OPERATIONAL CALCULUS AND THE FINITE PART
OF DIVERGENT INTEGRALS

BY
T. K. BOEHME(!)

1. The use of the finite part of divergent integrals started with A. Cauchy [1;2](2),
who used what he called an ““integrale extraordinaire’ to give a sense to the gamma
function for negative values of the argument. Since that time the notion has been
used and extended by various authors. J. Hadamard [3] extended the concept
to multiple integrals. He and F. Bureau [4] have used the finite part of divergent
integrals as an important tool in solving partial differential equations. Lately
L. Schwartz [5] and M. Lighthill [6] have applied the theory of distributions to
extend the idea of the finite part of divergent integrals.

P. L. Butzer [7] used the operational calculus of J. Mikusinski to study the
finite part of divergent convolution integrals. He has shown an extension in
Mikusiniski’s operational calculus of the integral [§g(t — u)u®du with a« > —1
to FP [6g(t — u)udu with « any real number. This extension, at least in the
case when « is not a negative integer, is a very natural one. It is the work of Butzer
which is followed up in this paper.

In §2 a foundation is laid for what is to follow. The concept of an analytic
operator function, which will be necessary in §3, is introduced and the useful
concept of the logarithm of an operator is discussed.

The operator function [FP f(z, #)] which is associated with the function {f(z, 1)}
is defined in §3, and the relationship of this operator function to

FPftg(t —u)f(z,u)du
(

is discussed when {f(z,f)} and g are such that FP [5g(t — u) f(z, u)du is
defined. It is found that for many functions {f(z,?)} and g, the operator pro-
duct g [FPf(z,t)] reproduces the finite part of the definite integral. The operator
product has the advantage that it exists for all operators g, whereas the finite
part of the divergent integral exists only if g satisfies certain smoothness con-
ditions. Also, the operator product is defined for certain functions {f(z,¢)} for
which the finite part of the divergent integral has not been defined.
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In §4 it is shown how to find the inverse of some of the operators [FPf(z,1)]
and how to utilize these in solving improper integral equations involving the
finite part of divergent convolution integrals on the half-line t = 0. A problem
posed by Butzer is solved. The problem is to solve the singular integral equation

FPftf(t— u) @du =g, t>0.
0

2.1. Let the interval ¢t = 0 be denoted by I. The functions to be considered
in what follows will unless otherwise noted be functions on I to the complex
numbers. With the usual notion of pointwise addition and multiplication by
scalars these functions form a vector space over the field of complex numbers.
The symbols f and {f(#)} will be used to denote an element of this vector space;
the function whose value is one for all ¢ e I will be denoted by h, and the function
whose value is zero for all e will be denoted by 0. f(¢) will denote the value
of the function f at the point . The function |f| is related to the function f by
the definition |f|(f) = |f(#)| for all te I. Greek letters «, B, ¢, - will generally
denote scalars.

If a function is integrable, bounded, absolutely continuous, etc., on every
closed and bounded subinterval of I it will be said to have this property locally.

The space of continuous functions on I will be called C*. If f,, n=1,2, -
are in C* we say f, - f(C*) as n - o if the f, converge uniformly to f on each
compact subinterval of I. The space of locally integrable functions on I will be
called L*. If f,,n=1,2,- are in L* and [§|f(x) — f(x)|dx—0as n - oo for
for each K > 0 we will say f, - f(L*) as n — oo.

We will give a brief survey of the foundations of Mikusinski’s operational
calculus. Most of what is in this section can be found in Mikusinski’s Operational
calculus [8] and also in Erdélyi’s Operational calculus and generalized
Sfunctions [9].

Let f and g be locally integrable. The function defined by

k(t) = Jq f(t —uwg(u)du almostallt=0
0

is called the finite convolution of f and g. It is very well known that the finite
convolution of two locally integrable functions is a locally integrable function,
and the finite convolution of two continuous functions is a continuous function.
The finite convolution defines a multiplication which makes L* and C* into
commutative rings. This multiplication will be denoted by juxtaposition; thus
the above equation will be written k = fg. It is a corollary to a theorem of Titch-
marsh that L* and C* have no divisors of zero. The ring C* can be extended to
a field F, its quotient field, whose elements are of the form a/b, where a, b e C*,
and where b # 0. These elements are called Mikusinski operators or just opera-



348 T. K. BOEHME [February

tors. The ring L* is isomorphically imbedded in F under the mapping f— fc/c
where fe L*, ce C*, and ¢ # 0. The field of complex numbers is isomorphically
imbedded in F by the mapping a« — a1 where 1 is the unit element of F. The
unit element of F will be written as 1; the zero element of F, like the function
{0}, will be written as 0, and in general, operators of the form a1 where « is
a scalar will be denoted merely by a.

DerFINITION 1. Take f,eF, n=1,2,---. Then f,— f(F) as n— oo if and
only if there is a b # 0 in C* such that bf, e C* for n = 1,2, --- and bf, —» bf(C*)
as n— .

The F limit, when it exists, is unique.

f(A) is said to be an operator function if f(4) is a function whose range is in F.
If I' = (— o0, c0) then C(I")C* is the vector space of operator functions f(4), AeI’,
such that f(4) = {f(4,1)} is continuous on I’ x I. If S is a region in the complex
plane then C(S)C* is the vector space of operator functions f(z) = {f(z,)}
which are continuous on S x I. Convergence in C(I')C* and C(S)C* means
uniform convergence on compact subsets. There are corresponding spaces C(I")F
and C(S)F of operator functions. If f(1) (or f(z)) is such that there is a nonzero
ain C*and af (1) e C(I")C* (C(S)C*) then f(A) (f(2)) is said to be in C(I')F (C(S)F).
A sequence f, (1) in C(I)F converges to f(1) as n — oo if there is a nonzero a in
C* such that af,(1) e C(I')C* for each n and this sequence converges in C(I)C*
to af(2) as n— oo. Convergence of a sequence f,(z) in C(S)F is defined in an
analogous manner.

If f(2) is in C(I')F and there is a nonzero a in C* such that af(4) is not only
in C(I')C* but the (6/04) {af(4,1)} exists and is continuous on I’ x I then f(4)
is said to be in C,(I')F.If there is anonzero a € C*and af(z) is not only in C(S)C*
but for each t 2 0, af(z,t) is analytic and (8/dz) {af(z, 1)} is in C(S)C* we shall
say that f(z) is in A(S)F.

DErFINITION 2. Let f(4) be in C,(I')F and suppose that a # 0 is an element
of C* such that af (1) e C(I")C*. We define

10 =5 5 (o).

The derivative f'(z) of an element of A(S)F is defined in analogy to Definition 2.
DEFINITION 3. Let I’ be a bounded subinterval of E'. Suppose the operator

function f() to be in C(I')F. Let the scalar function ¢(1) be integrable over I'.

If a # 0 is such that af(4) is in C(I")C* the integral of ¢(A)f(4) is defined by

[ owsonar =L [ otrar o).

If f(z) e C(S)F where S is an open region in the complex plane and J is a recti-
fiable curve contained in S, the line integral over J is defined by
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[f(z)dz = clz{f af(z, t)dz}
vJ J
where a # 0 is such that af(z) e C(S)C*.

Let the scalar function ¢(4) be locally integrable and let the operator function
f(2) be in C(0 £ 4 < )F. The integral of f(4)¢(4) on the infinite interval [0, o)
is defined by

9] ~T
f F(A)p()da =Tlim fA)d(A)da
0 — o Jo

when the limit on the right exists. The limit on the right hand side is taken in the
sense of Definition 1.

The values of the integrals defined above and the derivative defined in De-
finition 2 do not depend on which particular element a is chosen to make af(1)
a continuous function.

DErFINITION 4. Suppose a<0<p, f(A)eCi[o,B]F, f(0)=1, weF, and
(d/dA)f(%) = wf(2) for all Ae (e, B). In such a case w is said to be a logarithm on
[, 8] and f(2) = ¢** on [a, f].

It is known [9, p. 68] that an operator w which is a logarithm on an interval
a <A< B is in fact a logarithm on each finite interval [«;, ;] where a; < S,
o < B, and the extension for f(4) from [«, f] to (— oo, ) is unique.

Every function in L* is a logarithm. An example of a logarithm which is not
a function is the operator s = 1/h. The operator e ~* is a shift operator when
1>0.Ifg=e"%f,1>0,theng(t) =01t < A, g(t) = f(t — 1) when t > .

The operators of Mikusinski are closely related to the Laplace transform.
The relationship between the Laplace transform and that subspace of F which
consists of all operators of the form s"a, where a € C*, a(t) = 0(¢*") as t » o0 and
n and k are positive numbers, has been investigated by J. D. Weston (see [10]
and [117). The following theorem of Mikusiriski suggests the existence of some
relationship.

THEOREM 1. Let f be locally integrable, then,

a0
| e ran = 1.
]

Proof. J. Mikusinski [8, pp. 337 and 377]. This theorem will be extended
later to the case in which the integral exists only as a ‘“finite part.”

2.2. If an operator w can be expressed as the quotient of two real, continuous
functions it is said to be a real operator. If w = e/fis a real operator where e, fe C*
then e and f have a common factor c € F such that a = e/c and b =f/c¢ are real
elements of C*. Thus any expression of a real operator in terms of elements of
C* is, except for common factors in the numerator and denominator, in terms
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of real functions. Every element we F has a unique decomposition w; + w, i
where w, and w, are real. The real operators form a subfield of F.
The following Lemma is due to Mikusinski [8, p. 192].

LeMMA 1. Let F(1) = €* and F(1) = 1 then a = 2nki where k is an integer.

Although some operators are called logarithms they are not said to be the
logarithm of something. However, the preceding Lemma allows us to make
the following definition.

DEFINITION 5. Let w be a real logarithm and suppose e* = a, then w is called
the logarithm of a (i.e., Ina = w).

In this case the operator function e*” is alternatively denoted by a*. It is seen
by Lemma 1 that the logarithm of an operator, if it exists, is uniquely defined.
If o is a positive scalar the operator In(x- 1) = (Ina) - 1 where 1 is the unit element
of F and In« is the principal value of the logarithm of a- In (« - 1) will be written
as just Ina. The logarithm obeys most of the rules expected of a function with
this name. The following statements are easily proved by referring to Definition 5.

LemMMA 2.

(i) Ina + Inb =Inab,

(ii) a>0;Ina + Inae = Inaa,

(iii) o real; Ina® = alna,

(iv) Inl/a = —Ina.

Statements (i) and (ii) are true in the sense that if any two of the quantities
involved exist the third quantity exists and is given by the formula shown.
Statements (iii) and (iv) are true in the sense that if one side of the equation
exists the other does and is given by the formula shown. Thus the function
given by f(a)=Ina is an isomorphism between the multiplicative group of
operators which have logarithms and the additive group of real loga-
rithms.

If A is real then h* = e*¢3+©) [12], where C =.577--- is Euler’s constant.
Thus, Inh = s{lnt} + C = s{lnyt} where y = eC. By Lemma 2 we also have
Ins = —s{lnyt} and {Int} = —(Inys)/s. Of course many operators have loga-
rithms. The following theorem yields a large class of functions which have
logarithms.

LEMMA 3. On each compact subinterval of A> —1 the quantities C,,
and (0/04) C, , converge uniformly to zero as n— oo.

Proof.
Ir(A+1) sin(n — A)TA+1D)I'(n—2)
I'n+1DT(A—n+1) I'(n+1) )

C).,n =

Stirling’s formula shows C, , - 0 uniformly on each compact subset of 1> —1.
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To see that (0/04) C; , tends to zero uniformly differentiate the right hand side
of the above equation and use the fact that I''(n — 1)/T(n — 1) = 1n|n -]
+ 0 (1/n).

LEMMA 4. IfaelLl* and o, n = 1,2,---, is a uniformly bounded sequence of
complex numbers, then Z,, 1¢,a" is convergent (L*). In particular h Z —1,a"
is convergent C¥*.

Proof. The first statement is proved in [13]. The second statement follows
immediately from the first statement.

LemmA 5. If A > —1 then

a n 1)m+1
6,1 E= ———Cip-mfor n=1,2,..-.

Proof. This is clearly true for n=1. The general case follows by induc-
tion.

THEOREM 2. If ae L* is real then

© n+1
W= E (_1) a"
n=1 n

is a logarithm and In(1 + a) = w.

Proof. For A> —1 let f(1) = Z,, (,C,1 »a". Then f(0) = 1. Let g(4) = haf(2).
By Lemmas 3 and 4 the series g(A) = h X, 0Cyna""! can be differentiated term
by term and the result converges in C(4 > — 1)C* to g'(4). Thus f(A) e C,(A> —1)F;
moreover, by Lemmas 3 and 4 term by term multiplication of the series for w
and the series for g(4) is justified. Rearranging the terms and using Lemma 5 it
is seen that wg(A) = whaf(2) = g'(A) = haf’(4) and thus wf(1) = f'(2) so that w
is a logarithm and f(1) = e*”. Since f(1) = 1 + a we have In(1 + a) = w.

CoROLLARY 1. If fis locally absolutely continuous and f(0) = o >0 then
In f exists.

Proof. In fact, f=ah+ { [of (u)du} =ah + f'h=oah(l + (f'/a)) sothatln f
=In(1+(f/0))+Inh+Ina.

It is not necessary that f(¢) be positive for every or almost every ¢t = 0 in order
for f to possess a (real) logarithm. For example

Inost) = Ik + In(t ~ {sin)) = sfinye} + & 2,
n=1
2.3. We now introduce analytic operator functions.

DEFINITION 6. Let S be an open region in the complex plane. f(z) is said to be
an analytic operator function on S if f(z) is in A(z)F.
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Thus f(z) = h® is an analytic operator function on each half-plane Rez > a,
a real. The operator function I'(z)h” is analytic on each such half-plane if the non-
negative integers are deleted.

Analytic operator functions have many of the properties of analytic functions;
thus

THEOREM 3. Let f(z) be an analytic operator function on S. Then

(@) if f(z) =0 on a set which has an accumulation point in S, f(z) =0
everywhere on S,

(ii) if J is a simple, closed, rectifiable curve in S and z is in the bounded
region enclosed by J then

» i
f™a) = 21:1 (C z)"+1

(iii) if K(zo,p) ={z| |z — 20| <P} =S then for zeK(z,,p) we have

o ["(z0)
o - £ 1t

(z = zo)"

The series is convergent (F) to f(z).

Proof. The proofs follow directly from the analogous theorems in complex
variables. For example, to prove (ii) it is noted that for a # 0 and af(z) = {g(z,t)}
in A(S)C* we have for each tel

()
M az ( H = 2n1f({ z)n+1 .

Since z is not on J and {g(z, 1)} is continuous on S x I, equation (1) shows that
(0"/ 02" g(z,1) is continuous at each point of S x I, that is, g(z) is in C(S)C*.
Thus

@  10-iHEeen) - T |

and by definition this is

n[ SO
2 ), Tyt

It is seen from equation (2) that an analytic operator function has the property
that if af (z) is in A(S)C* then the same function a is such that af ™(z) is in A(S)C*
for all positive integers n.

In fact Theorem 3 (iii), characterizes analytic operator functions. That is, if
f.€F, n=1,2,..-, are such that if X (f,/n!")(z; — z,)" is convergent (F) then
the operator function f(2) = Xy (f,/n!)(z — zo)" is analytic on |z=2z0| < |21 —20]-
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If f(2) is analytic in a region which includes the origin and f(1) = ¢** when
z = J is real the power series expansion,

converges for sufficiently small A. It is not true that every exponential e**
is the restriction to the real axis of an analytic operator function.

ExaMPLE. For
0 if A>t

* —is _
aeCs, ae {a(t—l) ifA<t.

If f(2) = {f(4,1)} is the restriction of an analytic operator function then f(4,t,)
must be the restriction of an analytic function. In order for

_ 0, A>ty
fto) = {a(to -, A<t

to be the restriction to the real axis of an analytic function it is necessary that
a(ty — A) =0 for all 1 < t,. Since this must be true for all ¢, = 0 we have a = 0.
Thus there is no nonzero a e C* for which ae™* € A(S)C* and thus e™* is not
in A(S)F for any region S which intersects the axis of reals.

THEOREM 4. Suppose that w is a real operator and that both w and iw are
logarithms. Then & =e**™" s gnalytic in every bounded region of the
complex plane.

Proof. First we show that e*” is real for real A. Let f;(1) and f,(4) be the real
and imaginary parts of ¢**. Take a e C* to be a nonzero real function such that
ae™ = af,(A) + iaf,(A)eC,(—N £ A < N)C* for some positive N. Then af;(1)
+ iaf}(A) = wae* = awf, () + iawf,(4) on (— N,N) so that both af{(1) = awf,(4)
and af}(A) = awf,(4) on (— N,N). Thus f,(4) = f,(0)e*” and f,(1) = £>(0)e*™. Since
£,(0) = £(0) = 1 and £,(0) = 0 it follows that e*” is real for all real A.

If " = g,(u) = ig,(u) where g,(1) and g,(p) are real it can be seen in a sim-
ilar manner that gi(u) = — wg,(1) and g5(u) = wg,(1). Moreover, let a be a non-
zero real function such that both ae®” and ae'*” are in C,;(—N,N)C* for N > 0.
By use of the above two differential equations it is seen that ae™ satisfies the
Cauchy-Riemann equations in the rectangle —N< Rez < N, —N <Imz< N for
each ¢t = 0. Thus, by definition, ¢°”is an analytic operator function in this region,
and since such an a can be found for every positive N, ¢** is an analytic operator
function in every bounded region of the z plane.

Theorem 4 together with the last example confirms the well-known fact that
the operator is is not a logarithm.

3.1. Theorem 3 shows the possibility of analytic continuation of analytic operator
functions.
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DerINITION 7. Let S; and S, be nonempty regions in the complex plane and
let S, = S,. If f,(z) is an analytic operator function on S, and f,(z) is an analytic
operator function on S, such that

f1(2) = £2(2)

whenever z € S,, f,(z) is said to be the analytic continuation of f,(z) to S,.

We will use analytic continuation in order to define the finite part of some
operator functions.

DEerINITION 8. Let S; and S, be nonempty regions in the complex plane such
that S, S;. Suppose that g(z) € A(S,)C* and {g(z, 1)} is continuous on S, x (0,0);
moreover, for ¢t > 0, g(z,t) is analytic on S,. If f(z) € A(S,)F is an analytic ex-
tension of g(z) as an operator function to all of S, then f(z) is said to be the
finite part of {g(z,t)} arising from S,. This is written

[FPg(z,0)] = f(2).

It is clear from the uniqueness of analytic continuation that the finite part of
{g(z, 1)} arising from a given region is unique.

An example of a function whose finite part can be defined is {g(z,1)} = {t*/T(z+1)}
where S, ={z|Re z > 0}. For each positive ¢ the function {f(z, )} = {t/T'(z + 1)}
is analytic in the entire z plane and the operator function f(z) = h**! is equal
on S, to {g(z,t)}. Since h* is an analytic operator function in every half-plane
Re z > —n, Definition 8 gives

in any half-plane Re z > —n.

It should be noted that a particular nonintegrable function {k(t)}, for example
{k(t)} = {t "¥?/T(—1/2)}, does not define a unique operator [FPk(#)] having the
property that [FPf(z,1)],-,, = [FPk(t)] whenever f(z,,?) = k(t) for all positive ¢.
For example

t ©+1/2 1
=p- 12
[FP T+ D e+ 32 ],=m 1
and
[FP__t_z__] = p~l2.
Tz + 1) f,=32 ’
however

r(ztz+ 1) r(t; i 11//22) L_m N { rz_—sf/z)} N {r(zt:r 1) },=~m'

Thus when speaking of the finite part of a particular function care must be used
to show how it was calculated. In spite of this the notation [FPf(,#)] will fre-
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quently be used in place of the more cumbersome [FPf(z,¢)],-, when there is
no possibility of confusion. In particular [FPt*] and [ FP#/I'(z + 1)] will be those
analytic operator functions arrived at by using the right half-plane for S,.
DEFINITION 9. Let n be a positive integer and suppose that 0 < f < 1.
(i) Let « = —n — B and let the integrable function f be n times differentiable
at the point . The quantities I,(f,f) and FP [of(t — u)u®du are defined by the
equation

3) I(f,t) = FPff(t —wudu = hm ( ff(t — uw)udu + Q(e) )

where Q(¢) is that unique linear combination of Ine and negative powers of ;
which causes the limit on the right hand side to exist.
(i) Let the function m possess n derivatives each continuous on [0, ¢]. Then
for some continuous function g
5 m(k)(o) n-k

mu) = u"g(u) + Z

on [0,¢]. The quantity FP [ f(¢ — u) (m(u)/ u,z)du is defined by the equation
FPff(t— u) m(u)d —flf(t —u) g( )d + i:l (h)(O)FP ' f(t—u)du
k=0

unts un—k+s

whenever f is such that the integrals on the right exist.
Definition 8 does not yield a value for the operator function [FPt*] when

z = —n. In analogy to what has been done by Hadamard the value of the operator
[FPf]at z = —n will be defined by means of residues. The operator function [ FPt*]
has a simple pole at z = —n and the residue at z = —n is given by

lim (z + n)[FPf*] = Res [FPf]

z==n z=-n
where the limit is taken in the sense of convergence in F. It is seen that

_— (_l)n—l h "
ZEC_S" [Fpt] = -—1_,(';-)-— .

The operators [FP#*], - _, will now be defined by the equation

e
z R H t2 z=—n[FPt_z:_|
@ [FPF].. oy = fim ( [FPF] - ==22i20d).
Evaluating this limit gives
_1\yn—1
FPt™" = (—%—s"{lnt + Vo1 m=1,2,--

where y,=0 and y,.,=1+1/2+4 - +1/(n—1) when n> 1. The operator
function [FP#*] as defined by Definition 8 and Equation 4 is the same as that
arrived at by Butzer although he utilized quite different considerations.
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The following Lemma is well known. See for instance [4].

LEMMA 6. Suppose p = —n—f, n is a positive integer, 0 < < 1,t> 0, and
f possesses n derivatives at the point t. Then
@ if B#0

! ey, T+l 4" f* -
FPJ;f(t—u)u du = Ta=p) d—ﬂ‘JOf(t—u)u Pdu,

(i) if =0

t - B (_l)n—l dn t
FPJ;f(t —wu "du = o) Wfof(t —u)(y,—1 + Inu)du.

In certain cases an operator which is not a function can be said to be equal
to a function on a particular subinterval of [0, c«o]. For the following definition
see Erdélyi [9, Appendix], or Mikusinski [8, Part VI, Chapter III].

DErFINITION 10. Let there be an n such that h"fe C*. Suppose that g = h"f is
n times differentiable on the open interval (a, b). Then the operator f is said to
be equal on (a, b) to g™. This is written

f®O=9g"@#  on (a,b).

Thus [FP#*]=¢* on (0, c0) in the above sense and if m has a sufficient number of
derivatives on I then [FP m(t)/1*]=m(t)/¢ on (0, o). If f is differentiable a sufficient
number of times so that FP [, f(t —u)u®du exists for each ¢ on (0, co) then this is
equal in the sense of the above definition to [FP#*]f(¢) on (0, o). This is an exer-
cise in [9, p. 133] when « # —n, but it follows for any « from the above definition
and the preceding lemma. That this can be extended to [FP m(t)/t*] is clear from
the definitions. Thus

THEOREM 5. Let o =n +  where n is a positive integer and 0 < f < 1. Let
m have n derivatives each of which is in C*. Suppose m(0) # 0. Then if the locally
integrable function f is n times differentiable on (0, )

FP J"f(t —u) Mdu = k™ (1) t>0
0

ua

where k is a locally integrable function. The operator
-

g(®) = k™)  on (0, 0)

7| rp 2

is such that

in the sense of Definition 10.
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That the finite part [FPf(z, )] arising from S, is unique is clear; however, that
the operator function in A(S;)C* which gives rise to the finite part must be com-
pletely stated including its domain of definition S, isseen by the following fact.
We can have functions f;(z) and f,(z) which are in A(S;)C* and A(S,)C* re-
spectively, where S, and S, are disjoint regions both contained in a region S,,
and such that f,(z) and f,(z) have different analytic continuations to all of S; as
operator functions; however, for each t > 0 f,(z,7) and f,(z,t) have the same
analytic continuation to all of S;. In this case it is clear that statement of the do-
main is necessary. An example is

_22/4'2

fil = \/Tizt?)e |argz| < n/4,

A |argz| > 3n/4.

1

fi(2) = \/(Tt-")e
Clearly, for each ¢t > 0 these functions have the same analytic continuation to
the entire complex plane. In [8, Chapter VIII] it is shown that both /s and i\/s
are logarithms and by Theorem 4 we know that e™*'* = ¢™*¥ ¢ ™%¥* is an analytic
operator function in every bounded region of the complex plane; thus, e *¥/z is
an analytic operator function in every bounded region of the complex plane which
does not include the origin. It is known [8, pp. 221-222] that

e ™ _ e ™V _ { 1 —x2/4t2}

z X \/(nt3)e

when z = x > 0. Since f,(z) is equal to e *¥%/z for an infinite number of z (all
positive z) we know by Theorem 3 (i), that f,(z) = e”*¥/z in the entire region
|argz| < n/4. Since this is an analytic operator function in any bounded region
not including the origin we have that the finite part of {e”**/4"/./(nt?)} arising
from |argz| <n/4 is

r —2z2/412 Patas
| H)\/(nﬁ) ] T2
On the other hand the finite part arising from |argz| > 3n/4 is
r —22/412 zys
e
RN CD) T

If [FPf(z,1)] is of a particular type, namely if [FPf(z,f)] = s"g(z) on S,
where g(z) € A(S,)C*, it is not necessary to specify the domain S, from which
the finite part arises. This follows from

THEOREM 6. Let S, and S, be regions in the complex plane, S, > S,. If
f(2)e A(S )C*, g(z) = A(S,)C* and suppose that the finite part of {f(z,1)}
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arising from S, is [FPf(z,1)] = s"g(z) on S,. Then for each t > 0,(d"/0t" )g(z, 1)
exists and

a—atwg(z, 1) = f(z,t)  for z€eS,.

Proof. Suppose that n = 1. The case for general n follows by induction. When
n =1 we have

t
g(z,1) = [f(z,u)du, zeS,y, tel.
Y0
For t >¢ >0, [;f(z,u)du is analytic in S, and the derivative with respect to ¢t is
f(z,1). Now g(z,t) and [;f(z,u)du differ only by a constant then on S,. Thus
g(z,t) possesses a derivative with respect to ¢ when t > 0 and this derivative is
equal to f(z,1).
In particular if [FPf(z,t)] =s"g(z) in S, is the finite part of f(z,t) arising
from S, = S, then the finite part arising from any region S; < S, is also s"g(z).
Definition 3 tells how to form the integral with respect to a parameter of an
operator function. In order to get an analogue of Theorem 1 in the case of divergent
integrals we need the following definition.
DEFINITION 11. Suppose f(4) € C,[0, u]F. Take a nonzero element a in C* such
that af(1) e C,[0,u]JC*. The integral FP [§(f(4)/A*)dA where a=n+f, n21
is an integer, and 0 < B < 1 is defined by

o fA , 1 af (4, 1)
I*Poladl—t—l!FPf - dl}

If the limit in the sense of convergence in F exists as u — oo then

Fwaf()) d\ =lim FPf”f(l)dA

>

The improper integral FP [§(af(4,)/A%)dA exists and is in C* so that the defi-
nition makes sense. Moreover, the integral is independent of the function a so long
as a has the properties required of it in the definition. The transformation T(f(4))
= FP [§(f(1)/A%)dA is a linear transformation on C,[0,u]F.

THEOREM 7. Let o =n + f where n 2 1 is an integer and 0 £ B < 1. Suppose
that m®e C* for k=0,1,---,n; then

FPJ;me"‘%gf—)dl = [FP"'tff) ]

Proof. Let {m(t)} = h. Suppose = 0. Then

- - +1
e s uhn-!-le As S"

n+1 —_
FP . " ——dil=5 FPJ\0 T di = l"(n+1)I(u)
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where

I(u,1) = FP f e A7
0

da when u<t,

I(u,f) = FP J C—D"0  when uzt.
Thus,

n—1 ( 1)" s
I([l, t) = ( l) ntint +¢ 2 —-k———l——c"’k, M g t
k=2

which after some computation is seen to be
I )= (=)""n(tnt — t + 7y, ), tsp
so that I(u) e C* for each u > 0 and I(x) » (—1)""'nh{ln t + y,_,} (F)

© e-ls (_ l)n—l "
FPJ; '—l';—d}» = —r(—n)—s {ll‘l t+ '}’,,._1}
which proves the theorem in the case m = h, f = 0.
When m = h, B # 0 the proof is similar. Since
md) _ g "5 m™0)

—_ k—a
== &t I T A

where {g,(1)/t} is locally integrable. Theorem 1 together with the special case of
Theorem 7 just proved shows that

FPIwe'“m—A(f')dl - ‘f_’ﬁ} ) (k(o)[FPt" “

* i

and this is the statement of Theorem 7.
3.2. We give a short table of some operator functions which are finite parts.

TABLE OF FINITE PARTS OF FUNCTIONS

{f(z, 1)} [FPf(z,1)] Region of
Validity
t z—-1 .
Sy ’ all -
2. {} I(z + DA**! z # —1, —
-n (_l)n l" zZ = —n,
{t7"} Ty —{In t+y,_,} n = 12,
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3. {flnt} W(z + 1) + s{lnyt}) [FP¢*] z # —1,=2,--
{t""Int} (y, + s{lnt}) [FP"] z=n
n=12
Jo(?) (=
« 5 O

Ly Y [EPe*~*]

~o0 22"(11 1)2 Re (2n1 - Z) > -3

—z2/4t —zys
5. {,{T/ﬁeﬁ, —— arising from |argz| < n/4 z#0
=0 _1+1+...+ 1 when n>1
Yo = L, Yn-1= 2 n — 1 =
y = €, C = .577---is Euler’s constant.
_ T
Y(z) = T

All of the entries in the table except number 3 have already been discussed.
Entry 4 is an example of the more general [FPm(t)/#*]. A direct application of
Definition 9 gives entry 3 for z not a negative integer and for the negative integers
the entry is determined by residues.

4.1. The inverses of several of the operators which represent finite parts have
been found by Butzer [7]. If « = —n—pf, 0 < B <1 and n is a positive integer
the operator

(€ [FPe]™"

hn +p—-1
T T+ 1)
is a locally integrable function. The inverse of [FP ¢~ ']=s{Int} is [ *™Y/y*T' (1) du
which is also a locally integrable function. For n =1
u—1
LA
(u)ats-
where y,_; = ye and for n > 1 these functions are loccally absolutely con-
tinuous. These facts enable one to find the inverse of [FP m()/1].

(6) [FPt"']"=(—1)""F(n){ fw u } L on = 1,2,
0

ynl

LEMMA 7. Suppose m® e C* when k =0,1,---,n > 1 is an integer,a = n +
where 0< B< 1. Suppose that at least one of the quantities m*® (0), k=0,1,---,n—1
is not zero. Then [FPm(t)/t*]™* is a locally integrable function.

Proof. Let k, be the first integer such that m*'X(0) % 0. From §3.2 we know
that
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() " m¥(0) -a

where g,e C*. Let

-1 )
1= (o + T "0 [reen) e
and Sht )
_ m(k)(o)
B=—%1

Then fe C* and B # 0 is a scalar. We have

m@) 171 _ [FPf ]!
[FP T ] R Y
The inverse of f+ f is
1 [e o) R f ”_1 (o] (_l)n n
p IO (5) =5+ L G

Since fe C* the last sum is likewise in C*. Thus,

m(t)]_l 1 ky—ay—1 -a —1( - (‘D”f”)
FP = -[FPf*~*]7! + [FP#! Xz
[ = B [ 1 [ ] k=1 Bt
is locally integrable since it is the sum of a locally integrabie function and a con-
tinuous function.

It can now be seen how to use operators in order to solve singular integral
equations.

THEOREM 8. Let o = —n — f8, where 0SB <1, and n is a positive in-
teger. A necessary and sufficient condition that there exist a function f such that

@) FP ff(t — wu’du = g(1) all t>0
0

is that both of the following conditions be satisfied:

(i) g is the nth derivation on (0,0) of a function k which is locally in-
tegrable;

(i) the operator s"k[FP#]™! is a locally integrable function which is n
times differentiable at each point of the interval (0, c0).

If conditions (i) and (ii) are satisfied all of the solutions to Equation (7)
are given by

(8) f=fn+/s
where
fi®) = G"k[FPLF]™H)(®  on (0,)

and f, is any function such that
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) Sol) = (0 + o35 + -+ + ;" H[FPE]™ () on (0, )

where the a’s are complex numbers. The functions are equal to the operators
in the sense of Definition 10.

Proof. First we show that the set of all solutions to the homogeneous equation

t
FPf fG—wudu=0 allt>0
0

is given by Equation (9).
Let f be a solution to the homogeneous equation. By Lemma 9 the operator
SfL[FPt*] is zero on the interval (0, o) and thus it is a polynomial in s. We have

rote ( $ad)

forsome integer p. f must be at least locally integrable in order that FP [§ f(¢—u)u®du
exist according to Definition 9. If f is locally integrable it must be that
p < n—1. Thus every solution to the homogeneous equation must be of the
form given in Equation (9).

From Equations (5) and (6) it is seen that the operator specified in Equation (9)
is indeed a locally integrable function which is infinitely differentiable for each
positive 2. Thus FP [¢fo(t — u)u’du is defined by Definition 9 for each positive t.
The operator fo[ FPt*] = X5~ ' ;s is equal to zero on (0, ) in the sense of De-
finition 10. Thus by Theorem 5

t
FPf folt — )u®du =0 all t>0.
1]

Thus we have proved that the set of all solutions to the homogeneous equation
is given by Equation (9). Let f be any solution to Equation (7). A function f is
then a solution to Equation (7) if and only if f = f + f, where f, is a solution
to the homogeneous equation. Thus, if there is one solution we can find all the
solutions. We will now show that conditions (i) and (ii) together are necessary
and sufficient conditions in order that there exist one solution to Equation (7).

Suppose that (i) and (ii) are satisfied. Let f, = s"k[FPt*]~!. Since f, is n times
differentiable the integral FP j{, f1(t — w)udu exists for each t > 0. Define g, by

t
FPJ f1(t — wudu = g,(1) all t>0.
0

Since
fl [FPta] = Snk,

it is seen by Theorem S that s"k(t) = g,(t) on (0, o0) in the sense of Definition 10.
But 5"k(t) = g(t) on (0, ) so that

g(t) = g,(t) all 1> 0.
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Thus f, is a solution to Equation (7).

On the other hand if Equation (7) has a solution, Theorem 5 shows that (i)
is satisfied, that is g(f) = k™(t) for each t > 0 for some locally integrable function
k; thus solution fis such that

f[FP£] = g,
for some operator g, and

g9:(8) = k(1)
on (0, o) in the sense of Definition 10. Thus

e = K2

at each point of (0, ). Solving this differential equation we get

i‘a,,_,h’.
Thus -r,,: 1
g, = s"k+ X o,  h*"
and !
g, [FPE] ™" — sk [FPE] ™ = f— sk [FP]"! (): as)[FPt’]'

f satisfies Equation (8) and the right hand side of the above equation satisfies
the homogeneous equation, thus the operator s"k [FP¢*]~! satisfies condition (ii)
and Equation (7). This completes the proof of the theorem.

These same methods may be used to solve singular convolution equations
where the convolution involves m(f)/(t"*#) rather than 1/("*#). The fact that the
operator [FP m(f)/t*] can be expressed in terms of the operators [FP#*~*] by
the representation

[FP"’(')] T (0)[FPt" “
k=0

allows us to state a lemma analogous to Lemmas 7 and 8 but involving [FP m(f)/t*]
rather than [FPt*].

THEOREM 9. Let a =n + B, n positive integer, 0 < B < 1. Let m be a con-
tinuous function on I with n continuous derivatives. Suppose m(0) # 0. A neces-
sary and sufficient condition that there exist a solution f to the equation.

FPff(t u) ()du = g(1) all t>0

is that both of the following conditions be satisfied
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(i) g is the nth derivative on (0,00) of a locally integrable function k;

(ii) the operator s"k [FPm(t)/t*]™ " is a locally integrable function which is
n times differentiable on (0, ).

Every solution is of the form

f=h+h
where f,(t) = (s"k [FP m(t)/t*]*)(t) on (0, ) and f, is a solution to the homo-
geneous equation

mO 4~ 0 all t>0,

[m—w
The proof is essentially the same as the proof of Theorem 8 and will not be
given again.
By Lemma 7 [FPm(t)/t*]™" is locally integrable and if it is n times differentiable
on (0, ) there will be nonzero solutions to the homogeneous equation. The
functions f = ag [FP m(#)/t*]”" with o a complex number are such that

7|22 - w

and the operator o, is equal to zero on (0, o) in the sense of Definition 10. Thus

Theorem 5 these functions satisfy the homogeneous equation. The dimension

of the vector space of solutions to the homogeneous equation is dependent on

the order to which m’ vanishes at the origin. As we have seen when m = h
(i.e., m'(0),---,m®™"(0) = 0) the dimension is n.

4.2 The results discussed in the preceding section will be applied in this section
to solve the particular singular integral equation

FPf'f(t-u) J°£“)du

=g all t>0.

Here J, is the Bessel function of the first kind and of order zero.
The operator r = (s> 4+ 1)/2 is defined by the power series expansion of
s? + 1)'/2, and from Mikusinski [8, p. 456] it is known that

(r—s)™ —{2—" Jz,,(t)} n=1,2,-

where J,, is the Bessel function of order 2n. In the remainder of this section we
shall use the symbol r to denote (s> + 1)*/? and the symbol p to denote (z* + 1)*/2
where z is a complex number. If a is a locally integrable function which has a
Laplace transform we shall denote its Laplace transform, [ e™*a(f) dt, by a(z).

THeoreM 10. (i) [FP Jo(8)/t] = In2(r — s5)/y.
(i) Let a be the locally integrable function [FPJy(t)/t]"'. We have
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d(z) = .——1—_
In-(p — z
" (p-2)
when Re z > 0.

Proof. (i) It is shown in Erdélyi [14, p. 26] that

T +2 3 T = 1.
n=1

) (2

--% HEaxY

n t

Thus
2
20340 |

1

_ 0 (r . s)2n
T n§1 n

and the series is convergent (C*) since (r — s)*> € C*. Thus

{Jo(t)— 1

. } =In(l - (r—s)®) = In2s(r — ).

Now

[FP J°—(t)] - {"———0(’)t_ 1} + [FPe 1]

t
= In2s(r—s)—Inys

= ln—2- (r—s)
which proves (i). y
W _ FPJO(t) -t b= Jo(t) — 1
- o)
and

c=[FPt '] '= { fwf:—;% du} .

o

From the proof of Lemma 7 we know that

e
T 1+4ch

The function ¢ possesses a Laplace transform (Erdélyi [ 14, p. 251, Equation (11)]);
thus if the sum on the right (which represents a continuous function) is expo-
nentially bounded, a possesses a Laplace transform. We will first show this sum
to be exponentially bounded.

a

=c+ec E (—1)" (cb)".
n=1
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Since | Jo(t) | < 1 for all t and b e C* there is a constant B such that | b|(f) < B
for all ¢t = 0. Since c¢(z) is positive for t > 0

|eb| () = Bfo'c(c)dé=3 U f() - dude.

The integral [§° (u — 1)/T'(u)y" du converges uniformly on each interval 0 < & < ¢
so that

[ e o O R S,

This is a well known function w(t/y), and from Erdélyi [14, p. 219]

t R
osv|{—) = ———duSe”’, t > 0.
(v) J:,I“(u)r‘ =

Thus
|eb|(®) < Be'l?, t>0

and
>°51 |eb|"0) < 5;51 r(";; 4~ BB

Thus the function a possesses a Laplace transform.
In order to evaluate d(z) we note that Jy(z) = 1/p and the Laplace transform

of {Jo(t) — 1} is 1/p — 1/z. Since b = {(Jo(t) — 1)/ 1}

® 1 1 2z
J; \/——(u2+ 1)—;du=lnz+p .
Thus the transform of h[FP(Jo(t)/t)] =hb + {Int} is

p Jo®) 1,, .22 Ilyz_ 1,2 "
h[ ]()— In lny(p z).

b(z) =

Now

and we have
1
a(z) = —=————, Rez>0
® = wae-2m
which proves (ii).
A more explicit representation of [FPJ()/t]”! can be obtained from the in-
version formula for Laplace transforms. To get convergence of the integral which

occurs we will use the representation for h* [FPJ(#)/t]™*. Thus
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Jo(?) _1_ d (., JoH] 7t
[ - (e [ ) Jo

3 {Ei_ —1—- f c +iw ezt dZ
T e 2ri)]  z2InQ(p — 2)/7)

€ — 10

whenever ¢ > 0.
We already know that a necessary and sufficient condition that the equation

(10) FPff(t—u)Jou—(y)du —g() allt>0
0

possess a solution is that both the following conditions hold: (i) there is a locally
integrable function k which is differentiable on (0, c0) and is such that k'(t) = g(¢)
for all ¢ > 0, and (ii) s[FPJy(t)/f] "'k is locally integrable and differentiable on
(0, ).

COROLLARY 2. Let the conditions (i) and (ii) hold. Let k be as specified in (i),
let ¢>0 and

2 c+io zt
d 1f e dz all t> 0.

o0 =37 3 2@ -2/
A necessary and sufficient condition that f be a solution to Equation (10)
is that for some complex number o,

f() = (ak)'(®) + apa(t) all t>0.

Proof. Since [FPJy(t)/t]™' = {a(#)} it follows from Theorem 9 that f(z)
satisfies Equation (10). It only remains to show that the solutions to the homo-
geneous equation form a vector space of exactly one dimension. The function

1

¢ = [ = D/t + (PP 1]

is the sum of a locally integrable function [FPt~']~" and an infinite series which
represents a continuous function. Since [FPt™']™' = [§((#*~")/T(w)y*) du is
discontinuous at the origin, s a is not a function for any n = 1, and the only
solutions to the homogeneous equation are scalar multiples of a.
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