.

Let f: X—Y where X is a topological space and Y is a metric space. Let

€>0. Then f is e-crooked if for each path g: I—X(®) there exist real numbers
tl, to SUCh that 0 étl élgél and:

L(e, f) = sup {6

Presented to the Society April 25, 1959 under the title 4 note on higher dimensional inde-
composable continua; received by the editors September 25, 1959.

(*) This paper was written while the author was an Office of Naval Research Fellow at the
University of Michigan.

® fi=finfiye - - - fi, fu=1.

¢ If z& H:’ X, then z; denotes the sth coordinate of z. Hence z = (2;).

*) ]x— y| denotes the distance from x to y.

() I denotes the unit interval [01].
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[ 78(0) — fe(t) | < e,
| 76t — fe() | <.

A metric space Y is e-crooked if the identity map 1: Y—Y is e-crooked (?).

A continuum M is indecomposable if it is not the union of two proper sub-
continua. If every subcontinuum of M is indecomposable then M is heredi-
tarily indecomposable.

LEMMA 1. Let K be a metric space. Suppose K, K, - - + 15 a sequence of
Peanian continua in K such that Ky DKy - - - . Then N K, is hereditarily
indecomposable if and only if there is a null sequence (e,) of positive real num-
bers such that K, is e,-crooked.

Proof of sufficiency. Suppose M is a subcontinuum of N K, and
M=A\UB, where 4, B are proper subcontinua of M. Leta&A4 —B,b&EB—A.
Then there is an # such that e, <min(|a—B|, |b—A4]|)("). Let O4, Oz be
connected open subsets of K, such that 4 CO,4, BCOs, |a—-53| >¢€,, and
|b—04| > €. Let *€04MNO0p. Then there are paths @, 8: I—K, such that
a(0)=a, a(l)=x, B(0)=x, B(1)=b, a(I) CO4, and B(I)COp. Let g: I-K
where

a(21), 0<t<1/2,
® {6(21 -1, 1/2=t=1.

Since K, is e,-crooked there exist #, f; such that £, =t Ia— g(tg)[ <€, and
|g(t) —b| <e.. Hence £,<1/2 and #,>1/2. But this contradicts the fact that
L.

Proof of necessity. Suppose N;° K, is hereditarily indecomposable and for
some €>0 there is a sequence n; such that K,; is not e-crooked. Then for
eachithereisapatha;: I—K,,, and real numbers#;such that | a;([0¢;]) —a:(1) |
e and |ei([t:1]) —ai(0)| Ze(®). Let An,=ai([04]), Ba,=au([ts, 1]), My,
=a;(I). Then lim sup 4,,, lim sup B,, are proper subcontinua of the con-
tinuum lim sup M,,, and lim sup M,,=1im sup 4,,\J lim sup B,..

LeEMMA 2. Let S=1im(X;, f) where the X ; are Peanian continua with diam-
eters d;. Suppose for all n, f, is €,-crooked where €, <minic,_1 L(27"d;, fi n-1).
Then S is hereditarily indecomposable.

Proof. Let K= {2€ [y X|fii(z) =2: for i<j<n}. Then K, is homeo-
morphic to X, and S=N,=; K,. Now K, is 2*~"-crooked. For if g: I-K, is a
path in K,, then(®)

(%) It may be noted that both definitions of e-crooked (for maps and for spaces) depend
on the given metric.

(") |x— Y| denotes the distance from x to Y.

(8) We may assume without loss of generality that ai(#;) converges.

(%) = denotes the map collapsing each point of Hr X onto its nth coordinate.

\
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kL xSy

Since f, is e.-crooked, there exist real numbers #, ¢, such that 0<¢, <4, <1,
| fang(0) —fumng(t2) | <en, and |fumag(ts) —famag(1)] <en. Let a=g(0),8=g(t:)
(e, BEK,). Then |fuma(@)=—fuma(B)| <e€s, ie. |@n—1—Ba-1| <€ Since
€, <L(27"d;, fi n1), |a,~—B,~| <27*d; for i=1, 2, - - -, (n—2). Hence
) n—2
la—B] = X 277! | s — 8] £ X 2707 @i — 8] + 22
1 1

n—2

D 27idii2nd; + 2%
1

IIA

n—2
< 2n Z 2—i 4 22n
1
< 27n 4 2in
< 23—7.'
Hence |g(0) —g(t:)| <2%-". Similarly, | g(t:) —g(1)| <2%-". Hence K, is 23-"-
crooked. But S=N;.; K., so by Lemma 1, S is hereditarily indecomposable.

LEMMA 3. Let S=1lim (X, f;) where the X; are Peanian continua and S is
hereditarily indecomposable. Then for any €>0 there is an n such that fi, is
e-crooked.

Proof. By Lemma 1 there is an # such that K, is 2~'edi!-crooked. Let
g: I—-X, be a path in X,. Let x;€X; for i=n+1,n+2, - - - . Let g: I-K,
by

g(t) = (flng(t)’ f%g(l)a Tt )g(t)’ Xntly ntzy * * ° )-

Since K. is 27edi !-crooked there exist #; <¢; such that |g(0) -g(tz)l < 27'di e,
|2(t) —g(D)| 27 dr%e. Now |g(0)—2(t2)| = 200y 2745 | fing(0) —fing (83) | -
Hence > 1., 2"'d;“lf,~,.g(0) —f;,.g(tz)l <27 'e. In particular

27147 f1n8(0) — fung(t)) | < 275, or | f10g(0) — fung(ta) | < e
Similarly | fing(ty) — ;,.g(l)| <e. Hence fi, is e-crooked.

LEMMA 4. Let Y be a metric space, X a topological space, and f, g two maps
of X into Y such that ” f— g” <. Then if f is e-crooked, g is (e+28)-crooked.

Proof. Suppose a: I—X is a path in X. Since f is e-crooked there exist
4 =t such that lfa(O) —fa(t)| <e, lfoz(tl) —fa(1)| <e. Hence

[ 2a(0) — ga(tz) | = | ga(0) — fa(0) | + |fa(0) = falts) | + |fa(tz) — galts)]

<llg =1l +e+llg =/l
<te +72.
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Similarly | ga(t;) —ga(1)] <e+24.

Let T be a triangulation of the N-sphere S¥ (N >1) and suppose f: Tr—T™
is a chain map of the nth barycentric subdivision of T onto the mth bary-
centric subdivision of T. Let f: | 7| —| T™| be the induced map of S¥ upon
itself and suppose f is essential. Finally let o be a N-simplex of T. An open
subset 0 of S¥ is said to be inessential mod |o| if there is a homotopy F: S¥
X I—S¥ such that

(@) Fo=f,

(b) Fi| (S¥—0) =1,

(©) Fi(o)Clol.

Otherwise o is essential mod |o|.

LeMMA 5. Let 0 be essential mod Ial. Then if F is any homotopy of SN XTI

into SV satisfying the above conditions (a) and (b), Fi(o) DSN — [a[ .

Proof. Suppose x& SN — [|or| \UFi(0)]. Since |g| is a strong deformation
retract of S¥ —x,, there is a homotopy G: (S¥ —xo) X =S¥ such that Go=1,
G| |e| =1, and Gi(S¥ —xo) C|o|. Let H: SN X I—S¥ by:

F(z, 20), 0<1<1/2,
H(x,t) = {f(x), 1/2=t=1, & o,
G(Fy(x), 2t — 1), 1/2=5t21, xEo.

Then Ho=f, H,|(S¥—0)=f, and Hi(0) =G1(Fi(0)) CG:(S¥) C|o|. But this
contradicts the assumption that o is essential mod |o|.

LEMMA 6. Suppose o1, 02 are disjoint open subsets of S¥. Then if each is in-
essential mod |a| so is their union.

Proof. Let F, G be the homotopies corresponding to o0;, 0: respectively.
Let H: S¥ X I—>S¥ by:

F(x, 210), 0=t=1/2,
H(x,t) = {G(x,2t — 1), 1/2=2¢t=1, x& oy,
F(x, 1), 1/2=21 =1, x &€ o1

LemMma 7. If X is a component off“(l a( ), then at least one complementary
domain of X is essential mod |o|.

Proof. Let 01, 03, + - -, 0, be the complementary domains of X. If each o;
is inessential then by Lemma 6 so is their union S¥ —X. Hence there is a
homotopy F:S¥XI—S¥ such that Fo=f, F.|X=f, and Fi(S"—X)C|0|.
But then Fi(SY) C|¢7|. Hence F; is inessential. But F; is homotopic to f and
f is essential.

LeMMA 8. Suppose a1, 03, 03 are three N-simplexes of T whose geometric
realizations are pairwise disjoint. Then there is an integer i (i0=1, 2, 3), a
component X of f~1(|a4|), and a complementary domain o of X such that:
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(a) o is essential mod |os,]|.
(b) If Y is any component off“(l o:|) =1, 2, 3) in 0 and o’ is a comple-
mentary domain of Y lying in o, then o' is inessential mod | o] .

Proof. Let X; be a component of f“([ 0’1| ). By Lemma 7, X; has a comple-
mentary domain o0, which is essential mod |gy|. If the pair (X3, 01) does not
satisfy condition (b) there is an integer 7» (i2=1, 2, 3), a component X, of
f(les]), and a complementary domain o, of X such that 0.Coy and 0. is
essential mod |a;|. Continuing in this fashion we must arrive at the required
pair (X, o) after a finite number of steps.

LEMMA 9. Let 01, 02, 03 be three N-simplexes of T whose geometric realiza-
tions are patrwise disjoint. Let p1, po, p3 be interior points of |¢71|, |¢72', |0'3|
respectively. Then for some permutation (1, 7, k) of (1, 2, 3) there is a component
X of f~1(|ai|), a complementary domain o of X, and points p}, pi of o such
that:

(@) f(pi)="pi

(b) f(b) =Pu,

(c) f~Y(|o;|) does not separate pi from X,

(d) f~X(|ok|) does not separate p; from X.

Proof. Let ¢, 0, X be the 1y, 0, X of Lemma 8. Let j, k be any permutation
of the remaining integers. Let Qi, Q. + - -, Q, be those components of
f~(|o;|) in o which are not separated from X by any other component of
f(|o;]). For 1 =t Zwlet W, be the union of the complementary domains of

Q. not containing X. Then the W, are pairwise disjoint. From condition (b)
of Lemma 8, each component of W, is inessential mod la',-l . Hence by Lemma
6, each W, is inessential mod |o,|. Again, by Lemma 6, U® W, is inessential
mod |o;|. Hence there is a homotopy F:SV¥XI—SV such that Fo=f,
F,I (S¥—UyY W) =f, and Fi(U¥ W) Clajl. By Lemma 3, since o is essential
mod Io,-|, there is a point pf €o such that Fi(pd)=pr. Since Fi(U? W,)
Cleo,|, p# €U W.. Hence no Q, (and therefore no component of (oj])
separates py from X. It follows from the unicoherence(*?) of S¥ that f~!(|o,|)
does not separate p{ from X. In the same manner we can find a p; CoNf~1(p;)
such that f“(| crk|) does not separate p; from X.

LEmMMA 10. Let T be a triangulation of S¥ (N>1) and f: T*—T™ a chain
map such that the induced map f: | T"| —»| T’"l is essential. Suppose a1, a1, 03
are N-simplexes of T whose geometric realizations are pairwise disjoint. Let
b1, pa, D3 be points interior to Iall, |02|, |¢13| respectively. Finally, suppose
e<min; D(p;, S¥—|0:|). Then f is not e-crooked.

Proof. The hypotheses of this lemma include those of Lemma 9. Rather
than restating the conclusions of Lemma 9 let us bodily incorporate its con-

(%) It is here that the proof breaks down for N=1.
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clusions and notation. It follows from conditions (c) and (d) and from the
unicoherence of S¥ that there exist arcs [p/x:1] and [p{ x:] in S¥ such that
a\Ux CX, [pfa]Nf(ae]) = [pd % 1N (|os]) =0, [p{x]NX =2, and
[p;%:]NX =x,. Since X is a connected polyhedron there is an arc [x1x2] in
X. Let ky, ha, hs be homeomorphisms of I into [p/x:1], [xixz], and [x:pd ]
respectively, such that #,(0) = p/ , h2(0) = x1, k3(0) =x.. Let g: I—=S¥ be defined
by:

hl(St)) 0 é t .S_ 1/3:
glt) = {h(3t = 1), 13=21=2/3,
hs(3t —2), 2/3<t=1.

If f were e-crooked there would be real numbers ¢, & such that ¢ = o,
|f2(0) —fg(t2)| <e, and |fg(t) —fg(1)| <e. Now fg(0) =p; and fg(1) = pu.

Since ([p} %]\ [x;xz])f\f“(l a;,] )=0, lfg(t) —pk[ >efor 0=t=<2/3. Hence
t1>2/3. Similarly |fg(t) -—pjl >efor 1/3<t=<1. Hence t,<1/3. But this con-
tradicts the assumption that #; =¢,. Hence f is not e-crooked.

THEOREM 1. Let N> 1. Then there is an €>0 such that no essential map of
S¥ upon itself is e-crooked.

Proof. Let T be a triangulation of S¥ fine enough to insure the existence
of three N-simplexes 0, 02, 03 whose geometric realizations are pairwise dis-
joint. Let p; be an interior point of |o‘.~| (:=1, 2, 3) and let

2e < min D(ﬁ.‘, Sy — l U.'I ).

Suppose now that g is any essential map of S¥ upon itself. By the Simplicial
Approximation Theorem there are barycentric subdivisions 7", 7™ of T
and a chain map f: T*»—T™ such that if f is the map of I T"I ——>| T"‘| induced
by 7, then f is homotopic to g and [|f—g|| < /2. Suppose g is e-crooked. Then
by Lemma 4 f is 2e-crooked. But by Lemma 10 f cannot be 2e-crooked. Hence
g cannot be e-crooked.

THEOREM 2. Let X =lim(X,, f;) where for some N>1 each X is an N-
sphere and f; is essential. Then X is not hereditarily indecomposable.

Proof. This theorem is a direct consequence of Theorem 1 and Lemma 3.
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