ON THE DIFFERENTIABILITY OF THE SOLUTIONS OF
QUASILINEAR PARTIAL DIFFERENTIAL EQUATIONS(})

BY
J. PEETRE

Introduction. In our thesis [2, Appendix, pp. 106-118] (cf. also [3]) we
proved the infinite differentiability of the solutions of quasilinear partial
differential equations of the form:

b

(1) 2 a(x Nu(DYf, - - -, N(D)NMD)f = g(x, Nu(D)f, - - -, N(D)f).

j=1
Our hypotheses were: (1) The differential operator

un

2. a;(wo, Nu(D)f(xa), + -+, No(D)f(xe)) M5(D)

i=1
is, for every x,, hypoelliptic and stronger than each M;(D). (2) Each N.(D)
is strictly weaker than all M;(D) together (cf. [2, p. 116, d]). (3) The func-
tions a;(x, t, - - -, t,) and g(x, t, - - -, t,) are infinitely differentiable. In
this paper we want to outline a different proof which is more elementary than
the original one, in the sense that it utilizes neither the Sobolev nor the
Gagliardo-Nirenberg estimates but only rather straightforward estimates ob-
tained from the Fourier transformation in L2, A severe disadvantage, on the
other hand, is the fact that it requires rather strong a priori differentiability
of the solutions.

1. The Schauder algebra. Let s be any real number. Put

il = ([ @+ Leh= e ag) rece

(f(¢) is the Fourier transform of f=f(x), C2 is the set of infinitely differenti-
able functions with compact supports) and let H* be the completion of C in
this norm.

LEMMA 1. If s>n/2, then there exists a constant K such that
@ 7ell. = Kll1ll el fece, geCe.
Proof. Put h=fg. Now Ah(£) = [f(£—n)g(n)dn. Hence
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© 1402 = [ [ 0+ 1Dy — mat oy asan,

By Schwarz's inequality, we then obtain

Il = (f o Te=alowle = nlae)
W <f (t+ [n)*] 2ta) |2d'7)”2

% (ff ((1 + | 51_-';”)2(‘1 + [] )>2‘(1 + e[ A® |2d£dn>”2.

The first two factors on the right hand side of (4) are ||f||, and ||g||, respec-
tively. Now

( 1+ | ¢ >2~S((1+Is—n|)+(1+lnl))='
A+ [e=aDa+ [2])) “\Na+|e=aDA+ |a])

-< 1 + 1 >2s
14+ |g—a] 14 |n]

20—1( 1 + 1 ).
A+ [g=aD> A+ [a))>
It follows that the square of the third factor is

< 22‘-1f(f#"_nl)h+f #)(1+ | £])2] o) |2a

2s . dﬂ
1+ |a])>

with K=2:(f(1+]|7
that s>n/2. Hence |

IIA

2 2 2
[[]s = &[4,
)—2dy)/2, which is finite in view of the assumption
Hl[: <[I7ll ]|l K]|A]l., and (2) follows.

COROLLARY (SCHAUDER). If s>mn/2, then H* is a Banach algebra (the
Schauder algebra).

REMARK. In the above reasoning one can as well replace 1+|£| by an
arbitrary “weight function” E(£) such that

E(¢) 1 1
5 <
) E(E—n)E(n)_c((1+|E—n|)‘+(1+|n|)‘>

for some §>0. In particular, (5) is fulfilled (Malgrange) if E(§) =1—|—[P(£)|
where P(£) is a hypoelliptic polynomial. This can easily be seen by making
use of Leibniz’s formula in its “tensorial” form [1, p. 292].
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LEMMA 2. If s>n/2+1, then there exists a constant K' such that

(6) [I7ells < sup | gl lIfll. + E'llgllI1l]—, fECe gECE.
Proof. Write (3) as

= [ [+ el Lo =]y = g hee)*dsan

+ f [a+ Lehra+ ey = @+ [ £= b7 — nem i) dsin

=1+ IL
Since I=(g(1+|D|)‘f, (l+lD|)‘h), we obtain
|1 = et + [ DDlll@ + [ D[)Hllo = sup | ] [IfIL[A].,

where IDI stands for multiplication of the Fourier transform by |E| It re-
mains to estimate II. We observe that

A+ &)y —Q+ [e=a])] ss(@+ )+ A+ |£=n])N]n]

Hence we have to consider:

II,,=sff(l+|£|)‘(1+|£—n|)"‘(1+|n|)|f(f

and

i, =s [ [ @+ el + e+ D7 =] 2] 5| deon

where
11| < |IL] + | IL].

As in the proof of Lemma 1, we obtain by Schwarz’s inequality:

1/2
| 11, | gs(f(1+ lE—n|)2""”|f(£—n)|2d£>
X f(l-i- |n|)”|g(n)|2dn>

(
x< 1+ |n|>“’~l>> x(f(1+ lsl)”lfz(s)lzdsy“
-(/

o) -l

and
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1/2
| IL| < S(f A+ [g=n])2ev|fE - n)|2d5>
1/2
X ([ @ lah=l g an)

8 <f f <(1 + Iel—t||)§1l ¥ [n] ))m—n“ + &) | k@) [2azan) 1

. _____dﬂ__ 1/2
s [ raryes) Al

Putting together the estimates obtained for I, I1,, II;, clearly (6) follows with

, - d?] 1/2
K' = s(2 +1)(f—-———-—(1+ |’7|)2('_”) .

2. The linear case. We consider now (cf. [4]) differential operators of the
form:

) P=P(x D) = 3 as(x) Mi(D)

j=1

where we assume that (1) M= M(D)=P(0, D) is stronger than each M;,,
(2) a;€ H? for some s>n/2+1 and the quantity

£ =3 sup | ai®) ~ 0,0)]

is less than a positive constant {, to be determined, depending on M and M;
only. We claim that the following inequality holds:

® |l m1ll. < c(| Pl + | MA.-), fecy,

where Cy is the subset of C* of functions f in C* such that the support of f is
contained in the unit sphere U. Put

bi(x) = w(x)(a;(x) — a;(0))

where w is in C; and equals 1 in a neighborhood of U. By the triangle in-
equality we then obtain

| M1l < | PAl + 2 ||osaa 1],

and, by Lemma 2,
< |1 Pfll + X sup | ;] (| Mflls + K[oL]| M) -

Now there exist (cf. [2, Proposition 2, p. 43]) constants v, v/, "', of which ¥
does not depend on s, such that
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1Al = A Mlle + | M7,
1¢flles = )| Mf]lo-s, fe Cy.

Hence
| M1l = | Al + erll MAlle + e | MSl|oms + 2y K| MA|| s,

with Z = Z”bj”,, so that (8) follows if we choose {o=1/7.
From (8) we now obtain, as usual, the following

THEOREM 1. Suppose that (1) and (2) hold and that moreover a,& H*+!
with s>n/2-+1. Suppose that the support of f is contained in U and that Mfc H*
and PfE H**', Then Mf& H*+,

Proof. Apply (8) to (fx —f)/| h| where fa=fi(x)=f(x+k). In view of
Lemma 1 the right hand side will remain bounded as % tends to 0 and hence
also the left hand side. A familiar weak compactness argument then gives
MfEH*,

Assume now that M is hypoelliptic. Then there is a number d >0 such that

| M50 <= ca+ e+ | M®]), a # 0,

so that Mf& H* implies M;fEH*+4, a0, provided f has compact support.
Theorem 1 can now be “localized”:

THEOREM 2. Suppose that the hypotheses of Theorem 1 and the foregoing
assumptions are fulfilled, with s >n/2+2 —d. If MfE H},.(U) and PfEHi'(U),
then MfE Hi (U).

(Here Hi,(U) is the set of functions f in U such that ¢fE H* for every
9ECy.)

Proof. Cf. e.g. [4] for details.

REMARK. Suppose next that P is of the form (7) and such that (1)
P(x,, D) is stronger than each M;(D) for every fixed x,, (2") a;&EH**! for
some s>n/2+2—d. Let M be some fixed P(xo, D). Then we may conclude
that MfEH;,.(0) and PfEH;,' (0) imply MfE His'(0), for every open set
0 in R* In fact it is apparently sufficient to establish this fact when 0O is
a small neighborhood of xo=0, and in this case everything follows from Theo-
rem 2, for P equals in the vicinity of 0 to some operator of the form (7)
satisfying (1), (2).

3. The quasilinear case. We turn now to the quasilinear equation (1). Our
hypotheses are the hypotheses (1), (2), (3) of the introduction. Let M be some
fixed operator equally strong as all M; together. Then we have the following

THEOREM 3. There is a number oo such that if f satisfies (1) and if MfE Hioo(0)
for some s> a0, O being an open set of R, then f& C*(0).

For the proof we need the following
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LEMMA 3. There exists ¢ number o with the following properties. Let
a(x, ty, - - -, t,) be infinitely differentiable in R* X C* and suppose that all deriva-
tives are bounded in every set of the form

ltll =W, -,

Suppose further that a(x, 0, - - -, 0)E H* for some s>o. Then 1S H®, - - -, ¢,
EH® imply a(x, ¢, - - -, ¢,) EH".

Let us assume the lemma for a moment. Then Theorem 3 follows at once
from Theorem 2, in the form given to it in the Remark following it. In fact, if
MfE H;,.(9), then, for some €>0, N,fCH;{(0) and hence in virtue of
Lemma 3,if s>0—¢, a;(x, Nif, - - -, N,f) and g(x, Nuf, - - -, N,f) EH}5(0),
so that in view of Theorem 2, if further s+e—1>n/2+2—d, MfE Hi ' (0).
Repeating this argument [ times, one obtains MfE Hi#(0) and, letting I
tend to infinity, Mf& C=(0) and hence f& C*(0). This proves the theorem,
with

t,| < W, x arbitrary.

oo =sup(c —en/24+3 —d—¢.

It remains to prove Lemma 3.

Proof of Lemma 3. Introducing Re ¢ and Im { as new variables, we may
as well assume that ¢, - - - , ¢, are real variables. Also it is no restriction to
assume that a(x, ¢, - - -, £,) is periodic in each f, with period, say, 2w. Ex-
pand a(x, 1, - - -, t,) in trigonometric series,

a(x’ ll? I ty) = Z all.“l”(x)e‘(lltl"‘""l'lvtr)
where /1, - - -, I, are integers. We obtain
a(xy b1, - -0, ¢v) = a(x> O’ ] O) + Za’ll"‘lv(x)(ei(lmﬁ”"'-ly%) - l)'

The first term is in H* by hypothesis. Also the coefficients a,,...;,(x) and all
their derivatives tend to zero rapidly, i.e., faster than any expression of the
form l/(1+|11] + - +l1,|)4. So everything will follow if we can show
that

‘,/ P ei(ll¢l+"'+1y¢v) e 1
is in H* and moreover subject to a majorization of the form
9 lWlesca+ | ul+---+|5])e

Clearly y € H! for some t>n/2, provided s> o0, and o is chosen so that all de-
rivatives of order =t will be continuous and bounded, which is possible in
view of a (weak) form of Sobolev’s lemma. Differentiating we get

Db = iy + 1) 3 hDuth, la| =1,
so that, by the Corollary of Lemma 1, D,y & H»t¢+D_ This improves the
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regularity of ¢ from ¢ to inf(¢+41, s) so finally ¢y € H*. The same argument (we
omit the details!) proves also the inequality (9).

REMARK. Actually, as follows from [2, Proposition 1, p. 116], one can take
o=n/2. For our purpose the present weaker but more elementary statement
is of course sufficient.
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