THE ACTION OF AN ALGEBRAIC
TORUS ON THE AFFINE PLANE

BY
A. GUTWIRTH(?)

1. Introduction. Let G be a connected algebraic group, V a variety. G is
said to operate regularly on V if we are given an everywhere defined rational
map g xv— g(v) of Gx V- V such that

@ 91(9,(v)) = g,9,(v) for any g,,9,€G, veV,
2 e(v) =v for any veV.

Denote by k an algebraically closed field, by A2 the affine plane over k, by G,, the
multiplicative group of the universal domain.

Our purpose in this paper is to study by elementary means the regular opera-
tion of G,, on A2. We shall denote by ¢ a regular operation of G,, on 4% which
is not the identity on 42, o: G, x A2 — A2, and by a(t) the restriction of this map
given by o(f): t x A2> A%, where teG,,

We recall that an algebraic torus is the direct product of a finite number of
multiplicative groups.

2. Change of coordinates in 42. Let (x,y) be a system of coordinates for 42
Then if
x" = f(x), {x = f'(xy"),
2.1 , and v,
@b y' = g(x.y), y =4g'x",y"),
where f,gek[x,y], f’,g'€k[x’,y"], thesystem (x’,y’) will also be an allowable

system of coordinates for A2, (Considered in one coordinate system the map
(x,y)—(x',y") is an entire Cremona-transformation.)

3. Semi-invariant polynomials. Let a regular operation of G, on A2 be given
by a(?): (t,x,y) = (x*,y*) where te€G,, (x,y) is a coordinate system for A%, and
x*,y* e k[x,y,t,t"1].

If fe k[x,y]; we define A,f, the t-translate of f, by
(3.1) AHf(x,y) = f(x*y*).

We say that f is a semi-invariant polynomial (abbreviated in the sequel as s.i.p.)

of weight s if 1,f= t’f, where s is an integer. If s = 0, f is said to be an invariant
polynomial.
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LemMma 1. Let fek[x,y] and suppose that 1.f= pf, with pek[x,y,t,t-1].
Then p = t°, s an integer.

Proof. Indeed A,-i(4,f)=f. Therefore p(x,y,t=1,0)A,-p(x,y,t,t"* )‘ =1, so
that p is independent of x and y, and the result follows.

LeMMA 2. (a) Any factor of an s.i.p. is an s.i.p.
(b) Every semi-invariant rational function is the quotient of two s.i.p.

Proof. (a) Let f,f,,"-,f, be the irreducible factors of a semi-invariant poly-

nomial; then A(fy -fy) =Afukufo efy = 1y -+ Sy
Therefore

3.2) )'t.fi = P(t»t-l) l—l fj

jelI
where I is a subset of 1,2,---,n, p(t,t”*) e k[t,t"']. Taking ¢ =1 in (3.2) it fol-
lows that A,f; = p(t,t™V)f..

(b) Let A(f/g)=t"f/g; then (4,f)g =1*f(A,9). Since f and g are relatively
prime, the result follows by a standard divisibility argument.

CoroLLARY A. All polynomials of k[x,y] which are semi-invariant under ¢
are products of irreducible s.i.p.

PROPOSITION 1. Every polynomial of k[x,y] is a sum of s.i.p.

Proof. Let fek[x,y], since A,fek[x,y,t,t1] we have
(3.3) M =1fo+tfi+ ...+ 1) = * L t'f;
i=0

where, for all i, f;e k[x,y] and n = 0.
Since o is a regular operation of G,, on A2, the following conditions are satisfied :

(1) a(1) is the identity on A2,
(2) o(1ty) = a(Da(ty).
From (3.4) it follows that

34

(3.5) () L it f =12 X LS.

i=0 i=0
Identifying corresponding coefficients of ;** in the two members of (3.5) we get
(3.6) Afy = .

Therefore all the f;, i=1,:--,n, in (3.5) are s.i.p. To finish the proof, take t=1
in (3.3).

COROLLARY B. Among the irreducible s.i.p. there are certainly two poly-
nomials with independent linear terms.
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Proof. Apply Proposition 1 and Corollary A to x,y € k[x,y].

4. Invariant functions. Among the rational functions on A2 some are in-
variant under ¢. In the next few lemmas we investigate the connexions between
those functions and the s.i.p.

LeMMA 3. The field of rational functions on A® which are invariant under
o is a simple extension of k.

Proof. Consider the variety W of orbits (see [3]) corresponding to the oper-
ation of G,, on A%, Wis of dimension one. Its function-field k(W) is by Liiroth’s
theorem (see [4]) a simple extension of k. On the other hand k(W) is exactly
the subfield of k(x,y) containing those functions of k(x,y) which are invariant
under ¢. Q.E.D.

If o is such that all s.i.p. are of positive weight we have k(W) = k(f/g), where
f and g are s.i.p. of the same weight (see [2, p. 84]). In the sequel k(W) will de-
note the subfield of k(x,y) formed by the functions on A? invariant under o.

LEMMA 4. Let o be such that all s.i.p. are of positive weight and let f/g,
(fand g relatively prime) be a generator for k(W). Consider an element p=f+ pg,
uek. Then all the irreducible factors of p are equal.

Proof. If f/g is a generator for k(W), then so is f + pg/g. Therefore it suffices
to prove that all the irreducible factors of f are equal. Suppose that f= ff,,
where f; is irreducible and f, contains no factors equal to f;. Since the weights
of f, g, f, are all positive f{'g ~® will be an invariant function for some well chosen
a and b. Then f{g~* e k(fif,g~ ") i.e., since k is algebraically closed

5t L Uih/o +a)
¢ [LWir/o+b)

with ¢, a;, bjek,

or
@) 1 T Uifs+ b,0) = <o [] Uiy +ag),

(if & is negative, we make the obvious change needed in order to get a polynomial
identity).

Now fi divides the right-hand member of (4.1). Since f,/ g and f,Xf,, it fol-
lows by standard divisibility arguments that f, = 1.

LEMMA S. Let a regular operation of G, on A* be such that all s.i.p. are of
positive weight. Let p,,p, and p, be three irreducible s.i.p. of weights w,, w,
and w; respectively, such that p,,p,,p;¢k.
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Then they satisfy a relation of the type

4.2) ¢y pf + ¢,p5 = p}

where aw, = Pw,, (a,f) = 1; ¢y,c,€k.

Proof. Let d be the g.c.d. of w, and w,. Then w; = fd and w, = ad. Consider
¢ = pipy P - ¢ isinvariant under o, so that, if fg ™! is a generator of k(W) we have
Pips™® ek(fg™'). Therefore

c[[ (flg —a)
pips? = 5L with ¢, q;, bjek,
e
or -
43) p‘ijl:[l (f = byg) = epig" [T (f - a0),

(if & is negative, we multiply both members of (4.3) by g~ °, in order to get a poly-
nomial identity).
Using Lemma 4 we then have, by standard divisibility arguments,

(4~4) P: = d1f+ dzg, pg = d3f+ d4g, dl’d29d3’d4e ka

whence we can choose as generator for k(W) the element pfpS~#. We now repeat
this argument with the invariant function p2*p§™“?), taking pip$~? as a generator
for k(W). The relation which we then get instead of (4.4) is

p; = clp: + Cng9 Cuczek,
where y is another positive number.

5. Invariant polynomials. Among the functions invariant under ¢ there may,
or may not, be polynomials. The two following lemmas treat both possibilities,
and lead up to the main theorem.

LEMMA 6. If there exist nonconstant polynomials invariant under o there
is at most one irreducible s.i.p. of positive weight and similarly at most one
irreducible s.i.p. of negative weight.

Proof. Let f be an invariant polynomial of the lowest degree, f¢ k, and let
k(W)= k(g/h), where g and h are relatively prime polynomials. Then

[ @h=a) oIl@-ah
f = 1:1 = :
l=_[1 (9/h — bj) 1;11 (g —b;h)

for some suitable &. It follows that some g— b;h is a constant, and therefore
that k(W)= k(h) = k(f).

with c,a;,b;ek
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Suppose now that p; and p, are different irreducible s.i.p. of positive weight.
Then for an appropriate choice of a and b, a > 0, b > 0, ¢ = p{p$™® is invariant
under . Therefore pjp; *e k(fi). We then get a polynomial identity

PIIG—c)=dp} TI(~d) with die,dek.
Jj=1 i=1

As p, and p, are both irreducible it then follows that p$ € k(f), p3° € k(f), which
1s a contradiction. The proof is similar for p, and p, both of negative weight.

LEMMA 7. Let o be such that there are no nonconstant invariant polynomials.
Then after a suitable change of coordinates (a translation) all s.i.p. will be
polynomials without constant terms.

Proof. If there are no invariant polynomials the s.i.p. are either all of positive
or all of negative weight. It is no loss of generality to take all weights positive.
Let o(t) be given by

x* = fo + thi+ - + 01,1
(5.1)

y* = t"[go + tg, + - + t"g,].

By (3.6) f; is an s.i.p. of weight (¢ +i). Since, by assumption, all s.i.p. are of posi-
tive weight we may suppose « = = 0 in (5.1). On the other hand f, and g, are
then reduced to constants, since there are no invariant polynomials. Hence (5.1)
becomes

(5.2) xX* = a+tfy(xy) + o+, (),

y* = b+ tg;(x,y) + -+ tmgm(x9y)9

where m >0, n >0, a, bek.
After the change of coordinates

5.3) X=x—a, Y=y-b,
we get

(5.4) X* tfr(X’Y) +- t"f:(X9Y)’

Y* = tgi(X,Y)+ - + t"g(X,Y),

where f*(X,Y) = f(X + a, Y + b), g¥(X,Y) = g{(X + a, Y + b). In this new
system of coordinates no s.i.p. of positive weight can have a constant term,
since all powers of ¢ in the right-hand members of (5.4) are positive.

PROPOSITION 2. Let 6 be a regular operation of G, on A>. Then the set of
all polynomials of k[x,y] semi-invariant under o is generated over k by two
of its elements.

Proof. We distinguish two cases:
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(A) There are no invariant polynomials. Then all weights may be taken
positive. By Lemma 7 we may suppose that all s.i.p. have no constant terms.
We know (by Corollary B) that among the s.i.p. there are at least two p; and p,,
with independent linear terms. Since all s.i.p. have no constant term, p, and p,
are irreducible. Denote by ®,, and w, the weights of p, and p, respectively. Let
ps of weight w, be any other irreducible s.i.p. By Lemma 5 there exists a relation
of the type:

(55) p; = clp: + Cng, ¢y €3, € ka

where ad = w,, fd = w,, (¢,) = 1. Then yw; = afid. Let & < 8. The polynomials
p; and p, have independent linear terms—so that p} will have among its terms
of lowest degree a term of the type c;x°y® with § 4+ & = a, c; € k. Therefore a = uy.
Hence w; = pfd=puw,. Applying Lemma 5 again, this time to p;, p; and p,,
we get

(5.6) csps + cePi = D3 Cs,C € k.

So that p, is a polynomial in p, and p,.

(B) There exist invariant polynomials. By Lemma 6 there are at most two
irreducible s.i.p., one of negative and one of positive weight. To conclude the
proof it remains to show that they generate over k all the invariant polynomials.
Let p; and p, be these two irreducible polynomials of weights w; and w, respec-
tively, w, >0, w,<0.Let f bea generator for k(W). Then p{"®?p3'e k(f). The
desired result follows by a divisibility argument, using the same methods as in
Lemmas 4 and 5.

6. Main theorems.

PROPOSITION 3. Any regular operation of G, on A? can, after a suitable
change of coordinates, be reduced to the form

(6.1) (tx,y,)) = (x,1'y)
with p and v integers.
Proof. Let o be given by (t,x,y) »(x*,y*) where

x* =1 Zn.‘, fit',
(6.2) i=o0

m
y* = 8 E gjtj,
ji=0
withm20,n 20, f;, g;€k[x,y].
By Proposition 1 the f; and g; are s.i.p. By Proposition 2 all s.i.p. are poly-
nomials in two irreducible s.i.p., say Xand Y. Thenf,, g ;€ k[X,Y]and X, Y e k[x,y].
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On the other hand x = Xf,, y= Xg,, so that x and y are polynomials in X and
Y, say x = P(X,Y), y = Q(X,Y). Therefore we have the relations

(6.3) {x = P(X,Y), X = X(x,y),

y = 0X.Y), Y = Y(x,p),
which define an allowable change of coordinates in 4. In terms of the (X, Y)-
coordinate system ¢ is then given by

6.4 tX,Y) » (X, t'Y)
since X and Y are s.i.p.

PROPOSITION 4. If G,, operates regularly on A* there is always a fixed point.

Proof. This is an obvious corollary of the previous proposition. Note that
G,, can operate on A% in such a way that there exists a curve of fixed points,
but that in this case there is a fixed point adherent to every orbit.

7. Algebraic torus. The next two propositions concern the action of an
algebraic torus on A2

PROPOSITION 5. If an algebraic torus operates regularly on A? there al-
ways exists a fixed point.

Proof. Consider the algebraic torus G{"x G'? and let ¢, and &, respectively be
the regular operations of G’ and G'» on A2 Since G’ and G2’ commute, the
set of orbits corresponding to o, is globally invariant under o,, and so is the
set of fixed points of . Therefore, if o; has only one fixed point, it is also a
fixed point for ¢}, i # j. If on the other hand both ¢, and g, have curves of fixed
points, the curve of fixed points of o, is either a curve of fixed points for o,,
or an orbit of g,. In either case it has at least one fixed point. This proves that
6, and ¢, have a common fixed point. The proposition then follows by induction.

PROPOSITION 6. Let an algebraic torus G x GP x ---x G® operate regul-
arly on A%. Then after an appropriate change of coordinates this operation can
be described by

(7°1) (519529""sr’x9y) - ( xl—[ s:i: yn S‘;J )a
i=1 ji=1
where s,€ G®, i =1,2,-.,1, and the a; and B; are integers.
Proof. Let a regular operation of G,, x G,, on A? be given by
(7.2) (s,1,%,y) = (x*,y*)

with x*,y* € k[x,y,s,s~ L,t,t 1]
In particular (7.2) defines by restriction two regular operations of G, on A?
which we denote by

(7.3) o1: (5,%)) = (x1:)1),
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(7.4) 030 (6,%,) = (x2,)2)-
Suppose that the coordinate system is chosen so that o, is of the form
(1.5) ot (,x,y) = (t%,%).
Obviously in some allowable coordinate system o, is of the form
) | (52 = (x,5y)
and in this coordinate system the orbits have as equation
a7 x®4+uy? =0

if we suppose that 6 > 0. Let the change of coordinates from (x’,y’) to (x,y) be
given by

(7.8) x'=f(x,y), y' =9(x,y), fige k[x’y]-
Then in the (x,y)-coordinate system the equation of the orbits (7.7) is
(7.9) f?+ pg’ = 0.

These orbits have to be globally invariant under o, so that f%/g”isa
semi-invariant function for ¢,. By Lemma 2, f® and g” are then s.i.p., which
means that both f and g are s.i.p. for o,, that is, in the (x’,y’)-coordinate system
x" and y’ are s.i.p. for 6,. This proves that in the (x’,y’)-coordinate system both
g, and o, are reduced to the canonical form of Proposition 3. The proof is sim-
ilar if y6 < 0. Our proposition follows by induction.
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