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I. Introduction. 1.1. Surface spherical harmonics. Let Œ denote the

surface of the unit sphere in Euclidean 3-space, whose center is the origin O

of a system of Cartesian coordinates x, y, z. Let Q denote a point on Í2. The

function Yn(Q) is said to be a surface spherical harmonic of degree re if

Hn(x, y, z) is a homogeneous harmonic polynomial of degree re and 77„(x, y, z)

= rnYn(Q) where (x, y, z) lies on the line through O and Q at a distance r

from 0.

1.2. Laplace series. If f(Q) is a Lebesgue integrable function on fi, the

Laplace series of f(Q) is a series of surface spherical harmonics ^2"-o Yn(Q)

where Yn(Q) is defined by Yn(Q) m [(2n + l)/4-Tr]ffaf(M)Pn([M, Q])dÜM.
Here [M, Q] denotes the inner product of the unit vectors OM and OQ and

Pn([M, Q]) denotes the Legendre polynomial of order re.

In this paper necessary and sufficient conditions for the Cesaro summabil-

ity of series of surface spherical harmonics are obtained. The analogous results

for trigonometric series were given by Plessner [11, p. 256]. In the field of

Laplace series sufficient conditions for Cesaro summability was obtained

by Gronwall [4, p. 213] and by Fejer [3, p. 267] and a necessary and sufficient

condition for the convergence of a particular class of Laplace series were ob-

tained by V. L. Shapiro [9, p. 514]. The latter also obtained sufficient condi-

tions for the Cesaro summability of series of surface spherical harmonics [8,

p. 212].
II. Generalized Laplacians. 2.1. Definition. For a point Fon ß let

C(P, h') denote the circle of intersection of ñ and the sphere of radius

2 sin (h'/2), 0<h' <ir, whose center is at P. Let f(Q) be a function defined in

the neighborhood D(P, h') = {QEQ\ [Q, P]^cos h'} of P, and integrable

on the circumference of every circle C(P, h) contained in this neighborhood.

If [1/27T sin h]fc(p,h)F(Q)dsQ has an expansion of the form:

(1 — cos h) a-¡    (1 — cos A)2

2rsmhJc(P.h)J^'""'V 2 (2!)2 22
——r I f(Q)dsQ = a0 + ax

.  sin h J c
(2.1.1)

aT    (1 — cos h)r
-\-h o(\ - cosAK        r = 0, 1

(r!)2 2'
> ■*■)
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we say that/(Q) has an rth generalized Laplacian at the point P and denote it

by Ar/(P). This generalized Laplacian is defined from the expansion (2.1.1)

bysetting Ao/(P) =«o, A(A4-1-2) • • • [A + (k-l)k]f(P) =ak,k=l,2, ■ ■ -,r,
where A-A.A (ktimes)=Ak and Ak-Aj = Ak+Jlor j, k^O and j+k^r.

Thus if [1/27T sin h]fc(p,h)f(Q)dsQ has the expansion (2.1.1) then:

—J
äin hJ c(p,,

(1 - cos h)      A(A 4-1 • 2)/(P) (1 - cos i

f(Q)dsQ
¿t sin hJ ciP.h)

= Aof(P) + Aif(P)
2 (2!)2 22

(2.1.2)
A(A+l-2) • • ■ [A+(r- 1)H/(P)   (Í - cosh)*

(riy V

4- o(\ - cos h)r, r = 0, 1, • • • .

It is clear that if Ar/(P) exists then A„f(P), Ogsgr, exists. A(k)f(P) shall

denote the &th Laplace-Beltrami operator on/(0 at the point P,k = 0,l, • • •

(see [8, p. 212]), and A(J>/ its value when P is the north pole of a system of

coordinates with origin at the center of fi. It is well known that if Yn(Q) is a

surface spherical harmonic then A(r)Fn(0= [ — w(«4-l)]rFn(Q).

2.2. Theorem. If YH(Q), « = 0, 1, • • • , are arbitrary surface spherical

harmonics and P is an arbitrary point on Q then, for any non-negative integer r,

ArYn(P) exists and ArYn(P) = A(r)F„(P).

Proof. Since Ar and A(r) are linear operators, it is sufficient to show that

A,Yn(P) exists and ArFn(P) = A(r)Fn(P) where Yn(Q) has been normalized

so that Yn(P) = 1. Then A(r) Yn(P) = A(r)P„( [P, Q]) \ q_p (since both are equal

to [-«(w + l)]r), and by [7, p. 298]:

(2.2.1) —— f Yn(Q)dsQ = P„(cosÂ) = —^— f        Pn([P,Q])dsQ,
2itr sin hJ c(P,h) 2ir sin hJ c(P,k)

or A,Yn(P) = ArPn([P, <3])|g-p. We therefore need only show that

ArP„([P, Q])\<i=p=[-n(n + l)Y. But by [6, p. 21, (18)]:

Pn(cos h)

[-n(n+l)][-n(n+i) + l-2] • • • [-n(n+l) + (k-l)k]   (1-cos h)k
1+Z

(yfe!)2 2*

and the theorem follows easily from  (2.1.1)  by induction.  If   F„(P)=0,

obviously A(r) Fn(P) = 0 = ArFn(P).

III. Statement of main results. 3.1. Definitions and notation. For an

arbitrary series   XXo   Un(Q),  Una)(Q)  lor a^ — \,  —2, • • • , shall denote
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the sum 22"_0 y(n-jUj(Q) where yja) = (a + l) ■ • • (a+j)/jl are the ordinary

Cesaro coefficients of order a. A{k)Fn shall denote the &th difference

k = 0, 1, • • • , of the sequence {Fn} where A(1)F» = Fn-Fn+i. S[f(Q)] shall

denote the Laplace series of the function f(Q) defined on ß and A(r>S[/(P)]

the value at the point P of the series obtained by applying the Laplace-Bel-

trami operator term by term r times, r = 0, 1, • • • , to S[f(Q)],i.e., if 5[/(Q)]

= ET-o r»(Q) then A«S[/(P)]= En% [-n(« + l)]'7.(P).
Definition. If Yn(Q), re = 0, 1, • • • , are surface spherical harmonics the

anti-Laplace-Beltrami operator of order r, r = 0, 1, • • • , on Yn(Q), denoted

A(-r)F„(<2), is defined as:

Yn(Q)
A<-'>y.(Q)o ^       . re =1,2,-...

[ —w(re + l)Jr

Obviously A(r){A(-r)Fn(0}=A(-r){A(r)F„((2)} = Fn(0 for re and r non-

negative integers. Given f(Q)EL on ß, A ^S [/((?)] shall denote the series

obtained by applying the anti-Laplace-Beltrami operator term-by-term to

S[f(Q)\, i.e., if S[f(0)]= ET-o r»(ö):

A^S[f(Q)] = £ F„(Ç),
n=0

YPr([P,Q])

(3.1.1)
«e>w-,,w™f]

y    Fn(Q)   |

„tí [n(n+!)]'/'
+ 2. 7—7^777-f » r = L 2,

3.2. Main theorems. The major results of this paper are embodied in

four theorems. The second gives the sufficient conditions for Cesaro summa-

bility and follows as a direct consequence of the first. The third yields the

necessary conditions and the last combines these results to give the necessary

and sufficient conditions.

Theorem. Let f(Q) be a bounded Borel measurable function on ß. If Ar/(P)

exists for some non-negative integer r then A{r)S[j(P)] is (C—a) summable,

ct>2r + l,to Ar/(P).

Sufficiency theorem. Let Eñ=o 7„((?) be a series of surface spherical

harmonics on ß. Let r be a non-negative integer great enough so that

A(~r){ ^2ñ-o F„(0} converges uniformly to Fr(Q) on ß. If ArFr(P) exists then

]C»-o 7n(0 is (C — a) summable at the point P, a>2r + l, to ArFr(P).
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Necessity theorem. Let ^Z"=o YniQ) be a series of surface spherical

harmonics on ñ. Let r be a non-negative integer great enough so that

A(_r) { XXo Y„iQ)} converges uniformly to FriQ) on Q. If ]C"-o F„(Ç) is

(C—a) summable, a a non-negative integer, to s at the point P on Q, then for r

an integer greater than (a-\-2)/2, ArFr(P) exists and equals s.

Necessity and sufficiency theorem. Let X^-o Y„iQ) be a series of

surface spherical harmonics with Yn(Q) = 0(nk) uniformly on ti for some k. A

necessary and sufficient condition that ^T=o Yn(Q) be summable C to s at an

arbitrary point P onQis that there exist a non-negative integer r>(k + l)/2 such

that ArPr(P) exists and equals s where Fr(Q) = A(~r){ X^-o Yn(Q)}.

IV. The sufficiency theorem. In order to facilitate the proof of this theo-

rem we prove the following sublemmas and lemmas:

4.1. Lemma 1. Let f(Q) be a bounded Borel measurable function and r a

non-negative integer. If Akf(P) = 0, & = 0, • • • , r, implies Alr)S[f(P) ] is (C — a)

summable to zero then Arf(P) =s implies Alr)S[f(P)] is (C—a) summable to s.

Proof. Suppose Arf(P) = s. We observe first that there exists a finite sum of

surface spherical harmonics T(Q) = £X0 o,¡P¡( [P, Q]) such that AkT(P)

= Akf(P), k — 0, • • • , r. For, by the theorem of §2.2 and the linearity of
the operators A* and A<*>, AkT(Q) = £j_0 ajAmPj([P, Q]) = AmT(Q), and

it is possible to choose the a, so that:

¿ aj = Ao/(P),

É [-/(/ + l)]ft«i = A*/(P), * = 1, 2, • • • , r.
3=1

This can clearly be done since the determinant of the above system of (r4-l)

linear equations is a nonvanishing Vandermonde determinant. Let F(Q)

=/(<3)-P(<2)- Then A*P(P) = 0, k = 0, 1, ■ • ■ , r. Therefore, by hypothesis,
A(,)S|/(P)] is iC — a) summable to zero. But since the Laplace series of a

surface spherical harmonic is the surface spherical harmonic itself, A(r)5[P(P) ]

= A(r)S[f(P)]-A('-)P(P) = A(r)5[/(P)]-s. The lemma follows immediately.

For the following lemmas and sublemmas we shall assume, unless other-

wise stated, that a is non-negative.

4.2. Sublemma 1.
(a)

Z ^77 [ -jij + DK2¿ 4- 1) sin ij + 1/2)/
y-o  yw

n

(4.2.1) (a) (U+l)
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Proof. The above identity is a simple application of the following two

facts :

¿(2H-1)

(4.2.2) (-1)»+' -^^ cos(/ + 1/2)/ = (j + 1/2)**« sin(/ + 1/2)*,

k = 0, ■ ■ ■ ,r.

(4.2.3) [-j(j+ l)]r(2/+ 1) is an odd polynomial of degree (2r+ l)in(/+ 1/2).

Statement (4.2.2) is obvious. Statement (4.2.3) follows easily since

[~j(j+ D]r = [(-l)r/4'][(2i+ l)2 - 1]' = (~iy[(j+ 1/2)2 - 1/4]'.

4.3. Sublemma 2. For 0</<2tt, k = 0, ■ ■ ■ ,r; r^O, and s>a + 2r+l:

(a) C2Í+1)

¿ —-cosfj + 1/2)/

7(o)"    l     ¿i7"       d/(2*+1'L(2sin(//2))(l - er»)>l
n

T e<(n+l)i -i

L(2sin(//2))(1 - e-")"]

(4.3.1)

i(//2))(l - e-»Y

(a-«-l)  -t'ü-n—1)1

¿(24+1)
Et,-

¿¿(MH-D L (2 sin(//2))(l - «-•')' J '

Proof. Since Yi-o cos(j+l/2)t= [sin(j+l)t]/2 sin(f/2) for 0<í<2tt,

n     ,7(24+1)

g^tó/^W+W]

= £ di2k+1)/dtm+1){ [Tw1)/Tla,][sin(i+ l)<]/2 sin(//2)}      for 0 < t < 2x.
y-o

Also,

£ [Tw1)/Tl">][sin(i+ l)i]/2sin«/2)
y-o

= [l/27Io) rin(l/2)].i | £ yw" exp[i(; + 1)/]|

= [l/2TIa) sin(//2)]-i |exp[i(» + 1)/] £ yj""" exp(-#)l ,
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and applying Abel's partial summation formula s times to the expression on

the right we obtain (see [11, p. 258]):

<"-o      •   / •   ,    .X
"      7n_y    Sm(j + l)t

¿í  7<a)    2sin(//2)

1

27<<">sin(¿/2)

7»

«'(»+1)< -r-«     (a-«-l)  -ijl

e 2^ y i e

t-\ (1 - e~»)i (1 - «-«)'

But since a — s<— 1 implies X)"-o |yj* ' 1}| < °°» by Abel's limit theorem

we have l/(l-exp(-*J))«-' = Er=o7Ja"'_1) exp(-*/¿. Thus:

(a)

£ -^-cos(j+l/2)t
J=0      T„

27(«> sin(</2)

7»
$'(»+i)l

e y-n+i

Z(a_,_l) _,-(y_„_i)(
7y e

I     £i (1 - e-")1'     (1 - e-")" (1 - e-'O'

Consequently, for 0<f <27r, & = 0, • • • , r; r2ï0, and s>a4-2r-fT:

(a) (2*+l)

Ê — -cos(/ 4- 1/2)*
~í 7M    d*<2*+i)

7W*   I    ¿7"      ai(»+1>L(2 8in(i/2))(l -r»)*]

+
¿(2fc+l)

[

di<»+i>L(2sin(*/2))(l - tr»)

„i(n+l)( -| ¿(2fc+l)

¿/(M+i) L(2 sin(//2))(l - r-'O-J      ¿i<2*+1)i!)aJ

Z(a—»—1)  — ¿0—n—l)i
7y        «

J-n+l

L(2sin(*/2))(1 - «r«)»J

where the last expression on the right exists since for s>«4-2r4-1 the absolute

value of £;_n+i dí2*+1,/á¿(2í;+1){7f-s"1) exp[-i(j-n-l)t]} is bounded by

a constant multiple of the convergent series ^ln+i/(a+2*+1)-(>+1)> and con-

sequently converges uniformly for 0<i<27r.

4.4. Sublemma 3. For 0<t<2ir, h^O, and w^l there exist positive con-

stants Ki, K2, Kz such that:

(4.4.1)

(4.4.2)

'.(2 sin(//2))(l
¿0>) g<(»+l)i

»       M.(a-J')

£ ith L(2 sin(*/2))(l - e-»)Û I £ Í»

<A2£

(;+*+!)

tt*

l¿í<A>  (2sin(í/2))(l -e-«)"! 7-\ *<•«+»-*>
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(4.4.3)

for s>a-\-h.

d^   ,-Zli

Z(o-s-l)  ->'(y-n-l)i
7y e

dtw    (2sin(i/2))(l - e~»Y
<KzY,

£- /(8+A+1_il)

Proof. We observe that the hth derivative of a product of two functions

A(t) and B(t) is given by:

(4.4.4)
dh A/A\

— A(t)-B(t) = Z[     )AM(t)B^(t).
dth „_o \ /* /

Since   \d^/dt^[l/sin(t/2)]<Ci/t"+1 and | <*<•>/<&<•> [1/(1-e"«)*]! <Ci/tr»
where G, C2>0, there exists a positive constant Csuch that:

(4.4.5)
/co

¿i<*>   (2 sin (</2))(l-«-«)'
<

f+h+l

Thus from (4.4.4) and (4.4.5) we obtain (4.4.1) and (4.4.2) noticing that for

the former inequality 7* = 0(nk). With

A(l) = -   5>7/("     X)exp[-i(j -n- i)l]
y-n+i

r >-'

and 73(0 = 1/[2 sin(í/2)][l-exp(-¿í)]' we again employ (4.4.4) and (4.4.5)

to obtain (4.4.3), noticing that:

« *        ^-r        (a-s-l)  -i<y—n—1)<

y=n+i

(«-«-!)

(j - n - 1)"

< Tf   £ /(a+"-s-1) < Kn^+o-'ï

j=n+l

for ti = 0, • • • , h and s>a+h where 7C>0.

4.5. Sublemma 4. For |3>1 area O<0<x/2 there exists a positive constant

K such that:

(4.5.1)
/.

it

e    /«(cosf? - cos/)1'2
<

A"

Proof. Using the identity cos 6 — cos i = 2 sin[(/+0)/2] sin [(t — 0)/2]we see

that:

/.'

dt -f dt

«   ¿"(coso-cosí)1'2      21'2J„    í*[sin((< + ö)/2) sin((í - 60/2))]1'2
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But   for    (Xe^t^ir,    sin[(t-4-0)/2]   =   sin(//2)cos(0/2)-f-cos(i/2)sin(0/2)

^sin(0/2)cos(0/2)4-cos(//2)sin(0/2) ^sin(0/2)cos(0/2) =sin 0/2 and hence:

1   PT dt 1       r*

21'2Je   Plsiniit + 6)/2) siniit - d)/2)V'2 = (sin©)1'2 J»    V\

dt

,    tß[smüt + 6)/2) sin((< - 6)/2)]1'2 ~ (sin©)1'2./ ,    í^[sin((í —Ö)^)]1'*

for 0 < 0 < x.

Also,  for O<0^igx,  sin[(f-0)/2]^[2/7r][(f-0)/2]  since   (/-0)/2<x/2.
Thus:

¿i x1/2      rT dt
for 0 < 0 < x.

1       Pr ¿i x1/2      /*

"0)^J9   ¿4sin((i - 0)/2)l1'2~(sin0W2J,!(sin0)1/2J9   <"[sin((/ - 0)/2)]1/2_(sin0)1/2J9    fi(t - 0)1/2

Obviously fil/fiit-eydtKffl/tPit-eyiW and dividing the integral on the
right into two parts,

/oo /» 29 /» oo

i/Pit - eyi*dt = I   i/i"(* - 0)1/2¿/ 4- I   i/t^it - ey2dt.

Noticing that

/» 29 /» 29

I     \/t»it - 0)1'2¿/ ̂  [1/0"] I     l/(* - 0)»/id< = 2/0W-1'»

and

/>  00 /»  00i/^(/ - eyi'dt ^ [i/01/2] I   i/<w = [i/2«-i>(7 - i)][i/o»-1'*»]
29 «J 29

for j8 > 1,

we see that there exists a constant C>0 such that:

/*              dt                             C-<- for ß > 1, 0 < 0 < x.
j /«(cos0- cos/)1'2   ev-w^meyi2

But for O<0<x/2, sin 0^(2/x)0 and consequently (4.5.1) follows.

4.6. Sublemma 5. For O<0<x/2 there exist positive constants K\, K2, A3

such that:

21/2  r -        Gin, t, a)21'2  r *        Gin, t, a) •       n~>
(4.6.1) - -12-LJ.-dKKiT, -

x J, (cos0-cosO1/2 ,tí flW+M-D

wÄere
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1

(4.6.2)

where

G(n, t, a) = —— 2)
' n'I

,(o-y>

7(a) ÍTÍ 2<'+*+1>

77(re, t, a)

h= 1,3, • • -,2r+l,

.<*-a)

j J(    (coso — cos/)1'2

1 nh
H(n, t,a) =- —

¿i < K2
0(«+l)

(4.6.3)

where

2l/2   j.

-,(a)       ¿(o+l)

i(re, i, a)

*    (cost? — cos0ly

Â = 1, 3, • • • , 2r + 1,

■dt<Ki
,(-s+A)

0.+1

1       „(«-«+»)
L(n, I, a) = -—-—— »

.y(a) ¿«+1
A = 1, 3, • • • , 2r + 1.

Proof. These results follow immediately from 4.5 Sublemma 4 and the

fact that y^^reVIXa+l) fora^-l, -2, • • • .

4.7. Sublemma 6. For s>a+h, h=\, 3, ■ • ■ , 2r+l, a>2r+l, and re a

positive integer, there exists a positive constant K such that:

(4.7.1)

(4.7.2)

/• T       Si/n y=i

n~>

\   Q(i+h+l)

r    „(h-a)

sro»«+»ft» < K,

sin<2r+1>0d0 < K,

(4.7.3)

Proof. For h=l, 3, •    -, 2r + l

/. t    w(/i-a)

i/» e(a+1)

-sin^'+Dfldö   < K.
u.   0(>+1)

/' *   *       re~~'                              /*T   *            re-'
T. -sin^1* Odd <   I     2 -sin^1) Öde?,

lln £   fl(/+*+l)                                    -    J1/nJtí   0<'+2r+2>

and since sin ö/ö = l for O<0SJ7r:

/'r   *        n~i                              Cr     '     n~'
Y.-sin^+^ddd <   I     22 -de.

im % 0<'+2'+2>                    ~ J im ,tí jw»0(j+2r+2)

Integrating the expression on the right we obtain:

rt^-dQ=t-U-^A<K
JllnU    í(i+" ;tí    /   L (im)>J
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where A is a positive constant, and (4.7.1) follows. Similarly we find that

for h=\, 3, ■ ■ • , 2r + l and a>2r-|-l:

/'» »<*-«>                                         cT sin(2r+1)                          r1      dd
-sin<2r+1)0¿0 < ni2r+1-a) I     -dd < ni2r+1-a) I     -

i/„ 0(a+1>                                        J i/n   0(a+1)                          J un 0(a-2r)

—î_r,_l_i.
a - (2r 4- 1) L (to)"-(2'+1)J

Thus for a>2r4-l we see that with K= l/[a-(2r+l)]>0 (4.7.2) holds.

Finally, for h=l, 3, ■ ■ ■ , 2r+l:

T    w(-»+A) p* dQ/>!    w(-i+A) /•
-sin(2r+1'0á0 < M(-*+2>-+i> I

Un     0('+1)                                                                   •>!i/„ s — 2r

—V——1.
¡r+i)L     (x«)»-(2r+»J*-(2

and therefore, for s>«4-Ä, we have (4.7.3) with K= l/[s-(2r4-l)]>0.

The following notation will be used in the remaining lemmas and theorems

of this section: We let K„a,T\cos 6) denote the wth (C — a) partial sum of

¿[-/(Í+l)]r(2/+l)Py(cos0),
3=0

i.e.,

Ala'r)(cos0) =- £ [ytW)[-J(j 4- l)]r(2i4- l)Py(cos0).
j=0

4.8. Lemma 2. Let l/«gr?^x/2 where n is a positive integer. For a>2r4~l

there exists a positive constant K independent of rj such that :

(4.8.1) f1 | An"'r)(cos 0) |  sin 0(2r+1)<*0 < K.
J l/n

Proof. From Mehler's integral representation of the Legendre polynomials

[6, p. 27, (27)]:

2i/2  r T     sia(j + y2)t
(4.8.2) Py(cos0) = —-f-'—-dt   forO<0<x;/ = O,l,--.,

x Je    (cos0 — cos/)1'2

we see that for O<0<7r:
«     (a)

91/2 ,,   £ TT HO" + WW + 1} Sin(^' + W
K„    (cos 0) =- I      -dt

x J „ (cos0 - cos¿)1/2
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and thus by 4.2 Sublemma 1, for O<0<7r:

2l/2   ç

IT    J í

(a) (2*+l)

ZakT,^-^-rCos(j+l/2)t
(4.8.3)        _(a,r)/      ^      2"2 f  ti«     1Z 7<a)  ¿*(M+1)

(cos 0 — cos /)1/2
7£n '   (cos 0) =-        -—=--—-dt.

Utilizing the fact that |íl{/(z)} | ^|/(z)| we have, by 4.3 Sublemma 2 and

4.4 Sublemma 3, for 0</<7r, k = 0, ■ ■ • , r, and r^O, the existence of a con-

stant 7£>0 such that:

(a) ,(2i+D

A Yn-y   d
E JLJ- -cos(j + 1/2)/
£í  yM   dt(-2k+1)

jjji 2k+l      w(a—<+(i)7C   J  •     »<«-'>        ^ re" ^

<^W"1~Í    /«+2*+2) ¿    ¿(a+24+2-^) ¿JyW   ( ~i   /«+2*+2> "o   ¿(«+2*+2-") ~0   ¿(>+2*+l-p) J

where 5 is fixed so that s>a + 2r + l. For 1/re^/, noticing that there exists a

constant 7£ > 0 such that

2/fc+l

X) w/¿<a+2*+2-*> < JK"»»+1//«+1

and

24+1

y  w (<»-«+,»)/¿(«+s*+l-d>  < jÇw(ar->+2*+l)//»+l

for & = 0, • • • , r, we see that with l/re^/<7r there exists a K>0 such that:

n (a)        ,(2*+D

£ — -cos(/ + 1/2)/

g      /    s w(a-j) #2*+l   w(a-*+2*+l)\

<—7iET7^7^+-^r: —7T—Ï> k = 0,---,r.
yM   Kj=i ¿0+24+2) ¿a+1 ¿»+1 j

Thus by 4.6 Sublemma 5, for O<l/w=0^7r/2 there exists a constant 7£>0

such that:

(a)       ,(2t+l)

Z — -cosO' + 1/2)/
21/2 i" I í_í   7W    ¿/<2*+1>11/2     /»»

IT    J È

dt
(cos0 - cos/)1/2

Í     ' re(_,)        W(2*+l-a) w(-.+2i+l)\

{ 7^   00+24+2)        0(a+l) 0(«+D      j
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Therefore from (4.8.3) and (4.8.4) we see that, for O<l/«g0gx/2, there

exists a constant K > 0 such that :

\K?-r\co*ff)\ <kÎT,Z——+Z— +Z--\.
1 ' \ ¿J £   0«+*+»  T £S     0«*+'> ~        fl(H-l)     /

Employing 4.7 Sublemma 6 and noticing that the integrands in (4.7.1),

(4.7.2), and (4.7.3) are positive for the domain of integration [l/w, rj], 17 ̂2,

the result follows.

4.9. Lemma 3. Let f(B, cp) be a bounded measurable function on Í2, r a non-

negative integer, and r¡ any positive number less than it. If a>2r + l then:

(4.9.1) [l/4x] ff f(M)Kn,r\[P,M])dQM->0 as   n—*<x>.

Proof. From Lemma 5 of [8, p. 217] we have: If 0<hi<h2<Tr and Pi(x)

is a bounded measurable function on fi which is equal to zero in P(x0, h2)

then for x in D(x0, hi) A(r)5[Pi(x)] is uniformly summable (C— a) to zero,

a>2r-f-l.
Define Fi(Q) by:

Fi(Q) = 0    in    D(P,V)
(4.9.2)

= /(G)    in    Q-DiP,v).

Then by the above mentioned lemma we have A(r)S[Fi(P)] summable iC—a)

to zero a>2r+l. But A('>S[Fi(P)] = [l/4x]//aPi(M)A^r)([P, M])dQM and

by (4.9.2),

ACr)S[Fi(P)] = l/4x f f fiM)Kn,r\[P, M])dÜM.
J   J Q-D(P,i)

4.10. Lemma 4. For r a non-negative integer and « a positive integer, there

exists a constant K > 0 such that :

(4.10.1) I       | Kn'r\cos 0) |   sin(2r+1) Odd < K.
J o

Proof. Since |Py(cos0)| ^1, 7 = 0, 1, • • • ,

| K?%os 0) |á £ [y^/y(na)][jij+i)]T[2j+l].

J'=0

Consequently there exists a constant K > 0 such that
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iÄ-r^cose)i <Knr+iz^7." = ^.^./vr j.
y=o

But since lim.,. [yn*)/n«] = l/T(a + l) for a^-1,-2, • • • ,   \K'?r)(cos d)\

<X„2(r+i) and (4.10.1) follows.

4.11. Theorem. Let f(Q) be a bounded Borel measurable function on ß. If

Ar/(P) exists for some non-negative integer r then A(r)5[/(P)] is (C—a) sum-

mable, a>2r + l,to Ar/(P).

Proof. Without loss of generality it may be assumed that P is the north

pole of a system of spherical coordinates whose origin is at the center of ß.

Furthermore by 4.1 Lemma lit may be assumed that Akf(P) =0,& = 0, • • • , r,

and it remains to show that A(r)5[/(P)] is (C — a) summable, a>2r + l, to zero.

We have S[f(P)] = [1/4tt] ¿;=0 (2/+ l)//n/(M)Py([M,P])dßJlf and

A"S[f(P)} = [l/47r]E;=o//!![-ÍO'+l)]r(2i + l)/(Af)Py([M,P])¿fiM. De-
noting the (C — a) partial sums of this  latter series by C£*'r)(P), clearly

Cn'r\P) = [l/4*]ff f(M)Kna,r\[M, P])dQu.

Since Akf(P) =0, k = 0, ■ ■ ■ , r, given an arbitrary e>0 there exists a 5(e/2K)

>0 such that:

(4.11.1)

(l/2x sin h) f f(Q)dsQ
C(P.B)

sin2r 0
<

2K

whenever 0<8(e/2K) where K is chosen such that K = max(Ki, K2) and Ki,

Ki are the constants of 4.8 Lemma 2 and 4.10 Lemma 4 respectively. Let

D(P, r¡) be the spherical cap of radius r\ about P with n chosen such that

?7 = min(5(e/27£), ir/2) and let « be a positive integer chosen so that 1/re^r?.

Then since:

I Cn'r\P) I  = [1/4t] Iff   M <ÑKna'r) (cos 0) sin dd<i>dd
\Jo  Jo

+ ff f(M)Kn,r\[P, M])iQu\,
J J Q-B(P.n) I

I Cna,r)(P) I  < W2K] f ' I ̂ a'r)(cos 0) I sin(2r+1) odd
J 0

+ [I/**] I f f f(M)Kna'T\[P, M])dQj
\J  J !i-B(P,,)

by (4.11.1). Dividing the first integral on the right into two parts it follows

that:
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I Cna"\p) |  < [e/2K] f ''"i Kna,r\cos 0) | sin(2r+1) 0d0

4- [e/2A]  f ' | 7¿a,r)(cos 0) |   sin(2r+1) Odd

J l/n

[l/4x] I f f fiM)Kn,r\[P, M])düM
\J J a-Dip.v)

+

Thus by 4.8 Lemma 2 and 4.10 Lemma 4, for a>2r-fT:

| Cn'r\P) |  < € 4- [l/4x] I f f fiM)Kn'r\[P, M])dQs
\J J a-D(p.i)

and therefore by 4.9 Lemma 3, lim sup„..oo Cna,r\P) ^e. Since e>0 was chosen

arbitrarily, the theorem follows.

4.12. Sufficiency theorem. Let ]CT=o Yn(Q) be a series of surface spheri-

cal harmonics on 0. Let r be a non-negative integer great enough so that

A(_r) { X)iT=o Yn(Q)} converges uniformly to Fr(Q) on fl. If ArFr(P) exists

then yiT_n Yn(Q) is (C—a) summable at the point P, a>2r-fT, to ArFr(P).

Proof. The theorem follows immediately from the preceding one after

noticing that A(_r) { ^™=0 Yn(Q)} converges uniformly on fi to a continuous

function Fr(Q), and that A«5[Pr(P)]= E„% Yn(P).

V. The necessary conditions for C summability. The following three

lemmas facilitate the proof of the main theorem of this section :

5.1. Lemma. Let Yn(Q), « = 1, 2, • • • , be surface spherical harmonics such

that 2Z¿°_i YAP) is (C—a) summable, a a non-negative integer, for P an arbi-

trary point on fl. Then for r>(a-\-\)/2:

,.nw      ,,rA   „C«>/D,     CH-1) /   P«(C0S A)    \ '       (1-COSÄ)*
(5.1.1) (-1)  22 Yn  (P)A        \ f = X>*-+ 7/(cosA

n-1 l[»(«4- l)]r j *=0 2*

where

1
a0 = the (C — a) sum of the series (— l)r 2^ Fn(P) ■

[»(»+ l)]r

(5.1.2) L V J
a* = ¿Ae (C — a) swot o/ /Ae series

,_.v A Ao(A.+ l-2)---[A»+(A-l)A]P.
(    } ¿i   "( } ~ [»(» 4- 1)]'

k = l, 2, • • ■ , r, and 7/(cos A) is a convergent series.

Proof. From [l, p. 21,(8)] we know that if {/„} and {gn} are two se-

quences then :
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(5.1.3) A<»[/Vgn] = ¿(^V^/.-A^W
Jfc=0\ k /

Letting/„=P„(cosä), g„=l/[re(re + l)]r, and noting that

A«>[l/n'] = 0(l/res+i)        for k à 0,   | 7>„(cos h)\   gl,

and F^(P) = 0(rea), we see that for r>(a+l)/2:

A   |        («),„,! (a+l)   Í Pn(C0S Ä) ) "
(5.1.4) E     Fi   (P)|    A        j I   <7iE

„_1 l«(» +  1)V n=l    M

Now from [l, p. 19], if {/„} is an arbitrary sequence then:

(5.1.5) A<«>/»=£(-l)'faV.H
y-o \ .7 /

Consequently:

, A      ,(«)/„.    (a+D   (   Pn(C0SA)

(2r-a)
<  a».

n+y.

(5.1.6)

-(-.)'£ fTcaÍ£(-»('■!■ V
»-i 1 y-o \   J    / [(re

and therefore by (2.2.1):

(a+i) Í Pn(cosh) 1

t[n(»+l)l'/

P„+/(C0S A)

+ /)(« + j + DVr

(-1)'ZC(P)A

(5.1.7)

= (-i)rEi™

n-l 4-0

/   a+1

1 y-o

[re(»+ 1)]'

/«+ 1\

=o [(»+/)(»+/+1)]'

where Cn+y,4 is defined by:

Cn+y.O  m   1)

Ao(Ao + 1-2) • • • [Ao + (k - l)k]Pn+j

Cn+i,k }

(1 — cos h)k

2k

(5.1.8)      Cn+j,k =

Cn+j,k  —  0,

Thus with ank defined by :

(¿02
for k ^ re + j,

for k ^ re +/ + 1.

a+l
(
-<"(T)

(1 - cos h)h
-j,k(5.1.9)     <*„*=- Y[a)(P) E r,     ,   v     • . ,   .,lr C„+y„

/_o [(n + j)(n + j + l)Jr

we have:
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ic i   <«\    /    <\r v^ T^(a)/rA    (a+1) ( -^„(cos A) ] r "    "

(5.1.10)    (-1)   J2 Yn  (P)A        \ \ = (-1)   EL««
n=l (.[»(» 4"  1)]V „_1 t-0

It will now be shown that:

(5.1.11)

299

QO oo

E E ank =   E Z anh 4"  ¿2    ¿2    ank
n-1 k=0 t=0 n=l n=l *=r+l

where Lr(cos h)= E»°=i Et^i^n* is a convergent series. To do this it need

only be shown that E*-o E^-i o-nk is absolutely convergent for, from the

convergence of ET-iE*-o an* and EiT-iEtU a** (see (5.1.4)), the result is

immediate. From (5.1.5) and (5.1.9),

E Un* I   = E I yT'(P) I | A      '{Cnk/[n(n 4- 1)]'} [(1 - cos A)*/2*] | ,
n-1 n—1

and thus from (5.1.8) we have:

CO

¿2 I a»o I
n=l

(Ao(Ao 4- 1-2) • • • [Ao 4- (k - l)k]Pn)
= E I F.W(P)

(5.1.12)   ;
oo

E I ff»t|
n=l

A (a+l)

1

(¿o2 ;
E I na;(p) A(a+1)

[»(» 4- 1)]'

ÍAo(Ao 4- 1-2) • • • [Ao + (k - l)k]Pn)

{ [n(n + 1)]' j

(1 — cos A)* I

2"
k = 1, • • • , r.

The highest degree of the polynomial Ao(Ao4-l-2) • • • [Ao4-(ß — 1)&]P»

= [-«(«4-l)][-«(« + l)+l-2] • • • [-«(« + l) + 0fe-l)fc]forjfe=l, • • -,r,
is obviously 2r. Thus since A(a+1)(-l)r = 0 for a^O,

Ao(Ao 4- 1-2) • • • [Ao + (k - l)k]F„ | 1        )

\[n(n+ !)]')

, (a+D

[n(n + 1)]'
<

<
K

«<«+*>
for ¿ = 1, r.

Also, A(a+1){l/[«(«4-l)]r}=0(l/«2<a+1>) for r>(a4-l)/2. Thus since

Y(„a)(P) = 0(na), from (5.1.12) we see that E>T-i a»*. k = 0, ■ ■ ■ , r, converges

absolutely. Therefore from (5.1.7), (5.1.8), (5.1.9), and (5.1.10) we see that:
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A        (a) (a+1)   (   Pn(cOS h)   ) JL,
(5.1.13) (-1)' E YÍ \P)Al      L f\     '  \ = E«*d - cos A)* + Z'(cosA)

n-l <.[«(« + l)Jr) k=o

where

ao

(5.1.14)

04

= (-i) E y» (p)a    <L .  , ,., \,
n-i l[re(«+l)]rJ

/    ,n'V» i^W/m    («+1' /Ao(Ao+l-2) • • .[ao+(*- 1)¿]P»)
= (-i) z^ y« (p)a    <-p————--

n=i I [n(n + 1)]' j

* - 1, • • •, r.

But from [5, p. 128, Theorem l] we know that if (i) Y2°n is summable or

bounded (C-k), k an integer, (ii) F„->0,and (iii) E(M + 1)*| A(i+1)P„| < »,

then 22bnFn is summable (C — k) to E^ii)A(*+1)Pn the last series being

absolutely convergent. It is to be noted that the theorem is valid if (ii) is

replaced by (ii') P„ = 7£+o(l), where K is a positive constant. With Fn

s 1/[n(n +1)]'for * = 0, P„=" Ao(Ao + l-2) • • • [Ao + (*-l)*]P»/[n(n + l)]'

for k=l, ■ ■ ■ , r, and bn=Yn(P) it is obvious that the hypotheses (i), (ii'),

and (iii) of the above theorem are satisfied. Consequently we have:

a0 = the (C — a) sum of the series (— l)r E Yn(P) •
[n(n + 1)]'

(5.1.15) . L J
ak = the (C — a) sum of the series

£ Arf*+.-2) ■■■k. + t»-.)»]* .
«-1 l«(»   +   l)Jr

and the proof of the lemma is complete.

5.2. Lemma 2. Let Rrn(cos h) be defined by:

Rn(cos h) = P„(cos h)

(1 - cos h)      Ao(Ao + 1 • 2)P„ (1 - cos Ii)2
-    { 1 +  AoPn

+

2 (2!)2 22

Ao(Ao + 1-2) • • • [Ao + (r - l)r]Pn  (1 - cos h)

(r!)2 2r ,

where 0 <h <w and r is a positive integer. If j is an integer such that (j-\-\)/2<r

and re = [(1/(1 —cos h))112], then there exists a positive constant K (independent

of r, re, and h) such that:

(5.2.1)
P„(cos h)

A(,)-
(1 — COS A)'

< 7fresfr+1>-''(l - cos A).



1962] SERIES OF SURFACE SPHERICAL HARMONICS 301

Proof. We may assume that n^r+l for if n^r, Ao(Ao4-l-2) • • •

[Ao 4- (k - i)k]Pn = 0 for « ^ A g r. Thus A„(cos A) = 0 and

A(,){P„(cos A)/(l — cos h)r) =0. Employing the expansion for P„(cos A) we

see that:

Pn(cos A) (n — r) ■ ■ ■ n(n -\- 1) • • • (n -f- r + 1)    1
= (-i)r+1-r,   , ^.i.-;rr; + ' • •

(l-cosA)^1 [(r+l)!]! 2r+1

[n - (k 4- r)] • ■ ■ n(n + 1) • • • [n + (k 4- r) + l]
+  (_!)*+r+l

(5.2.2)
[(k + r+1)!]2

(1 - cos A)*

+ (-D"

2*+(r+l)

1-2 •••»(» 4-1) • • • 2« (1 - cos A)«-<»+i>

(m!)2 2"

But since (see [l, p. 6,(3)]) A(i)x<m) = w(w—1) • • ■ im— j-\-\)x{m~i) where

x(m) = x(x — 1) ■ • • (x — m -f 1) we see, letting x = n-\-k-r-r-\-\ and

m = 2(k+r + i), that:

\[n - (k + r)] ■ ■ ■ n(n + 1) • • • [n + (k + r) + l] (1 - cos A)*)
A<"

(5.2.3)   =

I [(k + r+ l)!]2 2»+'+l    j

2>[k + r 4- 1] I"* + r + yl • ■ • Ta 4- r + 1 - (^—)]

[(A4-r4- l)!]2

n(l-cosA)*
■(n + k + r + I) ■ ■ ■ (n + l)n ■ ■ ■ [n - (k + r) + j] t

for A = 0,1, •••,»- (r 4- 1).

Since («4-^4-r-fl) ■ • ■ (n-fT) is, for fe = 0, 1, ■ • ■ , « —(r4-1), clearly major-
ized by (2n)k+r+l and « • • • [»-(A4-r)4-j] by nk+r+1-', for «2(l-cosA)^l

we have the expression on the right of (5.2.3) majorized by

{2'/[l-2.((¿+r)_y + i)/2)]i}B»(r+i>-/. But for r>0'4-l)/2, this ex-

pression is in turn majorized by [2'/(A!)2]w2Cr+1)~'- Hence from (5.2.2) and

(5.2.3) there exists a positive constant K such that:

A0)/   *■'(»»*>    I
1(1-cos A)*-1/(I - cos hY+1)

""rí1' . ,„ i,    l)k [» - (A 4- r)] • • • n(n 4- 1) • • • [« 4- (A 4- r) 4- l]
-(r+l) /

E    A«M(-1
t=o I. [(A4-r:4-l)!]2

(1 -"cos A)*1

2*+r+l j
< A«2^1'-''
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The lemma then follows immediately.

5.3. Lemma 3. Let Pn(cos h) be the Legendre polynomials of order re, re

= 1,2, • • • . If re> [1/(1— cos A)]1'2 where 0<h<Tr then for any non-negative

integer r:

(5.3.1) A(r)P„(cos A) = 0[»(1 - cos *)<•+«/!].

Proof. The proof is by induction. The case r = 0 is trivial since | P„(cos h) \

gl and re(l— cos A)1/2>1. Assuming that

(5.3.2) A(m)P„(cos h) = 0[»(1 - cosA)(m+1)'2]        for m = 0, 1, • • •, *,

it  will  be  shown   that   A(t+1)P„(cos A) = 0[w(l-cos A)(*+2)/2].   From   the

Christoffel-Darboux formula [2, p. 159] we know that:

AP„(cos h) K     "
(5.3.3) ——-¿ = —— E (j + l/2)P;(cos h)

(1 — cos A)      re + 1 ,=o

where K is a positive constant. Thus it is easily seen from (5.3.2) that:

A(m-i) i-£ fj + i/2)p.(cos A)l = 0[n(l - cos A)'»-1)'2]
(5.3.4) U+lyTo J

for i» = 1, • • •, Jfc.

Also, utilizing (5.3.3),

. (4+1)
( Pn(cos h) ) (      r     1      » II
177^-^f = *A<*-^  A     —— E(i+l/2)Py(cosA)   \
((1 — cos h)) \       \_(n + 1) j=o J)

r (    re + 3/2 "j

(  i      i   n+i "i i

+ A<*-» <—TV"T7 E (j + l/2)PXcos A)U.
(re + 2 re + 1 J=0 ) J

Consequently, from (5.1.3), the induction hypothesis (5.3.2), and (5.3.4), we

have:

I  Pn(cosh)   )
A(4+1)J -i-'_l

1(1 - cos A) j

r   j *zi / * - 1 \ (1 - cos A) («•»/»      (1 - cos A)''21 "I

~    L   (¿A    j    ) ~ñ^¡        + re^       )\

Therefore, since 1/«<(1—cos A)1/2,

C Pn(cosA) )
A(4+i)J-i-'I  = 0[w(! _ cos A)*'2],

\(\ — cos h)j

and the proof is complete.
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We now proceed to state and prove the necessary conditions for C sum-

mability.

5.4. Theorem. Let E"=o Yn(Q) be a series of surface spherical harmonics

on Q. Let r be a non-negative integer great enough so that A(_r){ E"=o Yn(Q)}

converges uniformly to Fr(Q) on Q. If E"-o Yn(Q) is (C—a) summable, a a

non-negative integer, to s at the point P on ß then for r an integer greater than

(a + 2)/2, ArFT(P) exists and equals s.

Proof. Without loss of generality we may assume that F0 = 0 and

E"-i Yn(Q) is (C-a) summable to 0 at P. Since A<~r>{ E»-i Yn(Q)} con-

verges uniformly to Fr(Q), by [7, p. 298] it is to be seen that:

■—• f        FriQ)dsQ=i-\y£
sm h J c(P.h) n=i

Fn(P)Pn(cos A)

2x sin hJc<.p,h) n-i      [n(n + l)]r

Applying Abel's partial summation formula (a-\-l) times to the right side

of this equation we obtain :

1        C A     («) («+n ( Pn(cos A) )
(5.4.1) —— FÁQ)dsQ = (-iy Z Yn  (JP)A( + Mr7^-—'A.

2x sm A J c(P,h) «-i \[n(n + \)\r)

Note that the hypothesis for the application of this formula is satisfied since

Ynk)(P) = o(n«) for A = 0, • • -, a, and as shown in §(5.1.4), for r>(a4-l)/2,

A(t+1){Pn(cos A)/[«(« 4- l)]r} = 0(l/«2r) for k = 0, • • • , a. Thus

En*-! F*)(P)A(*+1){P„(cos A)/[«(« 4- l)]r} converges absolutely and

Fni)(P)A(A;+1){P„(cosA)/[«(«4-l)]r}=o(l)forA = 0, • • • , a. Applying (5.1.1)
to the right member of (5.4.1) and comparing the result with (2.12) and the

definition (2.1.1), it is seen that if 7,r(cos A) =o(l — cos h)r then:

If (1 - cos A)
—— Fr(Q)dsQ = AoPr(P) 4- AiPr(P)-
2x sin hJ c(P,h) 2

A(A 4- l-2)Pr(P) (1 - cos A)2
(5.4.2) 4- —-—^- + ■ • •

(2\y 22

,   A(A + 1-2) • • • [A 4- (r - l)r]Fr(P) (1 - cos A)'
4-h o(l — cos A)r

(r!)2 2'

where AkFr(P), A = 0, • • • , r are defined uniquely by the following set of

(r4-l) equations:

1
AoPr(P) = The (C - a) sum of the series (- l)r E Yn(P) 7-r>

„_i [«(« 4- l)Jr

(5.4.3) A(A4-l-2) • ■ • [A + (A-l)A]Pr(P) = The (C-a) sum of the series

(-»¿ra^1'-"-1^"-*,    »-i,-.,.
n-i \n(n 4- l)]r
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Thus ArPr(P) will be equal to the (C—a) sum of

(~l)r £ yn(P)Acáteos h)/[n(n + 1)]' = £ Yn(P).
n=l n=l

We therefore need only show that

7/(cos A) = [l/2x sin A] f        Fr(Q)dsQ - <AoFr(P) + £ [a(A + 1-2) • • •
J C(P,h) V 4-0

•[A + (k - l)k]Fr(P)/(k\y](i - cos h)k/2k\

= o(l — cos A)r

where AkFr(P), k = 0, • • ■ , r, are given by (5.4.3). From (5.4.1), (5.1.14),

and (5.1.15) we have:

7/(cos A)

(5.4.4) "   ,,<«>,m   <«+» Í Rn(cosh)
= (-l)'(l - cosA)'E y« (P)A       <r ,    -—

«-i ([re(«+ l)Jr(l - cos A)'

where

72„(cos A) = P„(cos A)

r a)      (1-cosA)      Ao(Ao + 1-2)P„ (1 - cosA)2
(5.4.5)    -^1 + AÍ'Pn— -T^r-

+

2 (2!)2 22

Ao(Ao+l-2) • • • [Ao+ (r- l)r]P„  (1 - cos A)

(r!)2

It thus only remains to show that

y
n-1

is o(l). Let

:os A)H

E y»a)(P)A(a+1){7cI(cos A)/[re(re + l)]r(l - cos A)'}

v* T,<a'/m   <"+1> ( Rn(cosh) \
J2 Yn (p)a      {--:->
ntí l[»(»+ l)]r(l - cosA)'j

£, „to,n,    («+i> ( R„(cosh) \
= E y»   (P)A        <t-:->

„tí ([»(»+ 1)]'(1 -cos*)'/
(5.4.6) r

,        A      T7(">/m     (a+1) f P«(C0SA) 1
+    E    y»   (P)A        <t---r---}  where

„=7+i l[n(n+ l)]r(l - cosA)rJ

N-\(     '     Y"l
L\l - cos A/   J
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Applying (5.1.3) to P„(cos A)/[«(«4-l)]r(l-cos h)r with

fn = RTn(cos A)/(l - cos A)r   and   gn = \/[n(n 4- 1)]'

we see from (5.2.1) Lemma 2 that for n^N there exists a A>0 such that

| A(î){P„(cos A)/[«(«4-l)]r(l-cos h)T\ | <A«(1-a)(l-cos A). Consequently,

(5.4.7) n=i i[n(n

Rn(cos A)

4- l)]r(l - cos A):}

o[A2(l - cos A)] = o(l),

Again applying (5.1.3) to Pn(cos h)/[n(n A- 1)]'(1 — cos A)r with

/„=P„(cos A)/(l—cos A)r and g„ = l/[«(w-r-l)]r we see from (5.3.1) Lemma 3

that for « > A,

A(a+1){P„(cos h)/[n(n + l)]r(l - cos A)'}

= On/wi21-1' (1 - cosA)r-»a+2'/2'l.

Consequently,

a+D ( P„(cosA) "i

W
(5.4.8)

E p:a)(p)A("+i){^

n~N+l \[n

-G
(n 4- 1)]'

1

;]-_A2(1 - cos A)--«a+2"2>,

Now for k = 1, • • • , r,

Í   Ao(Ao 4- 1 ■ 2) ■ • • [a„ 4- (k - 1)A]P„  (1 - cos A)* ]

o(l) forr> (o+2)/2.

A
(a+l) (kiy 2"

[n(n 4- l)]r(l - cos A)r

\_n

1

2(r-*)+«+l (1   _   COS A)1"*..

since for 7=1, • • • , k; k= 1, ■ • ■ , r, and j^r,

Ao  P« (1 - COS A)

A
(a+l) (A!)2 2*

[[n(n+ l)]r(l - cos A)'

and for j = k = r,

=0r_î-1
|_w2(r-fc)+a+l(1   _   COSAJ^J
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A
(o+D 1

A oP„  (1 - cos h)r

(r!)2 2*

[ [n(n+ l)]r(l - cosA)'J
_   A(a+1)

l2'(r!)2 /

Thus,

E y:a,(p)A(a+1)

n-l

(i)      (1 - cos A)      Ao(Ao + 1 • 2)Pn (1 - cos A)2
1 + Ao  P„ -;-h

2 (2!)2 22

Ao(Ao + 1 • 2) • • • [Ao + (r - l)r]P„ (1 - cos A)'
+

(r!)2

-[
1

(1 - cos h)"-k(N + 1)

[re(re + l)]r(l - cos A)'

-1 = o(i),
!(r-4)J V   "

and from (5.4.6), (5.4.7), (5.4.8), and (5.4.9) it follows that for r>(a + 2)/2,
E„M=i yia)(P)A<a+1>{P;(cos Ä)/[»(n + l)]'(l-cos h)'} =o(l).

As a consequence of this theorem we can prove the following result:

5.5. Theorem. Iff(Q)EC2r, r=l, 2, • • • , in a neighborhood of any point

P on 9, then Arf(P) exists and Akf(P) = A(i)/(P), k= 1, • • • , r.

Proof. By hypothesis there exists a spherical cap 7(P, A)={<2| [Q, P]

>cos h, 0<A<7t} on which f(Q)EC2r. Let ^ be a localizing function of class

C°° on ß for the spherical caps 7(P, Ai), 7(P, hi) where 0<Ai<A<A2. Then

4>f(Q)EC2' on ß. Let S[\pf(Q)] he the Laplace series of if>f(Q) where without
loss of generality we may assume that the constant term is zero. S[A^k)\pf(Q) ]

= Aik)S[tf(Q)], A=l, • • • , r, for by [8, p. 213] if Fi(Q) and F2(Q)EC2 on
ß then Green's second identity holds, i.e.,

JJ 7M0AF2(0cifiQ = JJ AFi(Q)Fi(Q)dÜQ.

Thus since \¡/f(Q) and Pn([M, <2])GC2r on ß, this identity may be applied r

times to fjapf(M)Pn([M, Q])dQM, re=l, 2, • • • , to yield the above result.

Since A(*W(<3) is continuous on ß, S[Aik)\pf(Q)] = AmS[\pf(Q)] is (C-l)

summable to A(k)\pf(Q) on ß (see [4]). Each term of S[Aík)\¡/f(Q)] is o(n) by

the (C— 1) summability. Thus applying the theorem of the preceding section

to Aik)S[W(Q)} for k = 2, •.., r; r^2, we form A(-*>{ A<»S[pf(Q)]}

= S[pf(Q)] and conclude that AkS[\ff(Q)] exists and equals A(*W(<2)- Since
W(Q)EC2*, S[tf(Q) ] converges to W(Q). Thus Akrpf(Q) - A<*W(0) and since
^=1 in 7(P, AO, A*/(P) = A(i)/(P) for A = 2, ■ • ■ , r; r^2. If Ai/(P) exists
then by the theorem of §4.11, A(1)S[\pf(Q)] is (C-a) summable at P,

a>3,  to  Ai/(P). Thus  Ai/(P)A(»/(P).  If j-^2,  the  existence of Ai/(P)
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follows immediately from that of Akf(P) lor k = 2, • • • , r. If r= 1, that

fCC2 in 7(P, A) implies the existence of Ai/(P) is shown as follows: By defini-

tion, f(Q)CC2 in 7(P, h)<=>g(x, y)CC2 on {(x, y)\x2-\-y2<sm2 h} where

g(x, y)=fix, y, (l-x2-y2)1/2) and/(x, y, z)=f(Q) lor all points Q in 7(P, A).

Then   by   Taylor's   Theorem,   for   0 < t < A,    (l/2x sin t)fc(p,t)f(Q)dsQ

- (l/2x)/02Tg(sin / cos0, sin t sin 0)¿0 = g(O, 0) 4-(1/4) [g„(0, 0) +gra(0, 0) ]sin21

4-o(sin2 /). Thus:

(l/2xsin/)J        f(Q)dsQ-f(P)

um-/<C(f,l>     ^-= (l/2)k«(0, 0) 4- gyy(0, 0)],
«-♦0 (1 — cos /)

and consequently Ai/(P) exists and in fact equals [gM(0, 0)+gvy(0, 0)].

VI. The necessary and sufficient conditions for C summability.

Theorem. Let E«=o Y„(Q) be a series of surface spherical harmonics with

Yn(Q) = 0(nk) uniformly on il for some k. A necessary and sufficient condition

that En-o Yn(Q) be summable C to s at an arbitrary point P on il is that there

exist a non-negative integer r>(k-{-l)/2 such that ArFr(P) exists and equals s

where Fr(0)-A<-»{ En% Yn(Q)\.

Proof. The sufficiency follows immediately from the theorem of §4.12

with the order of summability a>2r-rT. Choosing r an integer greater than

max{ (A4-l)/2, ([a]4-3)/2} where a is the order (not necessarily integral) of

summability of E^-o Yn(Q) at P, the necessity follows immediately from the

theorem of §5.4.
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