ABSTRACT ERGODIC THEOREMS(Y)

BY
ALEXANDRA IONESCU TULCEA AND CASSIUS IONESCU TULCEA

Introduction. In this paper we prove certain maximal theorems and certain
pointwise convergence theorems. Except for the Introduction and for the para-
graph on notations and terminology, the material presented here is divided
into two parts and an Appendix.

The main result of Part I is Theorem 1. This is a maximal theorem for certain
operators on abstract L} spaces, where 1 < p< co and E is a Banach space.
This theorem contains as immediate particular cases the classical maximal ergodic
theorem and a maximal theorem for martingales. Hence this provides (see also
the Appendix) a unified proof of the pointwise ergodic theorem and of the point-
wise convergence theorem concerning the (decreasing) martingale. Theorem 2
is again a maximal theorem which contains as particular cases a maximal ergodic
theorem and a maximal theorem for martingales. Another unified treatment of
the ergodic theorem and the martingale theorem, quite different (in methods as
well as results) from those presented here is given in [35](%).

The results of Part II are essentially generalizations of certain results con-
cerning Banach space valued martingales. In particular, Theorem 4 shows that
under certain conditions the strong pointwise convergence theorem for Banach
space valued increasing martingales holds. In a weaker form this theorem was
proved in [7; 12; 36].

The Appendix contains an almost everywhere convergence theorem which is
used in Parts I and II.

The main results of this paper were announced in the Proceedings of the Na-
tional Academy of Sciences, February 1962.

Notations and terminology. Let (Z, &, u) be a complete totally o-finite measure
space and E a Banach space. Foreach 1 < p < co denote by #2the vector space
of all (Bochner) measurable mappings f of Z into E for which z— || f(z)|?
is p-integrable(®); here £% is endowed with the semi-norm f— 11,
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(2) The analogy between the maximal ergodic theorem (for operators corresponding to
measure-preserving transformations) and the maximal theorem for martingales was noticed
long ago (see for instance [29]).

(3) See [21]. In the same way we define the spaces £ for not necessarily complete measure
spaces.
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= ( [2]|f(2) |?du(z))"?. Denote by L the associated separated (Banach) space
and by f— f the canonical mapping of #% onto L%. Let & be the vector space of
all functions which are bounded and belong to Z;; here & is endowed with the
semi-norm f— | ||, = esssup, .z || f(z) |. Denote by Sg the associated separated
(normed) space and by f— f the canonical mapping of & onto Sj.

Let 2 be the set of all linear mappings T of S into Sg such that(*) | T||, £ 1
and | T|, <1. Then | T||, <1 for all 1 £ p < oo; hence T can be extended by
continuity to I’z (we denote the extension by the same letter). For Te 2 and
fe¥'= U 12p<ZLE We denote by Tf a (determined) representative of the class T, f.

For each function fe ¥ and each a > 0 we write

6@ = {z] 1| > .
Let now U,, U,, -, U, (n=1) be n operators belonging to £ and let
fe LE <=7 (1 £ p< o). The definition of the functions dg, :+-,d,, fo, -+, f, Which
we shall introduce below and the relations which we shall establish were sug-
gested by [5] and by a manuscript of J. Oxtoby. Define d,, and f, by the equations

do(2) = af(2)/ || f (2| if a<|f@@]
do(2) = f(2) if az|f(@|,
fo = f- do-

Since u(G (a)) is finite it follows that d,e £; hence f, € Z§ too. It is also
obvious that a — | do(z)|| 2 0 for all zeZ. Suppose now that ke {0,--,n—1}
and that d,,---,d,,fo, -, f, Were defined, belong to £¢ and

Dyz)=a~ Xj=|d2)| 20
for all z e Z. We define then d,, , and f; ., , by the equations
di21(@) = D@DUssr i)/ | Uer 1S | if Dy2) < | Us s @) |
di+1(2) = Urs1fi(2) if Dy(2) 2 | Ues 1fi(D) |5
Jisr = Ursrfa—disy

It is easy to see that d,,,; and f,, belong to £% and that we have
a— X¥t5 |dfz) || 2 0 for all z€Z. By induction we define then the functions
dgs s dusfo» -**» f»; Without difficulty we see that

(l) do:""dmfo’""fn belong to glli,’

2 Xio|di@]| £ a for all ke{0,,n};

(3) dis1 + firr = Upsfi for all ke{0,--,n —1};

@ | de@| + | f6e@] =]f(2)] for all zeZ;

5) | ds1@ | + | fis:D ] = | Us 1 fu(2) || for all zeZ and ke {0,---,n—1};

(6) zeZ, ke{0,--,n} and f(2) #0 imply Xf_,[di2)|=a.

() For Te D and 1 < p < o0 define || T ||, = sup { " Tf]|,| fesg, "f",, <1}
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Since u(G(a)) is finite and fo(z) =0 for z ¢ G(a), we deduce that foe #L;
it follows that d,---,d,,f,,+,f, belong also to #%. Let us also remark that:
(7) If Ceéand X/ | dfz)| = a for each z e C then

f (a= || do(2) Ddu(z) < f 1762 | duca).
C VA

In fact, using (5) we deduce
[ @ = 14a) panco
f | di(2)] dp(z)

IIA

I

([, 105-@ e - [ 501

IIA

2;':1( fz 11 | ditz) — fz 156 du(Z)) < fz 1/o(2) || du2).

For every je {1,---,n}, i€ {1,---,n} such that j = i we shall define (by induction)
an operator Ug ;. We write Ug;; =U; if j=1i. Suppose now that j>i
and that U(;_; ; has been defined; we write then U; ;) = U 7U-14.

Using (3) and the equation f'=d, + f, we obtain easily (by induction) for
all ke {l,---,n} the formula

k
®) Ugsyf = j}=:1 Up.di-1+ dp + fie

Throughout this paper we consider only tribes (= o-algebras) # < & such
that the restriction of u to & is totally o-finite. Let now & < & be a tribe. It is
easily seen that there is an operator E4 € 2 (define first E4f for simple functions
fe &p) such that: (i) for each fe 7" there exists a representative in the class Ezf
which is measurable with respect to &; (ii) for each fe LL and Ae F

| Berau - fA fdu.

The operator Eg is called the conditional expectation with respect to &.

Let now (#,),.y be a decreasing sequence of tribes contained in & and
(f)nen @ sequence of functions belonging to ¥". We say that (f,),.y is a de-
creasing martingale with respect to the sequence (#,),.y if for each neN,
Eg . fo=/fu+1- In a similar manner we define an increasing martingale.

PArT I

1. A maximal ergodic theorem. Let T,, Ty,---,T,€2 (r=1) and consider
the conditions:



110 A. AND C. IONESCU TULCEA [April

0 Th=1I

(10) T;,1T; = Tjyy for je{0,-,r — 1}
We define T;°=1I for all je{0,---,r}. We shall now state and prove our first
maximal theorem:

TueoreM 1. Let T,, Ty,--,T,€2 be r+ 1 operators satisfying the con-
ditions (9) and (10). For each fe ¥~ and each a > 0 define

GH(a) = {z|supjc(o... ymen [ (T)+ T+ + T2/ (n + 1) | > a}.
Then for each set F € & verifying (except for sets of measure zero) the relations
G/(a) = F = G}(a) we have

) | 11 < .
Let fe ¥"; for each a > 0 and each se N define
GHa,s) = {z|supjc (s .. yumefo... (TG + Ti+-+ THf(2)/(n + 1) | > a}.

Remark that (except for sets of measure zero) G (a) = G}(a,O) c G}(a,s) for each
seN, the sequence (G}(a,s));cy is increasing, and that | J,.xG7(a.s) = G}(a).
For each se N let F, = G}(a,s) N F. To prove the theorem, it is enough to show
that (see the paragraph on notations and terminology)

an [ @=ldse) Dancar 5 | 15ue) | duca
F_ z
for each s € N. In fact, (11) implies

[@-1a@bae = | 16140
and the desired conclusion follows from Proposition 1 below.
Let seN, s=1 and define

Uo = To,
Uy = Ty, Us=Tl’

Uj-1)s+1 = Ty Uj-1ys+s =T,

U(r—l)s+l = Tn'"’ U(r—l)s+s= T;a

and the corresponding functions dy,,d, - 1ys+s and fo,***, fr- 1)s+5 (s€€ the para-
graph on notations and terminology). Let je {1,-,r}; we then have for t =0

(12) T =f=d, + fo
andfor1£t<s
WAL= f
13) T;f= T;( Zo Jq) + 1T; “(J(j—l)sn) + ﬂj—l)s+t'
\ gq= u=
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Formula (12) is obvious. Formula (13) follows easily from the definition of the
operators Uy, Uy,++, Uq_ )4 from formula (8) and conditions (10). In fact
(wewritte A=gift=1and A={v|l<vZt}ift>1):

(J—=1)s+t

Tjtf = X U((j—l)s+t,u)du—l +d-1)s41 +ﬂj-1)s+:
u=1
(-1)s+1
= 2 U((j—l)s+l,n)‘1u—l + % U((f—l)s+t,(j-1)s+v)‘;(j—l)s+o—1
u=1 ve

+ di-1ysee T ﬂj—l)s+t’

The conditions (10) imply that U;_qyru = T; for all u such that 1=Zu
SU-Ds+1; if A#0 and ved then Ugjoyyurgmryiny = T7 0 2.
We deduce then the formula (13).

Let us remark now that for n =0

(14)

and for 1 £n<s

Tif=do+ /o

its

t

M=

n n
@15) Tif=d, + fo + 21 dj-1)s+q + Elfu—nsu
q= q=

t

0
n (j—-1)s+n—-t
+ X T,'( q)

t=1 q=0

Formula (14) is obvious. To prove (15) we shall reason by induction. For n =1
we have from (12) and (13)

} G=1)s
T3f+ lef'_- do+ fo+ d;-1)s+1 +ﬂj—l)s+l + Tj( z Jq)

q=0

and thus (15) is true for n = 1. Suppose now that (15) is valid for 1,2,---,n (n < s);
we shall show that the formula holds also for n + 1. In fact, by (13)

Ty =T o+ +d-ny) + Tidg-syser + = + TiG-1)eun

+ J(i-l)s+n+1 +ﬁj—1)s+n+1 .

If we add T]*1f to (15) we deduce that formula (15) remains valid for n + 1.
Hence (15) is true for all ne{l1,---,s}.
Now for each 1 £j<rand each0<n<s, let

AGn) = {z| | (TF + - + TDf(2)/(n + D)|| > a} NF,.
Then Fy=|J1<j<,. 0snss 4(,n). If n =0, we have on A(j,0) (see (14))

a<| £ /O] =/l = 14| + 15| sa+ [5o)]
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almost everywhere; if 1 < n <'s, we have on A(j,n) (see (15) and (2))

tDa<| 2 TI@|S0+Da+ 5@ ] + £ fgnmrd®]
t= q=

almost everywhere. Thus on F,, X¢20%"*|f(z)| >0 almost everywhere; hence
YC20%* | dy(2) | = a (use (6)) and formula (11) follows then immediately from
(7). The proof of the theorem will then be completed if we prove the following
(see also [5]):

PROPOSITION 1. Let g,h be two positive functions belonging to £% for some
1= p< oo, a a strictly positive number, A= {zlg(z) + h(z) > a} and Yeé&
such that A = Y. Suppose that: (1.1) h(z) =0 if z¢ A; (1.2) a — g is integrable
on Y and

f (@ — g()du(a) < f h@du(z).
Then Y z

(16) au(Y) < L(g(z) + h(@)du(z) < o.

From (1.2) and (1.1) we deduce (h is obviously integrable since A has finite
measure)

f (a — 8(:Nduca) < [ Wduta).
Y JY

Hence

an L(g(m h(z) — a)dp(z) 2 0.

Now let 0<b<a and B={z|g(z) + h(z) > b}. Clearly Y— B < Y— 4. For
ze€ Bwe have a — (g(z) + h(z)) = a — b and for z ¢ A we have a—(g(z) + h(z))=0.
It follows that

@-DUY-B)S | @@+ S | (a=(ea)+ HMucz).

The last integral is finite since on Y— A4, a — (g + h) =a — g and since (by
(1.2)) a — g is integrable on Y — A. Thus u(Y — B) is finite. Since u(B) is ob-
viously finite, we deduce that u(Y) is finite, and (16) follows immediately from
an.

From Theorem 1 we deduce the following two consequences:

CoROLLARY 1. Let Te 9. For each fe¥" and each a > 0 define
Ex@)={z|sup |[(T° + T* + -+ + Tf(2)/ (n + 1) | > a}.
Then "
wE@) s [ 704 < .
Es(4)
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Corollary 1 follows from Theorem 1 if we take r=1, T,=1, T, = T and
F = E¥(a).

COROLLARY 2. Let (T))je(1....,} be a decreasing sequence of projections be-
longing to 9. For each fe V" and each a > 0 define

Hi(a) = {z[sup(| f@ ], | TS @], | TSR |) > a}
Then

auti@) s | IRCIPPORES

It is clear that (T});(o,1,...,ry (Where T = I) satisfies the conditions (9) and
(10) and that G/(a) = Hj(a). We now have H}(a) = G/(a) U G, U -+ U G, where
G;={z|| T;f(2) | > a} for all je {1,---,r}. For each j e {1,-,r} we have, almost
everywhere on G;,

lim [(L+T}+ -+ THI@ | /in+ D =lim | S +n TS @)+ D)= | T > a;
hence (except for a set of measure zero) G; = G7(a). Thus Corollary 2 is an im-
mediate consequence of Theorem 1.

Corollary 1 gives the classical maximal ergodic theorem (see [2; 39; 22; 20;
13; 14; 5; 6]). From Corollary 1 and the Theorem of the Appendix we deduce
the corresponding pointwise ergodic theorem:

COROLLARY 3. Let Te 2 and suppose that the space E is reflexive. There
is then a projection T, € 2 such that, for each fe ¥, the sequence

(T°+ T+ + T/ (0 + D)pen

converges almost everywhere to T, f(z).

Corollary 2 gives in particular a maximal theorem for martingales (see [30;
37; 10; 11; 31]). Using Corollary 2 and the Theorem of the Appendix we deduce
the following:

COROLLARY 4. Let (T,),.n be adecreasing sequence of projections belonging
to 2 and suppose that the space E is reflexive. There is then a projection T, € 9
such that, for each fe ¥, the sequence

(Tof (2Dnen

converges almost everywhere to T, f(z).

The Theorem of the Appendix can be used here, since (T,),.y is obviously a
system of almost invariant integrals (with respect to the semi-group spanned by
I and by the family (T),.y) in Sg and every space L%, 1 < p < oo (see also [27]).

In particular Corollary 4 contains (when the space E is reflexive) the point-
wise convergence theorem concerning the (abstract) decreasing martingale (see
[11; 15; 31; 7; 36]). However, if for each n € N the operator T}, is the conditional
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expectation with respect to &, where (#,), .y is a decreasing sequence of tribes
contained in &, then the conclusion of Corollary 4 remains valid without suppos-
ing E reflexive; in fact it is enough to remark that, by Corollary 4, (T,,f(2)), cn
converges almost everywhere for each simple function fe &, to apply Corollary
2, and (see the Appendix) to use the Banach theorem (see also [7; 36]).

REMARKS. (1) We use Corollary 2 to show that, for each fe 7", sup, . v|| T,f(2)||
is finite almost everywhere. This is obvious if feZp. If fe ZZ, with
1 < p < o, we remark that (for each r e N*) we have

ap(H}@) | | /@) | du(z) < || f]| pEHF@)"
Hj(a)

where 1/p + 1/p’ = 1. We deduce then that ap(H7(a))'/” < || f|, and hence that
W(H}(a)) < || f]|2/a. (2) 1t is easy to see that Theorem 1 remains also valid for
an ‘“‘infinite sequence of operators.’’

COROLLARY 5. Let (T,), .y be an increasing sequence of projections belonging
to @ and suppose that the space E is reflexive. There is then a projection T,, € D
such that, for each fe ¥, the sequence

(T;lf(z))n eN

converges almost everywhere to T, f(z).

Using Corollary 2 (see also the Remark (1) above) we deduce that for each
fe?, sup,.n| T.f(2)| is finite almost everywhere.

Since the space L} is reflexive (see [34] or [24]) it follows (use [1] of Eber-
lein’s ergodic theorem(®)) that the sequence (T,),.y convegres strongly, in
L} to a projection T,. Obviously T,T, = T,T,=T, for each neN. Let
X=JnenT(LD) and Y= (I — T,))(L}); then X + Yis dense in L.

Let now fe X + Y; then f= #i4+ ¥ with #ie X and ¥ Y and hence, for each
neN, T,f= T,i+ T,5. If i belongs to T,(L}) then T,i = T, for n = p; on the
other hand, for each ne N, T,b = T,T, 0 = 0. Hence (T,f(z)),.ny converges al-
most everywhere to a limit for each fe X + Y. Using the Banach theorem (see
the Appendix) we deduce that (T, f(z)),.n converges almost everywhere for each
fe L2 Now S; is contained and dense in every L, 1 < q < c0; using once more
the Banach theorem we deduce that (7,f(z)),.y converges, almost everywhere,
for every fe¥".

By an argument used in the proof of the Theorem in the Appendix we see that
(the restriction to Sg of) T, belongs to £ and that for each fe ¥", T, f is equal
almost everywhere to the limit of (T, f(2)),en-

Corollary S contains (when the space E is reflexive) a pointwise convergence
theorem concerning the (abstract) increasing martingale. However if for each
ne N the operator T, is the conditional expectation with respect to &,, where

(5) We apply Eberlein’s ergodic theorem to the decreasing sequence of projections (I—T,)neN-



1963] A. AND C. IONESCU TULCEA 115

(&) < n is an increasing sequence of tribes contained in & then the conclusion of
Corollary 5 remains valid without supposing E reflexive (see the discussion
following Corollary 4 above).

Under the hypotheses of Corollary 5 for each fe £, 1 < p < oo, the sequence
(T,.f), «n converges to T, fin ZF (use the fact that L% is reflexive and [1] or
Eberlein’s ergodic theorem); moreover if u(Z) is finite, then for each fe &, the
sequence (T,f), .y converges to T, f in £ These results remain valid without
supposing E reflexive in the case when the operators (T,), . 5 are the conditional
expectations corresponding to an increasing sequence of tribes contained in &.

2. Another maximal theorem. Theorem 2 below gives again as immediate
consequences a maximal ergodic theorem and a maximal theorem for martingales.
Although the proofs of Theorem 1 and Theorem 2 are based on the same idea
(see also [S; 6]), the proof of Theorem 2 is perhaps shorter. We wish to remark
however that Theorem 1 gives (at least in certain cases) sharper direct estimates.

Let (T,),.n be a sequence of operators belonging to 2; we suppose below
that T, = I. Let noW (@,)) e n,j  {o,-+,»} D€ @ matrix of numbers such that|a,,|<B
for all ne N and je{0,---,n}.

For every je N, ie N such that j =i we shall define (see the paragraph on
notations and terminology) an operator T;; ;. We write T;; ;, =T; if j = i. Suppose
now that j > iand that Tj;_, ; has been defined ; we write then T;; ;) = T,; ;,T;;-

Consider now the condition

»i)e

) | L aututfas c | lal|,

i=1 j=i

for each n> 1 and gy,--+,g,€ ¥ (for each ie{l,---,n}, | g/| is the mapping
z— | @) |-

For each ne N define

n
T(”) = 'Eo aan(j.O)'
ji=

We may now state and prove the:

THEOREM 2. Let (T)), (a,;) and (T™) be as above and suppose that con-
dition (18) is satisfied. For each fe ¥ and each a > 0 define

K@) = [¢] supl 7% | > (€ + B

Then for each set F € & verifying (except for sets of measure zero) the relations
G(a) = F « Ga) U K}(a) we have

P s [ 1/ dua <
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Let fe ¥ and a > 0. For each ne N define
A(n) = {z|| T"f(2)|| > (C + Ba};

obviously |}, n4(n) = K}(a).
We have (see the paragraph on notations and terminology)

TOf = agedy + agofo
and hence

(C + B)a < Ba+ |ag| | fo(2)]

almost everywhere on A(0); hence | fy(z) || # O almost everywhere on A(0). For
neN, n = 1 we have (we write T;; ;) =0 if i > j > 1)

T(")f = ‘anan(j,O)f= anOf + 21 aan(j.l)f
j= j=
n Jj n n
= ’Elanl 2 T(J l) -1+ _20 a"idj + Zoa"l'j}
J= = = =

i

= Z 2 a,,,T(,,)d,  + Z a,,,d + Z a,,,f

i=1 j=i

3 @y Ty ndi-1 + E arudi + 2 a»uf}

and hence, from (18) and (2)
(C+Ba<Ca+Ba+ X |a||fi2]
ji=0

almost everywhere on A(n); hence X7_, || fi(2) | # 0 almost everywhere on A(n).
Since n € N wasarbitrary we obtain X, _y || fi(2) || #0 almost everywhere on K}(a).
From (2) and (4) wededuce that | fo(z) | # 0 on G(a); hence X; x| f{(2)| #0
almost everywhere on the set F.

For each ne N let

- {z| % 5] # o} AF.
j=
Remark that the sequence (F,), . y is increasing and that (except for sets of measure

zero) F = |, cnFn. By (6) we have, for each neN, X'-o|df2)| = a almost
everywhere on F,; by (7) we have

(19) fp (a— | do(2) ) du(2) < L 176 | duc2)

for each ne N. But (19) implies
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f (= |4 Duca) f 1o(2) | du(z)

and the desired conclusion follows from Proposition 1 above.

COROLLARY 6. (6.1) If (T));ox(To=1) is a decreasing sequence of projections
belonging to 9, a,; =0 if j # n and a,, =1, then condition (18) is verified with
C=1.(62) If Tj=Te2 for all j#0 and a,;=1/(n+ 1) for all (n,j), then
condition (18) is verified with C = 1.

Part II
1. An almost everywhere convergence theorem for increasing sequences of projec-
tions. Throughout this section we shall suppose the Banach space E reflexive.
Let H c Ly; we shall say that the set H is uniformly integrable if:
(20) for every ¢ > 0 there is a set Z(¢) € & of finite measure such that

f |f(@)|du(z) <e  forall fe H;
CZ(¢)

(21) for each &> 0 there is 7, > 0 such that 4 € & and u(4) < 5, imply

f |f@) ] du(z) e forall feH.

With this definition we may state the following:

PROPOSITION 2. If H < L} is a uniformly integrable bounded set then H is
weakly relatively compact.

We shall not prove here this result. It can be obtained using for instance, the
method of proof of Theorem 1 of [18, pp. 400—403].
We shall now state and prove:

THEOREM 3. Let (T,), .y be an increasing sequence of projections belonging
to 2 and (f),n a sequence of functions belonging to ¥ . Suppose that
T.fo+1=1u for all neN. (3.1) Assume that f,e % for all ne N, sup, .x||f, ||
is finite and the set of elements of the sequence (f,), . y is uniformly integrable.
Then the sequence (f,(2)), .y Converges almost everywhere to a function
fro€&yand T,f,,=f, for allne N.(3.2) Assume that, for some 1<p<, f, € L
for all neN and sup, .y|f,|, is finite. Then the sequence (f(2)), .y conver-
ges almost everywhere to a function f,, € ¥ and T,f,, = f, for all neN.

Remark (as it can be easily seen by induction) that for all neN and m >n
we have

(22 Tofw = Fo

Assume now that f, e &} for all ne N, sup, . | f,|; is finite and the set of ele-
ments of the sequence (f,), y is uniformly integrable. By Proposition 2, the
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sequence (f,),.ny has a weak cluster point (for the topology o(L%,(LY)"))
f.. € LL. Since each T,, n € N, is also weakly continuous (see [4, p. 103]) we deduce
from (22) T,f, = f, for all ne N. It follows then from Corollary 5, that the
sequence (f,(z)), .y converges almost everywhere to the function (we use here
the notations of Corollary 5) T, f,, € Z5. (Since the elements of the sequence
(/). < v are uniformly integrable it follows that (f,), .y converges also in £} to
T.f.; whence T,f, = f.)

Assume that, for some 1 < p < o, f,€ &% for all ne N and sup, .y £, is
finite. Since the space L% is reflexive (see [34] or [24]), the sequence (f,), .y hasa
weak cluster point (for the topology o(LZ, (LE)")) f., € L. As above we deduce
T.f. =f, for all neN. It follows then from Corollary 5 that the sequence
(f(2))n « 5 converges almost everywhere to the function (we use here the notations
of Corollary 5) T, f., € £} (Using [1] or Eberlein’s ergodic theorem (see foot-
(note 5) we deduce that (f,), .y converges in Z% to T, f,,; whence Ty, fo = Fio-)

REMARKS. (1) As it was remarked in the proof of Theorem 3, the sequence
(£, < v converges to f,, also in L. or L% respectively. (2) In a particular form
Theorem 3 is obtained in [7; 36].

2. Abstract measures on product spaces. Let X be a set # a tribe of parts of X
and X®=[];.~X,, where X, = X for all se N. For each ne N, denote by
X" the product set [], . {0,--.mXs and by F" the tribe spanned by the set of all
parts of X" of the form J[; c(o,..- y4s Where A;e # for all s€{0,...,n}.

For each neN denote by pri,...,, the projection of X onto X".
It is obvious that, for every ne N,

pr{ol,...,,,} (F") = {pr{'ol,...’,,} (B)|BeF"}
is a tribe (namely the tribe spanned by the parts of X® of the form [], . n4,,
where A, F if s€{0,---,n} and A, = X if s¢{0,---,n}).
Let € =(Jncn Prio-- -y (F"); then € is a clan (=boolean algebra). Denote
by J the tribe spanned by %.

Consider now a mapping ¢ of € into R having the following two properties
(for each ne N we denote by ¢, the restriction of ¢ to the tribe pr{g,l...,,,} F"):

(23) 0<P(A) S Pp(X*)< oo for all Ae¥;

(24) For each ne N, ¢, is countably additive.

We shall introduce now the following definition:

(25) We say that the object {X,%} has the property (CAE) if every mapping
¢ of € into R having the properties (23) and (24) admits a countably additive
extension to J .

We shall use below the following:

ProOPOSITION 3. If X is a Polish space (=metrizable, complete for some
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distance compatible with its topology and of countable type) and F the tribe
of Borel parts of X then {X,#} has the property (CAE).

For a proof of this known result see for instance [23; 31] (see also [3; 28]).

Let now E be a Banach space. Let  be a mapping of € into E (as above we
denote with i, the restriction of y to the tribe pr{'ol,... ny (F"), for each ne N).
Consider now the following conditions concerning the mapping :

(26) ¥, is countably additive, for each ne N;

(27) ¢, has finite total variation v,, for each ne N (see the Remark below);

(28) sup, ca0,(A4) is finite for each A €¥ (here the supremum is taken over
all ne N such that A epryl... ) (F").

REMARK. If % is a tribe and h a mapping of % into a Banach space E then the
total variation » of h is defined (on %) as follows: for Ae we write
v(A4) = sup X | h(4,) |, where the supremum is taken over all finite families (4;)
of disjoint parts of A belonging to %. We say that h has finite total variation
if p(A4) is finite for all 4 e %. If h is countably additive and has finite total varia-
tion then v is also countably additive.

We shall prove now:

PROPOSITION 4. Suppose that {X,#} has the property (CAE) and lety be
a mapping of € into a Banach space E having the properties (26), (27) and
(28). Then y has a (unique) countably additive extension to I and this exten-
sion has finite total variation.

Let Ae®. There is then pe N such that 4 epr{‘o{ <+ py (FP); hence p,(4) is de-
fined for all n = p. Remark that the sequence (v,(A4)), , is increasing and bounded
and define

(29) (A= lim p,(A).

n—-oo,nzp
It is obvious that p™(4) does not depend on p and that p™(4) = | Y(4) |. Also
v,’ ( =the restriction of p® to the tribe pr{’ol,...,,,} (#™) is a countably additive
mapping [19, p. 170].

Since p*(X ) is finite p™ has, by (CAE), a (unique) countably additive exten-
sion to J; we shall denote this extension by the same letter(6). Define now
a semi-distance d on J by the equations d(4,B) = v°((4 — B) U(B — A)) for
all A, Be.J; for the topology defined by this semi-distance € is dense in I~
[19, p. 56-57]. For Ae¥%, Be¥ we have |y(4) — y(B)| £ |[¥(4— ANB)|
+|¥(B-4NB)| <9°(4 - AnB) + v°(B — A N B) = d(4,B). It follows that
¥ can be extended by continuity to 7 ; denote its extension to J by the same
letter. The extension y verifies again the relation

(6) Once p” is extended to .7, the final conclusion of the proposition can be easily ob-
tained (use for instance [32]or [33]). However, for completeness we give a direct argument below-
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(30) |¥(4) — y(B)|| < d(4,B)

for all Ae 7, Be 7. In particular (let B =g in formula (30)) |y(4)| < p*(4)
for all A€ Z . Thus to complete the proof of our proposition it is enough to show
that y is additive on . Since the ‘‘intersection’” and the ‘‘complement’’ are
continuous functions [19, p. 168] and since % is dense in J, this follows from
the additivity of the restriction of \ to ¥. Hence the proposition is completely
proved.

3. The almost everywhere convergence theorem for abstract increasing martin-
gales. Let E be a Banach space of countable type, dual of a Banach space. We shall
take below X = E and & = the tribe of all Borel parts of E. For each ne N,
we shall denote by pr, the projection of X* onto X, = E. With these notations
we may state and prove the following:

PROPOSITION 5. Let a be a positive measure on I of finite total mass. Sup-
pose that: (5.1) pr,e X, T, a) for each ne N; (5.2) (pr,), ey is an increas-
ing martingale with respect to the sequence of tribes (pr{oly...,,,} F Ny ens
(5.3) sup, oy || pra||y is finite. Then (pr,), .y converges almost everywhere.

For each ne N and A epry,.... .y (F") define

04) = | priodace;

then ¢, is a countably additive mapping of pr{‘of...,,,} (F"into E. It is obvious
that , has finite total variation v, and that v,(4) <sup, x| pr,|; for all
Aepril... y(FN.

For every ne N and 4 epr{g,l...,,,} (#") we have

Ve 1(4) = j;prm(x)da(x) - L pr,(x)da(x) = Y,(A)

(we use (5.2)); whence y,,, is an extension of ¥, to pr {?,,1...,,,“}(5‘ "*1), We
may now define a mapping ¥ of € into E as follows: for 4 e pry,, ?..,,,}(.9’9"') we
write Y(A4) =, (4). It is easy to verify that y, is the restriction of Y to
pr{(')l... ny (F"), for each ne N, and that y has the properties (26), (27), (28). By
Propositions 3 and 4 Y has a (unique) countably additive extension to J (we
shall denote this extension by the same letter); moreover this extension has
finite total variation, p®.

Define y = a + p®; for each ne N denote by 7,, a, the restrictions of y, « to
Pr{o.--- t (F") respectively.

Denote by ¢ the density of  with respect to y :y = ¢-y; for every ne N denote
by ¢, the density of y, with respect to y,:¥, = ¢," 7, (see [24]). By Corollary 5
(see also the remarks following the proof of Corollary 5) (¢,), 5 converges almost
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everywhere (with respect to y) as well as in L5 X %, 7,y) to a limit c,; whence
we may suppose that ¢(x) = ¢(x) for each xe X*.

Denote by a the density of « with respect to y :a = a-y; for every ne N denote
by a, the density of «, with respect to y,:a,=a,"y,. As above we see that
(a,(x)), ey converges almost everywhere (with respect to y) to a(x). Remark here
that if B = {x|a(x) =0} then a(B) = [za(x)dy(x) = 0; whence a(x) >0 almost
everywhere with respect to a.

For every ne N and Aepri... 5 (F") we have

U(4) = f pr(D)do(x) = f P (DY)

we deduce pr,(x)a,(x) = c,(x) almost everywhere with respect to y, and hence
almost everywhere with respect to y; since y = a we deduce that pr,(x)a,(x) = ¢,(x)
almost everywhere with respect to «. Since (¢,(x)), .y converges almost every-
where, with respect to o, and (a,(x)), . y converges almost everywhere, with res-
pect to a, to a strictly positive function a(x), it follows that (pr,(x)), . y cOnverges
almost everywhere, with respect to «. Hence the proposition is completely proved.

ReMARK. The assumption that the Banach space E is of countable type,
dual of a Banach space was used in fact in the proof of Proposition 5 only to en-
able us to apply Proposition 4 and the following result: Every countably additive
mapping of J into E with finite total variation has a Bochner measurable density
with respect to its total variation.

We return now to our measure space (Z, &, u) introduced in the section
on notations and terminology. We denote by E a Banach space which is either
reflexive or of countable type and dual of a Banach space. Let (8,), .y be an
increasing sequence of tribes contained in & and let &, be the tribe spanned
by their union.

THEOREM 4. Let (f,), .y be a sequence of functions belonging to #:. Suppose
that: (4.1) (f)n en is a martingale with respect to (&,), cn; (4.2) Sup, N[I Ia ||1
is finite. Then there is a function f, € L (measurable with respect to &)
such that (f(z)), <y converges almost everywhere to f.(z).

Let us remark that the measurability of f,, with respect to &, is a consequence
of the almost everywhere convergence of the sequence (f,(z)), .. The relation
fo €Ly follows from (4.2) and Fatou’s lemma. Also it is obviously enough to
prove the theorem when E is of countable type and dual of a Banach space.
Finally we may suppose that u(Z) is finite.

Consider the mapping g:z — (f(2)),n of Z into X* (wetake X =E
and & = the tribe of all Borel parts of E). Since f, is, for each ne N, Bochner
measurable it follows that g"'(4)e& for all AeJ. For every AeJ write
«(4) = u(g~'(4)); then « is a well defined positive measure on I of finite tota
mass.
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Let now ne N. For each x’ € E’ (= the dual of E) the function x’ o pr, is ob-
viously measurable with respectto pr{g}...,,,} (#M); since E is of countable type
we deduce that pr, is Bochner measurable with respect to pr{'ofm m (F).
On the other hand | pr, | °g(z) = | pr,eg(z) | =| f,(2)| for every zeZ; whence
pr,e £ X, 7 ,a) and

fx | prae) || dox) = f 14, || duc2).

Since ne N was arbitrary it follows that the sequence (pr,), .y verifies the con-
ditions (5.1) and (5.3) of Proposition 5.

We shall show now that (5.2) is also verified. Let ne N and 4 epr{g,‘“_ A FD.
Then(’) g~'(4) €&, and

f Pl 1 ()da(x) = f ot (g ()du(2) = f for1(@du(2)
A g7 1(4) Py ¥))

[ @d@ =] | el = [ prwdate;
g7 (4) g7 (4) vA

whence (pr,), .y is a martingale with respect to the sequence (pr{},f...,,,} (F" M en
of tribes.

By Proposition 5 there is a set A#"€.7 such that a(A") =0 and (pr(x)), en
converges for x ¢ A" It follows that u(g='(+4#")) =0 and that (f,(2)), n con-
verges for each z ¢ g !(.#"). Hence the theorem is completely proved.

ReMARks. (1) In [7; 36] it is proved, under the hypothesis that E is reflexive,
that the sequence (f,(z)), .y of Theorem 4 converges weakly almost everywhere;
in [12] it is proved that the sequence (f,(z)), .y converges weakly almost every-
where if, for almost every z € Z, the set {f,(z) | ne N} is weakly relatively com-
pact. The proof of Theorem 4 is suggested by an argument in [26, p. 72-73].
(2) Theorem 4 together with the counter-example constructed in [7] show that
the Banach space Li([0,1], £, u) (here % is the tribe of Lebesgue measurable
parts of [0,1] and p is the Lebesgue measure on ¥) is not isomorphic, as a
Banach space, to a dual of a Banach space (see [17; 9]). (3) Let us also remark
that Theorem 4 holds whenever the Banach space E is such that Proposition 5
is true.

APPENDIX

Let #<c2 be a set of operators and let s#* be the smallest semi-group (for
multiplication) containing # and I. Let A be a countable directed set and (T), . 4
a family of operators belonging to 2. We have then the following theorem,
analogous for instance to a result in [38]. For completeness, we sketch here a
proof based on the results in [16].

THEOREM. Suppose that: (1) E is reflexive; (2) (T,), < 4 is a system of almost
invariant integrals for #* in the normed space Sg as well as in some space

() We may suppose that, for each n € N, f, is measurable with respect to &, = &.
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LZ with 1 < p < o0; (3) sup, . 4| T.f(2)| is finite almost everywhere, for each
fe¥". There exists then a projection T, €2 such that, for each fe ¥, the
family (T,f(2)), <4 converges almost everywhere to T, f(z).

Denote by X the closed vector space of all feLZ such that Sf= f for all
Ses* and by Y the closed vector space spanned by USe (I —S)(L%). Since
LE is reflexive (see [34] or [24]) it follows that L is the (topological) direct sum
of X and Y (see [8]). Now let Y, be the vector space spanned by
Us ex* (I = S)(Sp); obviously Z = X + Y, is dense in L.

Let feZ; then f=i{+4 with #eX and d€Y, Then for each ae4,
T.f= Ti + Tg=1d + Tp. Now o= X/_,c{I — S)W; for some constants
Cis s Cpy Sy, 0+, S, €% and Wy, ---, W, € Sg. Since (T}), . 4 is a system of almost
invariant integrals for 5*, in the normed space Sg, it follows that (T,f(2)), c 4
converges almost everywhere. Using the Banach theorem (see the remark below)
we deduce that (T, f(z)), . 4 converges almost everywhere for each fe Lf. Now
S is contained and dense in every L, 1 < g < oo; using once more the Banach
theorem we deduce that (T, f(z)), ., converges, almost everywhere, for every
fe?.

For each fe Sy denote by T, f the (almost everywhere) limit of (T,f(2)), c 4-
It is easy to see that T, € 2 (use Fatou’s lemma) and that for each fe ¥", T, f
is equal (almost everywhere) to the limit of (T, f(z)), 4~ By direct computation,
or using [16], we see that T, is a projection.

REMARKS. (1) It is obvious that if fe & the family (T,f), ., converges to
T.fin Z%. If w(Z) is finite, we deduce that for each fe %% 1 <g< o,
(T,f)y e 4 converges to T, fin £%. (2) The Banach theorem, in the form needed
here, may be proved exactly as in [14, pp. 332-334].
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