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BY
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In [2] there appear without proof two lemmas concerning the rearrangement

of certain conditionally convergent double sums. Although these lemmas are

quite crucial in [2], I gave no proofs since I was under the impression that they

could be proved in exactly the same way as were similar lemmas in previous

papers (cf. [1, pp. 272-277]). That this impression was a false one was pointed

out by Dr. J. R. Smart. It is the purpose of this note to supply proofs of these

lemmas.

The numbering of the lemmas will be as in [2].

Lemma (2.10). Let x = iy, with y > 0, and let r > 0 and v a positive integer.

Let

v= I - 1 1er■(;i)

with a < 0, ß < 0, y > 0, ô > 0, and put t = (a - i/20)ß i > 0. Let FV(K) be the

trapezoid in the c — d plane bounded by the lines

c = 0,   ac + yd=±tK,   ßc + od=-K

Then,

.. ^     e~l(Vc d)exp{—2ni(v — K)a/cX}

c eC;c>0

(1)

c e C,c> 0 JV-> oo   deD';\d\¿N Cr+1(CX + il)

£-1(Fc>d)exp{— 27ii(v — K)a/cX}= lim      T E(
K-><x>csC;c>0    deD"Hc,á)eJ-y(K) Cr+i(cX + d)

Lemma (2.13).   Let x,y,r, and v be as above. Let p be any positive real num-

ber. Then

£      lim        £      e"\VcJ^P {- 2ni(v - k)a/cX}

ceC:c>0 N->oo     deD' :|<f| ¿N C*      (CX + d)

e~l(VCtd)exp{-2ni(v-K)a/cX}
= lim        Z Z

K-*ao ceC:0<c£pK   d<=Dc :|d|SK C+1(CT + d)

Received by the editors February 22, 1962.

(') Research supported in part by National Science Foundation grant G-14362.

341



342 M. I. KNOPP [February

Remarks. A careful examination will reveal that the above statement of Lemma

(2.10) differs slightly from the statement in [2]. The changes are of a technical

nature and of little importance. While the proof of (2.10) is by far the more compli-

cated, the proof of (2.13) contains all the basic ideas. Hence we omit the proof

of (2.10).

Proof of (2.13). We recall that

*   *
Dc=[d\ 3  ,

c  dM
and

Dc = ( d\ 3 ( * * \ eT,   with 0 g - d < cA ]

Also we will make essential use of the following result due to Poincaré (cf. [3

p. 191]). If r > 0, then

I      I     |cT + d|-2-'
ceC   deDc

converges. From this follows the convergence of

i    y c-'-2.
ceC;c>0   df=Dc

Using this latter fact and the Lipschitz summation formula, we can proceed as in

[1, p. 273] to show that the left-hand side of (2) converges.

The lemma can now be stated as follows :

(3)      lim y hm I ^\K,ä)^P{-2niiv-K)a/cX}=0
K->ao   ceC;0<cgpK   N-oo   dsDc:K< \d\ glV Cr      (CT + fl)

We replace d by d - cXq and thereby rewrite the inner sum as

c del).

x Í 2 i-T!7^T-)+ 2 (   >)•
l (â-N)lck&q<(-K + d)lc).   \CX + a — CA.q  / (d + K)/cX<q£(N + d)/cX !

The argument is divided into two cases,

(a) Suppose k # 0. Then

lim £       e~l(Vcd)exP{- 2ni(v - K)a/cX}

N-co    deD<:;K<\d\£N Cr+1(CT + d)

(4)

= 4rr   I e-1ivCÀ)e-2"Hv-K)alcXis1 + s2),
c deDc



1963]

where

and
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Sy    = I ( e2'* )

-oos«<(-k+¿)/ca   \ cx + d — c/.q /

(d+K)/cx<qz co    \ et 4- d - cXq / '

Let ay = (K - d)/cX, o2 = (K + d)/cX, Eq = T%ml9l¡+ie-2*ípK, and £¿

S(,=[<r,]+1e2!t""c. Since 0 < k < 1 a simple calculation shows that, for all g,

£J ^
sin 7tic

-, |ê;i =
Sin UK

We write

5=f¡ Fg-Fg-i
1     ,=tffl]+i(ciy + i/ + c2g)

=     |     E(_I
,=[ffl]+i  4\ciy + ii

1

d + clq   ciy + d + cXq + cX)

Therefore

Si   < 777
cX

Z     (d + cAg)~
|sin7CK|?=[(Tl]+1

In the summation  q = [<7X] + 1 > o y = (K - d)/cX, or cAg + d > K > 0.  We

have that

cX
S,   <

Sin TtK (d + cA^] 4- 1)P + J (d4-cAx)*/
L«T l J + 1

1       icX        1
+ -

|sinTticI \K2     K

Using the fact that we consider only those c in the range 0 < c = pK, and letting

s = min (1, r/2), we find that

\s1\<*p+\k-1 <^+i)pl:sK-
1       ' I Sin TtK |

In precisely the same fashion we obtain

Sin 7tK   c1

S,< (Xp + Dp1
2'    "  | Sin 7TK I C1-'

Going back to (4) we find that

j   lim Z
1   N->oo    dnD';K<\d\SiN

s  '(F^expl- 27t i(v — K)a/cX}

cr+1(cx + d)

2(Xp+l)pl~s    1
<

Sin TtK -2 + s
I  x-

Jeu,.
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Therefore,

Z lim 2       (   ) I < constant K~*       Z        Z    -,
ceC;0<cSpï JV-»oo    deD';K< \d\ SN ceC;0<cSpK   d e De    c2 + S

so that

lim
K->oo

Z lim I (   )
ceC;0<c£(>«  JV->oo    dsDc;K< \d\ ¿N

^constant)      Z Z     —jt-- ) lim K"s = 0.
\ceC;c>0    deDc c      S   / K-»oo

Hence (3) follows and the lemma is proved in this case,

(b) If K = 0, write

lim Z ( ) = -^-  Z   B-1(Fe>-a**1(Sj + S2 + SJ),

where

and

Now,

Si = lim Z iciy + d - cXq)  1
tf-»oo   (K-d)/cX¿\q\¿(N + d)¡cX

S'2=  lim Z iciy + d — cAq)-1
N->oo (-N + d)/cXiq<(-N-d)¡cX

S'3= Z (dy + d-cAg)-1.
(K + <J)/cA<og(K-<í)/c¿

si-   z   f      1      i      1      !
1     ,=[»,]+1 l «> + d - CH       ciy + d + cXq J

= 2    I       Í ciy + d
<i-[„I + i I («> + d)2 - c2X2q2  \'

Therefore,

|s;|^2(cV + d2)1/2        Z     \c2ik2q2 + y2)-d2\-1.
« = [<ril + l

In this summation qxj,; this can be rewritten as 0 ^ — d < cXq.

Hence c2X2q2 — d2 > 0, and we obtain

|s;|<2c(y + A2)1/2   Z   ic2X1q2-d2y1.
«=[<Tl]+l

But, cXq + d > 0 implies that icXq)2 — d2 ̂  (clg + d)2, so that we have

|Si|<2c(y + A2)1/2       Z     icXq + dy2,
8= Iff ]+l
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and, as in the previous case,

1*1.. Hy2 + x2)l/2(Xp + i)Pi-s

|àl|< Ac*-» k> •

Also,

\S'2\á   lim I \cXq-d\-\
JV-»co (~N + d)/cX£q<(-N-dycX

Here q is in an interval of length ( - 2d)/cX < 2, so that there are at most two

terms in the sum. In each term | cXq — d | > N + 2d, so that S2 = 0.

In S3, q is again in an interval of length (— 2d)/cX < 2, so that there are again

at most two terms. Also in S3 we have | ciy + d — cXq \ ~1 ^ | cXq — d | _1 < \/K,

so we obtain \S'3 \ < 2/K < 2p1~7c1~*Ks. We have made use of the fact that

0 < c ^ pK.

We now use these estimates for S'x, and S3 to derive (3) as in the previous

case.

The following corrections in [2] should also be noted.

(4.13) am(v',r,s') =   - a_m_x(v,r,e), form  ^ 0,

(4.14) ajy',r,e') =   -a_m(v,r,e), form   ^ 0.

Z bva_m(v,r,e)  =  bm, for 1    ^ m ^ p,
(4.16) v = 1

v      ' =0, for m ^ p + 1.

(4.20) F*(t) = 0.
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