CLASSIFICATIONS OF RECURSIVE FUNCTIONS
BY MEANS OF HIERARCHIES()

BY
SOLOMON FEFERMAN

1. Introduction. The motivations for attempting to find a satisfactory
classification of recursive functions by ordinals are rather well known; cf., for
example [6, pp. 67-68]. Among other things, such a classification should give
insight into how the nonconstructively defined class of arbitrary recursive
functions can be successively approximated by classes of functions whose
members can be constructively recognized to be everywhere defined and com-
putable. It should also provide a framework for the (partial) characterization
of the strength of various formalized theories, through the classification of
the provably recursive functions of those theories. Finally, it might be hoped
that such a classification would provide a new tool for obtaining results of
purely mathematical interest about recursive functions.

It has been pointed out by Myhill [11] and independently by Routledge
[13] that the most obvious attempt to define such a classification, namely in
terms of recursions over previously constructed recursive well-orderings of
the natural numbers, already gives all recursive functions by suitable choice
of primitive recursive well-orderings of order type w. This is quite naturally
considered a “breakdown,” since none of the ends desired from such a classi-
fication are at all realized.

Another approach to the classification problem has been suggested by
Kleene in [6]. This harks back to the idea that from any constructively
generated class of recursive functions we are able to obtain new functions by
diagonalization or, more generally, by enumeration. Transfinite iteration of
this procedure leads to a hierarchy of recursive functions, most conveniently
described with respect to some class of notations for recursive well-orderings.
However, in order that such a classification not be trivialized at level w, the
set O of notations used should be restricted to those built up only by means of
primitive recursive fundamental sequences [6, pp. 72-73]. We shall follow
this restriction throughout this paper.

For functions ¢, ¥ on natural numbers put (for the moment) ¢y if ¢ is
primitive recursive in ¥, but not conversely. Kleene's hierarchy of functions
pa (denoted by kg in [6]) has the property

(1.1) ¢ <08 — p. K pa.
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Another hierarchy of recursive functions ps which has this property when
¢ <y is interpreted to mean that ¢ is majorized by ¢, i.e., that
(Em)(n) (n>m—¢(n) <y(n)), has been suggested to the author by Hartley
Rogers, Jr. The possibility of obtaining such a hierarchy is easily seen from
the fact that from any effectively enumerated class of recursive functions we
can construct a recursive function which majorizes all elements of that class.

In this paper we consider a quite general class of hierarchies of recursive
functions associated with given relations <, of which the above-mentioned
are examples. Since, generally, uniqueness results fail for such hierarchies (cf.
Axt [1], Kreisel [9], and 3.8 of this paper), it is natural to put questions of
completeness in two ways. First, given « Sw;, what can be said about the set
of functions ps for d€0, |d| <x? Second, what can be said about the set of
functions ps for dE P, where P is a path (set of notations well-ordered by <o,
and closed under predecessor) in O, |P| =k? (We understand by ]dl the
ordinal denoted by d, by IPI the order type of P under <o, and by w,; the
least ordinal not denoted by any d€0.)

The answers we obtain here to these questions are (under suitable condi-
tions governing the “rate of growth” of the functions pg) the following:

(1.2) For any recursive function ¢ we can find dSO0 with [d] =w? and
¢<Lpa.

(1.3) We can find paths PO such that | P| =w® and such that for any re-
cursive ¢ there is a dS P with ¢p<Lpa. Moreover, given any ordinal k <w, we can
find such paths with | P| =k+w® if k <wy, | P| =w; otherwise.

(1.4) We can find incomplete paths P through O, in the sense that | P| =w
and there exist recursive functions ¢ such that pa<ld (hence ¢ not <pa) for all
decP.

The results (1.2), (1.3) answer Kleene's question P 236 [6, p. 77] for his
hierarchy. An immediate corollary to (1.2), is the nonuniqueness of that
classification for all |d| Zw?, thus completing the answer given by Axt in
[1] to the question P 238. We also answer the question P 237 in part by
means of the following result, which complements a converse result by Axt
in [1]. (The present result has been obtained in collaboration with W. W.
Tait.)

(1.5) Al the functions pa of the Kleene sub-recursive hierarchy for which
|d| <w? are ordinal recursive with respect to the “natural” well-ordering of the
natural numbers in type we'.

A related result which we obtain is the following.

(1.6) All the functions pa of the majorizing hierarchy for which |d| <w?are
primitive recursive.

These results (1.5), (1.6) reinforce an opinion, which might already be
taken on the basis of (1.2), that such hierarchies do not, when used with all
notations, provide a satisfactory classification of recursive functions. Again,
the reason for this breakdown can be localized in the liberality with which we
have provided ourselves notations for well-orderings.



1962] CLASSIFICATIONS OF RECURSIVE FUNCTIONS 103

However, it turns out that these hierarchies can still be used to obtain
some new information about recursive functions, thus providing something in
one direction demanded from a suitable classification. This is the following
(hierarchy-free) result:

(1.7) There exists a set A of recursive functions densely ordered by <K ; hence
for any denumerable ordinal « there exists a sequence of recursive functions ¢.,
1<k, such that 1 <i/—¢ . L.

But here hierarchies are used in an unexpected way, namely through cer-
tain “nonstandard” extensions of them.

Some of the results described above and the methods used to obtain them
are closely related to (and were suggested by) certain results concerning re-
cursive progressions of theories. In particular, (1.2) is related to a complete-
ness result for arithmetical sentences of the form (Wx)(3y)y(x, ¥)=0, ¥
primitive recursive, in suitable progressions of theories, obtained by us in
[2, Theorem 5.2]. (1.3) is related to [2, Theorem 5.14], but the proof here is
simpler since there are no problems of arithmetization involved. (1.4) is
closely related to the incompleteness result of our paper with Spector [3,
cf., Theorems 2.5, 4.4]. Finally, the methods used to obtain (1.7) exploit
certain ideas incipient in [3].

It is perhaps accidental that these metamathematical results preceded
the corresponding purely function-theoretic results. However, we believe
that further work on the classification problem should involve metamathe-
matical notions in an essential way. For this problem is intertwined with the
question as to how we can generate recursive well-orderings which we can,
in some sense, constructively verify on the basis of previously constructed
functions and orderings to be well-orderings. An important step along these
lines has already been taken in the work of Kreisel [10] on the question of
classifying the class of finitistically acceptable recursive functions.

2. Hierarchies of functions. All lower case italics range as variables over
the set 0, 1, 2, - - - of natural numbers. All lower case Greek letters (with
minor exceptions) and certain italic capitals range as variables over the class
of total functions (and, on occasion, also partial functions) of one or more
arguments from the set of natural numbers into itself. We use the notation
@ instead of the more usual (@);; thus 04, =0, and for a0 and py, « « -, Pa,

- the primes in increasing order, a = [, p2®.

The primitive recursive predicate In™(b) (m>0) is taken as defined in
[6, p. 70]. When it holds we say that b is an (n-) index for defining a func-
tion ¢ of n=>(y arguments from any function @ of m arguments by adjoining
instances of primitive recursive schemata to the true numerical equations
for 6. We shall only need this notion for the case m=1. The n-ary function
defined in this case from a given unary function 8 by b is denoted by [b]5.
If b is not an n-index we take []5(x1, - - -, x,) =0. We set [b],= [0]3"®. We
shall write [b]?, or [6], when #=1 and also, where there is no ambiguity, for
other values of #. Thus [6]([6]?) for 5=0, 1, 2, - - - provides an enumeration
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of all functions of one argument which are primitive recursive (in 6) [6, p. 71].
We write ¢ 40 if = [b]?, 90 if (Eb)p T8, and ¢ CO if 0 but 0L ¢. We
use the notation {e} for the partial recursive function with Gédel-number e,
{e} )=UuyTi(e, %, 3)).

The following adaptation of the recursion theorem to primitive recursive
functions, proved by Kleene in [6, p. 75], is of great usefulness. We add toit,
in the second part of the statement, a corollary needed for simultaneous re-
cursions.

2.1. LEMMA. (i) Given any primitive recursive function Y(z, x1, « « + , Xn) We
can find an e such that [e]=Nx1 - - - x (e, %1, - * -+, Xn).

(ii) Given any primitive recursive functions ¥ (2o, 21, X1, * * *, Xs) =0, 1)
we canﬁnd €g, €1 with [e;]=)\x1 c e x,.\[/,-(eo, e, X1, * x,.).

To prove (ii) from (i), first find primitive recursive 6o, 6; such that for any
Y, %1, -, %a, [0:0) ], - - -, %) =([y] (1, - - ¢, %4)) 5. We then determine
f by (i) so that [f]=Nx; - « - x,2¢0(0).00) 21+ - .2m) . JBW) A1) 21w+ o7m) - \We

then take e;=60;(f). (2.1 (ii) can obviously be generalized to obtain e;,
1=0,---,m.)

Throughout the remainder of this paper O, <o, and allied notions will be
restricted to the case of primitive recursive fundamental sequences. (The
notations O, or O’ are avoided for simplicity.) Much of the theory for these
notions can be adapted from [8] as described in [6]. Briefly, we obtain first
a transitive recursively enumerable relation < such that (when we take
x Xyox <y\Vx=1y)

a<bob=250&bo #0&a < by,

(2.2) Vb= 3-5® & (En)a < [bey|(n).

Then O is the smallest set which contains 1 and which, whenever it contains
¢, contains 2¢ and, whenever it contains [d](n) for all %, where
(n){[d)(n) < [d](n+1)}, contains 3-5¢ We put a<ob if a, b6E0 and a <b.
We denote by C(b) the set of x <b and by C’(b) the set C(b)\J { b} . We take
Ibl to be the order type of C(b) when b&EO0. w, is the least ordinal not thus
represented. Kleene has shown in [6, p. 75] that this is the same as the ordinal
obtained when O is defined with respect to arbitrary recursive fundamental
sequences.

We put 0p=1, (n+1)o=2"0 a suitable definition of 4+, has been given
by Kleene in [6, p. 75]. We want, more generally, the following.

2.3. LEMMA. Given primitive recursive functions Yo, Y1, Y2 (of 1, 3, 3 argu-
ments) we can construct primitive recursive functions ¢, y with (for all a, d)

(l) ¢(ay 1) =‘p0(a)r

(ii) d)(d, 24) =¢l(a’ d» ¢(a) d)) fOf d#oy

(iii) ¢(a, 3-5%) =yu(a, d, ¥(a, d)) where [y(a, d)](n) =¢(a, [d](n)) for all n.
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The proof is similar to that for +o in [6]. Briefly, we can find primitive
recursive 0 with [0(z, a, d) |(n) = [z](a, [d](n)) for all z, a, d, n. By course-of-
values recursion we obtain primitive recursive ¢*(z, ¢, d) satisfying ¢*(z, a, 1)
= \00(0)» ¢*(Z, a, zd) = ‘Pl(av dr 4’*(2) a, d)) for d # 0, ¢*(zy a, 3°5d)
=ys(a, d, 0(z, a, d)), and ¢*(z, a, b) =0 for all other b. We then choose e by
2.1(i) so that [e](a, d) =¢*(e, a, d), and take ¢ = [¢] and v(a, d) =0(e, a, d).

We shall write a @b instead of a4 b. This is a primitive recursive func-
tion of a, b, satisfying a®1=qa, a ®24=2%4 (d5£0), and a §3-54=3-576d
where ¥ is primitive recursive and [y(a, d)](n) =a® [d](n). For any a, b, n,
(e®bd)Dno=a® (b®no), but @ is in general not associative.

Hierarchies of recursive functions corresponding to certain generation
principles can be constructed as in [6, p. 74] by defining certain partial re-
cursive functions ¢(z, a) such that for each d€0, ps=Axo(d, x) is a recursive
function, and such that the ps's are related in the desired fashion for different
d's. Alternatively, it is possible to generate the Gédel-numbers 74 of these
functions. This is more convenient for us here, and the general possibility of
doing this follows directly from 2.3, if we omit the parameter “a” there.

2.4. COROLLARY. Suppose ¢, is the Godel number of a recursive function and
that Yn, Y2 are primitive recursive functions such that:

(1) if f is a Gidel-number of a recursive function, then so also is Y1(f);

(i) if for each n, [e](n) is a Gidel-number of a recursive function then so
also 1s Ys(e).

Then we can find primitive recursive ¢, vy such that ¢(1) = q1, $(2%) =¢1(¢(d))
for d%0, (3 -5%) =y(v(d)) where for all n, [y(d)](n) =¢([d](n)). It follows from
these conditions that for each d€ 0, p.z=)\x{¢(d) } (x) is a recursive function.

We apply this to the construction of two hierarchies. First we have a slight
variant of the hierarchy introduced by Kleene in [6, pp. 73-74].

2.5. LemMA. We can find primitive recursive Y, Y2 so that:

(1) of f 1s a Godel-number of a recursive function 0(a) then Y1(f) is a Gidel-
number of the function 0'(a) = [aw |*(aw);

(ii) if for each n, [e](n) is a Godel-number of a recursive function 0,(a) then
Ya(e) is a Godel-number of the recursive function 6(a) = 0o, (aw)

= { [e](a(o)) } (aw).

We shall refer to the resulting p4’s associated by 2.4 with these ¥4, ¥2 and
a Godel-number ¢, of the constant function Ax(0) as constituting the Kleene
sub-recursive hierarchy. These have the property [6, p. 73] that if ¢ <o d then
p. Cpa; this is generalized in 5.3 below. Further properties needed for the re-
sults of this paper will be established in the next section.

As a second example, we construct a class of majorizing hierarchies each
of which is associated with a given recursive function x(e, b). Suppose given
a Gédel number of x.
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2.6. LEMMA. We can find primitive recursive functions yn, Y2 so that:

(i) if f is a Godel-number of a recursive function (a) then Y1(f) is a Gidel-
number of the function 0'(a) =x(a, 0(a))+1;

(i) if for each n, [e](n) is a Gidel-number of a recursive function 0,(a)
then Y2(e) is a Godel-number of the recursive function

6(a) = max 6;(a) + 1 = max {[e]G)}(a) + 1.
0s¢< 0=<i=a

Put 0 <¢ if (Em)(n)(n=m—0(n) <{(n)). Consider the functions pg asso-
ciated with the ¥, Y2 of 2.6 by 2.4, with ¢, the Gédel number of the function
Ax(0). These have the property that if ¢ <o d then p. <pg (cf. 5.3 below). We
thus refer to these pi's as constituting the majorizing hierarchy associated
with x. Other results in this paper will depend on taking x to be a function
which satisfies b < x(a, b) for all @, b. Some choices of such x would be x(a, b)
=b, x(a, b) =(a+1)-b, x(a, b) = (a+2), etc.; these lead to familiar number-
theoretic majorizing relationships.

These hierarchies can be modified by taking p; to be any given recursive
function. The results of this paper will still continue to hold for such modifi-
cations. We can further take p; to be an arbitrary function if the notion of
recursiveness is replaced by that of recursiveness relative to pi.

3. Completeness of primitive recursively expanding hierarchies.

3.1. DEFINITION. By a hierarchy which is p.r. (primitive recursively) ex-
panding with respect to certain relations <, (¢=0, 1, 2, - - - ) between unary
functions, we understand an assignment of unary functions pa to each d& O for
which there are primitive recursive functions Tr, C, S, L, M satisfying the follow-
ing conditions:

(l) f07’ any ¢’ 01 yv 'if ¢.S_¢ 0, oél g- then d’éTr(c./)g.;

(ii) for any d€0 and any k,

A (k) Sck.a) Pad k1),

(iii) for any A€ 0, pa< s@) px;
(iv) for any d, e, and binary ¢ such that 3-5¢€ 0 and Nxd(n, x) < () (n) P1d1(m)
for all n, we have

3.5Med €0, |3.5MCd| = |3.5¢|, [d](n) <o3-5MD
for all n, and Nxp(x, %) < L(e.d) P3-5Mce..
We say that the hierarchy is strictly expanding if for all d€O and all
e, paf.pa
3.2. THEOREM. The Kleene sub-recursive hierarchy is strictly p.r. expanding
with respect to the relations C,.

Proof. (i) A suitable function T7 has been defined by Kleene in [6, pp.
70-71].
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(i1) Here we can take C to be a simple function C(k) of k only, satisfying
A (k) Sew 0 for any function 6.

(iii) Here wecan take S(d) tobea certain constant swhere 8, \x[x() |*(xa))
for any function 6.

(iv) In this case we can find M as a function M(d) of d only and L as a
function L(e) of eonly. Mis chosen tosatisfy [M(d) |(n) =21™ (= [d](n) ® 1),
for all #, and a preliminary (primitive recursive) L; is chosen to satisfy

[Ll(e) ](n, a) =n. 32['](n) P

for all #, a. To see how L should be defined, suppose we had d, e, ¢ satisfying
the hypothesis of 3.1 (iv) with respect to the relations C;. Let ¢, =Ax¢(n, x)
for all #n. Then for each #, a,

én(a) = [[e] (n)]P1a1m(a) = potarm (201 . 34)
= pra(@1m (211 -3%) = pggua(2n. 32010

= P3~5“("’([L1(e)] (n, a)).

Hence ¢(a, a) =ps.su@([Li(e)](a, a)) for all a. Choose primitive recursive
L(e) tosatisfy [L(e) |°(a) =0([Li(e) | (a, a)) for all a, ¢, any 6. We see by the pre-
ceding argument that for such L, Ax¢(x, x) C 1) ps-s#@. That the expansion
is strict is shown by Kleene in [6, p. 73].

3.3. THEOREM. Let x(a, b) be recursive and b=<x(a, b) for all a, b. Then the
majorizing hierarchy associated with x is strictly p.r. expanding with respect to
the relations =<, when these are all taken to be the same relation <, where

¢ <0(n)(¢(n) <6(n)).

Proof. The condition (i) is obviously fulfilled.

(ii) Using pz(a) =y(a, pc(a))+1=p.(a)+1 for any ¢€O0, and any a, we
easily prove by induction on & that ¢ < pae;,(a) for any d€0, a and 4. The first
inequality also establishes (iii).

(iv) Here we can take M (e, d) =d. For suppose Ax¢(n, x) <piajm) for all n,
Then for any a,

#(a, @) < pra1ay(@) < max prayy(a) + 1 = pssi(a).
0=iZa

That the expansion is strict is obvious by the inequality used to prove (ii).

We assume throughout the remainder of this section that we are dealing with
any one hierarchy of functions pg (not necessarily recursive) p.r. expanding (not
necessarily strictly) with respect to certain relations =.. We assume that Tr, C,
S, L, M are some fixed primitive recursive functions satisfying 3.1 (1)-(iv) with
these pg, =<..

The details of the proof of the completeness results which we shall give in
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this section would not be essentially simplified by restricting attention to the
sub-recursive hierarchy, and would be simplified little more in the case of
majorizing hierarchies. On the other hand, the theorems hold even for further
(slight) generalizations of 3.1. For example, we could weaken 3.1 (ii) so that
k41 is replaced by some primitive recursive D(k, d).

3.4. LEMMA. There is a primitive recursive function N(d, e, ©) such that for
any d€0 and any ¢, if p=<. pathen = nw.e,i Pdoiy

Proof. Take N(d, e, 0)=e, N(d, e, i+1)=Tr(N(d, e, 1), S(d®Dio)), for
any d, e, 1.

Consider now any recursive function ¢(a) = U(uyTi(q, a, ¥)), and let for
each n ¢, be the constant function Ax¢(n). By 3.1 (ii), each ¢, =/ px for certain
f, b, namely f=C(¢(n), 1) and h=1® (¢(n)+1)o=(¢(n)+1)o. However, in
general these f, & are not chosen as primitive recursive functions of #. Our
main argument towards completeness, which now follows, shows that, never-
theless, certain other f, £ can be chosen primitive recursively to satisfy
¢, =<y pr. This, when combined with the limit condition 3.1 (iv), will allow
us to obtain a similar result for ¢ itself.

3.5. THEOREM. There are primitive recursive functions f=F(q, b, n),
h=H(g, b, n) such that whenever (Ey)Ti(q, n, y), é=MU(uyT1(q, %, ¥)),
dn=Nx¢p(n) and bEO, then

(i) k€O, b<oh, | k| =|b| +w-m for some m>0, and

(ii) ¢n é/ Ph.

Proof. We shall construct certain primitive recursive functions of ¢, b, %, k
and <. Considering ¢, b, #» as parameters, we concentrate on the definition of
these as functions of &, 7. Using the primitive recursive functions Sb" of
[6, p. 75], we have [Sbi(z, y)](x) = [2](y, x) for any x, y, 2. We shall write
2, for Sbi(z, y). (This notation will be used only in this proof.) We consider
three primitive recursive predicates of & (and, implicitly, also of ¢, n):

SCC(O)(k) « (Ey)u<kT1(q) ", y))
(1) Sec(l)(k) «> Tl(q; n, k) & (y)u<k - Tl(q’ n, y)’

Sec®(k) < (Nvsk — Ta(g, #, ¥).

(Adapting the terminology of [8], we might say of these three cases, succes-
sively, that & is past secured, k is just secured, and & is unsecured.) Using
2.1(ii), we now find d, e, satisfying the following two conditions for all %, ¢:

0 if Sec®(k),
(2) [2](k,3) = {0 ® (URE) + 1)o @ o if Sec(k),
3.5M(ekt1.dkt1) @ 4o if Sec®(k);
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0 if Sec®(k),
3) [e](k,4) = {N(® & (U(R) + 1o, C(U(k), b), %) if SecV(k),
N(3-5M ek, dir) | [(ep, 1, diy1), 1) if Sec® (k).

Now suppose (Ey)Ti(q, n, ) and bE€O0. Define ¢ and ¢, as in the state-
ment of the theorem. Let ky=uyTi(q, #, ¥). We shall prove by induction on
7 that
(4) if j=ko, k=ko—j, and 1 is arbitrary, then

(@) [d](k, ))€0, b=o [d](k, 1) <o [2](k, i+1),

Uko) + 1+ ifj =0,
[0 = (8] + o+ {; AN
and (b) én = (k.9 PLa k.0

For j=0, we have k=Fky, so SecV(k). 4(a) is clearly true in this case. By
3.1(ii), da=AxU(ko) = cw ke .b) Po@UK)+D,» NENCE Bp < (o1 (ko,5) Pla1 ko) DY (2), (3)
and 3.4.

Suppose (4) true for j; we shall now show it true for j+1. Suppose j+1 <k,
and let k=ko—(j+1). We shall thus use (4)(a), (b) applied to j, k+1. We
have from these 3-541CO0, b<o 3-5%u, |3-5%u|=]b| +w-(j+1), and
On = (ol Plars for all 2. Let Y(4, x) =da(x) =¢(n) for all 7, x. Hence also
AP (%, %) = feraal() Plarsni o for all 2. But then by 3.1(iv),

3. 5M(ek+1,dk+1) E 0’ | 3.5M(ek+l,dk+l)| - | 3.5dk+l| ,
[drs1] () <o 3-5M (eitr.dien) for all 4,
and
A-/mp(x, x) éL(ek+1,dk+l) p3.5M(ek+l'dHl)-

Since in this case k <k, and hence Sec'®(k), and since also ¢, =Axy(x, x), we
see by (2), (3) and 3.4 that (4) is also true for the case j+1, k.
As we remarked at the beginning of the proof, ¢, b, and n were taken as
parameters in the definition of [d](, i), [e](%, 1). Hence f=[¢](0, 0) and
= [d](0, 0) determine f and k as primitive recursive functions of ¢, b, n.
When the hypotheses of our theorem concerning g, b, n, ¢ are met, we have
Ti(g, n, ko), hence ko is the Gédel number of a deduction from the system of
equations with number ¢, and thus k¢0. Taking j=kin (4) thus gives us the
desired result.

3.6. THEOREM. There are primitive recursive functions e=E(q, b) and
d=D(q, b) such that whenever (x)(Ey)T:(q, x, v), d=NcU(uyTi(q, x, ¥)), and
bEO, then dS0, b<od, |d| =|b| + w? and ¢ <, pa.

Proof. Let F, H be chosen to satisfy the conditions of 3.5. Define primitive
recursive H; by Hi(q, b, 0)=b, Hi(q, b, n+1)=H(q, Hi(q, b, n), n). Treating
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g, b as parameters, choose & with [h]=\xH:i(g, b, x+1). Also choose f with
[f1=\xF(q, Hi(g, b, x), x). Thus h, f are primitive recursively chosen as func-
tions of g, b. Let d=3-5Y:» ¢=L(f, k). To see that these satisfy the required
conditions, suppose (x)(Ey)Ti(q, x, y) and that b€ 0. By 3.5, each [](n) €0,
[2](n) <o [B](n+1), and | [k](n+1)| =|[k](n)| + w-m. for some m,>0;
furthermore, b <o [k](0) and | [£](0)| = |b| +w-m for some m. Thus 3-5*€0,
b<o3-5* and |3-5*| =|b| + w% Also by 3.5, ¢»=Nxd(n) < 1) i1y fOr
each n. Put ¢(n, x) =¢(n) for all n, x. Then also Axyy(n, x) = 1) Pir1wy- Hence
by 3.1(iv), d€0, |d| =|3.5%|, b<o [£](0) <o d, and =N (x, x) £, pa.

By a path P within O we understand a subset of O simply (and hence
well-) ordered by <y, and containing with any d all predecessors of d. |P|
denotes the order type of this path.

3.7. THEOREM. Suppose k is any ordinal with k Swi. Then there exist (No)
paths P, within O, | P.| =k+? for k<w, | Po,| =w, such that for any recursive
function ¢ there exists a dEP, and an e with ¢ <.pa- P, can be chosen to be
arithmetically definable (in fact, in a 4-quantifier form) for k <wi, and recursive
in O for k=wi.

Proof. Let ¢o, - - -, ¢u, - - + be an enumeration of all ¢ such that
(x)(Ey) T1(q, x, ¥); specifically each ¢, is the least ¢>g¢,—1 (¢>0, for n=0)
such that (x)(Ey)Ti(q, *, ¥). The predicate Q(#n, a) which holds if and only
if a =g, is arithmetically definable in the four alternating quantifier forms be-
ginning with the existential quantifier.

To prove the theorem, consider first the case k <w:. Choose b€ 0, |b| =«.
Let D, E be the primitive recursive functions of 3.6. Define do=0, dn1
=D(qn, d.), and define e, =E(¢a, d.). Thus d, <o dny1 and |dny1| = | dn| +w?
=|b| + w?: (n+1) for each 7, and {¢-} .. pa,,, for each n. Then the path P,
can be chosen in this case to be the set of x such that (En)(x <d,). Using the
evaluation of the predicate Q(n, @) it is seen that P, can also be defined in the
same form. There is no generality lost by taking k =w. By choosing N, b's with
|b| =k, we obtain N, distinct P,’s.

The proof for the case k=w, is obtained by a slight modification. Let
bo, -+ +, by, - - - be an enumeration of O; the predicate B(n, ¢) which holds
when a=b,, is recursive in O. Define doy=by, dnt1=D(gs, d.®Db,), and
en=E(gn, dn®b,). Thus d. <0 du®b, <o duy1 and |dny1| =|da| +|ba] + w? for
each n, and {¢.} <., pa,,, for each n. The path P, is again defined as the set
of x <d, for some 7. Since |b,| <|das1| for all #, | Po,| =w;. Without loss of
generality we can take | bol = w; by altering the enumeration of O for different
choices of by we obtain N, distinct P,,s.

Uniqueness in hierarchies ps with respect to relations <, can be said to
hold at level k< if for all d, d’€0 with |d| =|d’| =« there exist e, f with
pa=<.pa, par Sy pa. The following nonuniqueness result is obtained directly
from 3.6 (cf. also [1; 9]).
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3.8. COROLLARY. Suppose the give hierarchy is strictly p.r. expanding and
that for any ¢, d€0, ¢ <o d—(Ee)p. <. pa. Then for any d<O, |d[ =w?, there
exists d' €0 with |d’| = |d| and (e) {pa £.pa}.

Proof. Let |d| =w?+«, and let b€0, |b| =«. By 3.6 we can find k€O,
| k| =w?, and fisuch that pu </, ps. Let d’=k@®b; thus k<o d’ and |d’'| =]d].
By hypothesis there is f; with py <, psr, hence by 3.1(i) there is f with pu <y par.
If for any e, par <. pa, we would have pu=., ps for certain e;, contradicting
the strictness of the expansion.

As we remarked in §2, the condition ¢ <o d—(Ee)p, =<, pq is met by the
Kleene sub-recursive hierarchy with respect to the relations C,. Axt showed
in [1, pp. 87-91] that uniqueness holds in this hierarchy for |d| <w?and fails
at |d| =w

To apply 3.8 to the majorizing hierarchies, we consider the relation
¢ L0 (Em)(n)(n=m—¢tn) <0(n)) instead of the relation ¢ <8 of complete
majorizing used to prove 3.6. This still has the property of strictness, px £ pa
and, as pointed out in §2, it satisfies ¢ <o d—p.Spa.¢ <0—0 <0, so we can
use 3.6 for this relation too. The only other property needed in the proof of
3.8 was transitivity of =, which certainly holds. Hence uniqueness with
respect to the relation =< also fails in the majorizing hierarchies for Idl = w
It can be seen by special arguments for the case of the function x(a, b) =5
that it also fails for |d| Zw.

4. Classification of certain hierarchies below w?. In the first part of this
section we give a classification, in terms of the notion of ordinal recursion,
of the functions pg in the Kleene sub-recursive hierarchy for |d| <w? This
part of our work has been carried out in collaboration with W. W. Tait.

Consider a primitive recursive well-ordering Z of the natural numbers in
which 0 is the first element. Put

.1 x}(a={x ifxZ a,
) 0 otherwise.

A function ¢(x) is said to be defined by nested Z-recursion from ¢y, - -, {m
if it satisfies
0) =k,
4.2) #(0)
¢(a+ 1) = v(a),
where y(a) is built up by composition from the functions {3, - - +, {m and

the function ¢, but where every application of ¢ has the form ¢(s f (a+1)).
This is said to be an ordinary, or unnested, recursion if y(a) has the form
7(a, ¢(o(a) K (a+1))), where 7,0 are built up from {3, - - -, {nalone. General-
ization of this notion to functions of several variables is fairly direct. (The
notion of nesting corresponds to Péter’s “eingeschachtelte” recursions of
[12, §10].) A function is said to be definable by ordinary Z-recursion (by
nested Z-recursion) if it is the end term of a sequence of functions each of
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which is obtained from preceding functions in the sequence either by one of
the usual schemas for primitive recursion or by the schema (4.2), in one or
more variables, for ordinary Z-recursion (for nested Z-recursion).

We deal here only with “standard” or “natural” well-orderings Z, which
notion is well understood at the very least for ordinals <e¢,. We might specifi-
cally take for these the orderings defined in [4, p. 361], or consider orderings
satisfying certain minimal conditions, as in [15, 1.2]. The classification of
(part of) the class of recursive functions by such orderings does not collapse
at low ordinals, in contrast to [11; 13]. If & is the order type of Z, we shall
speak of (ordinary or nested) a-recursion. The w*-recursions thus correspond
to the “k-fache” recursions of [12, §§11-12]; the nested wk-recursions cor-
respond to what Axt calls k-recursive functions in [1, p. 93]. The main fact
that we shall use for such standard a-recursions is the following proved by
Tait in [15, Theorem 2], for a2 w: if a function ¢ is definable by nested
a-recursion then it is also definable by ordinary w@-recursion. (He has also
shown in [15] that, when w-a =@, the converse is also true.)

4.3. THEOREM. The functions ps of the Kleene sub-recursive hierarchy are
all nested wi-recursive, hence all ordinary w*'-recursive for d€0, |d| < w?.

Proof. It is more convenient here to return to Kleene's definition of his
hierarchy in [6] as consisting of functions k4(b, a) satisfying
hi(b, a) = 0,
(1) h(b, a) = [b]™(a) for d # 0,
hs.53(b, @) = ka1 an (b0, ).

By the uniqueness result of Axt [1], it is sufficient to classify the functions k4
corresponding to the “natural” notations |d| < w?, all others at these levels
being primitive recursive in these particular functions. Thus to each m, & we
associate dp ; With |dm k| =0 m+k,dm i <odmy .k, if and onlyif | dmi| < |dmyk,] .
We shall now define a sequence of functions H.(k, b, a) such that hs (b, a)
=H,(k, b, a) for all m, k.

(1) HO(O; b, a) =0,

() Holk+ 1,5, 0) = [p]setinien (),

(i) Hm+1(0) b, d) = Hm(b(l)rb(o)r d),

(i) Hnprk + 1,6, 0) = [p]wsHmtien.2)(g),

2

©)

We next analyze the form of (2)(ii), (3) (ii). In general, the definition of ¢(b, a)
= [b]?(a) from given binary 6 can be put in the form

#(0, a) = 0(a(, aw),

66+ 1,0 = x(b 3, 8(7s0) 78, TL#“", 00+ 1, (0/2D))),

1sb

(4)
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where To(b) <b+1, and 7, is a function of b only when a=0. This can be ob-
tained from [6, p. 74]. Here x, 7o, 71 are certain primitive recursive functions.
Assigning the ordinal w-b+4a to (b, a) shows that this is a definition of
[6]¢(a) by nested w?-recursion from 6. Assigning the ordinal w?-k+w-b+a to
(k, b, a) in (2), and replacing the equation (2)(ii) by two equations obtained
from (4) by substituting NyxH (%, ¥, x) for @ and NyxH(k+1, y, x) for ¢ shows
that H, is nested w3-recursive. Similarly, H,,; is nested w?-recursive in H,,
Hence induction and Tait’s result shows that each H,, is ordinary w*’-recur-
sive. It follows that the same is true of each function da,, ,=NyxHn(k, ¥, x).

Axt has shown in [1, p. 99] that the converse to 4.3 is true, i.e., that every
nested w3-recursive function is primitive recursive in one of the p, for I dl < w?,
and in fact more generally for nested w*+'-recursions and |d| < w*. It is clear
how 4.3 can be extended to the classification of pg for “natural” d with

ld‘ < w*. These various results constitute a partial answer to Kleene's prob-
lem P 237 in [6, p. 77].

4.4, THEOREM. The functions pg of the majorizing hierarchy associated with
a function x(a, b) are all primitive recursive in x for d€0, |d| < w?,

Proof. For any d€ 0, | d| < w?, there are only finitely many limit notations
3-5°=Z0d. It suffices then to consider any sequence 3:5%, : - -, 3:5% . ..
(not necessarily primitive recursive) with |3~5°"| =w-n and 3:-5% <o 3-5011
and to show that for any d <¢ 3-5° for some 7, we have pg primitive recursive
in x. We regard this sequence as fixed throughout the following.

Define the following primitive recursive functions M, E (no relation to
functions used in §3) by course-of-values recursion.

M(2%) = M(d), M(a) = a otherwise;
1) E29 = E@) + 1, E(@) =0 otherwise.
Thus if €0, |d| < w?, M(d) is the maximum limit notation 3-5¢ which is
<o d, or 1 if there is no such. Further d = M(d)® (E(d))o, so E(d) measures

the excess of d over this notation. We shall also need an iteration of the
function x(a, b)+1,

(2) X*(O: a, b) = b, X*(" + 1, q, b) = X(d, X*(") a, b)) + 1.
x* is primitive recursive in .
Let L,={d:d <o 3-5°}. We shall prove by induction on 7 that

(3) There exists a function ¢,, primitive recursive in x, such that for every dE L,
and every a,

le] () len—11()
Pd(a)=¢n<ayd’ HP‘I y "ty H?i l )
isa isa
The defining conditions for the majorizing hierarchy are pi(a) =0,
p2d(a) = x(a,pa(0)) +1,  p3si(a) = max prarn(a) + 1.
S7=a
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Using (1) and (2) we have for any d€ 0O, [dl < w?,
4 pa(e) = x*(E(d), a, pu(a)(a)).

Thus for the case n =1, we can take ¢(a, d) =x*(E(d), a, 0). Suppose now that
(3) is true for n, and let us prove it for n+1. If dE L, 1, we have dE L, M(d)
#3-5», We can define the desired function ¢,i1 by separating the cases
deLl,, d€EL,;1—L,. Set

(5) ¥a(a, %1, + + +, %a1,y) = max ¢u(q, Yy X1y 0y Xuo) + 1L

0=j=a

Then we define

¢n+l(a) d; X1, * xn)
(6) _ {d’n(a” dy %1, * * ¢y Fno1) if M(d) # 3.5,
x*(E(d)r a, ‘pn(a) X1ttty Xn—ly xn)) 7/:f M(d) = 3.5,

Then by induction hypothesis ¢, and hence ¥, and ¢,41 are primitive recur-
sive in x. To see that (3) continues to hold true for n+1, we need only con-
sider the case M(d) =3-5°. By (4), it is sufficient to see that

©) p3.5¢n(a) = Y < I‘I P[cxl(t) . H p[c,._ll('), I_I p.;‘,”](‘)).

isa isa isa

But the right side here is just
[e1] () len—11(5)
max 6., [, T A7, -, TLA0) 41,
0<j=a isa isa

which, since each [¢.](j) <0 3-5%, i.e., [¢a](j) E Ly, is by (3) for # the same as
MaXogjse Plenl (@) + 1.

Thus (7) is proved and the induction is complete. Now for any partlcular
deo, Idl <w?, (3) gives the value of ps(a) as a function, primitive recursive
in x, of @, d and the values of the primitive recursive functions [a], - - -,
[ca_1] obtained from all limit notations which are <o d. This proves the
theorem.

5. Nonstandard extensions of hierarchies. In this section we use the non-
standard extension O* of O, defined in [3] (restricted here to primitive recur-
sive fundamental sequences) to obtain an incompleteness result for hierarchies
and to give some information on the structure of the set of recursive functions
with respect to certain partial orderings.

We shall briefly describe some of the notions and results of [3] as adapted
to the present situation. We put a set A &Il if it can be defined in the form
nEAe(a)(Ex)R(n, a(x)) with primitive recursive R, AEZ—AEII, and
AEH.A. oAEIINZ (H.A.=hyperarithmetical). We put d& M if C'(@) is
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simply ordered by <, 1€ (C’'(d), C'(d) contains with each x also each y <x,
and if for all xE€(C'(d), either x=1, x =27 where x)#0, or x=3-5°® where
[x2]() < [x@](y+1) for all y. We put dEO* if dE M and for all ACH.A.,,
ANC'(d) #A implies ANC'(d) has a least element under <. It is shown in
[3, §3], that 0C0*, O*€Z=. On the other hand, OEII—Z. In fact for any
AETI we can find primitive recursive ¢ such that (x) [xE4—(x) E0]; the
proof of this can be directly adapted from Kleene’s proof of the corresponding
theorem for the usual definition of O in [8]. Hence we also have here the
result of [3, 3.6] that for any a€ 0 we can find d€0*—0 such that a <d.
The argument of [3, 3.7] also served to show that for any such &, P=0NC'(d)
is a path through O with PEII. The only thing to check in that proof for the
present O is that for each ¢€0, {x:x€0 & |x| <|c| } EH.A. This is true
for the full O by Spector [14, p. 158]. However, the present O is in 1-1 cor-
respondence with the intersection of an arithmetically defined set (similar to
M above) with the full O, and this correspondence is easily used to carry the
result over. Hence we obtain directly the existence, as in [3, 4.4] of R, paths
P through O such that PEIL. Moreover, it is useful to note, just as in [3,
3.8], that for any such P there is a d€E0*—0 with P=0NC'(d).

In any strictly expanding hierarchy (3.1) we have a relation ¢ ¢ defined
by (Ee)¢p <.y¥; this has the property pi<px and px £ps for each d€0. We
need rather less of the conditions on a hierarchy of 3.1 for the developments
of this section, but a little more on the relation =. Throughout the remainder
of this section, we assume ¢, is any fixed Gidel-number of a recursive funciion and
that Y1, Y2 are any fixed primitive recursive functions satisfying the conditions
2.4(1), (ii). We take ¢, v to be primitive recursive functions satisfying the conclu-
sion of 2.4 and p¢=)\x{¢(d) } (x) for any d.

5.1. DEFINITION. A relation K between functions is said to conform with
Y1, Yo if K is transitive and irreflexive and if

(i) whenever f is the Gidel-number of a recursive function then {f} <{¥1(f)},

(ii) whenever [e](n) is the Gidel-number of a recursive function for each n and
(m)({ [e]m) } <{[e](n+1)}) then {[e](n)} <{¥a(e)}, and

(iii) the relation {e} <<{f} is a hyperarithmetical relation between e, f.

We note, for applications, the following easily derived result.

5.2. LEMMA. (i) The relation C conforms with any functions Y1, Ys satisfy-
ing 2.5(1), (ii).

(ii) The relation < (of majorizing) conforms with any functions Y, Y2 satis-
Sfying 2.6(i), (i) with respect to any given recursive x.

We now assume throughout the following that < is any relation which
conforms with the general Y1, Y2 we are considering here.

Just as is shown in [3, 5.2] we see that O* is the intersection of all
XEH.A. satisfying the following closure conditions:

(i) 1€X;
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(ii) if c€X then 2°€X;

(iii) if (n){[d](n)EX & [d](n) < [d](n+1)} then 3-5¢€X.

This characterization of O* permits us to make inductive proofs, in the
usual style, that various hyperarithmetical properties hold for all d€0*. In
this way, we easily obtain the following from 2.4 and 5.1.

5.3. LEMMA. (i) For any dEO*, pa is a recursive function.
(ii) For any ¢, d€E0*, c<d—p,<Kpa.

Here 5.3(ii) generalizes the statements of §2 that, for the sub-recursive
hierarchy ¢ <o d—p.Cpg, and for the majorizing hierarchy ¢ <o d—p, <pa.
These results now lead us directly to the following incompleteness theorem
for certain paths in hierarchies (cf. [3, 2.5], for a corresponding incomplete-
ness theorem for progressions of theories).

5.4. THEOREM. For any path P through O, PEIl, we can find a recursive
Sfunction 0 such that p.<<0, and hence 0 not <p,, for all cEP.

Proof. As we noted earlier, P=0MNC’(d) for a certain dE0*—0. We take
0=pq and apply 5.3 and the transitivity and irreflexivity of <.

We shall now devote the remainder of the paper to a proof of an essentially
new result, namely that there is a subset of O* densely ordered by <. This,
via 5.3(ii), thus gives us some information regarding the structure of << on
the set of recursive functions. We first need an extension of ordinal notation
arithmetic to O*. The reason for this will be seen in connection with 5.16—
5.18 below.

We wish to introduce operations corresponding to addition, multiplica-
tion, and exponentiation of ordinals. We already have a @ operation and,
for uniformity, repeat the definition of this in 5.5(i) next. In order to apply a
certain general result below (5.14) insuring the proper growth of these func-
tions, we modify slightly the usual definitions of the other operations at the
initial values.

5.5. DEFINITION. @, o, and °, and vy, vs, v; are chosen by 2.3 to be binary
primitive recursive functions satisfying the following conditions for all a, d:

(1) a®1=a, a®2¢=2%4(d#0), a®3-59=3-510D where

W) {[vi(a, D](n) = a ® [d](m)};

(ii) aol=ga, ao2¢=(aod)®a(d*#0), ao3-5 = 3.5269 where
() [ale, ) Jm) = o [d](m) } ;

(i) ¢ =a, @ = @)oa (d#0), @ = 3.556d  yhere
() { [»s(a, d)](n) = @™},

More generally:

5.6. DEFINITION. Let 0(a, b) be any primitive recursive function. Choose
primitive recursive o(a, d), v(a, d) by 2.3 satisfying:

(i) o(a, 1)=a;
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(ii) o(a, 2%) =0(c(a, d), a) for d#0;

(i) o(a, 3-5%) =3-5@D where (n){ [v(a, d))(n) =0(a, [d](n))}.

We shall refer to o as being the function determined by notation recursion
from 0 via v.

Thus we see that, for suitable »;, v,, 3, if we set ao(a, b) =22, o1(a, b)
=a®b, o2(a, b)) =a 0 b, o3(a, b) =a®, then each o4, is determined by notation
recursion from ¢; via v;y1.

It is seen that @ o b, a® correspond respectively to the operations a(1+03)
and a-(14+a)f on ordinals; these are strictly increasing functions of 8 for
a1,

We wish to show that O* is closed under the operations @, o, ° (for a > 1),
and that these have various properties on O*. We might expect an inductive
proof on O* of these properties. However, closure of O* under such operations
is not a hyperarithmetical property. It is necessary therefore to generally
prove something stronger.

5.7. DEeFINITION. Let X be any set, 0(a, b) any function. We write C1(X) if
the following conditions (i)—(v) hold:

(i) 1€X;

(ii) dEX—-2EX;

(i) (n){[d](n)EX & [d](n)< [d](n+1)} >3 -5¢EX;

(iv) dEX & c<d—cEX;

(v) dEX—1X4.

If, in addition, the following conditions (vi), (vii) or (vi), (viii) hold, we write
CIe(X) or Cli(X), respectively:

i) @, bEX & 1 <a—b(a, b))EX;

(vii) @, cEX & 1<a & b<c—(a, b) <0(a, ¢);

(viii) ¢, b€EX & 1 <a & 1 <b—a<0(a, d).

As we remarked earlier, it has been proved in [3] that O* is the intersection
of all sets XE H.A. satisfying (i)—(iii). Since the set M is arithmetical, each
XNMEH.A., and it is easily seen that CI(XNM). Hence we have

(5.8) 0* =NX[CI(X) & X € HAL]
The following is easily obtained from 5.7.

5.9. LEMMA. Let T be any collection of sets, 8(a, b) any function. If for each
XET we have CI(X) then CINX[XET)). The same holds true for each of
“Cle,” “C19” instead of “Cl.”

5.10. DeFINITION. Let X be any set, o(a, b) any function. We put
X/o=1{d:d€EX&@)D)()[eEX&1<a&c<d—0a(a,0) EX
& (b < c—a(a,d) < ale )]}
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Itisseen that if X&H.A. then X /e €H.A. Actually, we need a little more.
A set X&H.A. if and only if there exist ey, ¢; such that for all a

@ € X & (a)(Ey) Tileo, , ¥) «> (Ea)(»)Ti(es, a, 9).

For any number f, let L;={x: ()(Ey)T{(f, x, )}. Put eCh.a. if L,,
=f,m. For each ¢, put K,=L,,. Thus if e€h.a., K,€H.A.; conversely, for
any X&H.A. there exists an e€h.a. with X=K,.

5.11. LeMMA. With each recursive function o(a, b) is associated a recursive
function o*(e) such that whenever eCh.a. then o*(e)Ch.a. and K& =K,/o.

The proof of this is by standard methods of analytic hierarchy theory;
cf., for example, Kleene's [5] or [7].

5.12. LEMMA. Suppose 0 is primitive recursive and that o is determined by
notation recursion (5.9) from 0 via v. Then for any set X, CI{(X) implies
Cl(X /o).

Proof. We must check conditions 5.7(1)—(v) for X/o.

(i) 1€X /s since for any e€X, o(a, 1)=aEX.

(ii) Suppose dE€X/o. To show 2¢€X /o, consider any aEX, 1<a¢ and
any ¢X2¢, If ¢ <d then a(a, ¢)EX by hypothesis. Otherwise ¢=24. (We can
assume d#0.) But o(a, 2%) =0(c(a, d), a)EX, by 5.7(vi), since Cl*(X) and
o(a,d)EX and 1 <a=0(a, 1)X0(a, d). Note also o(a, d) <o (a, 2¢) by 5.7(viii)
for X, 0. Thus if we have b <cX24, either b<c=Xd, in which case o(a, b)
<a(a, ¢) fromdEX /g, or bXd, ¢ =24, in which case o(a, b) o (a, d) <o(a, 29),
hence o(a, b) <o(a, 29).

(iii) Suppose that for each 7, [d](n)EX /¢ and [d](n) < [d](n+1). To
show 3-5¢€X /o, consider any a€ X, 1 <a and any ¢X3-54, If ¢ <3-5¢ then
c¢X [d](n) for some n and a(a, c) EX & (b)(b <c—0a(a, b) <0 (a, c)) by [d](n)
&X/o. Hence we may assume ¢=3-5% We have o(a, 3:5%)=3-5©9 where
[v(a, d)1(n) =0(a, [d](n)) for every n. Since each [d](n), [d](n+1)EX/q it
follows that [v(a, d)](n)EX, [v(a, d)](n) < [v(a, d)](n+1) for all #n. But
CI(X), so a(a, 3-5¢)=3-5"@dc X, Moreover each o(a, [d](n)) <o(a, 3-59).
Thus if b <3-5¢, bX[d](n) for some 7, and hence by [d](n) EX /o and transi-
tivity of <, o(a, b) <o(a, 3-59).

(iv) It is clear that if dEX /¢ and d, <d then d;E X /g, since CI(X).

(v) is obvious from X/oeCX.

Since ¢ is not in general associative (not even in the simplest case, @),
we are not able to see that X /¢ is closed under ¢. However, we shall see in
5.14 below that by forming a suitable intersection, we can pass from any
XEH.A. such that Cl{(X) to a subset YEH.A. such that Cl°(y). First we
need the following effectiveness condition for such an intersection.

5.13. LEMMA. There is a primitive recursive function v such that whenever
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{f} is a recursive function with {f}(n)Eh.a. for all n then «(f)Eh.a. and
Kipy =N Kipm (n=0,1,2,---).

The proof of this is obtained by standard methods [5] for effectively con-
verting the two equivalent conditions for ¢ to be in the intersection,

() (@) (Ey) T3 (({f} @) 0, 8, %) and () (E) ) T5(({f} (%)), @, ) to the forms
eEL,, aE L, for suitable e, e,.

5.14. LEMMA. Suppose 0 is primitive recursive and that o is defined by nota-
tion recursion from 0 via o. Suppose we have a recursive function T such that for
any e, if e€h.a. and CI(K,) then 7(e) Eh.a., Cli(K.() and K, K,. Then:

(1) we can find a recursive function = such that for any eCh.a. if CI(K,)
then we have w(e)Eh.a., ClI°(K () and K,y & K.,

(ii) Cle(0*).

Proof. Define y/(e, 0) =e, ¥(e, n+1) =a*(r(¥(¢, n))), where * is the func-
tion of 5.11. Let {g} (e, n) =y(e, n) all n. We define 7(e) =(S}(g, €)). To prove
that this satisfies (i), consider any e€h.a. such that CI(K,). Let f=Si(g, e),
fa=1{f}(#) for all n. Then we have

Kjy =Ko Kooy = Kooy = Kegn)/o for all .

It is seen by induction that f,Eh.a. for all n; hence w(e) =¢(f) is h.a. by 5.13.
We prove by induction on # that CI(K},). Suppose this for n. Then CI{(K.(,)),
and hence Cl(K,,,/0) by 5.12, thus proving it for n41.

By 5.13, K.(w=K.5y=NK;, (n=0, 1, 2, - - - ), so that CI(K.(s) by 5.8.
It remains only to check 5.6(vi), (vii) for K,y), 0. Let @, b, c€EK,(p, 1 <a.
Then for each n, we have a, bEK;, ,,, hence a(a, b)EK, 4, S Ky,; thus
d(a, b)) EK.(. Already from a, bE K, we can conclude b <c—a(a, b) <o(a,d).
Thus Cl°(K ) is proved.

To prove part (ii) of our theorem, we use part (i) and 5.9 to establish
the series of inclusions

0*=NK.[e€ha &CI(K,)] € NK/fE ha. & Cl(K))]
C N Kxople € hoa. & CI(K,)]
C NK,e € ha. & CI(K.,)] = 0%
to conclude by 5.9 that Cl*(0*).
5.15. THEOREM. Let 1(a, b) =a®b, as(a, b) =a o b, o3(a, b) =a®®. Then for
i=1, 2, 3, Cls(0%).

Proof. ¢, is defined by notation recursion from 6(a, b) =2° via »:. 03 is
defined by notation recursion from ¢, via »;, and ;s is defined by notation re-
cursion from o3 via »;. Clearly for any X such that CI(X) we have Cli(X).
Hence if we take 7(¢) =e, we can find by 5.14 recursive 7 such that whenever
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ech.a. and CI(K,) then m(e) Eh.a., C1*(K, () and K., S K., and then also
Cl1(0*). Noting that Cl*(K,,(), we see that for a, b€ K., if 1 <a and
1 <b then a=0(a, 1) <0gi(a, b), hence Cl{*(K,,()). Hence we can apply 5.14
to o1, m1, 02 instead of 6, 7, ¢, to obtain . satisfying 5.14(i) for ¢, and thence
5.14(ii). Repeating this argument gives us the desired result for o3 as well.

For any d€0*—0, C'(d)— 0 has no least element; for any element of
C'(d) has one of the forms 1, 2 where b & C'(d), or 3-5° where
@) {[p]m)EC'(d) & [b](n) < [b](n+1)}. Hence we can find an infinite se-
quence o, €1, * * * , €, * + + such that

(1) 60;611"'y6n7"'60*)

(5.16) .
(ii) for each n, ¢u > Cny1 @ lo.

In other words we have a subset of order type w* (under <) in O. Our con-
struction of a densely ordered subset of O* is based on finding a subset of O*
whose ordering is of order type 2¢*, which is dense. We assume the sequence
of ¢,’s is fixed throughout the following.

5.17. DEFINITION. We denote by Sq the set of all infinite sequences & such
that £,=0or &x=1 for all k=0, 1, 2, - - -, and such that £.=1 for at least one
but only finitely many k. For £, n&€ Sq we put ££ 9 if

(En)((R)(E < n— & = m) & & < 10).

For any a and any EESq, if ko< - - - <k, are all the values k such that £,=1
we put

ZE (a) = @O°¢%o @ (aockl @ ( PP @ (aOCk,,_l @ aock”) PR ))

(or simply a®* if n=0). Let _*(a) be the set of all values D (a) for £E Sq.
It is clear that £ is a dense ordering of Sq with no first or last element.

5.18. LEMMA. For any aE0*, 1 <a, we have Y_*(a) CO*. Moreover, for any
Er nequ Sé"] HZS(”’) < Zﬂ(a)~

Proof. The first part of the statement is immediate from 5.15. Consider
any §, 1€ Sq with £ Z5. Let n be the least number with £.77,, hence £,=0,
n=1.Let ko< : - - <k,_1beall k<n where £ =1, equivalently where n,=1.
Let ly< - -+ <l, be all [=n where m;=1, starting with lo=n. Let mp< - - -
<m_; be all m=n where £,=1; hence mo>n. We write f;=a. We shall
write all sums of the form Y ;(a) without parentheses, with the understand-
ing that association is always to the right. Hence we have

Zn(a) =fko® e DS D f1,® - - - D S
Ef(a) =fko$ et @fk,_l efmo@ cc @fmt-x-

If 7520, 1<a <a°% <fi,® - - - ®fs,_,, since for 1<b, 1<d, we have b < b8
and b <b®d. Since also 1 <f;,® - - - @f;, by the same argument, we see by

)
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5.15 that Y :(a) < D_,(a) when t=0. On the other hand, if £50, it suffices by
this to prove

(2) f7no® st ®fmt—l <flo® et @fl:-
We first show
3) e ® 0 D fm,, < @°Cme®l0),

This is proved by induction on ¢, for t=1. For ¢t=1, this simply says a°‘=,
<a®Cm®9  which is clear. Suppose for t—12=1. Then fu,® - - - &fm_,
<a°Cm®) Lq%m, since Cm @D1lo <cm, by 5.16(ii). Hence fum,® - - - ®fm,_,
< frm®a°m =0 meDa’m=0a"m 0 1o <a°m 0 a=a°“m"), Thus (3) is proved.
Now since lo<mo, we have ¢,,®10<c;, by 5.16(ii), hence a°“m® <qa°,
=f1,<f1,® -+ - ®f1,. Thus (2) is proved, and we have now the proof that
£ £n— Y (@) < X_,(a). Since £ is a simple ordering and < is a partial order-
ing on O¥*, the equivalence follows immediately.

5.19. THEOREM. There exists a set A of recursive functions densely ordered
by K.

. Proof. Pick any aE0*, 1 <a. By 5.18, D_*(a) is densely ordered without
first or last element. By 5.3(ii), di, d:€ >_*(a) & d; <ds—pa, Kpq,. The theo-
rem follows immediately from this.

This result can be obtained for special cases of the majorizing relation
very simply. For example, for the function x(a, b) =b we can take the set of
functions 6, for r rational, 0 <r <1, where 6,(n) = [r-n] (greatest integer func-
tion), so that 8, <6, whenever r <s; similarly for the function x(e, b)=(a+1) -b
we take the functions 6,(n) = [r*], so that n[r"] < [s*] for sufficiently large .
However, we have seen no way of obtaining the result directly for the case of
arbitrary recursive x with the majorizing relationship. Neither have we seen
a way of obtaining 5.19 for the relation C without an excursion through
nonstandard extensions of hierarchies.

Actually, a somewhat stronger statement than 5.19 can be made, but it
is one which is formulated in terms of hierarchies. Let | a| be the order type of
C(a) for a&0*. One can prove by induction on b&O* that (for any given
a€0%), (x)[x<a®b—x<aV(Ey)(y<b&x=a®y)]. Thus it is seen that
|a®b| =|a| ®|b|. Now in 5.18, we do not have that D :(a) ®a< D ,(a)
for any £ Z 9, because of the problem of association. However, it is seen that
(by first considering ¢ with £ Z£¢ Z%), we have | Zg(a)l +|a| <| Z,,(a)l.
Thus any two elements dy, d» of Y_*(a) with d; <d, have a distance greater
then |a| between them. In particular, if we choose a€0*—0, we have
| a| > wi. Loosely stated, the functions pa associated with & 0*(a) are densely
ordered by a relation < which, when it holds between p4,, ps, implies that
there is a sequence of functions p. obtained from a path through O in the sub-
recursive hierarchy starting with the function 6=pg, all of which are Cpq,.
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