ON THE KRONECKER PRODUCTS OF IRREDUCIBLE
REPRESENTATIONS OF THE 2X2 REAL
UNIMODULAR GROUP. I

BY
LAJOS PUKANSZKY

Introduction. The purpose of the present paper is to determine the de-
composition of the Kronecker product of two irreducible representations of
the real 2 X2 unimodular group into a continuous direct sum of irreducible
representations.

The irreducible unitary representations of this group have been deter-
mined first by V. A. Bargmann [1](%), and those of the 2X2 complex uni-
modular group by I. M. Gel’fand and M. A. Naimark [3]. In both cases the
list of these representations contains two continuous series; first, the prin-
cipal continuous series, the members of which can be described by a pair
(m, p) of two variables, m with a discrete, p with a continuous range; and
secondly, the representations of the exceptional interval, characterized by a
single parameter, varying over a finite interval. In the real case in addition
to these there exists a discrete series of representations characterized by
integers. Concerning the representations of the exceptional interval it has
been proved that they do not occur in the decomposition of the left regular
representations of these groups into a continuous direct sum of irreducible
representations.

The problem of finding the irreducible parts for the Kronecker product of
two of these representations by the Reduction Theory of von Neumann [9]
was taken up first by G. W. Mackey, in the complex case, for two factors
taken from the principal series [4; 5]. W. F. Stinespring applied the same
method to the discussion of the analogous case for the real group(?). Recently,
M. A. Naimark attacked the same problem in the complex case, and gives a
complete discussion of all possibilities [10](3).

In Parts I, II, and III of the present work we give the decomposition of
the product of any two irreducible unitary representations of the real 2X2
unimodular group. To sketch our method, we restrict ourselves, for the sake
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(*) When speaking of unitary representations in this paper, we mean always representa-
tions, which are strongly continuous. Bargmann’s classification was performed under certain
restrictive conditions (cf. [1, (5.6.),p. 601]). It has been proved, however, that these conditions
are automatically fulfilled, cf. for instance, [6, p. 545].

(2) Oral communication.
(3) At the time being only the first part, dealing with the product of two representations

of the principal series [10] is accessible to us.
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of simplicity, to the representations of the three-dimensional Lorentz group
L;; it is known that any representation of the 2 X2 group is a single- or double-
valued representation of L;. All notions used in the following will be described
in appropriate detail in later sections. We describe L; as the connected com-
ponent of unity in the group of all linear transformations of three-dimen-
sional Euclidean space, which leave the form x2—x?—x2 invariant. Further-
more, we denote the one-parameter subgroups of L; leaving xo, x; and x; in-
variant by G, Gy and G, resp. Given any continuous unitary representation
T, of L3 on a Hilbert space H, we denote the infinitesimal generators of the
one-parameter groups of unitary transformations corresponding to G; by
H; (i=0, 1, 2) resp. Forming the operator Q' =H:+ H—H;, one can show
that its closure Q is self-adjoint, and commutes with the operators T, (a € Ly).
In other words, Q is affiliated with the center of the weakly closed operator
ring generated by this representation. Hence in particular, in the case of an
irreducible representation, it is of the form ¢I, where ¢ is a real number and
I is the unit operator. As Bargmann'’s list shows, the number ¢ determines the
corresponding irreducible representation uniquely; its range is the interval
0<g<+ « for the two continuous series, and ¢=0, —1, —2, - - - for the
discrete series. Conversely, one can show that a representation, for which Q
has the form ¢I, is a multiple of the corresponding irreducible representation.
Therefore, if we decompose the Hilbert space of the representation T, into
a continuous direct sum of Hilbert spaces diagonalizing Q, then at the same
time we get a decomposition of T, into a continuous direct sum of unitary
representations, each of which is a multiple of some irreducible representation.
From this, one can see that the problem of finding the irreducible components
of a unitary representation essentially amounts to that of determining the
spectrum of the corresponding operator Q. To decide which members of the
discrete series occur in the decomposition, is made easy by the fact that they
appear always as discrete summands. Therefore in the following we deal with
the problem of finding the irreducible components belonging to one of the
continuous series. Let T, be an irreducible representation of this kind. Since
GoC L3 is the group of rotations of the unit circle, T4, when restricted to Gy,
breaks up into a discrete direct sum of one-dimensional representations, and
one can show that the trivial representation occurs exactly once. For an ir-
reducible representation of the discrete series the trivial representation does
not occur at all. From what has just been said, it is clear that if for a repre-
sentation T, we have Q=g¢I (¢>0), then, denoting by M, the subspace of all
vectors which are left invariant by the restriction of T, to Go, T, is a
dim 9, times multiple of the irreducible representation belonging to ¢. From
this we can deduce the following general rule. Let T, be an arbitrary unitary
representation of Lz on the Hilbert space H; we form the corresponding oper-
ator Q and define the subspace Iy as above. My obviously reduces Q; we
denote its part in it by Qo. One knows that one can represent Iy in a unique



118 LAJOS PUKANSZKY [July

manner as a sum Z:Ll @M, such that each M, reduces Qo, and the part

® of Qo in M, is a v-fold copy of an operator with a simple spectrum; finally,

the spectra of Q¥ and Q¥ for v #u are pairwise disjoint(%). In this case T
is a direct sum of two representations Tt and T:. T? is a discrete direct sum of
irreducible representations of the discrete series and of the trivial representation;
TS is a direct sum of a sequence TS (v=1, 2, - - - ) of unitary representations,
such that T is a comtinuous direct sum, with respect to a weight function
equivalent to the spectrum of QF, of v-fold copies of irreducible representations
from the continuous series.

Up to now we have been discussing the case of an arbitrary unitary repre-
sentation of L3, and have arrived at the conclusion that the main difficulty in
determining its irreducible components is that of finding the spectral proper-
ties of Qo (with the notations used above). Turning, for example, to the par-
ticular case of the Kronecker product of two irreducible representations of
the continuous series of L;, and making use of Bargmann’s description of
these representations in terms of function spaces, we have to deal, among
other things, with problems of the following type. Consider an integrable posi-
tive-definite function K(¢) on the circumference of the unit circle; suppose
that [3*[o*K (¢ —y)f(9)f (@) dedy is positive for every continuous function f(¢).
Then define an inner product for any pair f(¢) and g(¥) of continuous func-
tions by (f, g) =/ [K (¢ —¥)f(¢)g®)dpdy. In this fashion we get a pre-
Hilbert space; denote its completion by H. Then we are to investigate the
spectrum (including multiplicity) of a self-adjoint operator, obtained as the
closure of a certain linear differential operator of second order defined on the
sufficiently smooth elements of H (cf. (B) in Chapter II of the present Part
I). In a similar fashion, when discussing the decomposition of a product, with
one factor of type DY, the other of Dy, (%) we shall have to consider differential
operators of second order on certain Hilbert spaces, formed from analytic
functions on the unit disk.

As a feature common to all cases of Kronecker products we wish to note
the following two facts: (a) either no representation from the principal con-
tinuous series occurs, or every representation from the principal continuous
series occurs, with a weight function equivalent to the Lebesgue measure,
(b) representations of the exceptional interval appear as discrete direct sum-
mands only.

The purpose of the present Part I is the discussion of products with factors
from the two continuous series of L;. Its plan is as follows. In Chapter I we
give a detailed discussion of the method, outlined above, to obtain the ir-
reducible components of any unitary representation of the 2X2 real uni-

(4) We say that the spectra of two self-adjoint operators 4, and 4 on the Hilbert space H,
with the spectral resolutions E§’ and E§ are disjoint, if the measures corresponding to the
functions || B f||* and || EX’g||* of bounded variation are disjoint for any choice of f, gE H.

(%) For these cf. the end of I.A.
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modular group. The fact that we have been anxious to give, as far as this is
possible, a self-contained treatment, explains its length. In §A of Chapter II
we determine the irreducible components belonging to the discrete series; in
§B those of the continuous series. This is achieved through discussion of the
operator (o, as indicated above.

Part II will treat those products in which at least one factor belongs to the
discrete series. Finally, Part III will discuss the product of two representa-
tions belonging to the continuous series, one or both of the factors being
double-valued representations of L;. These will be published later.

Most of the results of the present paper were obtained during the author’s
stay at the University of Chicago in January—March, 1958. The author is
indebted to Professor I. E. Segal for proposing the subject of the present
research.

CHAPTER 1. PRELIMINARIES

A. Irreducible representations of ©. In this section we summarize certain
results concerning general representation theory, and in particular, concern-
ing irreducible representations of the 2X2 real unimodular group.

Following Bargmann, we consider, instead of the group of all 2)X2 real
unimodular matrices, the isomorphic group of all 2X2 complex matrices of

the form
GO ekl
(o4

We denote this group by &. We observe that & is locally isomorphic with
the three-dimensional Lorentz group L;, by which we mean the connected
component of unity in the group of all nonsingular linear transformations of
R3, leaving the form xj—x? —x} invariant. As a matter of fact, L; is isomorphic
to the factor group of & according to the subgroup of order 2 consisting of
+e, where ¢ is the unit matrix.

Next we consider the following one-parameter subgroups of &:

etz cht/2  ishi/2
go(t) = . )y gl(t) = . )
0 et/? —1isht¢/2 cht/2

chi/2 shi/2
&) = (sh t/2 ch z/2> (Z = <t< A=)

Let us suppose that T, is a continuous unitary representation of the
group © on the Hilbert space H. Defining the self-adjoint operators
H; (j=0,1, 2) on H by

TVj(t) = eXP(_iHjl) (] = 0, 1) 2)
one easily verifies, by aid of the reasonings [2, pp. 601-602], that the operator
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Q' = Hi+ H:— H} formally commutes with all the operators of the representa-
tion T4, hence by the theorem in [12] it is essentially self-adjoint, that is, it is
densely defined and its closure Q is self-adjoint on H. We call Q the Casimir
operator belonging to our representation. In particular, if T is irreducible, then
Q is of the form ¢I, where ¢ is real, and I denotes the unit operator on H. In
the following we reproduce Bargmann’s classification of all nontrivial ir-
reducible unitary representations of & |1, p. 609], with minor modifications
in the notation(%). Since the one-parameter subgroup go is compact, the oper-
ator H, has a pure point spectrum consisting of integers or half-integers (we
parametrize go in such a way, that go(2m) = —e, go(4m) =¢, where e is the unit
in &). It turns out that each eigenvalue occurs with the multiplicity one.
Then the set of all nontrivial irreducible representations of & can be listed
as follows:
(1) Principal continuous series
(a) integral case CY (¢=1/4; m=0, +1, £2,---),
(b) half integral case CV*(¢g>1/4; m=0, +1/2, £3/2, - - -).

(2) Continuous series; exceptional interval
E,(0<¢<1/4;m=0,+1, £2,-- ).

(3) Discrete series

(a) minimalm:Df (q=k(1—k);m=k k+1, - - - k=1/2,1,3/2, - - -),
(b) maximal m: D; (g=k(1—Fk); m=—k, —k—1,---; k=1/2, 1,
3/2, - - -).

Anirreducible representation T, with 7_,=I, is a single-valued representa-
tion of Ls. From among the representations listed above Co(1/4<g¢<+ =),
E,(0<g<1/4) and Dy, Dy, where k is an integer, possess this property. We
see that the conditions T_,=1 and 0<g<+ % determine an irreducible
representation of Ls uniquely.

B. Decomposition into irreducible representations. The purpose of the
subsequent considerations is to show that the problem of finding the decom-
position of a continuous unitary representation of & into irreducible parts
can to a large extent be reduced to the investigation of the spectral properties
of the Casimir operator associated with this representation (cf. §A). Though
the following statements could be directly obtained from known results (cf.
beside what is going to be quoted in the course of the proof [6, §§4-6;
7, Theorem), for the convenience of the reader we prefer to give a complete
discussion, making use of the present special situation. Here we shall need
the more elementary part of the Reduction Theory only, for which we refer
the reader to [9, §§1-14].

(%) In view of the particular role played by the representations of the exceptional interval
(cf. [1, §8]) in the decomposition of the Kronecker products (cf. Introduction) we denote them
by E, instead of €2 (0<g<1/4) as used by Bargmann.
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B1. Let T, be a continuous unitary representation of © given on the separa-
ble Hilbert space H. Then there exists a decomposition, with respect to a weight
Sfunction o (N) over the real line, of this Hilbert space into a continuous direct sum
of Hilbert spaces Hy, a continuous unitary representation To(\) of & on H,
such that (a) for each aES we have T,= ZTG()\), (b) the Casimir operator
QW) of Ta(\) equals NI.

First we suppose that for our representation 7_,=1I.

We denote the Lie algebra of & by ¥ (cf. [1, 4.b, p. 595]). For x €U we
put g,(¢) =exp xt, and we define H, through the condition

Tgx(g) = exp(—int).

We denote the element of U corresponding to the subgroups g;(f) (cf. §A)
by x: resp., and as before, we put H;=H,, (1=0, 1, 2). By Theorem 3.1 in
[11] there exists a dense linear manifold 8 C H, such that (a) 8 is in the inter-
section of the domains of definition of all H, (xE¥), and the restriction H,
of H, to B is essentially self-adjoint, that is H;*=H,, (b) we have H,B
CB (xEA) and T,BCYB (¢ ES), (c) the mapping x—iH, gives a repre-
sentation of A by the essentially skew-adjoint operators ¢H,/ , finally (d) the
operator H:+H:— H; is essentially self-adjoint on ¥ and commutes with
T, (aE€®); its closure, commuting again with T3, is the Casimir operator of
our representation; and will be denoted again by Q (cf. [1, 2.c., p. 587, 5.e.,
p. 601], and [12, Theorem]). If P is any projection commuting with
T. (a€E©), and MM the corresponding subspace, then it is clear that the
Casimir operator of the restriction of T, to I is the restriction of Q to M.
Hence without loss of generality we may assume in the following that (o) Q
is bounded, (8) Q does not possess nontrivial eigenvectors. For if I, is the
eigenspace belonging to the eigenvalue N of Q, then it is invariant under T,
and the Casimir operator of the part of T, in I is M.

Let D; be the domain of the operators H; (=0, 1, 2) resp. We show that
Doy CDyN\D,. Indeed, if fED,, by (a) above we can find a sequence f, of ele-
ments in B, such that lim,., fo=f and lim, .., Hof.= H,f. But we have

|Ho(fn = Fu)lI2 + (QUn = fds fo = f) = | Hi(fa = fudl|? + | Ho(f — fu)l|?

and hence, by virtue of our assumption concerning the continuity of Q, we
see that the sequences {H i f,,} (z=1, 2) converge too, along with { f,.}, which
proves that f& DN\ Ds.

Since the subgroup go is compact, and since T_,= 1, we have

Toy = Z e~ Py,
(n)

where the P, (n=0, 1, +2, - - - ) are pairwise orthogonal projections, with
a sum equal to I; we denote the subspace corresponding to P, by .. Since
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M. CD,, we have M, CD1N\D;; in what follows we show that putting H,,
H_ for the closures of the operators H,+4H,, H,—1H, resp., we have H_It,
CWy, HMCMapy (=0, 1, 2, - - -). What follows is essentially an
adaptation of the reasoning of 5f on [1, p. 603]. If x=a/x’+a/'x"’ (¢, &' real,
and x/, X"’ €¥), then Hy=a'H, +o''H,» on B, and since the restriction of
any H, to B is essentially self-adjoint, the same relation holds for any
f€DND,.. We have

x = go(®)x1[ge(®)]™

COS Iy, + Sin 4y,

X = go®x2[go()]™t = — sin ty, + cos &
and putting U,;=exp(—1tH,)
H;z = U H,U_,, H; = UH.U_,.
Therefore, if gEM., then
et U,H g = cos tH,g + sin tHog,
et U, Hyg = — sintH,g 4+ cos tHag
and therefore
UH.g = eiOtH g
UH_g = ¢ OtH g,

Hence

1 1
" (Ue—DHyg = " (it — 1) H,g,

1 1
n (Ue—DH_g = n (71t — 1)H_g.

Since in each case the right-hand side tends to a limit, if £—0, we have H.,g,
H_g€&D,, and

HoH,.g = (n + 1)H,g,
HH_ g=(n—1)H_g

which proves our assertion.
Furthermore, we have

g2(Dxalga(®)]* = shixo + chtxa

We put U,=exp +H.t. If g is in the domain of the operators H;H; (1,j=0, 1, 2),
then

H\U.g = U(shtHy + chtHy)g;

hence
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1
H, {—t— Uy — I)g} =t shtUHog + 7 (ch tU, — I)H,g.

If t—0, then the right-hand side tends to Hog+iH.H.g. Therefore, in par-
ticular, whenever g&I,, we have

(H\H, — HyHy)g = — iHog
and

(H_H, — H.H_)g = 2Hog
and finally, by definition
* (H-H, + H,H.)g = 2(Q + Hog.

In what follows, we denote the operator ring consisting of all bounded
functions of Q by R. Let us consider the decomposition of H, with respect to
the weight function o¢(\), into a continuous direct sum of Hilbert spaces H,,
to which the ring R belongs. For this we write

H =f @ Hydo.
R!

We may obviously assume that it is the multiplication by N which cor-
responds to Q. We put Py= ZPO()\); then dim Py(\) is a measurable func-
tion of N, and it is positive almost everywhere. For otherwise we would have a
projection PE R such that PP =0. Let # be the integer with smallest absolute
value, for which P,P#0. We suppose that #»>0; the opposite sign can be
treated in an analogous way. If =0, P,Pf=f, then H_f=0, since H_fEM, 4
and P commutes with H_ and P,_;. But using relations (*) we get

0=H.Hf=(Q+ n(n—1)I)f =0.

In other words, f is an eigenvector of Q, hence f=0, since we assumed that
Q does not have nontrivial eigenvectors, which gives a contradiction.

In the following we suppose, by possibly restricting our representation 7T,
to a subspace, the projection of which belongs to R, that dim P,(\)
=m>0(m=1,2, - - -, +x). Then wecan find m vectorse® (1=1,2, - - -, m)
in My, such that if

e = [ o)

then e”(\) form a complete orthonormal system in the subspace MMo(\) of
H, belonging to the projection Py(A). We put

O] @) ) s () O] s ()
fo =e fs =Hye , and f_, = H_e
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and

7 =f £ ) (do ()12 (s=1,2,---3i=1,2--,m).

We are going to prove that (f?(\), fP(\))=0, a.e. with respect to o, if
either 15 or s#¢. For this it is enough to show that under this assumption
(Af9, f9) =0 for any AER. If st this is evident, because I, and I, are
orthogonal and each of them reduces every operator of R. To prove that
(AfD, f?) =0 observe that this is true for k=0 since f@=¢® and by virtue
of our choice of ¢ (¢=1, 2, - - -, m). Suppose now that our statement has
already been proved for k=1, 2, - - - | 5. Then using relations (*) we get

() ) () ) () ()
(Aforss for) = (AHf, Hif') = (AH_H.f,", f.")

@ LW ) ()

= (AQfs ) fe )+ s(s + 1)(fss fs ) = 0.
Similar reasoning applies if s <0. Moreover we have for any AER

@) () @) (@)

(Afsr1y for1) = (AQ + s(s + DD)fs ', fo ).

Incidentally, this gives that Q =0, because otherwise we would have for an
appropriate 4 >0, A€ R and s=0, || AV%{||2= (Q4fY, f’) <0. Therefore in
the following we may assume that the ¢ measure of the half-line (— «, 0)
is 0. Putting p,() = A+Hi(i—1)) G=1,2, - - - ;A20), and 7,(\) = [[3-1p}*N)
(s=1,2,---) we have

0)
I£7 0 = .
almost everywhere with respect to ¢. Similarly

(O] (O] @) ()

(Af—e1y f=am1) = (A(Q + s(s + 1)D)f,, f-0).
Hence we get

I ff,) M|l = 7,(A) almost everywhere.

Summing up, after omitting a set of o-measure 0, and putting

) ®
e A =¢e (),

i 1 i
e () = mfﬁ ‘o),

) 1
€_3 )\ = —8 )\ = 1,2, .. -;‘: 1,2’ SRR s
™) r,()\)f \) (s 1 m)
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we get that for each N the sequence {eﬁ” (\)} forms an orthonormal system in
the space H). We are going to prove now that for each \ this system is com-
plete. To see this, it is obviously enough to show that the system
{Af®} (ACR) spans the Hilbert space H. But this follows from the fact
that for a fixed s the set {4f®} (A€R; i=1, 2, - - -, m) spans the space
M. To prove this, we proceed again by induction. For s=0 the statement
is clearly correct. Let us suppose that it holds true for 0k =<s. If g==0,
gEMy1 and (AfD,, 9 =0 (AER, i=1, 2, - - -, m), then (AfP, H_g)=0,
and hence, by virtue of our assumption, H_g=0. But as we know, this im-
plies that g is a nontrivial eigenvector of Q, which we excluded. Similar argu-
ment applies to a negative s.

Now let us define the operators HY'(\), HY?(\) and H?(\) (j=1,2, - - - ,m)
in the Hilbert space Hy» \=0) by

2 (W (N = se.” V),

BP0 0) = (1 + s(s + 1) %0,

BMe0) = 0+ s — 1) el
and
22Me () = B e 0) = B2 (e () = 0
if i%j (s=0, +1, +£2,---). We denote the closure of the operators
(1/2)(HPN +H?(N) and —(i/2)(HPN) —H?(MN) by HP(\) and HPO)
resp. Now we use the result of [1, §§6-8], according to which there exists a
continuous irreducible unitary representation T¢(\) of & in the subspace of

H, generated by the vectors e?(\) for a fixed j, such that

Tort(N) = exp(—itH, (\)) (i=0,1,2)

and the corresponding Casimir operator equals A times unity. We put H;(\)
=>m HP\); then H,\) is the infinitesimal generator for the one-
parameter subgroup T;»(\) (¢=0, 1, 2) resp., where T4(\) is the representa-
tion of © on H,, which is a direct sum of the pairwise unitary-equivalent
representations TO(\) (j=1, 2, - - -, m). We are going to show that for
each €& we have T,= Y T.(\). Since every element aE& can be repre-
sented in the form go(t:)ga(t2)go(ts) [1, 4.12, p. 595], it is enough to show
that

exp(—itH;) = Y exp(—itH;(\))
for j=0, 2. We begin with j=2. Observe first that putting

e = f W) o),
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we have
Hiel = f (2] 0 (do () (n=1,2,---).

Now using the fact that the support of ¢ is contained in a finite interval
[0, A] (since we assumed that Q is bounded), and taking in view the expres-
sion for p,(A\), we can conclude that for a>1 there exists a KX >0, not de-
pending on # and A, such that

n ()

| [H2)]"e, M| < Ka» (0O=A=A),
and

n (j)

|[H]"e”|| < Ka (n=0,1,2---).

But this proves that the series

=, (—it)" [H)] e,

n!
and

n (7)

© (—it)"[H.] e,
n=0 n'

strongly converge to exp(—itHy(\))e’(\) and exp(—itHz)ef‘) resp., from
which we conclude easily that

exp(—itHs)e, = f exp(—itHs(\))er (A) (do)" "

(j=1,2,-~-,m;s=0,j—_1,i2,---).

This implies the same relation for Aef® (4 €R) instead of ¢; but since ele-
ments of this form span the space, this is true for any f& H. The fairly simple
proof for the case j=0 we leave to the reader.

Hence the statement, announced at the beginning of B1, has been proved
for the case T_,=1I. If T_.= — I, the proof is very much similar. Here we have

Tooy = 25 €F NP, 4y,
(n)

We denote the eigenspace of H, belonging to the eigenvalue
n+1/2 (n=0,+1,+2,---)

by M.y12. After having performed the same reductions as before, we choose



1961] KRONECKER PRODUCTS OF THE REAL UNIMODULAR GROUP 127

m vectors e (1=1, 2, - - -, m) in P,; and define

0] @ W o (D) (D) o ()
fiz=e "5 fuzs = (Hy) friz, frie-s = (H-) fape (s=1,2,--+).
Here we can show that not only Q=0, but even Q=71/4. The sequence
{ f1/2+.} has the same properties as the sequence f{ f,} had before, with the
only exception that putting

ps(A) = (A —1/4 + 5?) (S=1,2,"';>\>1/4)
and
r) =I1a"0,  no)=116"0,
=1 =0
we have

126l = 7.0, [|fre=eW)]| = 7 ).

The definition of the operators HY(\), H?(\) and H(\) is as before, only
the range of s must be replaced by the half-integers, in the corresponding
formulas. Otherwise the same argument literally applies to the present case.

Finally, for any representation T, one can find a projection P commut-
ing with it, such that PT_,=P and (/—P)T_,= — (1 —P) which settles the
general case. We leave the proof of this statement to the reader. Since for the
Kronecker product of two irreducible representations T_,= + I, actually we
shall make use of these cases only.

B2. Let Ta be a unitary representation of © on the Hilbert space H, such
that its Casimir operator Q is of the form qI, where q is a real number. Then T,
is a direct sum of a finite number of representations TS (i=1, 2, - - -, m),
each of which is a multiple of some irreducible representation. The irreducible
representations belonging to T, TS, i3], are inequivalent.

It will turn out that the maximum value of m is 3.

Since most of the reasonings needed in the following have already been
used, we can be quite short. We use the same notations as before.

Suppose first that T_,=1I. If we have fEM, (s=1, 2, - - -) 0 and
H_f=0, then 0=H,H f=(s(s—1)+¢q)f, or ¢g=—s(s—1); the same is the
situation if fEM_,, f#0 and H,f=0. Therefore, if ¢>0, then M= (0). Let
e (1=1,2,---,m; 1Sm=+4 «) be a complete orthonormal system in it.
We put

ff') = (H+).e(’))
f;i) —

9 =\

1)
’
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Then we have (f?, f#)=0 if i#j or s##t. Denoting the subspace of H,
spanned by the sequence {f®} with a fixed 4, by R:, we have H= > ", ®R;,
and the part of T, in any of these subspaces is an irreducible representation
with Q=g¢I. But combined with the assumption that T__,=1I, this character-
izes a representation of type C{ uniquely (cf. end of §A). If ¢<O0, then
Mo= (0), because if Hof=0 and f#0, then H_H,f=qf, or ||H.f|[2=q(f, f),
which implies ¢=0. Let ¢ be the smallest positive integer such that at least
one of the equations Hof =tf, Hof = —if possesses nontrivial solution. In both
cases we get ¢=£(1—¢). Suppose first that I, (0). Let e be a complete
orthonormal system in ;. We form the sequence
fs(')=(H+)._te(1) (S=t)t+1:"';1:=112:"'7m)~

Since [|f%.||2=(H_Hf®, fO)=mn+1)—1t(t— 1)|172]]2, f® never vanishes.
Putting N; for the subspace spanned by the vectors {f; s=t}, one has
S ONi= D uz: DM,. Moreover, one sees at once that each M, is in-
variant and irreducible under the joint action of the operators Hoy, H,, H_,
hence it is an irreducibly invariant subspace under T,. Since the range of the
spectrum of H, in any of the subspaces is m=¢, t+1, - - -, the part of T, in
N; is of the type D; (cf. §A). Similarly, one can show that the part of T, in
Dz @M, is a multiple of the representation D; . This proves our state-
ment for the case ¢ <0. Finally, if ¢=0, then the part of T, in I is the trivial
representation, and one easily proves, by aid of the reasoning just applied,
that the part of T, in its orthogonal complement is a multiple of Dy and Dy.
The case when T_,= —1I can be treated in an analogous manner. Finally, in
the general case, one applies the reduction mentioned at the end of the pre-
vious section.

B3. We formulate the following Theorem I in a more general form than
needed in the future, since its proof is essentially the same.

TureoreM 1. Let T, be a continuous unitary representation of © such that
T_.=1Ior T_,=—1I, and Q its Casimir operator. Denoting the ring of all
bounded functions of Q by R, there exists a sequence M (n=0,1,2, - --) of
pairwise orthogonal subspaces the projections of which are in R and whose sum
is the whole space, with the following property. If T™ denotes the part of Ts in
M. (n=0, 1, - - -), then T is a discrete direct sum of representations of the
discrete series and of the trivial representation; T is an n-fold copy of a repre-
sentation S, such that, denoting the subspace and Casimir operator correspond-
ing to the latter by H and Q resp., we have

H = f @ H)‘(dd)l/z, S:n) = Z Sao\))

where S,(\) is a continuous irreducible representation in Hy from one of the two
continuous series, and in addition, Q= D QM) = D_\I.
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For the proof we again take the case T_.=1 first. We can write Q in the
form Q.+ Zf_, MO, such that the Q, are pairwise orthogonal projections in
R, Qo does not possess nontrivial eigenelements, and 0,Q,=0 (v=1, 2, - - - ).
Now take those from among the projections Q,, for which A, is of the form
s(1=s) (s=1, 2, - - -), and denote their sum by P,. Then we may conclude
by aid of what was proved in B2 that the part of T, in the corresponding
subspace is a discrete direct sum of representations of the discrete class and
of the trivial representation. If N, is not of this form, then, again by B2, it is
>0, and the part of T, in the corresponding subspace is a multiple of a
representation of the type 3. On the other hand, by §1 we can find a se-
quence of pairwise orthogonal projections P, (=1, 2, - - - ) in R, the sum
of which is orthogonal to »_, Q,, such that the part of T, in the subspace
corresponding to P, is a continuous direct sum of unitary representations,
each of which is an n-fold copy of an irreducible representation from one of
the two continuous series. But adding to P, those Q,, with A,>0, which are
sums of # irreducible projections, the new projection obtained in this way
obviously possesses the properties claimed for P, above; we retain for it the
same notation. To describe the situation in detail, we denote the subspace
corresponding to P,, the part of T, in it and its Casimir operator by I,,
T™ and Q, resp. We may put

Mm, = f ® Hi(do)”" and T = X 10,

such that Q.= D>_0.(\)= D>_\I. What concerns T™(\), we have a system
PN G=1,2,- -+, n;s=0, +1, +2, - - - ) of vector functions, such that
for each fixed N\ the corresponding sequence of vectors forms a complete
orthonormal system in H,, and, denoting the subspace spanned by the
sequence ¢®)(\) for a fixed i by M?, and the part of T™(Q\) in it by SPQ),
the latter is an irreducible representation with a Casimir operator Q‘(\)
= Y AI. Defining for i#j a unitary mapping U from I onto MY by
Ue®?(\) =e? (M), then evidently SP(A) goes over into SP(\). Putting finally

m = f ® M (do)"” G=1,2--,m),

we have M= D ., M®. The parts of T in any two of these subspaces are
unitary equivalent, and any of them, along with the corresponding subspace
possesses the properties claimed for S™ and H in the formulation of Theorem
I. Of course, we have D oo P,=1.

The proof for the case T_.= —I is similar, and details will be omitted.

As we shall see later (cf. also Introduction), in the decomposition of the
Kronecker product of two irreducible representations of & either no repre-
sentation from the principal continuous series occurs, or every representation
from the principal continuous series occurs with the same multiplicity, and a
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weight function, equivalent to the Lebesgue measure. The representations of
the type E, appear, similarly to the representations of the discrete series, as
discrete direct summands and, as one can see from the classification in §A,
they occur in the case T_.=1 only.

In the following M, and My 2 will have the same meaning as in (1) and (2).
The purpose of Corollaries A and B is to give an indication for the effective
determination of the irreducible components of Kronecker products. The
reason for their being formulated in the following way was given above.

COROLLARY A. Let T, be a unitary representation of © such that T_,=1,
and Q its Casimir operator. Suppose that the part Qo of Q in Mo is a direct
sum of an operator Qo, which is an n-fold copy of an operator with a simple
spectrum, and of an operator of the form

> AP, (m=1,2,-++, 037 = 0;\ # A, for v # p).
y=1

Then T, is a direct sum of two representations T, and Ti. T, is again a direct
sum of two representations. The first is an n-fold copy of a representation, which
is a continuous direct sum of irreducible representations To(N) of type Ey if
0<A<1/4 and CYif 1/4 S\, with respect to a weight function, equivalent to the
spectral resolution of Qo. The second is a discrete direct sum of dim P,-fold
copies of irreducible representations of type Ex if 0<N, <1/4 or Qif\z1/4.
T? is a discrete direct sum of representations of the discrete series and of the
trivial representation. The number of times D (D;) occurs in T: equals the
dimension of the subspace

{f; Hf = 0, Hof = sf} ({f; Hif = 0, Hof = — sf} resp) (s =1,2,-- ).

COROLLARY B. Let T, be a unitary representation of © such that T_,= —1,
and Q its Casimir operator. Suppose that the part Qo of Q in the subspace of
M1z orthogonal to the closed subspace {f; fCMy, H_f=0} is an n-fold copy
of an operator with a simple spectrum. Then T, is a direct sum of two representa-
tions T: and Te-T: is an n-fold copy of a representation, which is a continuous
direct sum of irreducible representations Ta(N) of type CY*(N>1/4) with respect
to a weight function, equivalent to the spectral resolution of Qo in the interval
[1/4, ). T2 is a discrete direct sum of representations of the discrete series
and of the trivial representation. The number of times DY (D;) occurs in T2
equals the dimension of the subspace

{f; Hof = 0, Hof = sf} ({f; Hif = 0, Hof = — sf} resp.) (s = 1/2,3/2, - - ).

The proof for both corollaries can easily be put together from the con-
siderations of §§B1-B3).
C. Kronecker products of irreducible representations. For a theory of
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tensorial (Kronecker) products of Hilbert spaces we refer the reader to [8,
Chapter II]. Here we restrict ourselves to a few simple remarks which will
be useful in the following.

C1. Suppose that A; is a self-adjoint operator on the Hilbert space
H; (j=1, 2) resp. We put UP=exp(—idjt). We form the Hilbert space
H=H,QH, and define U,=UPQU?P (—ew <t<+ o). Suppose that
Ui=exp(—iAt). If fi€Da; (j=1, 2) resp., then f @f:ED4 and we have A(f1
®fe) =A1fi®fs+ 1 @ Asfo.

For the proof we recall that for any one-parameter group U;=exp(—14¢)
on a Hilbert space H, we have

1
lim — (U, — I)f = — i Af strongly, if f € Dy,

=0 |

and conversely, if the limits on the left-hand side exist, then fED,, and it
equals —zA4f. But

“% Uf1 ® fo) +i(A:1f)) @ 2+ /1 ® i(Azfz)l

1 It @ .
< ”__t_(Ut — I)fx QU: f: + t(Alfl) ®f2"

(2)

+ ”fl ® % W = Dfs+ £1 ® idafy

|-—>0 ift—0

from which our statement easily follows.

C2. Let T® and T® (0<qi, ¢2<+ ) two irreducible representations
of the type C? or E, in the Hilbert spaces H,, and H,, resp. We know (cf.
[1, p. 604]) that for any irreducible representation T of the above classes
there exists a complete orthonormal system e; (j=0, +1, +2, - - - ), such
that

Hoe; = je;,
Hye; = (g +7(7 + 1)) %4,
H_e; = (g +7(j — 1))"%;

(for the definition of Hoy, H, and H_ cf. §B). We denote the notions corre-
sponding to T by HP, HY, HY and e resp. (i=1, 2). Now we form
the unitary representation To=T® @ T on H, ® H,, Then the system
{e"@eP} (j, k=0, +1, +2,---) is a complete orthonormal system in
H, @ H,,; in particular, the system {e}”@e‘.’}} (G=0, £1, £2, - - ) is com-
plete orthonormal in M. From (1) we can conclude that
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Hyf = Ho'f + Ho'J,

o @
* Hif=H,f+ H: f,
o @

Hf =80+ B,

where Hy, H, and H_ correspond to Ty, f is a finite linear combination of
members of the system {e{’®e{}; finally, we simply wrote H", HY, HY
instead of HP @I, HPY @I, HY ®1I, etc.

C3. Let Q be the Casimir operator corresponding to Ty, and Q, its restric-
tion to Mo. Moreover we put frn=e’ ®@e?, (m=0, +£1, +2, - - - ). Next we
assert that Qo is the closure of its restriction to the set D of all finite linear com-
binations of the system { I}

For the proof observe that, using relations (*) above, an easy calculation
gives

QOfm = (1/2)(H+H- + H—H+)fm = hm+l,mfm+l + hm,mfm + h -l,mfm—ly

and Ay,n="ham Hence [1, Lemma 3, p. 608] the closure of the restriction
of Qo to My is self-adjoint, which proves our statement.

An analogous result holds for the product of any two irreducible represen-
tations (if T_.,= —1, My is to be replaced by My2). But since its proof re-
quires trivial modifications only, we omit it.

CHAPTER II. PRODUCTS OF REPRESENTATIONS OF THE
CONTINUOUS SERIES OF L3

In what follows we shall investigate the decomposition of the product
T.=T@ @ T (aES), where the representations

7., 1. 0 < g1, g < + )
defined on the Hilbert spaces Hy, and H,, resp. are from one of the series
QA or E, (cf. I.A). We know that their Casimir operators equal ¢:.J and g./
resp.

(A) It follows from Theorem I in I.B that our representation is a direct
sum of two representations T¢ and 7%, made up of representations of the
discrete and continuous series resp.(?). Now we are going to show that T
1s a discrete direct sum of representations, containing exactly one summand from
each of the classes DY, Dy (s=1, 2, - - - ) resp. By Corollary A in [.B we have
to show that for fEH,, ® H,, and a positive integer s the equations Hof = sf,
H_f=0, and Hof = —sf, H,f=0 have exactly one solution resp.

We recall that with the notations of 1.C.2 we have H,=H+H,
H, =HP+H®, H_= HY4+H® on finite linear combinations of the system
{e?)®e§2)}. In the following we deal with the case s>0 only; the opposite

(7) It will turn out later (cf. I1.B.4) that T, does not contain the trivial representation.
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sign can be settled in an analogous way. It is clear that Hof=sf implies

0

f=X a,(e,f” ® ec(f-)i); > |05‘2< + .

J=—o0 J=—o0
Writing out the condition for H_f=0 purely formally, we get

©

1) (1) (2)

> ai(H-ej ®ey) + 2, aile

1) (2) (2)

H—f = ® H— ea—j)
j=—w J=—c0
- .. v, (@
= 2 ai(@+iG—1)" (i1 ® €y
Jj=—o0

+ X ailg+ G— )G+ 1— )" (e, "® eaiy)

J=—c0

= 3 (@lg +5G + D)

j=—o0
Fafg+G=9G+1=9)")e & énsa)=0.

This gives
aia(qr +7G+ DM + a2+ G- )G+ 1 =9 =0.

Consequently, if a0, then a;#0 (j=+1, +2, - -). Furthermore, for
n=1,2, -+, Gny1="n01, With
rfaet G+ 1= 9(G — 9\
Yo = (—1)”<II( 7 .
=1 a+iG+1)
1 2s st—s4¢q )\
» i+t G+
=0 II
=1 q1
JjG+1)
Hence (—1)*y,~Cn™, where C does not depend on #. Similarly a_,=208.a¢
with

1/2
v 1+J'(j?|l-l)
6”= —1)» =1,2’....
=1 ,I.]c:» 2s s’ s+q » )

1+

i+1 G+

Hence (—1)*0,~Cin™*, C; not depending on 7. So we have

2 lelP< + o,
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Conversely, one easily verifies that the element

f= X ale ® e
J=—00

satisfies all of our requirements. We have already seen that it is uniquely
determined by them.

We shall see later that T @ T¢ does not contain the trivial repre-
sentation (cf. 4.a.8 in §B).

B. Our next objective is to investigate the spectrum of the restriction
Qo of the Casimir operator Q of T#® @ T® to MM, (cf. Corollary A in I.B).
In order to do this, first we represent I, as a certain Hilbert space of func-
tions by aid of Bargmann’s description of representations of the type Cs and
E,. Then Q, will turn out to be a certain linear differential operator of second
order. We know that through the spectral properties of Q we shall be able
to determine the part T% of T@W ® T, made up of representations of the
continuous series.

B1. First we recall the description of the representations T? (0 <¢ < + «)
(cf. [1, §86, 8]).

(a) For ¢=1/4, TP?E€ . Let H, be the Hilbert space of the square-
integrable functions, with respect to the Lebesgue measure, over the circum-
ference T? of the unit circle, with a norm

1 2r
mﬁ=;ﬁlmnw

G=Gf) lalz= |82 =1,
(3

we put w(a, ¢) =a+PBe*, and define ¢’ =a¢ through the condition

For

e = e“w(a, ¢)/w(a, ¢).
Then for fEH,TY is defined by

(9)

(T."1)@) = [u(a, ] 1 9)
where 0= (1/4—¢)'/%, Im ¢>0 and u(a, ¢) = I w(a, ¢) | 2, Observe that if
8—67/2 0
g(r) = (0 e"”/"’) 0=7=52)
then

(@)

(Topnf)(#) = f(¢ +77).
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(b) If 0<g<1/4, T@ is of the type E,. The Hilbert space H, is defined
as follows. For o =(1/4—¢)'/?>0, we put

Ko(¢) = 27/*x(B(o, 1/2))7'(1 — cos )"~/
where B(x, y) is Euler’s Beta function I'(x)T'(y) /T'(x+9). This function is in

LY(T*"); moreover we have

2r

1
— K (¢p)e ™ddp = An(0)

2rJ

An(o) = ﬁ(’iﬂz—?—‘f) <1

“i\i—1/2+0

and Ao(o) =1, An(0)=A_n(0)(m=1, 2, ---). Hence for any square in-
tegrable function

where

f(9) ~ 2 aneim

we have

1 2x 2r -
G = f f K.(¢ — W)f@)T@)dedy

(2
= 3 ()| am? < + .

We define H, as the completion of L?(T?) with respect to this norm. For
a sufficiently regular fE H, we have again

(T"1)(®) = [u(a, )11 9).
In particular

(@)

(Toynf) (@) = f(¢ + 7).

In both of the cases (a) and (b) putting —iH;=A; (=0, 1, 2), the latter
are differential operators, defined as follows
(7]

9
A0=——a—¢;) A1=COS¢£“(1/2+0’)Sin¢:

a
Ay = sin¢£+ (1/2 + o) cos ¢.

B2. (a) Now we are going to determine the space Mo CH,, @ Hy,. Here
we have to consider three cases.
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(@) @1, ¢2=1/4. Then H,, ® H,, is the space of square integrable functions
over T1X T, Since for f in this space and a = g¢(7)

(a1) (g2)

(Ta ® T f)(d’l’ ¢2) =f(¢l+7) b2 + 7);

M, is the subspace consisting of functions of the form f(¢1—¢2). Of course,
this is isomorphic to L?(7?) in an obvious way.

B) ¢1=1/4, 0<q.<1/4. If f€H, ®H,, is sufficiently regular, then we
have

1
(27r)®

2% 2r 2%
A2 = fo f fo b1, 64)Fon STVK(88 — 64")debudsd dpd"
(o= (1/4 - ¢)'* > 0).

Similarly, as in (@) one sees that if in addition f&EM,, then it must again be
of the form f(¢1—¢,), and in this case we have

1 2r 2r 2%
”f“ = (2m)? j; L j:, flo1 — ¢3)f(d1 — ¢3')Ko(dps — o2’ )d1deps dops
2% 2r I
-G ). [ e - enasay

Hence M, can be identified with H,, in a natural way.
(v) 0<q, ¢2<1/4. Proceeding as before, fEM, is again of the form
f(¢1—¢2). Putting o=(1/4—q1)'/%, 7 =(1/4—¢q;)"/?, we have

1 2r 2r or ox
Al = (27)? fo fo j; j; (o1 — ¢2)f(d1— ¢:' ) Ko(d1 — ¢1 ) K+ (2 _, ¢2,)
° d¢1d¢2d¢1 d¢2
bl 2= - 1 2%
JReoE fo , Jef(e) (;r fo Ko($1— ¢2 — ¢)K,(¢)d¢) d$1d$
1 2x 2 -
- (27)? j; fo f(@0)f(@2)K,,-(d1 — b2)dd1ddps

where K, .(¢) is 1/27 times the convolution of the two integrable functions
K,(¢) and K,(¢). We denote the completion of this by H, ,. For convenience
we extend this definition as follows. We define H, , as Ly(T'XT?) if ¢ and 7
are both purely imaginary or zero, and H, if ¢ is purely imaginary or zero,
and 7= (1/4—¢)*'*(0<g<1/4), or conversely. Then summing up, in all cases
Mo can be identified with H,, in a natural way if o=(1/4—q)!/? and
7=(1/4—¢.)'/? (the sign of the square-root has already been disposed of in
each case). Finally, putting A\u(¢)=1 (m=0, +1, +2, - - -) for ¢ purely
imaginary or zero, and A, ,(m) =An(e0)\n(7) (m=0, £1, £2, .- .) foro, 7
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either purely imaginary, zero, or between 0 and 1/2, the system of functions
3m(¢) = ()\a,f(m))_llzeimd’

forms a complete orthonormal system in H, ,. For f, g€ H, , we denote the
inner product by (f, g)s.r

(b) Next we compute the Casimir operator Q of T® ® T® and its re-
striction Qo to Mo. Let f(¢1, ¢2) be a sufficiently regular function in My, and
A and AP (j=0, 1, 2) the operators, described in B1, acting on ¢; and ¢,
resp. Then for any such f

1) (2), 2 (1) (2),2 (1) (2),2

Q=0 +A) — (A1 +A1) —(A2 + A7)
Inserting the expressions for AP (¢=1, 2; j=0, 1, 2), and putting
A=0+1/2, B=74+1/2 (e6=(1/4—q)'?, 7= (1/4—¢q2)/?), we get
9? i)

— Bsi —
6:9%s sin(¢1 — ¢2) 9%

Q=q+q+ 2{(1 — cos(¢1 — ¢2))

i)
+ A sin (¢1 — ¢9) 5;— — AB cos (¢1 — d)z)} .

2

Putting for reasons of convenience L = —Q,/2, we have for a sufficiently regu-
lar f€EH, .

Lf = (1 — cos¢)f"” + (4 + B) singf' + (ABcos¢ — (g1 + ¢2)/2) f.
Furthermore, for f(¢) = (1 —cos ¢)~+7/%y(¢)
L(1 — cos ¢)=@t/%(¢) = (1 — cos ¢)~“+"/2L%(¢)

where
D98 = - (1 = cos ) 2+ (=4 = By = 1) (1 = coso) (056 < 20)
=—(1—cos¢) —+ (—(4 — B)? — —)(1 — cos ¢)v .
i b o | 4 1 =¢e=r

Finally, observe that as a consequence of 1.C.3 Qo is the closure of its
restriction to the sufficiently regular elements of H, ;.

B3. In order to investigate the spectral properties of Qo, we are going to
determine the operator (Qo—AI)~*=R()) in H,, for Im A50. First of all, we
determine the solutions of L% —X\f=0. Making the substitution 7=sin?¢/2
(0=¢ =) in this equation, it goes over into

§ )d2f+(3 2)df (1 (A_B)2+ A)f—o
LS TR P U 2 )] T
Performing the further substitution f(r) = r?g(r) with p = — 1/4 +
(1/442)\)1/2/2, we see that g(r) satisfies the hypergeometric equation
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d’g dg
2+(c—(a+b+l)1-)d—t—abg=0

*) (1-n—

with
e=1/4+(—7)/2+wu/2, b=1/4—(0—17)/2+4u/2, c=1+u

where u=(1/4+2\)"/2. What concerns p, we shall specify the value of the
square root later.

As it is well known (cf. [2, p. 247]), the two linearly independent solu-
tions for (*) are (0=7=1)

yl(T) = F(a’ b) ¢, T)y
yo(r) =7 Fl4+ae—¢,1+b—¢2—c¢ ).

Since sin? ¢/2=(1—cos ¢)/2, the two independent solutions for the equa-
tion Lof—Af=0 in the interval 0 <¢ = are given by

f1(¢’ )‘) = (1 — Cos ¢)—1“+“/2F(d, b) 2 sin? ¢/2),
fe(,N) = (1 — cosp) V4 s2F1+4+a—c,14+b—1¢,2—c,sin2¢/2

with the values of a, b, ¢ given above.

Putting f7(¢) =f(27 —¢) (0 =¢ < 27), one sees at once that (LY)T=L°(fT);
therefore fi and f, give two independent solutions for L% —\f=0 in the inter-
val 7 £¢ <27 too. So finally we can determine two independent solutions
£1(¢, N) and gz(o, N) of L —Af=0 in the interval (0, 27), such that gi(¢, )=
fi(e, N) for 0<¢p =, and ga(d, N\) =(g1(, N))T=g1(27r—¢, N) if 0<¢p <27

In the following we denote the class of functions on the circumference of
the unit circle, indefinitely differentiable and vanishing in a neighborhood
of 0, by C. As it is known, for fE C the expression

¢
F(,)) = 1/D(\(g:(6, ) f ), N

+ 06N [ e, V) (0<¢<2m)
¢

gives a solution of the equation LOF —AF=f, where

31(7") )‘) 32(7") >‘)
DOV = 2 = — 4g(r, Vgl (x, ),
M =2 N g gi(m Mgl (m, )

taking in view that gi(m, N\) =gs(m, N), and g{ (w, \) = —g{ (r, ).
Observing that, putting a(¢) = (1 —cos ¢)~©“+7/2 we have for f& C Qoa(p)f
= —2a(¢)LY, it is clear that
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[
(6,0 = a(#)/ D) (gal, M) f 10, ) (@)~ W)dY
*) L
e [ 0N enmw)

satisfies Qo¥; —A¥,=f, provided that we replace 2\ by —\ in u occurring in
g1 and g2. Concerning the function u we make the following choice. Let Z,
be that domain of the complex plane which is the complement of the half-
line 1/4—4t (¢=0). In the future p will denote that branch of (1/4—\)'/2,
which is positive for A <1/4. It is singlevalued and regular everywhere with-
in Zo,. For ImA>0 we have Re u>0.

It is clear that if A is chosen in such a way in the upper half-plane that
Re p is sufficiently large, then ¥;(¢, \) EH,,, and thus we may write ¥,=
R)f, where R(\) =(Q—NI)~'(9).

Before proceeding with the analysis of the operator Qo, we compute
gi(m, N) and g{ (r, \). For this we recall the following three relations concern-
ing the hypergeometric function (cf. [2, p. 251, and p. 267, example 8, p. 248,
example 2]).

(o) If Re(c—a—0b)>0 then

I'(c)I'(c —a —b) .
T'(c — a)T(c — b)

F(a,b,¢c,1) =

(B) 1f Re(c—a—0b) <0 then

li F(a) b; (2) T) _ P(C)I‘(a + b— C) .
o (1= D)= T(a)T(b)

d 5
() = Fle,b,6,7) = R+ 1,b4+1,6+1,1).
T c

Since in our case c—a—b=1/2, and
g1(p, ) = (1 — cos ¢)~4+sI2F (a, b, ¢, sin 2¢/2) 0O<e¢p=sn
we have
gi(m, \) = 2-U4I2F (g, b, ¢, 1)
(1 + u)I(1/2)
r@3/4+ (0 —n/2+w/TG@/4 — (o0 — 7)/2+ 1/2)

= 2-Uttu/2

and

(%) With a Re y sufficiently large ¥y(¢, \)& LY T?), and the latter can be identified with
a dense subset of H, ;.
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gi(mA) = lim (/2 — 1/4) sin ¢(1 — cos ¢)~V/4+#/2F(q, b, ¢, sin? ¢/2)
=1 —0

+ 2-U4+s2 lim (sin ¢/2)(cos ¢/2) F'(a, b, c, sin? ¢/2)
0

$or—
ab
= 2-Ustwiz lim (1 — )V2—F(a+ 1,b+ 1,¢ + 1,7)
7—-1—0 c

(1 + wr(1/2) .
r(1/4+ (e —7)/2+u/T1/4 = (0 — 7)/2 4+ 1/2)

Observe that both gi(w, A) and g{ (w, N), and hence D(\) are regular
functions of A in Z,, since in that case 14+u 0.

B4. In the following we denote the subspaces of H, , generated by the
systems of functions {cos n¢} and {sinn¢} (=0, 1, 2, ---) by HI, and
H; ,resp. Itisclear that theyareorthogonal toeach otherand H, .=H; ® H; .
Moreover, each of them is left invariant by Qo. We denote the part of Qo in
H}.and H,, by Qf and Qq resp. Our chief objective in this section will be to
investigate their spectrum, which will solve the question of the irreducible
representations of the two continuous series occurring among the irreducible
components of our Kronecker product (cf. Theorem and Corollary A in 1.B).
It turns out that the spectrum of both are simple and fill out the interval [1/4, « ],
where they are equivalent to the Lebesgue measure. If in addition Re(e+7)>1/2
(in which case, of course, ¢ and 7 both are real), Qf possesses an eigenvalue
M=1—(c+7—1/2)%) /4, 0<N;<1/4. In other words, Q, is the direct sum
of a two-fold copy of an operator with an absolutely continuous spectrum,
and possibly of a scalar multiple of some one-dimensional projection.

(a) Case of H},. () To prove that the spectrum of Qf is simple, it is
enough to show that the linear span of the sequence (Q¢)*fo (=0, 1, - - -),
where fo(¢)=1, contains the system {cos n¢}. For this it is obviously
enough to show that Q cos »¢ is an even trigonometrical polynomial of degree
v+1. Forv=0thestatementis trivial. We assumeittruefor0<v=<n—1(n>1).
It is clear that Q cos n¢ is at most of degree n+1; but an elementary com-
putation shows that the coefficient of cos(n + 1)¢ is — (n + 1/2 4+ o) X
(n+1/247)/40, which proves our statement.

(8) Next we discuss the part of the spectrum of Qi in (— », 1/4). As in
B3 we put again RQ\) =(Qo—NI)~! for Im A5#0. If fEC, fT=Ff, then fEH]/,,
and (RQA)f, f)er=h;(\) is an analytic function of X for Im A#0. Moreover,
since Q¢ 20, this is true even for A <0. Now we are going to prove that ks(\)
possesses a continuation over the segment [0, 1/4), which is regular except
possibly for a pole at 0<A\¢<1/4, if Re(¢+7)>1/2. We know that for Re u
sufficiently large R(\)f=¥,(¢, N), where ¥,(¢, N) is defined by expression (*)
in B3. We have, along with f, [¥;(¢, N\)|"=¥,(¢, \). Next we form the
Fourier coefficients a.(\) of ¥;(¢, N\) (f being kept fixed, we omit it in the
following).

= Q—l/4tnu/2
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1 2r 1 T
() = — Y (¢, e irtdg = _f ¥(¢, M) cos n¢g do,
27 xJo

an(A) = a_n(\) (n=0,1,2,---)(".

a.(\) possesses an analytic continuation, which is regular except possibly
on the interval 0, «, since it is (\s,,(7)) /2 times (R(N)f, ém)s.r (for the defini-
tion of en, cf. 2.a). Next we shall find an analytic expression for a,(\), valid
for each A such that Re A<1/4 or Im A>0; we denote this domain by D, in
the following. First we write ¥(¢, N) in the form

(1 — cos ¢)=(o+n /2=114+uI2g (p, ).

Suppose that f(¢) vanishes if 0 <¢ <46. Then for such a ¢, taking in view
that for 0<¢ =7

g1(¢, N) = (1 — cos ¢)~V/*+#/2F(a, b, , sin® ¢/2),
we have
2r
¥1(9,N) = F(a,b,¢,sin*¢/2)/DN) |  (a(¥))~'g:1(¥, Nf W)y
0
from which it follows immediately that ¥{ (0, \) =0. Putting a(\) =¥,(0, \)
and ®(¢, A) =¥1(¢, \) —a(N\), we have

) = a0) + 0o V),

where

() = o)/ f (1 = cos g)=(e+IB-1I4a12 cos g dg
0

and

a0 = 1/x f (1 — cosg)—(r+nI-14+42 B(g 2) cosnpd (n = 0,1,2, + - - ).
0

We are going to discuss these two expressions separately.
For Re s>0 we have the formula

1 pr 2-112B(s, 1/2)
—f (1 — cos )12 cos np dp = ————————— Au(s)
T 0 ™
where, as before,
T'(x)T
Bz, y) = LOTO)
Iz +y)

(%) We suppose (cf. footnote 8) that in these formulas A is restricted to an appropriate
domain, such that ¥;(¢ \) is integrable.
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and
= = lml i—12->s = .
Ao(S) = 1, )\m(S) = - (j _ 1/2 s) (m = 1, 2, ).

Hence, supposing N chosen in such a way that
1 1 1
Re —7(04'7') +-:1-+7 k) >0,

we have

_ V2B, 1/2) |

an (\) w(s)

with s= —(c+7)/2+1/44u/2. But the factor of ¢(\) in this expression for
a(\) is an analytic function of \ in Dy, except possibly for one pole, when
s=0, since always Re s> —1/2. On the other hand we have

o) = 1/50 (6 g, NIW)dY.

To make it easier to prove that expressions like this are analytic, we recall
the following well-known facts. We denote by %:(¢, A) and ua(¢, N) those solu-
tions of the equation L% 4Au/2 =0, for which

wd,N) =1, ul{(p,\)=0
and
w2, ) =0,  uf(p,\) = 1.

Then ui(p, N\) (¢=1, 2) are continuous jointly in ¢ and A, if the former
varies over a closed subset of the interval (0, 27). Moreover, %i(¢p, N)
(1=1, 2) is an entire function of N\ for any fixed 0<¢ <2w. In our case we
have

gl(¢) A) = gl(") >‘)“1(¢’ N+ gl’ (T; Nuz(e, N)
and
g2(¢) \) = gl(r; Nui(é, \) — gl, (T: Nuz(g, N).

Since DQ\) = —4g(w, N)g{ (m, N) (cf. B3), we have

o) = — 1/4gi ) [ " (0)) s, NI W)

+ 1748, [ (0@ e, NS W)
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After this, in order to prove that a(\) is analytic in D, it suffices to remark
that in this case both Re(3/4+ (¢ —7)/2+4u/2) and Re(1/4+(c—7)/2+u/2)
are positive, hence (cf. the expressions for gi(7, N) and g{ (w, N) in (3)) 1/g1(m, N)
and 1/g{ (m, \) are regular.

For later use observe that a(\) remains bounded if 0 <\ <1/4, A—1/4.

Thus we have shown that a{’(\) is analytic in Dy, except possibly for one

pole in the interval (0, 1/4).
Next we are going to discuss the expression

1 T
on () = — f (1 — cos g)=(wHnn-14u2p(g, \) cos mpdé (m = 0,1, - - ).
TJo

First of all, we observe that this expression exists for any A&D,. For if
0<¢<d we have

®(¢, \) = (F(q, b, ¢, sin® $/2) — 1)a(A) = O(¢?)
and Re(—(oc+7)/2—1/4+u/2)> —3/4. Let us suppose that we have chosen
€¢>0 in such a way that 0 <e<9d, and a bounded domain D with a closure
DCD,. We put
1 ]
Fi(\, e,m) = —f (1 — cos ¢)~(e+n2=14+u12Q(¢, \) cos me de
T Jo

and
1 x
F:(\,e,m) = — f (1 — cos ¢)—(etn/2=14+s128(p, \) cos me do.
™ €

We recall that ®(¢, A\) = V¥i(¢p, ) —a(N), where a(\) is analytic in Dy, and
that

]
(1 — cos ¢)-1/#12g,(6, N) = 1/D(N)(galss, ) f (W)~ W)galw, N

+a@n [ @W)-1w)ew, V).
[

Making use of the expression of gi(¢, \) by aid of the functions
ui(p, N) (¢=1, 2) described above, we may conclude that the integrand in
Fo(\, €, m) is of the following type. It is a sum of expressions of the form

[
n(é, N) f Fuywa, N
0
and

w@ ) [ @, Ny @29
¢
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where fi(¢p) are continuous and vanish if 0= ¢ =< §; vi(p, \) and

wi(p, \) (¢=1, 2) are continuous if the pair (¢, \) varies over the product

of the interval [¢, 7] with D; finally, for each fixed e<¢ =, vi(¢p, \) and

wi(p, N) (=1, 2) are regular functions of N in D,. But from this it easily

follows that for each 0 <e and m Fy(A, €, m) is regular too in every point of D,.
Next we turn to Fi(\, €, m). We write

F(a) b, c, x) -1= Fl(a‘z b’ ¢y x,)x (0 <x' < x)~

Suppose we have already proved that | F'(a,b,c, x)] <M, if X\ varies in D and
0<x <%, v fixed, with an M depending on D only. Then we have the follow-
ing estimate for Fi(\, €, m):

M ¢
I Fl()\; €, m) I é Z_f (1 — COoS ¢)l/4+(Re y)/2d¢
TV o

which tends to 0 with ¢ uniformly in NED. Since a@\)=F(\, € m)
+F,(\, ¢, m), this proves that a®(\), and hence a.(\) =aP\)+a@ () is
regular in D, for each m=0,1, 2, - - - .

In order to prove the statement concerning F’(a, b, ¢, x) used above, we
recall that for |z| <1 we have [2, p. 249]:

— P(C) ' 1 — f)c—b-1 — —a
F(a,b,c,2) = mﬂ 11 Het1(q zt)~edt

provided that Re ¢>Re >0. This condition is fulfilled in our case, since
Re(c—b)=Re(3/4+(c—7)/24n/2) Z1/2 if A€ D,. From this formula we get
F'(a,b,¢,2) = _a_I‘.(c_)__ lt"(l — (1 — gf) e dy
T INOINCEEI X )
The factor of the integral in this expression is a continuous function of \, if
it varies over D; denote the upper bound of its absolute value by M;. Putting
moreover a and 8 for sup Re a and inf(1, inf Re(c—b))(NED) resp., we have

1
I F'(a, b, c, x)l =< le A =011 —yp)y e dt = M
0

(0=x=v;A&D), where M depends on D only, which proves our statement.
For later use observe the following two facts, which are easy consequences
of the above discussion. First, given any compact set C inside Dy, we have
]a,(,f)()\)| =K, where K depends on C but not on m. Secondly, for each
m, aP(\) remains bounded if A—1/4 from the left along the real line.
Summing up, we have a,(\) =(R\)f, em)orNor(m))~1/? for Im A>0, and

() = a(\)2+12B(s, 1/2) An(s) + a,f?)()\) m=12 )
T
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where s= —(¢+7)/2+1/44u/2, and a.(\) is regular in D,, except possibly
for s=0.

To obtain an expression for k;(\), which gives the analytic continuation
of (RQN)f, f)s.. over Dy, observe that we have

L= 1/2— 8\ T(1/2+3)
" ,I=Il<j—1/2+z>_r(1/2—z)

where €,(2)—0 if n— «, uniformly on any compact subset of the complex
plane, not containing the points z=—(k+1/2) (=0, 1, 2, - - -). Since
Res= —Re(c+7)/2+1/4+(Rep)/2> —1/4, we have for any compact subset
CCD, I)\»(s)| <K(C)n'* (n=1,2, - - - ), where K(C) does not depend on .
Suppose now that we have

1+ e(2)),

@) = 3 anein.

We recall that by virtue of our assumption, according to which f(¢) is in-
definitely differentiable, if #—4  a,—0 faster than any negative power
of n, and that \, .(m) <1. Therefore the following two series

\)2¢-1/2 =
Q) = ﬁ")‘;"—" Z An(8)@mh g, < (m)

and

f200) = 3 ) (\)dmho,+(m)

represent regular functions in Dy. Putting
ky(\) = B(s, 1/2)f1(N) + f2(0),

we have &(\) = (RQA)f, f)e.r for Im A>0; therefore it is this function which
gives the desired analytic continuation over the whole of D,. It is regular
everywhere, except possibly for that Ng, 0 <A <1/4, for which s=0.

Before continuing the discussion of the spectrum of QfF, we recall the
following well-known theorem (cf. [13, 3.5, p. 47]):

Let

*® do
FQ) = f t _(’))‘ (Im X 5 0)

where o(t) is of a bounded variation over the real line. Then F(\) is an an-

alytic function of \ on the upper and lower half-plane, and for ¢, <#, we have

1 &
— lim Im F(t + i8)dt = o(t2 — 0) — o(t1 + 0).

mT 600 4
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Furthermore, let us recall that for f& C we have (f, f),..< (1/27) j“.%'l f(o) | 2d¢,
which implies that C is dense in H,,, (and hence in H}, and H,) along with
L*(T"). Next we put Qf = [ .tdE,, and consider the following two cases.

(B) Re(o+7)=1/2. In this case Re s>0if 0=\ <1/4, hence k;(\) is regu-
lar everywhere in D,. Let us choose # such that 0 <« <1/4. Since

* d||E,
o) = [ 'J £

2
ar

(Im X # 0)
we have by the theorem quoted above
1 u
| Bucofl|s.r = — lim f Im ky(t + i8)dt = 0,
7 50 J_y

since from Im A;A\) =Im(RQA)f, f)s..=0 for A <0, it follows the same for
0=\ <1/4, and by virtue of Qf =0, E_,=0 for #>0. Since C is dense in HJ,
and % was arbitrary 0 <u <1/4, we may conclude that if Re(c+7)=1/2,
then the spectrum of QF is empty in the interval 0<t<1/4.

(B2) o+7>1/2. In this case the equation O0=s=—(¢+7)/24+1/44p/2
has the solution 0<1/4— (¢ +7—1/2)2<1/4, at which point B(s, 1/2) has a
simple pole. Since for N#\o k;(\) is regular, we may conclude as above that
E. is constant for 0 <t<1/4, except possibly for a jump at £=X\,. To see that
this jump does exist, consider the relation

RO, e0) = 2””?“’ VD &0 o€ Dy

deduced above. This expression can be regular at A, for a fixed f&C, only if
we have

0 = a(h) = 1/ [ (aW)) g, M) W)Y

We know that D()) is regular in D, and therefore the factor of the integral
in the above expression cannot be 0. Hence from the validity of the above
relation for any fEC, ff=f it follows that g.(m, o) =gi(m, No) =0, which is
impossible (cf. the expression for gi(r, N\) in B3).

Observe that by (a) the eigenspace belonging to A, is one-dimensional.
Summing up: If e +7>1/2, then the spectrum of Qg in the interval 0=5t<1/4
consists of a simple eigenvalue 0 <\o <1/4 determined by o=1/4— (c+7—1/2)%

(v) Our next objective will be the discussion of the spectrum of Qf in the
interval [1/4, + « ]. First we prove that every point of this interval belongs to
the spectrum of Qf . The idea of the proof is as follows. We show that for any
fECNHY, the function defined for ImA>0 by (R(\)f, f)..» possesses an
analytic continuation #;(\), which is regular at every point of the interval
[1/4, + = ]. Assuming this assertion proved, we show that the above state-
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ment concerning the spectrum of Qf is a simple consequence of it. As a mat-
ter of fact, we can assume 1/4<t <t, to be chosen in such a way that
Ei—o—E;+07#0; for otherwise E; would be constant, except for at most two
jumps 0 <\¢<1/4 and 1/4, which is impossible by (a)). We have

t t
1(Eoo — Busof]|? = — tim f Tm by (¢ + i8)dt = — f o),
™ 60 t Yy

where v;(t)=1Im k;(f) 20. By a former remark C is dense in H,, hence for
an appropriate choice of f, the left-hand side of the above equation differs
from 0. Therefore in this case 7,(f) does not vanish identically when 1/4 <t <
+ . Moreover, since by our assumption %;(\) is regular at every point of
this interval, 9,(¢) is positive except possibly for a finite number of points in
every closed interval [t, t;] with 1/4 <t, <t,. This evidently proves our state-
ment concerning the spectrum of Q.

Actually this reasoning shows that the spectrum of Qf is equivalent to the
Lebesgue measure in the interval [1/4, + » |. For this we recall that given a
self-adjoint operator 4 = [2 ¢tdE, on a separable Hilbert space H, its spectrum
is called equivalent to the Lebesgue measure if a Borel set E is of a (Lebesgue)
measure 0, if and only if it is of a measure 0 with respect to all measures,
corresponding to the nondecreasing functions ||Ef||? (fEH, — » <t<+ ).
It is not hard to show that the spectrum of 4 is equivalent to the Lebesgue
measure, even if in the above definition we restrict ourselves to a family of
functions {||E.f||2}, where f runs over a set H’ CH, which is dense in H.

Since C is dense in H},, our assertion concerning the nature of the spec-
trum of Qf becomes clear.

Now we turn to the proof of the fact that (RQ\)f, f)s.-(Im X>0, fECNH)
possesses an analytic continuation ks(\), which is regular at every point
1/4 <A<+ ». We recall that according to our choice of u as a branch of
(1/4—N)2%, Re u>0 if ImA>0 and =0 if A=x+44y, y<0, x>1/4. In other
words Re u changes its sign from the positive to the negative if N crosses
the interval [1/4, 4+ « ] in the direction of the half-plane Im X\ <0. We choose
a point Ng, 1/4<No <+ o, which we keep fixed in the following. Next we re-
sume the reasonings of (8) step by step, and show that the k;(A), regular
around Ay can be constructed in a similar fashion as it was done in (8). We
use the notations of (8) without further explanation, and whenever possible,
avoid unnecessary repetitions.

We again consider the expressions

(1) (2)

()\.,,,(m))_m(R()\) frem) = an(A) = am (\) + am (),
an(\) = a_a(N).

We know that the functions a®(\) (i=1, 2) are regular for Im A>0. In
particular, we have

(m=0,1,---)
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0 = a(\)2°~1?B(s, 1/2) An(s).

Since u is purely imaginary for Ny, we have in this case Re s > 0, and
Re(1/2%(c—7)/24+u/2), Re(3/4+(c—7)/2+u/2) >0. From this it is clear
that if N varies in a sufficiently small neighborhood of Ny, 1/gi(w, A) and
1/g{ (x, \), and hence a’(\) is a regular function of N\. Moreover, for Im A>0
the latter coincides with its definition given in (8).

In the same way we can show that a?(\) depends regularly on \, provided
that A is close to Ao in such a way that Re u> —v, where ¥ >0 is a suitable
constant. We have |a,(,f)()\)l <K everywhere in this neighborhood, with a K
not depending on m and A, and for Im A>0, a®(\) again is identical with its
previous definition.

Finally, under the same restrictions on A we have an estimate |)\,.(s)|
< Kn*, where K, k>0 do not depend on .

Summing up, if
f(¢) = Z ane,

then the series

E an(N)Gmh g, (m)
is a uniformly convergent series of functions, analytic if I)\—-)\o[ <48, where
3 is sufficiently small. Denoting its sum by &;(A), it is clear-that for ImA>0
it is identical with (R(\)f, f)+., and thus it gives an analytic continuation of
it, if ImA<0.

Since Ao was arbitrary in the interval (1/4, 4 «), the existence of the
analytic continuation of (R(N)f, f).,» with the required properties has been
established.

In order to complete the discussion of the spectrum of Qf, we have to
show that E, is continuous at the point 1/4. This question has still been left
open.

Assuming the opposite, we put Po=E;/r0—Ei/2-0, and we can suppose
that f€ CNH* and m have been chosen in such a way that (Pof, em).,-#0.
By virtue of (@) and (8) we have for 0 <\ <1/4, A\,

ax as *® ‘U(t)

R(\ y Em)e,r =
(()fe) )\o—)\+1/4—)\+ 14t — AN

dt,

where az= (Pof, €m)s.r, and v(t) is a function, integrable over [1/4, + = ], de-
pending on f and m. Hence in order to arrive at a contradiction, it suffices to
prove that
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im (A — 1/4)(ROS, en)e.s = O.

A—1/4—0

But (cf. (8)) this amounts to showing that

lim (/4 — ) [00\)2’_”23(8, 1/2) ] —o.

A—1/4—0

+ am 0‘)

T

By remarks made during the discussion of a(\) and a?(\) we know that they
remain bounded when N approaches 1/4 from the left. Therefore it suffices
to prove that limy.i4—0 (1/4—N)B(s, 1/2)=0. Since s=—(¢+7)/2+1/4+
u/2, this is clear if (6+7)/251/4; but even in the remaining case we have
(1/4—X\)B(s, 1/2) =0((1/4—N)'/?), which completes the proof.

Putting together the results of B4.a (a)—(y) we have obtained the follow-
ing: The part Qf of Q in the subspace H, of H,, has a simple spectrum, which
is equivalent to the Lebesgue measure over the interval [1/4, +  |. The number
1/4 cannot be an eigenvalue of Qf . The spectrum of Qf is empty in (— =, 1/4),
except when o + 1 > 1/2, in which case QFf has an eigenvalue \o = 1/4—
(e+7—1/2)%

(b) Case of Qg . In order to complete the discussion of the spectrum of Qo
in H, ., we now consider its part Qp in H,,. Since much of what follows is
closely parallel to the corresponding steps in (a), we can sometimes be quite
short.

(a) In order to show that the spectrum of Qq is simple, it suffices to prove
that the linear span of the system (Qo)*fo (n=1, 2, - - - ) where fo(¢) =sin m¢
€H,,, contains the system {sin m¢}. For this it is enough to show that
Qsinv¢ is an odd trigonometric polynomial of degree »+1. Assuming the
statement true for 1Sv<m—1 (m>1), an elementary computation shows
that Q sin m¢ is odd and at most of a degree m+1; moreover the coefficient
of sin m+1)¢ is —(m+1/24+0)(m+1/24+7)/45%0, which completes the
proof.

(B) Since Qp =0, when discussing the part of its spectrum in (— », 1/4),
we may restrict ourselves to the interval 0 <\ <1/4. Next we show that for
fEH-MC, the function defined for Im A 20 and A <0 by (RN)f, f)..- possesses
a continuation ks;(\), which is regular for 0 <\ <1/4. Since k;(\) is real for
A<0, so is it in [0, 1/4). Proceeding as in a.B, this result yields

| Eueaf] o tim — f “Im(RG+ 9, )t = 0
=0 T J _y

for any fECNH- and 0 <u <1/4, provided that Q; = [ ,tdE,, which implies
E,=0 for t<1/4. In other words, the spectrum of Qy is empty in the interval
(_ ®, 1/4)°

In order to obtain the required continuation, we are again going to study
the Fourier coefficients of ¥(¢, \), corresponding to a fixed fEC, fT= —f. We
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know that for Re u sufficiently large ¥ (¢, ) is square-integrable, and R(\)f=
W¥(¢p, N) (cf. B3). Furthermore in our case we have ¥T= —WV¥. Therefore,
writing as in a.3

Y(¢p,\) = (1 — cos @)~ I2-14tui2g, (¢, \) 0<¢<2m
we get

1 2r
an(\) = — f ¥ (¢, N~ dgp
2rJ
1 . (m = 1’ 2) vt )
= = (1 = cos g)-teron-tistung, (g, ) sinme do

mJd o

and a_.(\) = —an.(N).

Observe that the expression on the right-hand side exists for any A in Dy,
where the latter again denotes the union of the half-planes ImA>0 and
Re A<1/4. To see this, it suffices to remark that ¥i(¢, ) is continuous at
¢=0, and the function (1—cos ¢)~C+n/2—1/4+u/2 gin m¢ is integrable over
[0, 7r]. Moreover, for Im A >0 we have an(\) = (RQ\)f, €m)e.r(Nor(m))~1/2. Next
we show that a.(\) depends regularly on X\ in the neighborhood of any
0=Ny<1/4. The proof is almost identical with that proving the analyticity
of a®(\) in the same interval given in a.g.

Suppose that f(¢) vanishes for 0 =¢ < §; choosing 0 <e<d we put

1 ]
Fi(\, em) = — f (1 — cos g)= (0 2-1IhuI2g (¢, }) sin mep dg,
TtJd o

1 L 4
Fa(\, e,m) = —f (1 — cos ¢)— e+ /2-14+sI2T, (¢, N) sin mep do.
Tl J ¢

The arguments for the analyticity of Fo(\, €, m) around any A& D, are the
same as those for the analogous expression in a.f and will not be repeated.
To complete the proof of our statement, it suffices to show that for any com-
pact set CCD, I\I'1(¢>, )\)| =M, if 02¢=<eand NEC, where M depends on C
only. Since in this case

2x
¥1($,\) = F(a, b, ¢, sin* $/2)/ D(N) f (@)Y W) g2(¥, N ay
0
and the factor of F is an analytic function of A in D,, it is enough to show that
| F(a, b, c, x)] =M,

if 0Sx=<v, v fixed, and A&, with an M depending on C only. But this is
easily achieved by aid of the integral representation

P(C) ! 1 —_ c—b—1 —_ —a
F(a,b,c,2) = m(‘:_—b)‘l‘o (1 — 1l 2t)edt
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valid for Re c>Re >0, |z| <1, as was done in a similar case in a.3. Thus we
have proved that a.,,(\) depends on X regularly, if NED,.

Keeping ¢, 0 <e <0 fixed, we choose a compact set CCD,. Then we have
|F2()\, €, m)] <Ny(m=1,2,---), with an Nydepending on C only. Further-
more

] Fi(\ ¢, m)[ =< ﬁftqs(l — cos ¢)‘3“| ¥i(d, \) I dp < mN,,
mJo

where N,again depends on Conly. Hence we get | an(N\) | <Km (m=1,2, - ")
for any fixed compact set C CD,, with K independent of X\ and m.

For later use observe that for each fixed m a¢,(\) remains bounded if A
tends to 1/4 from the left along the real line. Thus if

f8) = 3 ameims

the series

]

B(N) = 2 an(N)am(Ae.-(m))
represents an analytic function in D,, which for Im A>0 coincides with
RN, o

Hence the proof of the statement made at the beginning of the present
section (B) has been completed.

(v) As the final step, we consider the spectrum of Qp in the interval
[1/4, 4+ ). The result is as follows: The spectrum of Qy fills out the interval
[1/4, 4+ ) and is equivalent to the Lebesgue measure. Its spectral resolution is
continuous at the point 1/4. This is a consequence, in the same way as in a.y
of the following fact: For any f& CNH,, there exists a function k;(\) which
coincides with (R(N)f, f)e,r for Im A >0, and which is regular at each point of
the interval (1/4, 4+ «). To prove this statement, we again consider, as above
in (8), the functions a,(\) (m=1, 2, - - -) for a fixed Ao, 1/4<No<+ .
Then one has to show first that they are regular functions of X in a common
neighborhood around A, and secondly that the rate of growth of the sequence
|a,,.()\)| , if Nisrestricted to this neighborhood, is not faster than a fixed power
of m. To establish all this the reasonings of (8) require only trivial modifica-
tions, so that we omit further details. Similarly as in a.y the only thing we
have to take care of is that Re u changes its sign when N crosses the real line
between 1/4 and + « in the direction of the half-plane Im A <0. But all
considerations of (8) remain valid if Re u> —v, with a sufficiently small
fixed positive ; but this condition is satisfied if A remains sufficiently close
to Ao.

Finally, making use of the remark made in (8), according to which for
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each fixed m[a,,.()\)[ remains bounded, if A—1/4—0 along the real line, we
may prove as in a.y that 1/4 cannot be an eigenvalue for Qy .

Thus the proof of the statement concerning the structure of Qo, made at
the beginning of B4, has been completed.

Hence, combining the results of II.A and I1.B with Corollary A to Theo-
rem I, we get the following:

THEOREM I1. Let T, be the Kronecker product of two irreducible representa-
tions of Ly taken from the continuous series Co and E,, with the Casimir oper-
ators g1l and g2 (0<q1, g2 <+ ) resp. Then T4 is a direct sum of two repre-
sentations T: and T:. If Re(c+7)=<1/2, where o=(1/4—q)V* and
7=(1/4—q) V%, then T, is a two-fold copy of a representation, which is a con-
tinuous direct sum, with respect to a weight function equivalent to the Lebesgue
measure, of all representations of the principal continuous series; otherwise the
direct sum of a representation of the previous type with an irreducible representa-
tion of the type E,,, where ¢,=1/4— (¢ +7—1/2)2% T%is a discrete direct sum of
irreducible representations of the type D}, D; (s=1, 2, - - ), each of them
occurring once.
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