DARBOUX PROPERTY
FOR FUNCTIONS OF SEVERAL VARIABLES

BY
C. J. NEUGEBAUER(!)

Introduction. Let E, be the n-dimensional Euclidean space. A function f:
E, —E, is said to have the Darboux property if for a < b and u between f(a),
f(b) there is te(a,b) satisfying f(f) = u. There are several important classes of
functions which possess the Darboux property : approximately continuous functions
and ordinary or approximate derivatives. The purpose of this paper is to extend
these results to E, by introducing a Darboux notion for E, with the view of
obtaining the following propositions: (1) approximately continuous functions on
E,, (2) derivatives of certain interval functions, and (3) partial derivatives (approxi-
mate or ordinary) of linearly continuous functions possess the Darboux property.

The Darboux property of a function on E, is equivalent with the notion of a
connected mapping. The problem then is to define a class of connected sets in
E,, called Darboux class, relative to which the Darboux property of a function
is defined. The Darboux class for E, should contain the connected open subsets
of E, and has to be sufficiently large so as to reduce to the Darboux notion
for n = 1, and sufficiently small so as to obtain the propositions (1), (2), and (3).
With this in mind the extreme classes, i.e., the class of connected open sets and
the class of all connected sets, do not form suitable Darboux classes. For the
first class there would be no agreement for n =1 [5S] and, since an approxi-
mately continuous function on E, (n > 1) need not be a connected mapping,
the second class is too large. In view of the propositions (1), (2), (3) with which
this paper is concerned, the Darboux class for E, will depend upon the coordinate
systemin E,.

1. Definition and preliminaries. By an interval I in E, we mean the set of
all x=(x, -*-, x,) such that — 0 <a;Zx; £b;< w,a;<b;, i=1,:-,n
ForAc E, | A | denotes the Lebesgue measure of 4, (A4) stands for the diameter
of A, A°is the interior of 4, and A is the closure of A.

Let {I} be a collection of intervals in E,. For xeE,, let {I},={I:Ie{I} and xeI}.
Let ¢: {I} — E, be an interval function.

DEFINITION 1. ¢ is called continuous at I, {I} if and only if for everye > 0
there is 6 >0 such that for each Ie{I} with |I —1I,| + |I,—1I| <& there
follows | ¢(I) — ¢(I)| <.
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REMARK. This notion of continuity differs from the one given in [6]. Under
some additional hypothesis one is able to select arbitrary small I, € {I}, so that
¢(I,) is continuous as a function of x, a property which is important later.

DEFINITION 2. ¢ istermed balanced if and only if for every I, € {I} the following
holds. If Ie{I}, Icly, and ¢(I) 2 ro- |I| [¢(I) S ro- |I|], then there exists
I'e{I} such that I'cly, 6(I') £ 6(I), and ¢(I')Sro- |I'| [¢U) 2 1o |I']],
where ro = ¢(Io)/|Io|.

ExampLEs. Let {I} be the collection of all intervals in E,. Let ¢(I)= |I|?
Then ¢ is continuous, but not balanced. Let x,€E,, and define ¢(I) = | I|,xo€l,
and ¢(I) = 0,xy ¢ I. Then ¢ is balanced, but not continuous.

THEOREM 1. If {I} is the collection of all intervals of E,, and if ¢:{I} - E,
is additive, then ¢ is balanced.

Proof. Let I,e{I} and Icl, with ¢(I) S ro- |I|, where ro = ¢(Io)/|I,].
Let {I,,--,Ix} be a partition of I, with I, =1 and 6(I)) £4(I,), j=1,--,K.
If ¢()<ro- I I; I, j=2,--,k, then ¢(I;)+ - +¢(Ig) <ry | I, I = ¢(I,),
contradicting the additivity of ¢.

CoroLLARY. If f: E; —» E; and ¢([a,b]) =f(b) — f(a), then ¢ is balanced.

Let {I} be a collection of intervals of E, and let x be a point in E, for which
there is a sequence {I,} < {I}, with 6(I;) - 0.

DEFINITION 3. An interval function ¢: {I} - E; has a derivative ¢'(x) at x if
and only if for Ie{I}, and 6(I) - 0,

lim A = ¢'(x).
1]

Let us recall that we wish to study the connected sets that are carried by ¢’
into connected sets. Some further restrictions on ¢ are necessary as the following
examples show. Let {I} be the collection of all compact intervals of E,. Let 4 be
any nondegenerate connected subset of E, and let xo€ 4. Define ¢(I) = |I|, xo€l,
and ¢(I) =0,x,¢ 1. Then ¢'(x) =0, x # x4, and ¢'(x,) =1. Hence ¢'(4) is
not connected. Note that ¢ is balanced, but not continuous. If we let for
I e{I}, d(I) = dist (I, x,), then the interval function

B =[]0

is continuous with ¢’(x) =0, x # xy, and ¢’(xy)=1. Again ¢'(4) is not connec-
ted. We note that ¢ is not balanced.

In the sequel, the collection of intervals {I} on which ¢ is defined has to be
sufficiently large. We introduce the following definition.

DErFINITION 4. Let AcE,. A collection of intervals {I} of E, is said to cover
A strongly if and only if (1) for each xe A4 there is a sequence {I;} = {I}, such that
8(I1;) - 0, (2) {I} contains every interval I with I°c 4.
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2. Darboux sets. Let Q be the generic notation for a set in E, such that Q is
an interval and (0)°cQcQ.

DEerINITION 1. A set Dc E, will be called a Darboux set if and only if

(1) forevery xeD there is an interval I such that xeI and I°<=D,

(2) any two points x,yeD are chained in D, i.e., there are Q,,--- Q; with
QicD, i=1,-,j,x€Q,yeQ,and Q;N Q. # B, i=1,-,j— L.

It follows that every Darboux set is connected and that every connected open
set is a Darboux set. The following example may help to clarify (2). Let 4 = {(x,y):
(x,y) €E, and y> |x|or y<0}. Then A is a connected set satisfying (1),
but (0, 0) and (0, 1) are not chained in A4.

DErINITION 2. A function f: A—E,, A c E,, is said to possess the Darboux
property on A if and only if f(D) is connected for every Darboux set DcA.

For the proof of Theorem 2 it is helpful to have the following terminology.

Let x;, x,€E,, x; # X, and let I; be an interval containing x;, j =1, 2.
We term I, I, equivalent if and only if there is a translation t: E, — E, with
1(I;) = I, and 1(x;) = x,.

THEOREM 2. Let AcE, and let {I} cover A strongly. Let ¢: {I} - E; be
continuous, balanced, and differentiable in A. Then the derivative ¢’ has the
Darboux property on A(?).

Proof. Let O be an interval, and let (J)°cQ<0, Q<= A. It suffices to show
that ¢’(Q) is connected. If we deny this, there is a point x,€ E, such that ¢'(Q)
is the union of two nonempty sets 4’, B’ with A’ {x: x<x,}, B'c{x:x>x,}.
Let A= {p:peQand ¢'(p)eA’},B = {p: peQand ¢'(p)eB’}.Since Q=AU B, we
may assume that Q° N A # @. Let acQ° N4, beB, and join a, b by a segment a.

Since ¢'(a) < xo, ¢'(b) > x,, there is an interval I,e{I}, such that
5(Iy) <1, I, @, ¢(I) > xo° |I,|, and if for pea — b, I, is the interval in {I},
equivalent with I, then I,=Q° and ¢(I,) < x, |I,|. The function ¢(1,) is con-
tinuous in p on «. Hence there is a point p, ea such that ¢(I;) = xo- |I;|, where
I, =1I,,. We note that I, =Q° and §(I,) < 1.

Leta,cI]. We may assume that a, ¢ 4. There is 3 > & > 0 such that if I €{I},,
and 6(I) <e, then Il and ¢(I) <x,° |I|. Let then Ie{I},, with 6(I) <s.
Since ¢ is balanced, there is an interval I’ = I, such that 6(I') < & and ¢(I’) = x,-
|I'|. Let p’ €I’ and join p’, a, by a line segment a,. If we denote by I, pe ay, the
interval in {I}, equivalent with I’, then I,cI, and ¢(I,,) < xo" |I,, |- By the
continuity of ¢, there is p,ea, such that ¢(I,) = xo* |I,|, where I, =1,,. We
note that I,<I, and 6(I,) < 3.

Continuing in this manner, we obtain a sequence of intervals {I;} ={I} such
that Q°>I; o+ oI; o+, 8(I;) >0, and ¢(I;) = x,° II_,-I . Let pgenil;. Then
Do€Q and ¢'(py) = x,, a contradiction.

(2) See also [9].
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THEOREM 3. Let C be a nondegenerate connected subset of E, which is not
a Darboux set. Then there exists a collection {I} of intervals covering C strongly
and a continuous, balanced, and differentiable interval function ¢: {I} - E,
such that its derivative ¢’ carries C into a disconnected set,.

Proof. There are two cases to be considered.

Case 1. There is a point pye C such that for every interval I with pyel, I°—C#8.
Let {I} be the collection of all intervals I with p,¢ 7 and the collection of all
intervals I with poe I°. Then {I} covers C strongly. Define for Ie{I}, ¢(I) = |I|,
poel® and ¢(I) = 0, po¢ I. Then ¢ is continuous, balanced, and ¢’(p) = 0, p # DPos
and ¢'(p,) = 1. Hence ¢'(C) is not connected.

Case 2. For every point peC there is an interval I, such that pel,and I;c C
Let pyeC, and let

A={p:peCand p, p, are chained in C},
B = {p: peC and p, p, are not chained in C}.

Since C is not Darboux, there follows that C=AUB and 4 # @, B # @. We
note that for each pe C the associated interval I, has the property that either 1< A
or else IJ<B.

Let {I} be the collection of all intervals I with I°cC. Then {I} covers C
strongly. Define ¢(I) = |I|, if I°cA, and ¢(I) =0, if I°<B. Then ¢'(p) =1,
ped,and ¢’(p) =0, peB, and therefore ¢'(C) is not connected. It is easy to see
that ¢ is continuous and balanced.

Combining Theorems 2 and 3 we obtain the following characterization of
Darboux sets.

THEOREM 4. A nondegenerate connected set DcE, is a Darboux set if and
only if for every collection of intervals {I} covering D strongly and for every
continuous, balanced, and differentiable ¢: {I} - E,, the derivative ¢’ carries
D into a connected set.

3. Mean value property. Let {I} be the collection of all intervals in E, and
let ¢: {I} > E, be a differentiable interval function with derivative ¢'.

DEFINITION. ¢ is said to have the mean value property (simply MV-property)
if and only if every I € {I} there is a point p e I° such that

o) _
T - ¢'(p).

The interval function ¢(I) = |I|* shows that continuity and differentiability
are not enough for the MV-property. We note that ¢ is not balanced. The interval
function defined by (po€E,) ¢(I) =(1 — |I|)- |1|, poel,and ¢(I) = 0, po¢1,is
balanced, and ¢'(p) =0, p # py, and ¢'(py) = 1. Thus ¢ does not possess the
MV-property. It is clear that ¢ is not continuous. We have, however, the follow-
ing theorem.
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THEOREM 5.  Let {I} be the collection of all intervals in E,, and let ¢: {I} - E,
be continuous, balanced, and differentiable in E,. Then ¢ has the MV-property(2).

Proof. The proof is similar to the proof of Theorem 2. Let I, {I} and let
o)/ |Io| = xo. Let pyelg, and assume that ¢'(po) < Xo. As in the proof of
Theorem 2, there is an interval I, < I§ such that §(I;) <1 and ¢(I;) =x," |I,].
Applying the same argument to I, and continuing in this way, we obtain a sequence
Iy 21,21, > -+,8(I)) > 0,and ¢(I;) = xo |I;|. For pe N 1;, we have pel%and
¢'(p) = xo.

THEOREM 6. Let {I} be the collection of all compact intervals of E,. Let ¢: {I}
— E, be continuous and differentiable. If ¢ possesses the MV-property, then
its derivative ¢’ has the Darboux property.

Proof. Let Q be an interval in E,, and let (0)°cQ<c0. It suffices to show
that ¢'(Q) is connected. If this is not the case, we may assume that Q = A UB,
A# @, B# 8, and ¢'(A)c {x: x <x,}, ¢'(B) ={x: x > x,} (see proof of
Theorem 2). As in the proof of Theorem 2, there is an interval I=Q such that
@(I) = x| I|. By the MV-property, there is p,€I® such that ¢'(p,) = xo, a
contradiction.

It is known that for functions of a real variable, the MV-property and Darboux
property are equivalent (see e.g.[3]). The example ¢(I) = |I|* shows that this
is false for interval functions. The next theorem contains some more information
of this sort.

THEOREM 7. For continuous, differentiable interval functions ¢ with derivative
¢’ the following holds: balanced — MV-property — Darboux property of
¢'. None of the implications can be reversed.

Proof. In view of the preceding theorems and remark we need only show
that MV-property does not imply ‘‘balanced.”” Let I, = [a,,bo] be an interval
in E,. Let f: {x: x 2 0} - {x: x = 0} be continuous and have the property that
f(0) =0, 0 < f(x) < x/2 for xe(0, |I,|), and f(x) = 0 for x = |I,|. For I a com-
pact interval in E,, let d(I) be the midpoint of I. Define

¢ =[|ddo) —dD | +£|1])]- 1.

It is clear that ¢ is continuous and that ¢'(x) = |d(IO) - x| for xe E;. We will
verify that ¢ has the MV-property. Let I be an interval. Since 0 < f(|I|) < |I|/2,
there is a point x € I° such that

|d(Io) — x| = [dUo) - d(D| +£(|1|).

Hence

o _ .,
—|~I—|=¢ ().
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We show next that ¢ is not balanced. We have ¢(I,)=0, and, since 0 < f(|I|) for
|I] < |Io|, for every proper subinterval I for I, we have ¢(I)> 0. This com-
pletes the proof.

4. Applications. In this section we will consider some classes of functions
which possess the Darboux property.

A function f: E,— E, is called approximately continuous in E, if and only
if for each peE, there is a measureable set E such that p is a point of density one
of E and f| E is continuous at p (see [6]).

ReMARK. We do not make a distinction between ordinary and strong metric
density since the theorem below is true for either notion.

THEOREM 8. Iff:E,— E, is approximately continuous, then f has the Darboux
property.

Proof. We first assume that f is bounded. Then f is summable on every com-
pactinterval IcE,. Let ¢(I) = [,f. Itis clear that ¢ is continuous, and since ¢ is
additive, we have by Theorem 1 that ¢ is balanced. By [6, p. 132], ¢'(x) = f(x),
x € E,. By Theorem 2, ¢’ = f has the Darboux property.

If f is unbounded, let h: E; — (0,1) be a homeomorphism. Then g(x) =h[ f(x)]
is approximately continuous and bounded. Hence g and therefore f has the
Darboux property.

ReMARK. For further details concerning the class of connected sets that remain
connected under approximately continuous transformations the reader should

consult [4; 5].

THEOREM 9. Let f: E,— E,. If for each (x%,--,x°) € E,, the functions
FO, o x2 1y Xiy X241, s X9), i = 1,--, n, possess the Darboux property, then f
possesses the Darboux property.

Proof. For notational reasons we will restrict ourselves to n = 2. It suffices
to show that for 0 an interval and (9)°=Q <0, f(Q) is connected. By hypothesis,
every horizontal and vertical line segment in Q is carried by f into a connected set.

Case 1. Every point in Q lies on a horizontal or vertical line segment which is
contained in Q. In this case it follows from the above observation that f(Q) is
connected.

Case 2. There is a point p, = (x¢, yo) in Q such that p, does not lie on a
horizontal or vertical line segment which is contained in Q. Then it follows that
Do is a vertex of Q. Let H be a compact horizontal line segment such that
po€H, Q° UH < Q. Since f(H) is connected, there is a sequence p,e H — p, such
that f(p,) = f(po). For each n, there is a vertical line segment V, suchthat p,eV,
and V,=@. Since f(V,) is connected, there is a point s,e ¥, Q° such that
|£(s) — f(p)| <1/n. Then f(s,) > f(po), and therefore f(Q° VU po) is connected
This completes the proof.
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REMARK. Itis easy to give examples showing that the converse of Theorem 8
is not true.

In the sequel we need the notion of an approximate derivative introduced by
A. Denjoy [1]. The properties of approximate derivatives that will be used below
can be found in [7; 8] with simpler proofs in [3]. In particular,if f: E; - E; is
an approximate derivative, then f has the MV-property, the Darboux property,
and is a function of Baire type at most one.

We need the following known lemma, whose proof is short and will be given
for completeness.

LeMMA. Let I =[a, b] be an interval in E, and let Ay, A, be two nonempty
measurable sets such that I = A; U A,. Then A; contains a point of positive
upper density of A; for somei#j,i,j=1,2.

Proof. Suppose this is not the case. Then xe 4; implies that x is a point of
density one of A;, i =1,2. Then the characteristic function ¢; of A, is approxi-
mately continuous. By Theorem 8, ¢,(I) should be connected, a contradiction
since ¢,(4,) =1, ¢;(4,) =0.

DEerINITION. A function f: E, — E, will be called linearly approximately
continuous if and only if for each (x,, y,) € E,, the functions f(x,, y), f(x, y,) are
approximately continuous as a function of y, x, respectively.

THEOREM 10. Letf: E,—E, be linearly approximately continuous, and assume
that the approximate partial derivative with respect to X, (f,),p, exists every-
where in E,. Then(f,),,: E; = E, has the Darboux property.

Proof. Let h =(f,),,- By [6, p.299] h is measurable. Let I = [a, b] x [c, d].
We will first prove that h(I) is connected. If we deny this, there is a point x,€ E,
and there are two sets A # @, B # @, suchthat I = A U Band h(4)={x: x < x,},
h(B)={x:x > x,}. For each ye[c,d], let H, = {(x, y): x€[a, b]}. Since h(H,) is
connected, H,c A or else H,cB. Thus there are two sets A;, A, such that
[¢, d]=A,VA,, and A=[a, b] x A,, B=[a, b] x A,. Since h is measurable,
A, B are measurable, and, therefore, 4,, 4, are measurable subsets of [c,d].
By the lemma we may assume that there is y,€ A, which is also a point of positive
upper density of A4,.

Since f(a, y), f(b, y) are approximately continuous, and since y, is a point
of positive upper density of A4,, there is a sequence {y,} in 4, such that y,— y,
and f(a, y,) —f(a, yo), f(b, y,) = f(b, yo). For each n, n =0,1,2,--, there is a
point z, €(a, b) such that

f(b’ yn) —'f(a’ yn)= h(Z,,, yn) (b_ a)'

Therefore, h(x,, y,) — h(zy, ¥o)- Since (z,, y,) €B, h(z,, y,) is in h(B). Therefore
h(zq, yo) > x¢, contradicting (zq, yo) € A. Thus h(I) is connected.
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To complete the proof, it suffices to show that for every set Q, satisfying
(0)°<Q<0, O interval, h(Q) is connected. If Q is open, Q can be written as
an increasing sequence of compact intervals, and hence h(Q) is connected. We
may therefore assume that there is a point poe Q — Q°. Let I =[a, b] x [c, d]
be an interval in § which has p, as a vertex, say p, = (a, d). We only need show
that h(I° Up,) = h(I°) Uh(p,) is connected.

Since h(x, d) possesses the Darboux property, there is a sequence {x,} in (a, b)
such that h(x,, d) — h(a, d). It suffices to show that for each n thete is a point
p.el®such that | h(x,, d) — h(p,)| < 1/n. There is z,&(a, b) — x, such that

. h(x,,, d) _ f(xm d) —f(zm d) ' < 51;_1.

Xp — 24

By linear approximate continuity, there is y, €(c, d) such that

G ) =15 3] <5+ |50 = 2l [fCew D =1y 3] <5 %0 = 2]

An easy calculation reveals that

l h(x,,,d)_f(xmyn) —f(zwYa) l <'11 '

Xpn— 2Zp

By the MV-property for approximate derivatives, there is a point 7, between
X, Z, such that

f(xm yn) _f(zm yn) = h(Tna yn) (xn - Z,,).
Consequently, | h(x,, d) — h(,, y,)| < 1/n, and the proof is complete.
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