ON BOUNDARY VALUE PROBLEMS FOR SYSTEMS OF
ORDINARY, NONLINEAR, SECOND ORDER
DIFFERENTIAL EQUATIONS(Y)

BY
PHILIP HARTMAN

This paper treats various problems connected with systems of differential
equations of the form

1) '’ = f(t, %, &)

for a vector x. The first part (§§1-5) deals with a priori bounds for Ix’l for
a solution x =x(¢). The next part (§§8-9) gives existence theorems for non-
singular boundary value problems

(2) 2(0) = x¢ and x(T) = x7.

§§10-11 give existence theorems for solutions of singular boundary value
problems, that is, solutions which exist for all {20 and satisfy

3) 2(0) =% and |x| < Rfort=Z0orx—0ast— w,

In §§12-13, there are obtained uniqueness and continuity theorems for the
solutions satisfying (2) or (3).

The results are applied in §§14-15 to obtain existence theorems for peri-
odic and almost periodic solutions. This application was suggested by a lec-
ture of G. Seifert.

Finally, §§16-17 deal with existence of solutions of

4) ¥ =X, x, «, 2), 2 =2, x, %, 2)
satisfying
(5) x(0) = %, «(T) = 2r and 3z(0) = z,

where x and z are vectors (not necessarily of the same dimension).

1. Below, if x, f are vectors, |x| denotes the Euclidean length of x and
x-f the scalar product of x and f.

In §§1-5, there will be obtained a priori bounds for the first derivatives of
n-vector functions x(¢) subject to second order differential inequalities. In
this direction, our results are new only for > 1. For reference and compari-
son, the following is stated for the case n=1.
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LEMMA 1 (NAGUMO [8]). Let ¢(s), where 0 <5< «, be a positive continuous
function satisfying

1.1) fwsds/¢(s) = o,

Let R>0 and TZS>0. Then there exists a constant M, depending only on ¢
and R, S, with the following property: If x=x(t) is a real-valued function of
class C* for 02t =T satisfying

(1.2) x| =R, |2”] =¢(]]),
then |x'| <M for 0<t<T.

For example, M can be chosen to be the solution of the equation

M
(1.3) f sds/¢(s) = 2R.

2R/S
(Actually, the condition (1.1) on ¢ can be relaxed to the assumption that
equation (1.3) have a solution M.)

Functions ¢(s) satisfying the conditions of Lemma 1 will be called
Nagumo functions. (For example, ¢(s) =vs2+C>0, where v, C are constants,
is a Nagumo function.)

2. An example of Heinz [5] given in connection with partial differential
inequalities shows that Lemma 1 is false if x=x(¢) is a vector-valued func-
tion. His example is the binary vector x(¢) = (cos pt, sin pt) which satisfies
|x] =1, |«’| =|p| and |x”| =|«’|% Thus (1.2) holds with R=1 and ¢(s)
=s241, but there is no a priori bound for arbitrary p.

Heinz's arguments suggest the consideration of auxiliary inequalities,
different in form from (1.2), say

2.1) x| =B || =4,

where p(¢) is a (scalar) function of class C? on 0=t=T.
The desired a priori bounds for |x’|, in case of a vector x, are given by
the following lemma and its consequences.

LEMMA 2. Let ¢(s), 0Ss< o, be a Nagumo function. Let p=p(t) be a
(scalar) function of class C* and 0<Sp(t) =K, 0n 0=<t=<T. Let R>0, T=2S5>0.
Then there exists a constant M, depending only on ¢(s), K1, R and S, with the
following property: If x =x(t) is a (vector-valued) function of class C*on 0<t=<T
satisfying (1.2) and (2.1), then |x’| SMfor 0st=T.

Heinz's example above shows that condition (2.1) in x(f) cannot be
omitted. It will be seen below that condition (1.2) cannot be omitted either.
If, however, (1.2) is omitted (and (2.1) retained), one obtains a priori bounds
for |x'| on all subintervals u<t<T—p of 0=t=<T, where 0<u<T;cf. §3.



1960) ON BOUNDARY VALUE PROBLEMS 495

REMARK. It will be shown (§4) that condition (1.2) on x(¢) can be omitted
in Lemma 2 if p(¢) satisfies

(2.2) o] 6|2 +C

for some constants 8, C; with 0<f<1.
If one chooses ¢, p to be ys2+C, al x[ 24K, respectively, then Lemma 2
implies the following:

LemMaA 3. Let a, v, R, S, T, C, K be non-negative constants and T =.S>0.
Then there exists a constant M = M(a, v, R, S, C, K) with the following prop-
erty: If x=x(t) is of class C* on 0t < T satisfying

(2.3) |x| =R, |2"| s+|¢|2+C,
(2.4) lo| =R || S’ + K, where 1= |z,
then |x'| SM on 0<t<T.

Heinz’s example of the binary vector x = (cos pt, sin pt) shows that con-
dition (2.4) cannot be omitted. It is easy to give an example of a family of
(scalar) functions x(¢) satisfying inequalities of the form (2.4) but not of the
form (2.3) and for which there is no a priori bound for |«’|. To this end, let
¢, p>0 and let x(¢) =x(¢; p, €) be the scalar function which is 1+ep?(¢—1/p)*
or 1 according as 0=¢<1/p or t>1/p. Then x' is 4ep*(t—1/p)% or 0 and x"’
is 12ep*(t—1/p)? or 0 according as 0=¢t=<1/p or t>1/p. Since 1Zx=<1-+e¢
and x”' 20, it is clear that (2.4) holds with R=14¢, «=1/2 and K =0. As
%'(0) = —4ep, there is no a priori bound for all p>0 (and €>0 fixed).

Note that if yR<1, then (2.3) implies (2.4) with

(2.5) a=+v/2(1 —yR) and K = C/(1 — vR).
For since
(2.6) = 2a + | 2],

(2.3) shows that "’ =2(1 —'yR)|x’|'~"—2CR and another application of (2.3)
gives " =2(1 —'yR)(Ix”I —C)/vy—2CR. This inequality is equivalent to
(2.4)-(2.5). Conversely, if 2Ra <1, then (2.4) implies (2.3) with

2.7) = 2a/(1 — 2Ra) and C = K/(1 — 2Ra).
It can also be remarked that if (2.3) holds and, in addition,
(2.8) xa” =0,

then (2.4) holds with a=v/2 and K=_C.
In view of the remark concerning (2.5), Lemma 3 has the following con-
sequence:

CoroLLARY 1. Let v, R, S, T, C be non-negative constants subject to yR <1
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and T=S5>0. Then the analogue of Lemma 3 holds with an M= M(y, R, S, C)
if condition (2.4) on x(t) is omitted.

In view of Heinz’s example x = (cos pt, sin pt), YR <1 cannot be relaxed to
YR =1 in this assertion. (Heinz's results on partial differential inequalities
involve the condition yR<1/2.)

The remark concerning (2.7) and Lemma 3 (or the remark concerning
(2.2) and Lemma 2) imply

COROLLARY 2. Let a, R, S, T, K be non-negative constants subject to 2Ra < 1
and T=S5>0. Then the analogue of Lemma 3 holds with an M = M(e, R, S, K)
if condition (2.3) on x(t) is omitted.

For the family of functions x=x(¢; p, €), mentioned after Lemma 3,
2Ra=1-+ce¢. This shows that 1 in the inequality 2Ra <1 cannot be replaced
by a larger constant.

3. A priori bound on [u, T—pu]. It will first be shown that the inequality
(2.1) implies an a priori bound for |*’| on u<t<T—pu, where 0<u<T.

Let 0<u<T and 0=¢t=T —u. The relations

t+p

3.1) 2t + p) — 2(t) — u2'(l) = f L+ 1 — $)2"(s)ds,
t
t+p—s=0, and (2.1) imply that
pl&@)] S 2R+t + 1) — o(t) — uo'(2).
Hence
(3.2) |2()| £ QR+ K)/up—p(f) for0<t=T -y,

where 0 =p <K, for |x| =<R.
Replacing (3.1), for u=t<T, by

t

o) = 5= 0) = wr'®) = = [ == 92" (s)ds

t—n
leads to
(3.3) | &) = QR+ K)/u+p(t) forustsT.
Adding (3.2) and (3.3) gives
(3.4) |2()| £ QR+ K)/u forp<t<T—p

4. On (2.2). If, in addition to (2.1), the inequality (2.2) holds, then the
choice u=T/2 in (3.2) and (3.3) shows that, for 0Z¢=< T,

(4.1)  |¥@®| £ M+ C)/1 —06), where M;=202R+ K))/T.
Let M denote the value of (M,+Cy)/(1—6), when T'=.S. Since x(¢) is given
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on an interval of length 7= S, it follows by applying the inequality ]x’l =M
on every subinterval of length S, that M is the desired a priori bound.

5. Proof of Lemma 2. Let u=17/2 in (3.2) and (3.3) and let M;= M T)
be the constant defined in (4.1). Then (1.2) and (3.2)-(3.3) imply that

(5.1) | o2 | Jo(| 2']) £ | &'| < My %0,

where #+ is required according as t=7/2 or t=7/2.

Defined ®(s) by

(5.2) ug=f}ww@.
Then

63 ez -z = | [ee D],

where the integral is taken over the ¢-interval with endpoints ¢ and T/2. It
follows, therefore, from (5.1) that the expression on the left of (5.3) is major-
ized by 27'M,T+K,. Since |x'(T/2), < M, by the case u=T/2 of (3.4), it
follows from (5.3) that

(5.4) |#'(®)] <M: on0=t=T,
where M,= M,(T) is defined by

1
M, = Q_l(—z‘MlT"*‘ K, + q’(Ml))’

in terms of the inverse function ®~! of the increasing function ®. Clearly
M = M,(S) is the desired a priori bound.
6. Below there will also be needed the following:

LeMMA 4 (Scorza-Draconi [10]). Let g(t, x, x’) be a continuous and
bounded (vector-valued) function for 0<St<T and arbitrary (x, x'). Then, for
arbitrary xo and xr, the system of differential equations

(6.1) x’ = g(t, %, ')
has at least one solution x =x(t) satisfying
(6.2) 2(0) = 29 and «x(T) = x7.

It has been pointed out by Bass [2] that this lemma is easily derived
from Schauder’s fixed point theorem if one considers (6.1) as an inhomo-
geneous form of the linear homogeneous equation x’’ =0.

7. In the remainder of the paper, the function p(f) in Lemma 2 will be
taken to be p(#) =a| x] 2+ K; ¢(s) will be a Nagumo function that is, a func-
tion ¢ satisfying the conditions of Lemma 1.
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In order to be able to apply Lemma 4 below, it will be convenient to
have the following remark: Let f(f, x, x’) be a continuous (vector-valued)
function on a set

(7.1) DR, T): 0=t=T, | x| <R, 2 arbitrary,
and let f have one or more of the following properties:

(7.2) x-f+ |2|2>0 when z-« =0 and |z| >0,
(7.3) x-f+ |2|2>0 when «-2’=0 and |z| =R,
(7.4) |l < 2a(xf+ |2'|) + K,

(7.5) 71 = o] «']).

Let M>0. Then there exists a continuous, bounded function g(¢, x, x’) de-
fined for 0 <¢ =< T and arbitrary (x, x’) with the corresponding set of properties
among the following:

(7.2") x-g+ |2'[2>0 when 22’ =0 and |z] >0,
(7.3) x'g+|x'12>0 when z-2’ =0 and Ix] = R,
(7.4') lgl < 2a(x-g+ |« + K,

(7.5 lel = o),

and, at the same time, satisfying
(7.6) gty %, %) = ft, x,%') for 0 St = T, lx| <R, |#| =M.
In fact, one obtains such a g as follows: Let 8(s), where 0=s< =, be a
scalar continuous function which satisfies
=1,0<86<1,0d =0accordingass = M, M <s<2M,s =z 2M.
Put
glt, x, 2') = 6([ x’l ), x, x) on D(T, R),
glt, x, &') = (R/|x|)g(t, Rx/|x|,x') for |x| > R.
On D(T, R), the relation
zg+ | =8| DEs+ [+ =5 )]

makes it clear that g has the desired properties on D(7T, R). Furthermore, the
validity of the properties for |x| =R implies their validity for |x| >R.
Note that (7.5), (7.4), respectively, imply that a solution x=x(¢) of
&' =f(t, x, &') satisfies (1.2), (2.1) with p=a|x|?+K.
8. The next desired result in the following theorem dealing with the
existence of solutions of nonlinear, nonsingular, boundary value problems
(under conditions more general than those in Lemma 4) for a system
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(8.1) 2 = f(t, x, ).

THEOREM 1. Let f(t, x, x’) be a continuous function on D(T, R) in (7.1)
satisfying

(8.2) xf+ |&]220 if 2o’ =0 end |x| =R

In addition, let f satisfy (7.4) and (7.5), where o, K are non-negative constants
and ¢(s) s a Nagumo function. Let Ixol, |M| =R. Then the system (8.1) has
at least one solution x =x(t) satisfying x(0) =xo, x(T) =x7.

In the case x is scalar, condition (7.4) can be omitted; [8].
In Theorem 1 and the assertions below,*(7.5) can be omitted if 2Ra < 1.
Also, (7.4) can be omitted, if (7.5) is replaced by

(8.3) 7l =vleP+c,

where v, C are non-negative constants and yR < 1. Cf. the remarks concern-
ing (2.5) and (2.7) above.

Proof of Theorem 1. The proof will be given first for the case that f
satisfies (7.3) instead of (8.2).

Let M be the constant (with T = S) occurring in Lemma 2 (where
p=alx|*+K). Let g(t, x, x') be a continuous bounded function for 0<t<T
and arbitrary (x, x’) satisfying (7.3’), (7.6) and, correspondingly, (7.4")
(7.5"). By Lemma 4, (6.1) has a solution x =x(¢) satisfying the boundary con-
ditions (6.2).

Condition (7.3') means that r= |x(t) I 2 satisfies '’ >0 if =0 and = R?;
cf. (2.6). Hence 7(¢) cannot have a maximum value =R? in the interval
0<t<T. Since 7(0)=|xo|2 7(T)=]|xr|? satisfy 7(0), »(T)<R? it follows
that 7(¢) < R? (that is, |x] SER)on0=t=T. In view of (7.4')—(7.5"), Lemma 2
is applicable to x(¢). Hence, ]x’(t)[ =Mfor 0=5t=T.

By virtue of (7.6), it follows that x=x(¢) is a solution of (8.1). Hence
Theorem 1 is proved provided that (7.3), rather than (8.1), is assumed.

In order to remove this proviso, note that if €>0, the function f(¢, x, x’)
—+ex satisfies the conditions of Theorem 1 as well as condition (7.3). It is only
necessary to replace K, ¢ in (7.4), (7.5) by K+e€R, ¢ +€R, respectively. Hence,
by what has been proved,

2 =1, %, &) + ex

has a solution x=w.(f) satisfying the boundary conditions. It is clear that
ng(t)l =R and that, for a suitable NV independent of ¢ (<1), |x{ (t)f <N for
0=<t=<T. Ascoli’s selection theorem shows that there exists a sequence
€, €, - - - such that 0<e,—0 as n— « and that x(f) =lim x.(f), as e=€,—0,
exists and is a solution of (8.1) and (6.2). This completes the proof of Theo-
rem 1,

REMARK. In Theorem 1, let (8.2) be strengthened to



500 PHILIP HARTMAN . [September

(8.4) x-f+ |2']2z20  ifxa’ =0,
and let
(85) xr = 0.

Then, for the solution x =x(t) just obtained, r= Ix(t)l2 satisfies
(8.6) r=0, r = 0.

For if (8.4) is first replaced by (7.2), it is seen that 7(¢) has no maximum
on 0<t<T. Hence r(¢) =max(r(0), r(7))=r(0). Since r(T)=0, the same
argument applies if 0<¢< T is replaced by any subinterval ¢, <¢t<T. This
gives (8.6) if (7.2) holds. If (8.4) holds, the proof of Theorem 1 shows that
r= [x((t)l2 satisfies (8.6). But these inequalities are not lost during the limit
process €= ¢€,—0.

9. In this section, there will be proved a theorem analogous to Theorem
1, but the assumption (8.2) will be replaced by conditions on the magnitude
of |xo|, |*r| and T.

THEOREM 2. Let f satisfy the conditions of Theorem 1 except that (8.2) need
not hold. Let xo, xr, R and T be such that

9.1) B = max(| x|, |xr])
satisfies
(9.2) af*+ B+ KT*/8 < R.

Then (8.1) has at least one solution x =x(t) satisfying x(0) =x¢, x(T) =xr.
One can obtain the following assertion:

CoOROLLARY. Let f be defined and continuous on D(T, R) and satisfy (8.3)
for some non-negative constants vy, C such that yR<1. Let B in (9.1) and T
satisfy

(9.3) 8% + 2(1 — YR)B + CT*/4 < 2R(1 — ¥R).
Then (8.1) has at least one solution x=x(t) satisfying x(0) =xo, x(T) =xr.
Theorems 1 and 2 can be considered to be the ordinary (vector) analogue
of Nagumo’s results [9] for a partial (scalar) differential equation.
Proof of Theorem 2. Let M be the constant supplied by Lemma 2 (with
T=S and p=a|x| 2+ K) and let g(¢, x, ") be the function supplied by §7.
By Lemma 4, (6.1) has a solution satisfying (6.2). Let y=y(¢) be the
linear (vector) function satisfying
9.4) y(0) = o and ¥(T) = xr,

so that
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2(t) = () — f "6, )5 (5)ds,

where TG(t, s) is (T —t)s or ¢(T'—s) according as 0Ss<¢t<T or 0=5t<s<T.
By (6.1) and (7.4'), x satisfies the differential inequality in (2.4). Thus G=0
implies

. T
(9.5) 20| = |y + f G(t, 5)(ar"(s) + K)ds.

In this inequality, " can be replaced by (»r—u)"’, where u=u(¢) is the linear
function determined by

(9.6) u(©0) =7(0) = [ %], w(l) =r(T) = | xr|n
Thus, by (9.5),
20| = [9@)] + aw@® — () + 27 K(T - o).
Since Iy(t)[ émax(lxol, le! ) =8, u(t)§max(|xo| 2, [xTI )=B2and r=0,
(9.7) | 2(5)| <8+ aB® + KT?/8.

By condition (9.3), Ix(t)’ =R for 0=¢t=<T. Also, Ix'(t)l =M by Lemma 2,
It follows from (7.6) that x =x(¢) is a solution of (8.1). This proves Theorem 2.

10. In some of the theorems to follow, the bounded interval 0<t<T is
replaced by 0=¢< .

THEOREM 3. Let f(¢, x, x') be defined and continuous on
(10.1) DR): 0Lt < w, lxl = R < =, ' arbitrary.
For every T>0, let f satisfy the conditions of Theorem 1 on D(T, R), where the
constants a, K and Nagumo function ¢(s) which occur can depend on T. Then,

for every xq in the sphere Ixol =R, there is at least one solution x=x(t) of (8.1)
which satisfies x(0) =xo and exists for t=0.

REMARK. If, in addition (8.4) is assumed in Theorem 3, then r= lx(t)l2
satisfies (8.6). Also, if

(10.2) x-f+ | 2|2 20,
then
(10.3) r20, =0, 20

For a scalar equation in which f does not depend on &', this type of theo-
rem goes back to A. Kneser [6]; cf. [7]. For the scalar analogue of Theorem 3
in which the conditions (7.4), (7.5) on D(T, R) are replaced by a Nagumo
condition (7.5) alone, see [3]. For an f linear in x and independent of #’,
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see [12]; for the general linear case, [4]. For a nonlinear system, see [2],
where f is subject to a majorant linear in Ix’l ,

(10.4) lfl =~|«| +C,

on D(T, R). In contrast to (10.4), Theorem 3 implies that it is sufficient to
require on each D(7T, R) an inequality of the form (8.3) if yR <1. There is,
of course, no limitation on R if ¢ can be chosen arbitrarily small, that is, if

f(t,x,x’)/‘x’|2_>() as |x'| — ®

uniformly for bounded ¢ and |x| S R.
REMARK. In some of the papers just mentioned, it is assumed that

x-f(t, 2, 2") = 0.

In this case, the conditions (7.4), (7.5) on f on D(T, R) are satisfied if, for
example, (8.3) holds on D(T, R) with arbitrary constants y=+v(1T)>0,
C=C(T)>0. (A restriction of the type yR<1 is not needed.)

Proof of Theorem 3. Let m=1, 2, - - - . By Theorem 1, (8.1) has a solu-
tion x=x,(t) on 0=t <m satisfying x(0) =x,, x(m) =0. Let m=T. Then, by
Lemma 2, there is a constant M= My such that |xy(t)| S M for 0St<T.
Hence the sequences {xn(t)}, {*n(t)}, {x(t)}, where m= T, are uniformly
bounded and equicontinuous on 0=<¢<7. Theorem 3 follows from Ascoli’'s
selection theorem applied to a sequence of intervals 0=t<T, where T— .

The assertion concerning (8.6) follows from the Remark at the end of §8
and that concerning (10.3) follows from (2.6).

11. The next theorem gives a sufficient condition for the solutions x = x(¢)
of (8.1) given by Theorem 3 to satisfy

(11.1) 2({) >0 as t— .

THEOREM 4. Let f(t, x, x") be defined on D(R). For every number m, 0 <m <R,
let there exist a non-negative function (t) =a(t, m) for large t satisfying

(11.2)  x-f(t,x,x") = o(t) = Oforlarget,0 <m = | x| < R, &’ arbitrary,
(11.3) f to(t)dt = =.

Let x=x(t) be a solution of (8.1) on t=0. Then (11.1) holds.

This is an analogue of (IV) in [3] dealing with scalar equations.

REMARK. Let f(t, x, x) satisfy the conditions of Theorem 3 and, in addi-
tion, let the constants o, K and the function ¢(s) be independent of T'. Let
x=x(t) be a solution (8.1) satisfying (11.1). Then

(11.4) 2(f) -0 as t— oo,
For, by Lemma 2, x’(¢) is bounded for large ¢ and, by (7.5), x”(¢) is bounded
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for large t. The relation (11.4) then follows from the simplest Tauberian
theorem (Hadamard) which states that M; =< Const(MyM2)'/2 if My, M1, M,
are the least upper bounds for the moduli of a C? function and its first and
second derivatives on T'<t< », respectively.

Proof of Theorem 4. Let #(¢) = |x(¢)|2 Since (11.2) holds for large ¢, 7
satisfies 7’ Z 0 for large ¢. Suppose, if possible, that (11.1) fails to hold. Then
there exists a constant m such that 0 <m =r(¢) SR for large t. Let o(¢) be the
function belonging to the number m. Then

q(t) = 2(x-f(t, x, &) + | x'|2)/r, where x = x(!) and 7 = | x(t) |2,

satisfies

(11.5) q(t) = 20(t)/m for large ¢.

Note that r=r(t) satisfies the linear equation

(11.6) " — q()r = 0;

cf. (2.6). But the boundedness of 7(¢) and (11.3), (11.5), (11.6) imply that
(11.7) . r(() >0 as t— o

(Weyl; cf., e.g., [13, pp. 601-602]). This contradicts r=m >0 for large t.
Hence Theorem 4 is proved.

12. This section deals with the uniqueness of solutions of (8.1) given by
Theorems 1-3. In order to obtain a uniqueness criterion, consider the linear
system of differential equations

(12.1) y' =A@y + By,

where A (¢), B(t) are real matrices and y is a vector. It is easily verified that,
by virtue of (12.1),

2
yy'+ |y [2= + y-Ay — B*y-B*y/4,

1
Y+ Y B*y

where B* is the transpose of B. Thus a sufficient condition (cf. [4]) for every
solution y=y(¢) of (12.1) to satisfy

(12.2) [y®| z0,  (Jy®]»” z o,
is that
(12.3) 44 — BB* = 0,

where “Q=0” for a matrix Q means that “y-Qy=0 (or, equivalently,
¥-(Q+Q*)y=0) for all real vectors y.” The fact that (12.3) implies (12.2)
leads to the following uniqueness theorem:

THEOREM 5. Let f(¢, x, x') be defined on D(T, R) [or D(R)] and possess
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continuous partial derivatives with respect to the components of x and x’'. Let
F(t, x, x') and G(t, x, x') denote the Jacobian matrices

(12.4) F(t, =, ') = (3f/ox),  G(, %, &') = (9f/9%),
and suppose that
(12.5) 4F — GG* 2 0.

Then (8.1) has, at most, one solution which satisfies x(0) =x¢ and x(T)=xr
[or which satisfies x(0) =x, and exists for tZ0].

Of course, if an a priori bound |’| £ M is known for the possible solutions
involved, then (12.5) is only required for 0<¢=<T [or ¢=0], | x] =R, | x’| =M.

In the case that x is a scalar and f does not depend on «’, the proof of
Theorem 5 will show that the conditions on f can be replaced by the assump-
tion that f(¢, x) is nondecreasing in x for fixed ¢.

Proof of Theorem 5. Note that if there are two such solutions x =x(¢)
and x =x,(f), the difference y =x,—x; satisfies a linear equation (12.1), where

AQ) = foles, B() = fo Gis,

and the argument of F, G in these integrals is
(12.6) (@, sx2(t) + (1 — )xa(t), 525 (&) + (1 — s)x{ (1)).

For any (constant) vector ¥, Schwarz’s inequality (applied to each component
of B*(t)y) gives

1
|yl = [ [6leas,
0
where the argument of G* is (12.6). Hence
1
y-(44 — BB¥)y = y'f (4F — GG*)ds y;
0

that is, (12.3) follows from (12.5). Consequently, y(f) =xz(t) —x:(f) satisfies
(12.2).

If either ¥(0)=y(T)=0 or y(0)=0 and y(f) exists and is bounded for
£=0, then (12.2) implies y(¢) =0. Hence Theorem 5 is proved.

13. This section gives a “continuity” theorem for the solutions furnished
by Theorems 1-3; namely:

LeMMA 5. Let f(¢, x, x') and fi(t, x, &'), fo(¢, x, x"), + - - be continuous func-
tions defined on D(T, R) [or on D(R)] such that

(13.1) folty 2, &) = f(t, %, &) a5 n— ®
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uniformly on compact subsets of D(T, R) [or of D(R)]. On D(T, R) [or on
every D(T, R) ], let f satisfy the conditions of Theorem 1 [with constants a, K and
Nagumo function ¢(s) depending on T). Let lxol, IxTI =R. Finally, let

(13.2) &' = fult, x, &)

possess a solution x=x,(t) on 0<t=T satisfying x(0) =xo, x(T)=xr [or on
0=<t< o and satisfying x(0) =x,|. Then there exists a sequence of positive inte-
gers m<my< - - - such that

(13.3) lim x,(t) = x(t), where n = ng,
k> o

exists uniformly on 0St<T [or compact subsets of t=0] and is a solution of
(8.1) satisfying x(0) =xo, x(T) =xr [or x(0) =x0].

In order to see this, consider only the case of the nonsingular boundary
value problem x(0) =x,, x(7) =x7. The considerations in the singular case are
similar.

Lemma 5 is an immediate consequence of Lemma 2. In fact, the inequality

(13.4) =1l =1
together with the inequalities for f in (7.4) and (7.5) imply that
| fo] €2 fu+ |2 +K+14+2Re, |fu] o(|2]|)+ 1.

Let M denote the constant furnished by Lemma 2, where p(f), ¢(s) are re-
placed by a|x|2+K+1+2Ra, ¢(s) +1, respectively.

In view of assumption (13.1), the inequality (13.4) holds for 0<¢=<T,
x| R, |«'| £M if n is sufficiently large. It follows from Lemma 2 that
x’[ =M for 0=t=T and large n. Hence there exists a sequence of positive

integers #; <np < - - - such that lim x, (0) exists as #=n;— o . Lemma 5 now
follows from standard theorems.

14. Existence of periodic or almost periodic solutions is usually proved
under conditions which assure that all solutions exist for ¢=0. Recently,
Seifert [11] has given an existence theorem for almost periodic solutions in
which this is not the case. Theorem 7 of the next section can be considered
an analogue of his result for systems (even though the scalar case of Theorem
7, without modification, does not yield Seifert’s theorem which involves a
differential equation of a rather special form). In this section, there will be
obtained a similar theorem for the existence of periodic solutions.

THEOREM 6. Let f(¢, x, x') be defined for — w <t< o, |x| <R, x’ arbitrary
with the properties: (i) f is continuous and periodic in t of period 1 for fixed
(x, x'); (ii) the Jacobian matrices (12.4) exist and are continuous; (iii) f satisfies
(8.2); (iv) f satisfies (7.4) and (7.5) with non-negative constants o, K and
Nagumo function ¢(s) independent of ¢, x; finally, (v) if M is the constant sup-
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plied by Lemma 2 (with some fixed S>0 and p(t)=a]x]2+K), then (12.5)
holds for —w <t< o, |x| SR, |«'| =M.

Then (8.1) has at least one periodic solution of period 1. If x=x,(¢) and
x =x,(¢) are bounded solutions for — o <t < o, then le(t) —xz(t)| =const (and
const=0 7f “=20” in (12.5) is replaced by “>07). If x=x.(t) and x=x,(t) are
bounded solutions for t=0 or t =0, then lxl(t) —xz(t)l = [xl(O) —x2(0) [ .

REMARK. When x is a scalar, one can improve Theorem 6 slightly: condi-
tion (7.4) can be omitted in (iv); in which case, M in (v) should be replaced
by the M supplied by Lemma 1. If, in addition, f(¢, x, ") =f(¢, x) does not
depend on %', the differentiability assumptions (ii) and (v) can be replaced
by the condition that f is nondecreasing in x for fixed ¢ (and uniqueness results
if f is increasing in x).

Proof of Theorem 6. By Theorems 3 and 5, the equation (8.2) has a unique
solution on ¢=0 satisfying x(0) =x, for any x, in the sphere !xo] =R. Let
this solution be denoted by x=x(¢, xo). Define a map x—x; of the sphere
|xol < R into itself by putting x; =x(1, x,). It is clear from |x’(t, xo)l =M and
from the uniqueness of the solution x=x(¢, xo) that the map x¢—x; is con-
tinuous. Hence, by Brouwer's fixed point theorem, there exists a point
xo=x* such that x(1, x*) =x*.

The periodicity of f implies that if x=x(¢) is a solution of (8.1), then
x=x(+1) is also. In particular, x(¢+1, xo)=x(¢, x1). For the fixed point
xo=x%*, we have x(¢+1, x*)=x(¢, x*), i.e., periodicity of period 1. This gives
the existence assertion of Theorem 6.

The “uniqueness” assertions have nothing to do with the periodicity of
f. If x=x1(2), x2(¢) are two solutions of (8.1) for — » <¢< o, then the proof
of Theorem 5 shows that r = | x; —x,| ? satisfies 7" = 0 for all ¢. But the bound-
edness of 7, 0 =<7 <4R?, implies therefore that r(f) is a constant. (If “>0”
holds in (12.5) it is seen that #’’>0 for some ¢ unless »=0.) The stability
assertion concerning lxl—xgi for t=0 or t=<0 follows similarly. This com-
pletes the proof of Theorem 6.

15. An analogous theorem for almost periodic solutions is the following:

THEOREM 7. Let f(¢, x, x') be defined for — » <f< «, ]xl =R, x’ arbitrary
with the properties (i) f(t, x, x') 1s uniformly continuous for — o <t< oo,
]x| <R, x' bounded and is uniformly almost periodic in t for fixed (x, x');
(ii) the Jacobian matrices (12.4) exist and are uniformly bounded and uniformly
continuous for — o <t< o, [x| =R, x' bounded; and conditions (iii)—(v) of
Theorem 6 hold.

Then (8.1) has at least one uniformly almost periodic solution.

The last parts of Theorem 6 concerning uniqueness on — « <t< % and
stability for =0 or ¢ £0 are valid here. Also, the Remark following Theorem 6
on the scalar case is applicable to Theorem 7.

Theorem 7 is a consequence of Theorem 3, the proof of Theorem 5 and
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results of Amerio [1]; cf. [1] for references to Favard. By Theorem 3, (8.1)
possesses solutions x =x(¢) on 0=¢{= ». Also, by Lemma 2, any solution of
(8.1) satisfies lx'(t)[ = M if x(¢) exists on an interval of length =.S. In par-
ticular, |x’(t)| = Mon0=t= «. The boundedness of x(t) and x’(f) on t=0 for
some solution implies, by [1], the existence of a solution x=ux;(f) for —
<t o,

If x=ux1(¢), x2(t) are two solutions of (8.1) for — « <¢< », then, as in
the proof of Theorem 6, lxl(t) —xz(t)l =const.

Let fi(¢, x, x') belong to the closure of the set {f(t+s, x, #'): — o <s< « }
with respect to the sup norm for — o <t< o, |x| <R, |#'| <M. It is clear
that fi has properties (i)—(v) analogous to those of f (if, in (i) and (ii), “x’
bounded” is replaced by “lx'[ < M?”). Thus, if x=x,(t) and x =x,(¢) are two
solutions of x"' =f(¢, x, ) for — o <¢{< », then |x1—x2| =const.

It follows from [1] that if x=x,(¢) is any solution of (8.1) on — » <t <,
then x;(f) is uniformly almost periodic. This completes the proof of Theo-
rem 7.

16. Let x, z be vectors, not necessarily of the same dimension, and let
%’ be a vector of the same dimension as x. Let R, Q be positive constants and
E the (¢, x, ', 2)-set:

(16.1) E:0=t¢t<T, |x| £R, &' arbitrary, |z| <20.

Let X, Z be continuous vector valued functions on E of the same dimension
as x, 3, respectively. The system of differential equations

(16.2) ¥ = X, x, 2, z), 2 =2, x, «, 2),

will now be considered.
The following conditions will be imposed on X:

(16.3) Xtz 2,2+ |22 0if 2.2’ =0 and |z| = R;

there exist non-negative constants @, K and a Nagumo function ¢(s) such
that

(16.4) | X[ S 2a(e-X 4+ |9+ K, | X] So(]2]);
the Jacobian matrices
(16.5) F(t, x, &', 2) = (0X/9x), G(, x, 2, 2) = (0X/9x)

exist, are continuous and satisfy (12.5) on E.
For Z, it will be supposed that there exist continuous, positive functions
a(t), 7(s) for 0=t =T, Q*<s5=(2Q)? respectively, satisfying

(16.6) 2| z-Z| So)r(|z|)for0=<t=<T,Q = |z| <20, (x,2') arbitrary,

(16.7) fTo(t)dt <f(2o) ds/1(s) < o,
0 @

2
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and that the Jacobian matrix (3Z/0dz) exists and is continuous on E.

THEOREM 8. Let |xo|, |x2| SR, |20| Q. The system (16.2) has at least one
solution x =x(t), s=32(t) which satisfies

(16.8) x(0) = x,, 2(T) = xr and 32(0) = z,.

It is clear that the first inequality for X in (16.4) is redundant if the
second is of the form | X | <v|«’|?+C and yR<1. It is also clear that Theo-
rem 8 leads to an analogue of Theorem 3.

The proof of Theorem 8 depends on Lemma § and on Schauder’s fixed
point theorem.

17. Proof of Theorem 8. Let H be the Banach space of vector functions
(x(t), 2(t)) on 0=t=T with the product topology arising from x(t) EC?,
2(t)ECL Let M be the constant furnished by Lemma 2 (with S=7T and
p=a|x|2+K) and let N be a bound for | X|, | Z| on the set

(17.1)  Ex:0=t=T, |z| =R, || =M, |z| 220

Let w(e) =wu(€) be defined by

(17.2) w(e) =
J

ax sup | AJ |,
X,z

where AJ=J(t, x, ', 2) —J(t*, x* «x'* 2*) and sup refers to (¢, x, &/, 2),
(t*, x*, x'*, 2%) in Ey and subject to |t—t*| S, |x—x*| < Me, |x' —x'*|
=< Nk, |z——z*| =< Ne.

Let Hy be the subset of H consisting of vector functions (x(¢), 2(¢)) which,
for 0St<T, satisfy |x| <R, |«'| =M, |x"| =N, |3| =20, |#'| £N and

i) — 7| Sw@if0<t,*<T,|t— | <ecandj=a", 7,

and, in addition, satisfy the boundary condition (16.8). Clearly, H, is a
compact, convex subset of H.

Define a map L: H—H, as follows: if (%(¢), 2(t)) S H,, let L(z(¢), 2(¢))
= (x(t), 2(¢)), where 2(¢) is defined as the unique solution of

(17.3) "= 2Z(, 5(1), 29, 2),  2(0) = 2,
and x(¢) is the unique solution of
(17.4) =X, x, 2, 2(2)), 2(0) = %o and x(T) = zr.

In order to see that L is well defined, note that (17.3) defines 2z(f) uniquely,
at least for small £=0, since (0Z/9z) exists and is continuous. Actually, z(f)
is defined for 0=¢t=T (and satisfies Iz(t)] <2Q). For otherwise, there is a
subinterval $=<t<f, of 0=t=<T on which Q= |zl =<2Q and |z(to)| =Q,
|2(t)| =20. But if s(t)=|2()|? then s'=2z-Z(t, &(t), 3(t), 2) satisfies |s'|
<o(¢)7(s). An integration of this differential inequality over the interval
ty=t=t leads to
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f "t 2 fo:zo)zds/r(s),

which contradicts (16.7). Also, (17.4) has a unique solution x=x(¢) by the
existence Theorem 1 and the uniqueness Theorem 5. Finally, (x(¢), 2(¢)) is
in Ho.

The mapping L: Hy—H, is continuous. In order to see this, it is sufficient
to show that if (£.(¢), 2.(¢)), n=1, 2, - - -, is a sequence of elements of H,
such that (&,, 2,)—(%, 2) in H, as n— o, and (%», 2,) = L(&x, Z.), then (x,, z,)
—(x, 2)=L(%, ) in H. That z,—2z in C'(0, T) is clear from (17.3) and the
uniqueness of the solution of (17.3). That x,—x in C?(0, T') follows from (17.4)
and Lemma 3.

Schauder’s fixed point theorem implies that there is a point (x(¢), 2(¢)) EH
which is a fixed point of the map L. The point (x(t), z(¢)) is a solution of
(16.2) satisfying (16.8). This gives Theorem 8.
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