SOME MULTIPLICATIVE PROPERTIES
OF COMPLETE IDEALS(Y)

BY
H. T. MUHLY AND M. SAKUMA(Q?)

1. Let L be a noetherian domain that is integrally closed in its quotient
field F. To each ideal A of L is assigned an ideal A,, the integral closure or comple-
tion of A, that consists of all elements x e L for which an equation of the form,
X"+ a,;x"" 14 o +a,=0, g;eA’, holds. If Q is the set of all valuations v of F
such that the associated valuation ring R, contains L, then A4, coincides with the
ideal 4, = {x; v(x) 2 v(4), YveQ}, [2; 3]. An ideal 4 is said to be complete if
A = A, and the set of all complete ideals is denoted by I'(L). If 4 and B belong
to I'(L), the product AB may not belong to I'(L), but the completion of the pro-
duct (AB), does. Hence a binary composition ‘‘x*’ is defined on I'(L) by the
condition, 4 X B = (AB),. Under this composition I'(L) is a commutative semi-
group with an identity in which the cancellation law holds [2].

In case L is a two dimensional regular local ring, Zariski has shown [4, Appen-
dix 5] that (I'(L), x) is a Gaussian semigroup, and that the composition X is
ordinary product. In this paper we study the case in which L is a two dimensional
normal local domain which is subject to conditions less stringent than regularity.
(See §2 below.) It is shown that modulo a simple equivalence relation the semi-
group (I'o(L), x) is Gaussian, where I'y(L) is the subset of I'(L) that consists of
primary ideals belonging to the maximal ideal of L. However (I'g(L), x) is not
Gaussian in an absolute sense for in simple examples it is seen that the maximal
ideal M of L is an irreducible element of (I'(L), x) that is not ‘‘prime.”’ (Here
we are using the semigroup terminology of Jacobson [1, Chapter IV].)

Our methods are direct extensions of those of Zariski. In case L is regular, the
form ring associated with L and the sequence of powers of the maximal ideal M
is a polynomial ring over a field and Zariski’s arguments are based in part on the
fact that such a ring is a unique factorization domain. In our case the form ring is
an integrally closed noetherian domain, and we obtain results analogous to
Zariski’s by using the Artin theory of factorization in the sense of ‘‘quasi-equality’’
that is valid in such domains.

2. Let (L, M) be an integrally closed local domain of dimension two and assume
that L has an infinite residue field k. Let u,u,,---,u, be a fixed minimal basis
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of the maximal ideal M, and let R = k[X,, X,, -+, X, ] where the X; are indeter-
minates. Denote by N the ideal in R generated by forms f(X)(}) of degree ¢ that
are such that f(u)e M***. If o = R/N = k[x;,X,, -, X,], then p is the form ring
of L and has transcendence degree 2 over k. Since N is homogeneous it defines a
variety in the projective space P,_,(k), which is in this case an algebraic curve.
Our considerations in this paper will be based largely on the following two
assumptions:

(1) o is an integrally closed domain so that the variety V defined by N is
irreducible and arithmetically normal,

(2) the linear system cut out on V by the hyperplanes of its ambient space is
nonspecial.

The fact that o is a domain implies that the pseudo-valuation v,, defined by the
sequence of powers of M can be extended to a valuation of F. We shall follow
the terminology of Zariski and speak of the v)-value of an element or ideal of L as
the order of the element or ideal. We denote by Q, that subset of Q that consists
of valuations v distinct from vy, that are such that R, (the valuation ring of v)
dominates L. (That is, M, "L = M, where M, is the maximal ideal of R,.) Let
N* be the ideal generated by all forms f(X) of degree ¢ such that v(f(u)) > tv(M)
for all ve Q,. It is easy to verify that N* = Rad N, and since (1) implies that N is
prime we have N* = N. Since v, is a valuation it follows that if u is an element
of order one then M*: uL = M'~*for all ¢t > 1. Moreover, the ring

L,= L[uy/u, uy/u,---,u,/u]

is integrally closed in F. In fact, if 0 is integral over L, then 0 satisfies an
equation, 0"+ a,0'"' + .- + a,=0, a;eL,. If d; is the degree of g, as a
polynomial in u,/u,---,u,/u and if e is an integer such that ei = d; for all i,
then u®a;e M® and u°0 e (M®),. Since M® is a valuation ideal it is complete so
that it follows that e L,. It is to be noted that if M, is a maximal ideal in L,
such that M, N L = M, then L,/M,, is algebraic over k. In fact, the field L,/M, is
generated over k (as a polynomial ring) by the M, -residues of the quotients
uy/u uy/u, - u,/u. (See [6].)

Our second assumption implies that if f(x) and g(x) are homogeneous elements
of p of degree r and s respectively such that the ideal of+pg is irrelevant, then the
ideal of + og contains all homogeneous elements of o of degree not less than
r + s. In fact, if ¢( A, 1) denotes the k-dimension of the space of forms of degree ¢
in A, then when (f,§) is irrelevant, ¢((f,8),1) = (of,0) + #(0g,1) — d(0(f3),?)
in view of the fact that o is integrally closed. Since all multiples of the system of

() If f(X) € L[X1, X2,**, X,] we shall use the notation f (X) to denote the element of
R obtained from f by taking its coefficients modulo M. Similarly, if f (X) is a given element
of R (or if f (x) is a given element of R/N) then f(X) will denote a representative polynomial
for f (X) or for f (x) with coefficients in L. This convention will be used throughout the paper
without further mention.
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hyperplane sections on V are complete and nonspecial, a simple application of
the Riemann-Roch theorem yields the desired result.

3. If M, is a maximal ideal of the ring L, = L[u,/uy,---,u,/u;] such that
M, NL=M,and if ¢;(i=2,3,-,n) is the residue of u;/u; modulo M, then c;
is algebraic over k and the point C = (1,¢,, -+, c,) belongs to V. Indeed, if /(X) is
a form of degree ¢ that belongs to N then f(u)e M** ™. Hence f(1,u,/uy, -, u,/u;)
belongs to ML, = M,, which shows that f(l, c,, ---, ¢,) =0. Moreover, if
p is the prime ideal in k[x,/x,, -, x,/x,] determined by point C, and if

f;(xZ/xla ""xn/xl)’ ""f:(xZ/xla ""xn/xl)

is a basis for p, a straightforward computation shows that the ideal ML,
+ L, fi(-+-yuy/ugy ) + +++ + Ly fi(-++,u;/uy, ) is equal to M,. Conversely, if C
=(1,¢,,+,c,) is any point of V¥ that is algebraic over k (here we have assumed
¢, # 0 and normalized) and if (hy(-++,X;/Xy, ), ==, Bs (-++,X;/X4,--)) is the non-
homogeneous prime ideal determined by C, then ML, + Z,-Llh,-(m,u,-/ul,m) is
a maximal ideal in L, that lies over M. In particular, if v € Q,, and if
v(uy) £ v(u), i =2,3,--,n then L, is a subring of the valuation ring R, and
M, NL, is a maximal ideal M, of L; such that M;NL=M. In fact, since
u,L, is the center of vy in L, it is prime, so that if M, is not maximal in L,
then M, =u,L,. This shows that R, contains the quotient ring of L; at
u,L,, and since this latter ring is a maximal subring of F it follows that R,
coincides with it and v = v,,. This contradicts the fact that veQ,. The point C
of V that is associated with this ideal M, will be called the focus of v on the va-
riety V. Some properties of the foci of valuations are described in the following
lemmas . All of the ideas here are adaptations of some of those expounded in [5].

For any element 6 of L of order ¢ there is a form 0(X) € R of degree ¢ such that
6 — 0 (u)e M**!, and any two such forms are congruent modulo N. Hence
the element 6,(x) of o is uniquely determined by 6. This element is called the
leading form of 6.

LemMA 3.1. If 0 is of order t, v € Q is such that v(u,) =_v(M), and C =
(1,¢5, -+, ¢,) is the focus of v, then v () > v(M") if and only if 6(1,¢;,-+,¢c,) = 0.

Proof. Clear.

COROLLARY. If x; is not contained in the homogeneous prime ideal p of o corre-
ponding to the focal point C of v (veQy), then L;= L[u,/u;, -, u,/u;] is a sub-
ring of R,.

LEMMA 3.2. The set S, = {0; ord 0 =t, v(6) = v(M")} is multiplicatively closed
or each veQ,.

Proof. Since vy, is a valuation, the order of a product is the sum of the orders
of the factors, and from this the lemma follows immediately.
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LeMMA 3.3. The set Z={x/y; ord x 2 ordy, yeS,} is a local ring which
dominates L. In fact, if u is an element of order one in L such that v(u) = v(M)
then L, = Z and Z is a quotient ring of L, at a maximal ideal M, such that
M,NL=M.

Proof. If u satisfies the conditions of the lemma then L, = Z < R, where R,
is the valuation ring of v. If M, is the center of vjin L,, then M, "L =M, and
M, is maximal since v 5 v),,. Hence we need only observe that the quotient ring
of L, at M, coincides with Z, and this is straightforward, g.e.d.

The local ring Z is called the first quadratic transform of L in the direction of v.
In view of the above lemmas it is clear that if two valuations of Q, have the same
focal point C then they determine, the same quadratic transform. Indeed all
valuations which dominate Z have the same focal point. For this reason we say
that Z is the quadratic transform corresponding to the focal point C, and we
denote it by L'(C) or by L(p), where p is the ideal of C in o.

LeEMMA 3.4. Under assumption (1) of §2, the local ring L'(C) is a two-dimen-
sional regular local ring.

Proof. We use the same notation as above. Since V is normal, C is a simple
point of V. If p is the ideal of C in k [x,/xy,---,X,/X,], then there is an element
h(x,/x1, -, %,/%,) €D, h¢ p>. We assert that the two elements u, and

h(ua/uyg, s uq/uy)

together form a basis for the maximal ideal M’ in L'(C). In fact, let f(u,/u,,--, u,/u,)
be an element of M’. Then f(x,/x;,"+,X,/%,) is an element of the field of func-
tions T on V which vanishes at C and is therefore a local multiple of the uniform-
izing parameter at C. We therefore have,

F(xa/% 153 X0/%1) = B(X2/X 15+ X0/ X1) M

V(s Xy)

where ¢ and ¥ are forms of the same degree p in 0 and  does not vanish at C. Let

s=degf, t=degh, g(x;, %) =x} f(x3/%X1, - X/%1), and oy, -+, X,)
= x h(x,/x, -+, Xn/%,). The form

xtl'-/-/(xl’ '”,xn)g-(xla --~,x,,) - xlsgo(xl’ "”xn) q;(xla ---,x,,)

vanishes, so that utllp(ul, 0y un)g(ub"’sun) - uslgo(uls “tty un)¢(ula Tty “n)
= F(uy,---,u,), where F is a form of degree 1 + s + p + 1 with coefficients in L.
We thus have

V) W) _ goluy -t 9W) | Fluy, - uu,

4 H t I +s+t+1
uf us uf uf uf
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Each of the elements y(u)/uf, ¢(u)/uf and F(u)/uf*****!is an element of L'(C)
and since ¥ does not vanish at C, y(u)/uf is a unit in L'(C). It thus follows that
u, and h(u,/u,,---,u,/u,) generate M’'. Since u,L is a prime ideal, and since
go(xy, -+, x,) is not zero, go(uy, --+, u,) is of order t and hence vy, (h(u,/uy, -+, u,/u,))
= 0.Thus h(u,/u,,---,u,/u,) does not belong to u;L so that dim L' = 2. Since M’
has a basis of two elements, our lemma follows, q.e.d.

4. Let A be an ideal of L, assume that 4 is of order r and that 8V, 82, ..., §©®
is a base of A. For at least one i the order of %) is r and ord 8 > r for all j.
Let 89(x) be zero if ord 02 > r and let 6Y)(x) be the leading form of 6 if
ord 89=r. These elements generate a homogeneous ideal ¢(A4) in o which will
be called the characteristic ideal of A. It is clear that if € A then either ord 60 > r
and ,(x) is zero by definition or else ord 6 = r and 6,(x) is a linear combination
of 01(x), 8P(x), -+, 0%)(x) with coefficients in k. Since ¢(A4) is homogeneous, it is
quasi-equal (in symbols: ~) to a power product of homogeneous prime ideals of
o or else ¢(A) is irrelevant. If ¢(4) ~ p]'p% ---p,’ the prime ideals p; are called the
directional ideals of A, and the points C; of V defined by the ideals p; will be called
the directional foci of A.

LemMA 4.1. Let A be an M-primary ideal of order r in L and let veQ,.
If p is the prime ideal in o that corresponds to the focal point C of v, and if
v(A) > v(M"), then p> ¢(A) so that ¢(A) is not irrelevant and p is a directional
ideal of A.

Proof. This follows from Lemma 3.1.

COROLLARY. If A is a complete ideal of L such that ¢(A) is irrelevant then
A = M'", where r is the order of A.

Proof. Since 4 and M" are complete, and 4 = M’ the stipulation that 4 # M"
implies that there is a valuation v such that v(A4) > v(M"). Since it can be assumed
that v € Q,, the assertion follows, g.e.d.

LemMa 4.2. If A and B are ideals of L then ¢((AB) = ¢«(A) " «(B).

Proof. Clear.

If Aisan ideal of order r and L'(C) is the quadratic transform of L correspond-
ing to focal point C, then M"L'(C) = u{L(C), and u{L(C) L= M", so that
AL(C) = uA’, where A’ is an ideal of L'(C). This ideal A’ will be called the local
quadratic transform of A under the extension L — L'(C).

LEMMA 4.3. Let A be a complete M-primary ideal in L of order r, and let p°
be the highest power of p, the ideal of C, that occurs in the quasi-factorization of
¢(A) into a product of prime ideals. Then: (a) The order r' of the transform A’
of A is not greater then o, but is positive if ¢ is positive. In particular, A’ = L'(C)
if and only if «(A) £ p. (b) IfA’ # L'(C) then A’ is primary for M'.
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Proof. Use the same notations as in §3. There must exist an element 0 in 4
such that 6,(x) ep°, 6,(x)¢p°*". Hence as in the proof of Lemma 3.4, 6,(x)/x}
= h(x,/%1, s %,/%1) F(x)/G(x),where F(x) and G(x) are forms of like degree
p, neither F nor G is divisible by p, and A(x,/x,,-++,x,/X,) is a uniformizing para-
meter at p. It follows that

(4'1) “T r(ula "':un)G(ul’ ""un) - “;go(uv ) u,,)”F(ul, "t un) = H(ula ) u,,),

where H is a form of degree to + r + p + 1 with coefficients in L, and since an
equation like 4.1 with 6,(u,,--,u,) replaced by 6 and H(u,,---,u,) replaced by a
similar form H, is also valid, we have

0 a
ap = s/ /)

F(u) H,(u)
+ ul G(u)utld+r+l :

The element 6/uf belongs to A’, and since F(u)/G(u) is a unit in L'(C), 6/u] does
not belong to M'°*!, Hence we have r’ < ¢. Similarly, if ¢ > 0 then each element
of A" isin M’ so that ' > 0. Since high powers of go(u,,--+,u,) and u, belong to 4
it follows that high powers of go/u; = h(u,/uy,...,u,/u,) and u, belong to A’.
Hence A’ is primary for M’ if A’ # L'(C), q.e.d.

If «(A) = p7'p7*--- Py’ is a quasi-factorization of the homogeneous ideal o(4),
then ¢((4) =p{N - NpP”Nais a primary decomposition of ¢(4). Here
p‘@ stands for the symbolic eth power of P, and a is an irrevelant ideal. Let y(A)
=p{*PN - Npl, so that (4) < y(4) and y(4) = (c(4)), = (c(4)™ )" A set
of forms @, ¢,, -, ¢, of degree s(<r) in o is called a quasi-basis for ¢(4) in
case ((A)< Log; < y(A).

LeEMMA 4.4. (a) For any ideal A of L, «(A,) < (c(4)), and y(4,) = y(4). (b) If
A = M'B where t is an integer =0, then «(4) < «(B) and y(A) = y(B).

Proof. We note first that 4 and A, have the same order r. If 6 is an element
of A, with a nonzero leading form 6,(x), then an equation expressing the integral
dependence of 6 upon A becomes an equation that exhibits the integral depen-
dence of 6,(x) upon ¢(A) if each coefficient is replaced by its leading form. Hence
¢(4,) € ((4)),- Now (c(A4)), = (¢(4), < ((c(A4)),), = (¢c(A)),, in view of the fact
that for any p-ideal a, a,, = a,. Hence y(4,) = y(A4). Since ¢((M'B) = ¢«(M")-¢(B)
and since ¢(M") is irrelevant it follows that y(A4) = y(B), and the inclusion ¢(A4)
< «(B) is clear, q.e.d.

PROPOSITION 4.5. If A is a complete M-primary ideal of L and if ¢«(A) has a
quasi-basis of forms of degree s <r (= ord A), then there is a complete M-
primary ideal B such that A = M""°B. If «(A) has no quasi-basis of forms of
degree less than r, then A does not admit M as a factor.

Proof. We fix a form d(x) of degree s in y(A4) and write 0d(x) ~ ¢(4)-a. Fix
an element « of order r in A such that the leading form a,(x) is such that oa,(x)
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~ ¢(4)- b, where ¢(4) + b and a + b are both irrelevant. Select a form b(x) of
degree, say t, from the ideal b such that pd + ob is irrelevant. The product
d(x)b(x) must then admit &,(x) as a factor; say d(x)b(x) = «,(x)é(x), where &(x)
is a form of degree p =s + t — r. We then have c(u)ae M’4, and the leading
form of c(u)a is d(x)b(x). We define two sequences of polynomials {P,(x)} and
{0«(x)} inductively, in such a way that the conditions

P(u) = a(u) (mod M**1), Q,(u) = b(u) (mod M'*?),
c(u)ax — P(u)Qy(u) e M**'+i+ Y

hold for all values of i. To do this we take Po(u) = a(u), Qo(u) = b(u). If we
assume that P; and §; have been defined for a given i, we can express the
leading form of c(u)x — P(u)Q;(u) as a linear combination A,,;, (x)d(x) +
B, ,;+1(x)b(x). This follows from the fact that 0d + 0b is irrelevant in view of the
assumption in §2. If Py, ()= Py(u) + Byy;4,(u) and Q4 1(u)=Qi(u) + A;y4;41(w),
it is easily seen that P;,; and Q,, , satisfy (*) with i replaced by i + 1.

Since c(u)axe M’ A it follows (since A is M-primary) that if i is sufficiently large
P (u)Qu)e M’A. Let B be the complete M-primary ideal A : M"™°. We assert
that if i is large then P,(u) € B. To see this let v € Q,, and assume first that v(Q,(u))
= vo(M"). Then since v(P;) + v(Q;) = v(M”) + v(A),we have v(P;) + v(M" ™) Z v(4).
If on the other hand v(Q,) > v(M"), then by Lemma 3.1 b(x) must belong to the
ideal p of the focal point C of v. If this is so, then d(x)¢p so that p D c(4).
Hence in this case v(A4) = v(M"), and v(P;) = v(M®), so that again v(P;) + v(M" ™)
= v(A). Since A is complete and v is an arbitrary element of Q,, P(u)M"™° < A4, so
that P,e B. Thus if ¢,(x), -+, §,(x) is a quasi-basis of ¢(4) consisting of forms of
degree s, then there exist elements By, B,, B, in B such that B (x) = ¢;(x),
i=1,2,---,h

Let 0 be an element of A, and assume first that ord 8 = r. Then ,(x) € c(4)
so that 8,(x)= X.G(x)p,(x), where G(x) is a form of degree r —s. Let 6* =6
— Gy(u)B, — -+ — Gy(u)B,. It is clear that 6* €4 and 6}(x) = G,(x)¢,(x). Select a
form G(x) of degree r — s such that G — G, and ¢, together generate an irrel-
evant ideal in . Let 8, = 6* — G(u)B,. Then 0, € A and

0:(x) = (G,(x) = G(x)$1().

By the same argument as used above we can construct sequences of polynomials
{p{u)} and {g(u)} such that

PiW) = $,(w) (mod M**Y), /() = Gy(u) — G(u) (mod M"™**1)
6, — (W) e M

*

**

If i is large we have M"***'< BM"™* so that 6, — p,q;e€ M"~°B. By an argument
similar to the one above we find p,(u) € B and therefore 8, e M"~°B. This shows
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that e M"™°B also. If ord @ > r, fix 6, € 4 so that ord 8, = r. Then both 6, and
0+ 0, belong to M"*B so that 0e M""°B,and A = M"~°B.

If A admits M as a factor, say A = MC, then the order of C is r — 1 and a basis
for ¢(C) consisting of forms of degree r—1 would be a quasi-basis for ¢(A4). This
proves the last assertion, q.e.d.

COROLLARY 1. If B is a complete M-primary ideal then M'B is complete when
t is sufficiently large.

Proof. Let A = (M'B),. Then y(A4) = y(M'B) = y(B), and if t is large, ¢(A4)
< o«(B) = y(A). In fact, ¢«(B) =y(B) Ni=yp(M'B) Ni=7y(4) Ni, where i is an
irrelevant ideal. Now if ¢ is large ¢(M‘) 1, and since ¢(4) < ¢(M") it follows that
¢(A) < «(B) as asserted. Thus A is of degree ¢ + r and ¢(A4) has a quasi-basis con-
sisting of forms of degree r, where r is ord B. Hence 4 = M“*” "B ,where B,
is a complete ideal. Since v(B) = v(B,) for all v€Q, it follows that B = B,, q.e.d.

COROLLARY 2. A4 sufficient condition that M'B be complete for all values of t
is that «(B) = y(B).

Proof. Under the present hypothesis the irrelevant ideal i above will not occur,
so that in the proof of Corollary 1 no restriction need be placed on ¢, q.e.d.

5. If u is an element of order one and A is an ideal of order r in L, then the
extended ideal AL, is of the form u"A’ where A’ is an ideal of L, that is not
contained in uL,. The ideal A’ is called the transform of 4 and will be denoted
by T,(4).

LemMMA 5.1. If A is a complete M-primary ideal in L then T,( A) is a complete
ideal of L,.

Proof. Let 6 be an element of L, that depends integrally on A’, 6' + a,0'~*
+ - +a,=0, with a;e A" If we multiply by u™ we find (u"0)' + u"a,(u"6)' "’
+ -+ + u"a, = 0, so that the coefficients u"'a; are elements of (AL,)’. Hence there
is an integer s such that u"a, = X(w;;/u’)x;, with w;eL, ord w; = s, and
o;;€ A" Thus if u"a, = w,/u’, then w,e M*A4’. It is clear, that we can take s arbi-
trarily large here. Now we have (u"**0)' + w,(u"**0)' "' + - + u™ w, = 0, and
u"Sw,e (M*A)". If s is large enough to ensure that M°4 is complete we have
u"**0 e M°A, and hence fe A4’, q.e.d.

LeEMMA 5.2. If A and B are complete M-primary ideals of L then T(A x B)
= T,(A) x T(B).

Proof. Assume that A and B are of orders r and s respectively and that A4’
= T,(A), B’ = T,(B). Since A x B=(AB), it follows that the order of 4 x B is
r + s, so that if T(A4 x B) is the complete ideal C’ we have (4 x B)L, = u"*°C’".
On the other hand, (AB)L, = u"**A’B’, and clearly 4'B’< C’. If v is any valua-
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tion such that R, > L, then v(AB) = v(4 x B) so that also v(A'B’) =v(C’). 1t
follows that C’ is the completion of A’B’, q.e.d.

If A is M-primary then M' — A for some integer . It follows that u’~" e T,(4)
so that u e Rad T,(4). On the other hand T,(A) ¢ uL, so that Rad T,(4) ¢ uL,.
Since uL, is prime it follows that if T,(A) is not the unit ideal then Rad T, (A4) is
an intersection of maximal prime ideals M, M,,---, M, of L, each of which lies
over M. A valuation v; such that R,, o L, and M,, N L, = M; must belong to the
set Q, and v(T,(A)) > 0 so that v(A4) > v(M"). By Lemma 4.1 the focus of v;
defines a prime ideal p; of o such that p; > y(A4). The quotient ring of L, at M; is
the ring L'(p;) introduced in §3, and it is clear that T, (A)L'(p;) is precisely the
local quadratic transform of A described at the beginning of §4. On the other hand,
if p is any prime ideal of p(A) and if the leading form #(x) of u does not belong
to p, then L, = L'(p) and the center of L'(p) in L, is a maximal ideal M,, of L, that
contains Rad T,(A4) in view of Lemma 4.3. These remarks can be summarized as
follows.

PROPOSITION 5.3. If the leading form i(x) does not belong to any prime ideal
of y(A) then there is a 1 : 1 correspondence between the prime ideals of y(A) and
the maximal ideals of L, that divide Rad T,(A). Moreover, T, (A) is an inter-
section of zero-dimensional primary complete ideals of L,.

PROPOSITION 5.4. Under the same hypothesis as Proposition 5.3, u"T,(A) NL=A.

Proof. Let B=u'T,(A) NL,so that BL, = u"T,(A4) and thus BL, = AL,, and
A < B. If veQ, then either v(A4) = v(M") £ v(B), or v(A4) > v(M"). In the latter
case the focus of v is at a prime ideal of y(A4) and v € Q,. Hence L, < R, so that in
this case also v(B) = v(A), and since A is complete B < 4, q.e.d.

6. We now consider the case in which a zero-dimensional complete ideal
A’ of L, is given and we look for ideals A in L such that T,(A4) = A".

PROPOSITION 6.1. If A’ is a zero-dimensional ideal of L, such that ue Rad 4’,
then there exist integers f such that u’ A’ is the extension of an ideal of L.
If e is the least such integer, let A;=u®*'A’NL. Then A; is an M-primary
ideal of order e + i, and A,L, = u***A’ so that for all i, T(A;) = A’. Moreover,
if A’ is complete so is A;.

Proof. Each element of A’ is a polynomial in the ratios u,/u with coefficients
in L. If f is an integer that is not less than the maximum of the degrees of the
elements of a basis of A’, then f will satisfy the requirements of the first assertion
of the proposition. Since u € Rad A’ there is an integer ¢ such that u’e A’, and then
utetL ALcutt A’ L= A; Thus M'***' < 4, so that A; is M-primary.
Since 4; < u®*’L, N L we have 4; < M**". Since u*** A’ is an extended ideal it is
the extension of its contraction with L, so that u*'4’ = A,L,. Thus 4, & M****!
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since A" ¢ uL,. Hence the order of 4;is e + i and T,(4;) = A’. If A’is complete
so also are u°*'4’ and 4,, q.e.d.

LEMMA 6.2. If Ay, Ay,--- is the sequence of ideals introduced above, then for
all non-negative integers i and j we have M7A, S A;y;, M4, < M7 4,,,.
Moreover, there is an integer iy such that y(A;, ) = y(4) if i 2 i,.

Proof. Since (M’A4)L, =u**"*74’, it follows that M74; < 4,,,, and by in-
duction on j, M7 4; = MP™* 4, ;. Now «(4;+,) 2 (M A4,)) = (M) - ¢(A,), and since
¢(M) is irrelevant it follows that y(4;, ;) 2 y(4,). The existence of i, follows since
o is noetherian, q.e.d.

LemMA 6.3. Ify(4) =p§¥) N - NpCowhen i=1i,, then i¢p;, where i(x)
is the leading form of u.

Proof. Since u is of order one, #(x) is a linear form in x,, x5, ---,x,. Since k is
infinite there is a second linear form w(x) such that the ideal oi + ow is irrele-
vant. Let Rad 4" = M; "M, N--- "M, where M, is a maximal ideal of L, such
that M; "L = M. Since L,/M; is algebraic over k there is a polynomial g(X)
in k[X] such that g,(w/u) e M;. Hence there is a polynomial g(X) in L[X] with
leading coefficient a unit in L such that g(w/u)e A’. If t = deg g(X) let p be an
integer such that pt=e+ iy, say pt=e+f, f=i,. Then u”g?(w/u)eu*’a’
N L =A,. Since u”g”(w/u) is a form ¢(w,u) of degree pt in A, it follows that
the corresponding form ¢(#,) is an element of ¢(4,) and hence of y(4,). Thus
we have ¢(w,@)ep;, i =1,2,--+,g, and the coefficient of w* is not zero. Hence-
it e p; implies W e p;and this is not possible since p; is a relevant prime ideal, g.e.d.

LeMMA 6.4. If i 2o, then (M'4), = A;s )

Proof. If veQ and v(M’4;) > o(M®***9) then veQ, and the focal point of v
is at one of the ideals p; in view of Lemma 4.1. It follows that R, = L,. The same
remarks hold if v(4;,;) > v(M®***/). For such valuations v we have v(M’4,)
= (L, M'A) = v(L,A;4;) = v(A4;+ ), and for all other ve Q, v(M’4;) = v(M****)
= v(4;+), so that the lemma follows from the fact that 4,, ; is complete, q.e.d.

Two complete M-primary ideals of L will be said to be M-equivalent (in sym-
bols 4 ~ B) in case non-negative integers i and j exist such that (M'4), = (M’B),.
(In view of the cancellation law of Krull [2], one of i and j can be assumed to be
zero.) The relation thus defined is obviously an equivalence relation, and we
denote the class of ideal 4 by A*. In view of Lemma 6.4 we have A*= A}, for
all i = iy, so that with the zero-dimensional complete ideal 4’ of L, we can
associate the class A¥ (i = i,). The class will be called the inverse transform of A’
and denoted by S,(A"). Since it is clear from the definition of T, that if A ~ B
then T,(A) = T,(B), we can regard T, as a function T,* defined on the set of
classes A*. Moreover, if A ~ B, then y(A) = y(B) so that we can regard the ideal
7(A) as a character of the class A*, and denote it by y(A*).
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PROPOSITION 6.5. If A’ is a zero-dimensional complete ideal of L, such that
ucRad A’, then TS, (A') = A'. If A* is a class of M-primary complete ideals
such that y(A¥) : oii = y(A*), then S, T)(A*) = A*.

Proof. The first point is clear. To prove the second point let AeA* and let
T(A)=A'. If A is of order r, then by Proposition 5.4 we find u"A' "L = A.
Since y(A): oéi = y(A), the argument of Lemma 6.4 will show that for i >0,
u"t'A’ N L = (M'A),, so that A belongs to the class S,(4"), q.e.d.

7. 1f A~ Band C ~ D then 4 x C ~ B x D, so that if I'* is the set of equiva-
lence classes of M-primary ideals then a binary composition is defined on I'* by
the rule A*oB* = (A4 x B)*. Under this composition I'* is a commutative semi-
group with identity in which the cancellation law holds. In view of Lemma 5.2,
we have T.*(A* o B¥) = T¥(A*) x T}(B*). It should be noted at this point that
since the quotient ring of L, at any maximal ideal M, that lies over M is a two-
dimensional regular local ring, Zariski’s results [4] apply, and hence T.*(A*)
x T,(B*) = T} (A")T'(BY).

ProPOSITION 7.1. IfA’ and B’ are complete zero-dimensional ideals of L, such
that ue RadA’ and ueRadB’, then S (A'B’) =S, (A")S/(B’).

Proof. We fix ideals 4 and B in L such that S, (4’) = A* and S(B’) = B*.
Then S,(A4")>S,(B’) = (4 x B)*. Since y(4 x B) ~ y(A4)-y(B), and since #(x) does
not belong to any prime ideal of y(A4) or of y(B), it follows that #(x) does not
belong to any prime ideal of y(4 x B). Hence by Proposition 6.5, S,T,*((4 x B)*)
= (A x B)*, and since T,*((4 x B)*) = A'B’, our result is established, q.e.d.

PROPOSITION 7.2. If A is a complete M-primary ideal of L such that A* is an
irreducible element of the semigroup (I'*,°) and if u is an element of degree
one such that y(A¥) : oit = y(A*), then T, (A*) is an irreducible element of the
semigroup of complete L,-ideals.

Proof. Let T)Y(A*) = A’, and assume that A’ is reducible, say A’'= B'C’".
Since ueRadA’, it follows that ue Rad B’ and ue RadC’, and B’ and C’ are
zero-dimensional complete ideals. By Proposition 7.1 we have S, (B'C’) = S,(B’)
0S,(C"), so that A* = S(B')~S,(C’). Since A* is irreducible either S,(B’) or
S,(C’) is a unit, so that there is an ideal D in L such that say D* S, (C’) = M*.
Hence if E is an ideal of the class S,(C’), there exist integers i and j such that
(M'DE), = M’. 1t follows that both ¢(D) and ¢(E) are irrelevant ideals so that
D and E are powers of M. In particular, C'=T,(E) = L,, and this is a contra-
diction, g.e.d.

PROPOSITION 7.3. If A* is an irreducible element of (I'*,0) it is also a prime
element.
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Proof. Assume that E*o F* = A*o B* and pick u so that #(x) is not in any
prime of y(E*), y(F*), y(A*), y(B*). If E’, F’, A’, B’ are the T,*-transforms of E*,
F*, A*, and B* then E'F’' = A'B’. Each of these ideals is zero-dimensional and
A’ is irreducible by Proposition 7.2. Hence A’ must be primary for some maximal
ideal M’, and since the quotient ring of L, at M’ is a regular two-dimensional
local ring we can apply the results of [4] to conclude that A’ is a prime element
of the multiplicative semigroup of complete L,-ideals. Hence either E' =A'C’
or F' = A'D’. If say the former is true, then E* = 4*. S, (C’), q.e.d.

In view of the fact that (I'*, ) obviously satisfies the divisor chain condition,
this proves that (I'*, o) is gaussian. In closing we note that if k is a field, z2= x>
+ y?,and (L, M) is the quotient ring of k[x, y, z] at the origin, then (x, y — z, M?)
x (%, y+ z,M¥)= M x (x, M?), while M is not a factor of either of the first two
ideals. Thus even in this simple case, the irreducible ideal M is not a prime element
of the semigroup (T, x ).
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