EXTREMAL PROBLEMS FOR ANALYTIC FUNCTIONS
WITH POSITIVE REAL PART AND APPLICATIONS

BY
M. S. ROBERTSON

1. Introduction. Let # denote the class of regular functions P(z), P(0) =1,
with positive real part, Re P(z) > 0, in |z| < 1, where

(1.1) Piz)=1+ D1z + p222 + o+ p2t e

Let S denote the class of functions f(z), regular and schlicht in |z| < 1, normalized
so that f(0) =0, f’(0) = 1, and where

(1.2) f(z)=z+a222+-..+anz"+....

Let X denote the class of normalized functions F(z), regular and schlicht in
0 <|z| <1, with a simple pole at the origin, and where

1
(1.3) Fz) = —tao+az+ o o2+

Also let £* denote the subclass of X consisting of the functions F(z) which are
starlike with respect to the origin in 0 < |z| < 1.

There are several subclasses of S and £ whose definition depends upon a con-
nection between f(z) and P(z), or between F(z) and P(z). Problems associated
with these various classes frequently involve the task of finding the value on
|z| =r<1 of
(1.4) minimum Re F(P(z), zP'(z))

Pe 2
for a given function F(u,v), analytic in the plane of v, and in the half-plane
Re u>0. For example, if F(z), given by (1.3), is a member of X* what is the
radius Ry of the largest circle | z| = R{ such that every member of Z* is convex
for 0 <|z| < R{<1? We shall call Ry the radius of convexity for the class Z*.
Then, since

zF'(z) _ .
(1.5) Fo - P(z),
_ zF"(z) _ _ zP'(2)
(1.6) {1 + ————F,(z)= P@) - ok,

it follows that R} is the radius of the largest circle | z | = r within which
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zP'(z)
(1.7 Re { P(z) — Py > 0.
The problem is therefore resolved by the solution of (1.4) for the special case

where

(1.8) Fu,v)=u—v-u™',

The solution of this problem appears in the proof of Theorems 3 and 4 in §5
of this paper where it is shown that R = 37'/2=0.577.... Itisinteresting to note
that the corresponding problem for the class £ has been studied and solved by

Golusin in a series of papers [2;3;4;5;6]; see also Gelfer [1]. The radius of
convexity, R,, for the class Z is given by a root of the equation

(1.9) %((%+%j—%=0, r=R, = 0559,
where
11— k2x2\ 12
cn e
1
(L11) K = [ 1A=t - k)i,
0

For the class Z, the extremal function maps the unit circle on a slit domain D.
Since D is not starlike with respect to the origin we have R, < R;*. But for the
class S the radius of convexity is 2—3'/2[10], and the extremal function z(1 —¢z)~2,
|e| =1, is starlike in |z| < 1.

Another example can be seen in the case where F(z) of (1.3) omits the value
zero and is starlike in the direction of the real axis for |z| < 1. This means that
the real axis cuts the map of |z| =r <1 by w = F(z) in exactly two points for
every r near 1. Then [11]

(1.12) {F(2)}"" = hye "z)(cosu + isin u P(z))
where P(z)eZ, siny = 0 and
1.13) h(z) = z(1 —2zcosv + z»)~ 1,

Although F(z) need not be schlicht in the unit circle, we may ask what is the largest
value of R such that every such F(z) is schlicht and starlike with respect to the
origin in 0 <|z| < R.

Since
-z F'(2)) _ 1— e 252 { isinuzP'(z)
Re { F(z) } B Re{ 1—2e-i*zcosv + e~ 2iFz2 } +Re cos u + isin u P(z) }
(1.14) 1-r 2r

v

1+r —1_r2;0, rz2-3"%
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it follows that R = 2 — 3'/2. In (1.14) we have used the inequality

isinuzP'(z) S = 2r

cospu+ isinuP(z) )] = 1—r? r<t,

(1.15) Re {

which will be established in §6 of this paper. We may look upon (1.15) as a par-
ticular case of the more general problem (1.4) where here F(u,v) has the special
form

(1.16) F(u,w) = v-(u —icoty)™".

Equality is attained in (1.14) for z = —ir, v=0, p = /2, P(z) = (1 — iz) (1 + iz)”}
F(z) = (1 + iz)*-(z — iz%)" . The value R = 2 — 3'/2 is best possible since F'(z),
vanishes on |z| =2 — 3'/2,

Several other examples involving functions F(u,v) might be cited. But we turn
now to the general problem indicated in (1.4). Since P(z) may be represented by
the Herglotz Stieltjes integral formula

2rn
(1.17) Pz) = J ;*z:w do(d),
0

where «(6) is a nondecreasing function in [0,2 7], normalized so that

(1.18) znda(()) =

o

we may approximate P(z) by rational functions of the form

(119  Pf2)= i i“‘J

|8k|—-l 0p. =1, Zpk—l

We shall show that the extremal functions for (1.4) are always of the form (1.19)
with n £ 2 for all functions F(u,v) of the class considered. The specific values
of the parameters p,, ¢, will depend upon the given F(u,v). Their values are some-
times difficult to compute but will be obtained for the examples (1.8) and (1.16).
The main theorem of this paper is the following:

THEOREM 1. If F(u,v) is analytic in the v-plane and in the half-plane Reu > 0,
and if P(z)€?, then on |z|=r<1

(1.20) min Re F{P(z),zP'(z)} = min ReF{Py(z),zP(z)}
pe? a,0,¢
where
1+a 1+ ze® 1—a(1+ze"w 6
(1.21) Py(2) = > (1 e ) + 7 (12 ze"’")’ z=re*,

—15as1, 0560=<27, 0=¢=<2m
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A special case of Theorem 1, which we give as Theorem 2, is of some interest
too. The proof follows by the method of variations used in the proof of Theorem 1,
but an independent proof by the method of subordination suffices and is simpler.

THEOREM 2. If F(u) is analytic in the half-plane Reu > 0 and if P(z)e 2,
then on |z|=r<1

(1.22) min Re F(P(z)) = min Re F (1 + z)‘
pe? Iz} =r 1-2z

Using Theorem 1 we find for the special case (1.7) the following result given
as Theorem 3.

THEOREM 3. Let P(z)e . Then

zP’'(2)]

(1.23) Re {P(z) __PG)_} 20 for |z|<37'2

Equality in (1.23) is attained on |z| =372

1437V /1 + &z 1-37Y2 /1 ¢z
(128 Pold) = —> (l—ez)+ : (1+sz)’ le| = 1.

only for the function

Because of (1.6) Theorem 3 implies the following Theorem 4.

THEOREM 4. Let F(z) € I*, where
(1.25)  F(z) = 1; + o + az + o 4 ooz + o, 0<|z] <L
Then F(z) is convex in |z| < R where R > 3712 except for the function

(1.26) Fo(z) = 27 M1 +e2)'™ " (=)', |e] =1,
in which case R =37 %% = 0.577 ...
Applying Theorem 1 to the special case (1.16) we have the theorem
THEOREM 5. Let
(1.27) F(z) = % + oy + gz + 0+ oaz" oo

be regular and starlike in the direction of the real axis (but not necessarily
schlicht) and omit the value 0 for 0 < | z| < 1. Then F(z) is schlicht and starlike
with respect to the origin in 0 <|z| <2 —3"2. The function F(z) = (1 + iz)’
“(z — iz®)™! shows that 2 — 3'/* cannot be replaced by a larger number.

The proof of Theorem 1 depends upon an application of the variational for-
mula recently obtained by the author [12] for functions of class £2:

(1.28) PXz) = P(2) = pX(1 = | 20 [P A(z,20) + 0(p?),



240 M. S. ROBERTSON [February

where

Mz,zp) = (ZOP,(Z) - 1) ze” + (ZoP(z) z) ze'

P(zo) z0(zo—2)  \P(zo) ) zo(zo— 2

(1.29)

’ 2,-i0 -i0
+ P(z)_ (ze~ ) + ( P(z)—+1) ze_ ,
(P(zo)) 1 — 2,2 (P(z0)) (1 — Z2)?
| Z | <1, @ real and arbitrary, p real and small. Here and throughout the paper ( )~
indicates the complex conjugate. Formula (1.28) was derived [12] from an equi-

valent formula for a starlike univalent function f(z) regular in |z| <1 due to
Hummel [7].

2. Proof of Theorem 1. From (1.28) we have

2.1 zP*'(2) = zP'(2) — p*(1 — | 20|?) 24 (z,2¢) + 0(p?)
where ()’ denotes differentiation with respect to z. From (1.29) we have
(2.2) A(z,20) = (z,20)€” + W(z,z0)e
where
_P@ 2 (2P@) ) (+z)
Moo =7y 7ozt (e =
zoP(z) _ (zo + 2)
(23) * (P(zo) z) zo(zo—2)> ’
_ P(2) 22 P'(z)  (3z—2,z%)
a0 = ey (o) * G (= 2o
2.9) -
P(2) (1 + z42)
+( e * 1) 27

Let F(u,v) satisfy the conditions of Theorem 1. We obviously may assume
F(u,v) not a constant function since Theorem 1 is trivially true otherwise. In
(1.4) we may take z = r > 0. For if Py(z) is an extremal function (the family &
is compact) for

2.5) min Re F(P(r), rP'(r)) = Re F(Py(r), rPy(r))

then since P(e”’z) ; .;f we have for any P(z)

(2.6) Re F(P(re"), re®P'(re®)) = Re F(Py(r), rP¢(r))

by (2.5) where P(e”’z) replaces P(z), and z = r. (2.6) may be written as
2.7 Re F(P(z), zP'(z)) = Re F(Py(r), rPy(r)), z =re®
From (2.7) it follows that on |z| =r

(2.8) min Re F(P(z), zP'(z)) = Re F(P(r), rPy(r)).

Pe2?
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Consequently, in obtaining the value of the expression (1.4) we assume z = r > 0.
We shall need the following lemma.

LemMMA 1. [P'(r)F,(P(r),rP'(r)) + F(P(r),rP'(r)) {rP"(r) + P'(r)}] is a real
number for an extremal function P(z) = Py(z) in (2.8).

Proof. Since Py(ze') € 2 for all § we have from (2.8)

(2.9) Re F(Py(re®), re®Py(re®®)) = Re F(Py(r), rPy(r)),
(2.10) min Re F(Py(z), zPy(z)) = Re F(Py(r), rPy(r)).
|z] =r

For z = re'® and a minimum in (2.10) at § = 0 we have

(2.11) a% Re F(P(2), zPo'(z))|a= 0o =0.

Since F(P,, zPp) is an analytic function of z, the Cauchy-Riemann equations give

Q1) L, s FP, i) = — & 2 Re FPo2)2Py(E) ], o =0,

(2.13) I, [Po(r)F(Po(r), rPg(r)) + F(Po(r), rP(r)) {rPg(r) + Po(r)}] = 0.
The Taylor series for F(u, v) gives

(2.19) F(a+ h,b + k) = F(a,b) + F(a,b)h + F(a,b)k + ---.
Take

a=P(r), b=rP'(r), h = —p(1 = | 20[)A(r,z0) + o(p?),

k=—p*1 - lzolz) rd'(r,zo) + o(p?).
Then

F(P*(r),rP*'(r)) — F(P(r), rP'(r))
= [FAP,rP)A(r,zo) + ri'(r,zo) F,(P,rP")] (1 —|zo|»p? + 0(p?)
If P(r) = Py(r), an extremal function, then since
Re F(P*,rP*') = ReF(P,,rP;)

(2.15)

we have from (2.15)
(216) Rc [Fu(PO’ rP('))A(ra zo) + ril(r’ Zo) Fv(POa rP,O(r))] é 0

for r fixed, and all 6.
Since Re (e “*w) = Re (e"Ww) we have for all 0 that

2.17) Re(e”B) < 0,

where B is the expression defined as
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(2.18) B = [ ( By Po) — ) zo(zor— 5t (221:33 - r) z(,(zor_ ,)2] F,
+

E)” . (R
[ Pozg) 1= rzo+( Pozo) T 1)0 rzo)Z]( W

Py 1 ZoPo(r) .\ (Zo + 1) ZoPo(r)  \ (zo +1)
[Po(zo) Zo +( Py(zo) 1)Zo(zo—")2 * ( Py(zo) r) zo(zo"'")?‘] F,

(A0 Py~ Br—rz)  ((Po(r)~  \(1 + rzy) -
" [ Po(zo) (1—rzp) Po(zo) (1 —rzq)? + ( Py(z0) +1)(1—"’20)3 ]r(F,,) )

Solving the equation B=0 (which follows from (2.17) for Py(z,) and replacing
zo by z we obtain the extremal function to be a rational function of the form

2.19) Py(2) = :\: gzt + f: B2~
(4] 0
where
5

02 0z = (1 = r2)’[(z = N*(PoF, + rPGF,) + (z—1)PoF, + (2> —r*)PoF,

(2.20) +(z + r)PoF,]
r(1—rz)%(P4F,+ rPgF,)~ +(1 = r2){(PoF,)~ +(3r—rz)(PoF,)~}
| |
+ (1 + rz)(PoF,)"

where the constants Py, Pg, Pg, F, = F(rPy(r), rPy(r)), and F, are evaluated at
the fixed point r. Similarly,

i Bz* = (z— N — r2){(1 — r2)*F, — (z — N*(F)~}
@21 4
+ (z+1A-r2)’F, — 1 +rz)(z—=r)3F,)".

We should notice in passing that if F(u,v) is independent of v, then F,vanishes
identically in (2.20) and (2.21). In this case (z — r)(1 — rz) is a factor of the
numerator and denominator of the extremal function Py(z) in (2.19). Thus the
degree of each polynomial is decreased by 2.

From (2.20) we find that a5 has the value

(2.22) as = —2ir’l, [PyF, + (Py+rPg)F,] = 0

by Lemma 1. Since a5 =0 the extremal function Py(z) minimizing Re F(P(r),rP'(r))
over the class 2 for a fixed r, 0 < r < 1, is of the form

% + oz + 2% + a3z’ + a,zt
Bo + Biz + Baz? + B3z + Buz*’

It is remarkable that the degree of Py(z) is quite independent of the function
F(u,v) chosen and results solely from the form of the variational formula (1.28)

(2.23) Py(z) =
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and the fact that F(u,v) is a function involving no higher derivatives of P(z) than
the first. We shall see presently, however, that the degree of the polynomials
in the numerator and denominator of Py(z) may be reduced to degree 2.
From (2.20) we calculate the coefficients o, and simplify the expressions by
means of Lemma 1, or more explicitly by equation (2.13).
(2.24) ag= r¥(PyF, + P¢F, + rPgF,) — rPy(F, — F,) — 2r*P;F,
— r*(P¢F, + P§F, + rPJF,)~ — r¥(PoF, + PoF,)” — 2r*(PoF,)”
= (r* = r*)(PoF, + PoF, + rPgF,) — rP(F, — F)—r*(PoF, + PoF,)
— 2r’P,F, — 2r*(P,F,)".
(2.25) ay = — (PoF,+P4F,+rPoF,)(3r* +2r)+ PoF (3r* + 1) +(PoF ) ~-(3r* +1%)
— (PoF, + P{F, + rPgF,)” - (3r3 + 2r%) + (6r® + 2r)P;F,
+ (61 +2r°)(PyF,)™ + (1 = 3r®)PyF, + (3r* — r*)(P,F,)~
= — (P{F,+ P4F, + rP{F,)(2r — 2r°) + PoF,(3r* + 1)
+ (PoF)™ - (3r + r*) + (61 + 2r)PyF, + (6r° + 2r°)(PLF,)~
+ (1 = 3r)PyF, + (3r* — r*)(P,F,)".
(2.26) a; = (PoF, + PoF, + rPoF,) (1 + 6r% + 3r*) — {PoF, + (PoF,) ™ }(3r*+3r)
— {PoF, + (PoF,) "} (6r% + 6r*) + {PoF, + (PoF,) "}
— (P{F, + P4F, + rPyF,) " (r®+ 6r*+ 3r?)
=(1 = r)(1 + 4% + r*)(PyF, + P,F, + rPyF,) — (6r + 6r°) Re(P,F,)
— (6r — 6r®)Re(P,F,) — (6r + 6r*)Re (PyF,)
= a real number.
(227) a3 = — (PoF, + rPGF,)(6r° +1° + 3r) + (r* + 3r*)PoF, + (r® — 3r)PyF,
+ (3r2 = rY)PoF, + (r + 6r° + 3r°)(PyF, + rPgF )~
+ (3r2 + 1)(PoF)™ + (3r° + 121 4+ 3r)(PoF,)~ + (1 = 3r¥)(P,F,)~
= — (PyF, + P4F, + rPyF,)(2r — 2r%) 4+ PyF,(2r° + 61°)
+ (PyF,)™ - (6r +2r) + PoF (r* + 3r®) + (PoF)™ -(3r2 + 1)
+ PoF,(3r — r*) + (PoF,)™ (1 = 3r%)

= &l'
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(2.28) a, = (P4F, + rP§F)(3r* + 2r*) — r3PyF, + 3r*P(F, — r*P,F,
— (PyF, + rP§F,)™ - (3r* + 2r%) — r(PoF.)~ — (3r* + 4r}) (P,F,)~
+ r(PoF,)”
= (r? — r*)(PyF, + PoF, + rPyF,) — r(PyF, — PoF,)~
— r¥(PoF, + PoF,) — 2r*(PyF,)” — 2r%(PF,)
= &,.
From (2.21) we also calculate the coefficients f, and obtain
(2.29) Bo = r*(F)~ —rF,+r’(F,)” +rF,,
(2.30) By = —(r* + 3r)(F)~ + (3r? + 1)F, — 3r2 = r*)(F,)~ + (1 — 3r*)F,,
(31 B, = —@r’ +30{F,—(F)~} = GBr=3r){F, - (F,)"}

= a pure imaginary number,
(2.32) Bs = — By»
(233) Ba= — Eo-

Since a, = dg, a3 = &y, &, real, B, = —Bo B3 = =By, B pure imaginary, Py(z)
in (2.23) may now be written as

aoz-z + alz_l + oy + &12 + &ozz _ Q(Z)
Boz™? + Biz ™' + By — Biz — Bo’ R(z)

(2.34) Py(z) =

Since P(0) = 1, we also have a, = B,. It is seen from (2.34) that we have identi-
cally

(2.35) Py(2) + (Po (——:'_—))‘ = 0.

Thus the real part of Py(z) vanishes on |z| = 1. Indeed, Q(e*) is real and R(e*)
is purely imaginary. As we shall soon see Q(z) and R(z) have zerosin common.
Let m denote the number of poles of Py(z), that is the number of zeros of R(z)
distinct from the zeros of Q(z). Because of (2.35) and the fact that Re Py(z)>0
in |z| < 1 with Po(0) = 1, we may write Py(z) of (2.34) in the form

_ < 1+ &2
(236 P =2 o (122,

where 0 < p, <1, X'p, =1, |&.| = 1 and m<4 (compare formula (3.16) of [12]).
In §3 we shall show that Q(e”), which is real, has the same sign near each of
any two consecutive simple poles &, &, . in the interval between them on |z|=1.
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Thus Q(e”’) has an even number of zeros between each of the poles. It will also
be shown that Q(e”®) has at least one zero between consecutive poles. It then
follows that Q(z) has at least 2m zeros on |z | =1 but certainly not more than
4 zeros. Thus m < 2. When this fact has been established Py(z) in (2.36) may
be written with z=r > 0 in the form

14+ a/1+T7e 1 —a /1 + re

(2.37) Po(r) = 2 (1 - rsl) t3 (1 - rsz)
where — 1 Sa <1, |g|=]|e|=1

As in+:. ‘ed by (2.8) the solution of finding the value given in (1.4) for a given
function F(u,v) becomes one of finding the precise values of the parameters
o, & and g, which m1y possibly depend upon the fixed number r. If we let
z=re? ¢ =expi(¢ + 0), &, = expi(¢ — 0) in (2.37) then (1.20) and (1.21) of
Theorem 1 can replace (2.8) and (2.37), respectively.

3. The Julia variation applied to P(z). Let f(z), f(0)=0, f'(0) =1, map
|z| <1 onto a domain D with boundary C. Let C be mapped into C* by the
mapping w = w + pdw where p is a small real parameter and where pdw is a
shift of each point w of C in a direction normal to C. Let ¥(z), ¥(0) = 0, map
| z| < 1 onto the domain D* bounded by C* The Julia variation formula for the
function y(z) is defined as [9]

{+z owdw
-z 2mil3f' ()2

Dividing by y’(0) to obtain normalization we have

(2 D=1 +p fﬁ [ratti-ra)] |

(3.1 Y2 =f)+ p fﬁ zf'(z ) + o(p).

c

owdw
2mig2 f(0)?
Let f(z) be the starlike function defined by the equations
(3.3) zf'(2) + f(2) = Po(2), f(0)=0, f'(0)=1,
where Py(z) is the extremal function Q(z)/R(z) of (2.34). Denote by ¢ the expression

(3.4 b = s ¥ =IO

Then differentiation in (3.2) yields

] + o(p).

¢+ 4z¢ -
Y2y f()((z g

On dividing (3.2) by (3.5) and letting P5(z) = zf % (z) + f*(z) we have

[zPo(z)C tz, %EZPO(Z)

(35 2fY @D =zf(2) + p§ [ 2f"(Z) ] $dw + o(p).
C

(3.6)  Po(z)=Po(2) + p 43

Cc

] ddw + o(p),
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[ zz(c - Z)PS(Z) L@z =D b

2Py (2) = zPy(2) + p §

AN'Er -2
S 22l + Pof2)
_(f——_i)_"_—] ddw + o(p).
3.8) F(PA(2), 2P (2)) = F(Po(2), zPi(2)) + pD + o(p)
where
(3.9) D= SE M dw,
C

where M denotes
2z(F,Py + ({* + 4Lz — z*)zP{F,

(€ —2)?
22(PoF (¢ + 2)]

M= [g s Z(zPiF, + 2PoF,) +

(-2

Since Re Py(z) =0 on |z| = 1, the corresponding starlike schlicht function f(z)
has radial slits. Using the special variation éw = + i(w — w,) (where the sign
is chosen so ow is directed inward) on one side of a slit from w, to oo, and zero
everywhere else we have a ‘“‘hinging’’ of one of the radial slits at the point w,
of the slit. This device has been used by Hummel [7]. w, is chosen far out along
the slit so that Q(e) is of constant sign on the arc of | z| = 1 which corresponds
to the portion of the radial slit which is varied. ¢dw tends to zero as w goes to
infinity on the slit and is constantly negative. We shall presently show that the
square bracket of the integrand in (3.9), when z = r, has its real part equal to

rQ©)

(3.10) T—rp’ [¢] =1,
and the quantity (3.10) is real and of constant sign by our choice of w,. Since
the integrand in (3.9) is of constant sign for z = r and since also Re D = 0 for
the extremal function Py(z) when z = r it follows that the square bracket in the
integrand in (3.9) must have a negative real part. Since the hinge may be made
on either side of the slit, it follows that Q({) on IC | = 1 is negative near two con-
secutive poles &, &4, of Po(z) on the arc between them. Also since f'(z) =0
at the tip of each radial slit, Q({) must vanish somewhere between ¢, &, and
in fact vanish an even number of times. So Q({) has at least 2m zeros but not
more than 4 and 2m £ 4, m being the number of simple poles of the extremal
function Pgy(z).

There remains then to show that the real part of the square bracket of the
integrand in (3.9), when z = r, has the value given in (3.10). On |{| =1 we have

(3.11) Re Q) = a, + 2Re[aol? + (], ¢ =é".
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Substituting the values of a,, o and «,; from (2.23), (2.24) and (2.25) we obtain
after simplification

ReQ() = (PoF, + PyF, + rPyF,)(1 — r?)(1 — 2rcos 0 + r?)?
— (6r% + 6r*) {PoF, + (PoF,)"}
(3.12) — (3r + 3r3) {PoF, + (PoF,)~}

+(3r* - 3r) {PoF, + (PoF,)"} — 2ReC
where

C = r(PoF,—PoF )2+ 13(PoF, + PoF,)~ - {3+ 2r2P{F L2+ 2r*(PJF,) ™+ {2
(3.13) — PoF,(3r2 + 1){ — (3r* 4+ r*)(PoF.)~ - { — (6r® + 2r)PJF

— (6r® + 2r*)(PoF,)~ L — (1 — 3r})PoF [ — (3r* — r*)(PoF,)~ - L.
On the other hand the square bracket of the integrand in (3.9), when z =r,
{ = €”, has its real part equal to

rRe [(rPgF,, + P4F, + PyF.) (g h ’) 4 2hPot 4tF P

{—r C-r2
2LF, Py + 1)
@19 + 2]
[(rPé’Fv + PoF, + PyF)(1 — r?)E "'+
=rRe E™Y2LF Py — 1)* + 4r{(T — 1)*PyF,} + 28 + r0) (L — r)’PoF.,E-3]

where E=1—2rcosf+r*=|{ —r|?, {=¢" (3.14) can be rewritten in the
form

[ (rPyF, + PyF, + PyF,)(1 — r*)E™
(3.15) rRe | +{2(C=2r + r*)PoF, + (=8> +4r* + 4r))P;F JE~*
|+ 2PoF{(3r® = 31 + B3r’—r*) + (1 = 3r) + r{* — r*{E™3 |

(3.16) (rPyF, + P{F, + PiF,)(1 — r?)(1 — 2rcos 6 + r?)? -
"Rel T 2PoF,{~3r=3r> + 3r* + r*) + (1 + 3r)){—=r{2—r3(%}

+ PoF,{ =127 = 12r* + (127 + 4r5), + (120 + 41T — 414 — 41772}
|+ 2PoF,{3r° = 3r + (3r* — r){ + (1 = 3r){ + r{* - r’(%}

= l—C:’,TReQ(C), {=e®,

from (3.12) and (3.13). Here we use the fact that Re w = Re w,and the knowledge
that (rPoF, + PoF, + PyF,) is real.
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This completes the proof of Theorem 1.

4. Proof of Theorem 2. For the sake of completeness we shall sketch brief-
ly how Theorem 2 follows by the method of proof used in proving Theorem 1.
We shall then give an alternative proof by the method of subordination which
is easier and shorter.

If F(u,v) is replaced by the analytic function F(u), Reu > 0, we have F, =0
in our previous calculations. We have previously noted that in this case the
degrees of each of the polynomials in (2.20) and (2.21) are decreased by 2. For
a minimum Re F(P(r)) we have from Lemma 1, on setting F, = 0, the equation

4.1) L,{F'(Po(r)) - Po(r)} = O,
where

2 3
42) Po(z) = Oo + 032 + A2° + 032

(F' —r2F'y) — 2r(F' = F')z + (r2F' — F')z2

and F' = F'{Py(r)}. Letting Py = P¢(r), we obtain for the coefficients a,, k
= 0, 1, 2, 3 the values

ag = (Po— rPO)F’' + (r3Py + riPy)F’,

ay = {(1+2r¥)Py — 2rPo}F’ — {(2r* + r*)Py + 2rP}F',
4.3) ay = {r*Po— (2r + r*)Po}F’' + {Py + (2r* + r)Py}F",
4y = —2ir? L[ (PhF)=0 by (4.1).

Because of the equation (4.1), «, =a real number and a, = &,. Thus (4.2) becomes
2(2)
R(z)’

where B, = —2r(F’ — F’) = a pure imaginary number, and B, = F’ — r?F".
Applying (3.8) to F(u,v) = F(u), (3.9) becomes for z =r

, (+r 2r{Py(r)F'(P,)
@.5) D= SSC [rPo(r)F (Po) ( r) ¢ LT ]¢dw,

4.4 Py(z) = (‘."zﬂ +ay + 0o z) + (B° + B8, - Bo z) =

rReQ({)
T=rp %

by calculations similar to §3. Thus we conclude that 2m < 2, or m =1 in this
case. Theorem 2 follows immediately.

However, by the theory of subordination each function P(z) is subordinate
to (1 + z)(1 — z)* since Re P(z) > 0 in | z| < 1. Hence

(46) ReD= §
C

1 + w(z)

@D Pe) = 2
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where w(z) is regular and |w(z)| <1 in |z| <1, w(0) = 0. It follows that

(4.8) F(P)=F {: + :} w = w(z).

Consequently F(P(z)) is subordinate to the function F((1 + z)/(1 — z))in | z| < 1,
and consequently in |z|Sr<1. (1. 22) ev1dently follows at once, which com-
pletes the proof of Theorem 2.

5. Proofs of Theorems 3 and 4. Let P(z) e #. We shall apply Theorem 1 to
show that
(5.1) Re {P(z) Q)

P(z)
and that the bound 3™'/2 is sharp. For this special case F(u,0)=u —ou"" in

Theorem 1 and the minimum on | z| = r of the left-hand side of inequality (5.1),
taken over all members P e 2, occurs for an extremal function of the form

1+a(1+ze“’ 1—a 1+ze—‘°)
2 \1 — zei® 2 \1—ze-io)

}g 0 for |z|<37'*=0577,

i¢

(5.2 Py(z) = z =re',

where -1 <1, 0<560<2n 05 ¢ <2n. We must determine the values of
the parameters a, 6, ¢ which minimize the left-hand side of (5.1) on |z|=r
when P(z) = Py(z). We have

zPy(z) _ 2aizsing 14 22

G-3) Po(z) Py(z) ~ 1-—2zcos0+ z2 + 1+ 2aizsinQ — z2°
(54) Re 2aizsing —20r(1 — r?)sin @sin ¢

: 1-2zc0s6 + 22~ (1—r2)2—4r(1—r)2cosO cosd +4r2(cosd — cos$)?’
(5.5) Re 1+ 22 _ (1 = r®)(1 — 2arsinfsin ¢ + r?)

’ 1+ 2aizsind—z2 ~ {2arsin  — (1 + r2)sin §}2 + (1 — r2)? cos2¢’
For r <1,

zPy (2)| o

(5.6) #|Py(z) 7’3(—27} >0

if, and only if,
57 (1—2arsin Osin ¢+ r2) [(1 —r?)?—ar(1 —r)*cos O cos ¢ + 4r¥(cosd—cos ¢)*]
. — 2arsin@sin p[{2arsin 6 — (1 + r?)sin ¢} + (1—r)%cos? ] = 0.

Since (1 — 2arsin@sing + r?) = (1—r)?> > 0 and (1 — r?)? — 4r(1 —r)*cos O cos ¢
2 (1-r)* > 0, we need only consider the inequality (5.7) in the case asin6sin ¢
> 0. Thus asin @ and sin ¢ have the same sign. Since

[(1—r%)? — 4r(1—r)*c6sBcos ¢ + 4r’(cos § — cos $)*]
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is smallest when cos @ and cos ¢ have the same sign, it is evident that we need
consider the inequality (5.7) only for the case

O<axl, 0<6=m/2, 0<d=m/2

We make the substitution

(5.8) 2=r+r122 r=¢-(@*-1"
in (5.7) which becomes

5.9) F =F(6,0,0,¢) =0

where

F = 6% — 2(cosfcos ¢ + asin@sin ¢)a?
+ [(cos O cos ¢ + asin O sin ¢)? — (1 — a?)sin?Osin $] o
(5.10) + (a — &) sin3@sin ¢
= o[o — (cosOcos ¢ + asinfsin )]*> — (1 — a?)sin®Fsin’d o
+ (o — a®)sin3fsin ¢.
F =0 has at least one real root ¢. Let 6 = a(a,0,¢) be the largest real zero of F
for fixed «,6,¢. Let

0o = max O'(d, 0: ¢) = 0'(0‘0, 009 ¢0)'
«,0,¢

If « =1, F has zeros ¢ =0, o = cos(6 — ¢) (a double root). Since o, is known
to be at least 1 we can therefore rule out the possibility « = 1. If ¢ ==n/2, F has
zeros ¢ = asin 0,

c=af2 + -(4—- 3012)“2 sin @

N

whose maximum, occurring for § = n/2, a =372 is ¢ = 2(3)""? > 1. If there
exists a g, > 2(3)” /2 we can assume

O<a<l1, 0<0=mn/2, 0<¢<m/2.
From (5.10) we obtain

(5.11) o =cosfcos ¢ + sin fsin ¢ [a + {(1 —a?) (1 -;‘:ii;‘ 3)) }m] .

For a maximum ¢ we must have from (5.11)

do
(5.12) 0 = 0.
Because of (5.12) when we differentiate ¢ in (5.11) we may treat the o on the

right-hand side of (5.11) as if this ¢ were a constant. We obtain
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(5.13) sin 0cos¢=cos05in¢[a + (M—a®¥? [ 3« sin@ a sin 0!/
— 2 - = — {1l - = =— .
2 ( o sm¢) o smd))
Similarly do/0a = 0 gives us

sin¢  2asing  (1-—3a?)*

(5.14) sin?@ o sin@ 4o2(1—242)

0.

Since o sin ¢/sinf > 0, (5.14) gives

osing
sinf

(5.15) a + 15(1 —a?) (1 —24%)7 12,

Again, do/0¢ = 0 gives

N | PNy PR sin()) mgtsino"”2
(5.16) cosOsmqb—smOcosgb[a+2(1 o) (2 s sing 1 5 snd .

By virtue of the equation (5.15), the equations (5.13) and (5.16) may be rewritten
as the following equations (5.17) and (5.18).
(5.17) sin fcos ¢ = sin ¢ cos O [ + (1 — 2¢%)*/2] 71,

1+ 20(1 — 2a%)!/2
a+ (1 —202)1/2 °

(5.18) sin ¢ cos § = sinfcos ¢

If 6 =n/2 then (5.17) (or (5.18)) gives ¢ = n/2 which leads to ¢ =2(3)" !/
as we have seen before. If 0 <0 < /2, 0 < ¢ < m/2, (5.17) and (5.18) are com-
patible only if

(5.19) [e+(1 =207 - [1+20(1 - 23] [0 + (1 - 2¢%)"%] 7! = 1.
But (5.19) is satisfied only if a = 0. Thus

06 0o OJo
90’ o’ ¢
cannot all vanish if 0<a<1, 0<0<m/2, 0< ¢ <m/2. If 0o/0¢ # O then
max o occurs at ¢ = /2 in which case o, = 2(3) "'/ If do/dx # O the max o
would have to occur at « = 0 or 1, but this case has been ruled out. If da/d6 # 0,
then @ = n/2. In this case if the max o does not occur when ¢ = n/2 then da/d¢
must vanish. Also do/0a must vanish (otherwise a =0 or 1). Thus (5.15) and
(5.18) hold when 8 = =/2. (5.18) then forces ¢ = =/2.
It is seen that if « # 0, (5.15), (5.17) and (5.18) are compatible only when
¢ = 0 = n/2. Hence o, = 2(3)” /2. Then (5.15) gives « = 371/2,
Since F has no zeros o larger than 2(3)”/? and since F is a cubic polynomial
with leading coefficient positive, it follows that F > 0 for ¢ = 2(3)™ /2 with equality
occurring only if 8 = ¢ =n/2, a=3"2 For o =2(3)""/? we have r =372,
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The extremal function (5.2) becomes

143742 (1 + iz) 1-3742 (1— iz)

(5.20) Po(2) = 2 1 —iz 2 1+ iz

and equality holds in (5.1) for P(z) = Py(z), z = 3""/%-i. We may obviously
replace Py(z) by P(—iez), I s] = 1, so that this completes the proof of Theorem 3.

As we pointed out in the introduction Theorem 4 follows from Theorem 3
because of the equation (1.6). The extremal function Fy(z) of (1.26) is obtained
from the solution (subject to normalization) of the equation

zFy(z)
—P‘O(%Z) = - PO(Z)a

where Py(z) is defined by (1.24). Fy(z) maps the unit circle onto a slit domain,
the complex plane minus two rectilinear slits each of length
2[(1 + 0()1+d'(1 _ cx)l—a]l/Z, o= 3—1/2’

and subtending at the origin an angle n(1 — 37 /3),

(5.21)

6. Proof of Theorem 5. In the introduction we made use of the inequality
(1.15) or

isiny zP'(z)
1) Re [cos u+ isin u P(z)

-2r
] > T |z|=r<1.

By Theorem 1 the extremal function, associated with this special case involving
F(u,v) of (1.16), must be of the form (1.21) from which (6.1) may be deduced.
However, the following alternative method of proof is more instructive and
yields at the same time the stronger inequality

sin uzP'(z) | zP'(z) | 2r
6.2) P —oosi| S RePG) STo7w "<
Define the analytic function ¢({) by the equation
63 g = HEEHLEIIZIIO g0 -1, e <1,

’ - 2
COR TOPL i )

Since Re¢({) >0, |{| <1, we have |¢'(0)| < 2.

|zP'(2) | _ |2¢'(0) | 2|z 2r
6.5) Re P(z) _1-—|z|2§1—[z|2_1—r2'

(6.2) follows from (6.5) and is sharp for p = n/2 and
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P(z) =1 +e2)(1 —e2)™, |a| =1.
Theorem 5 results from the inequality (1.14) which follows from (6.2).
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