KERNEL CONSTRUCTIONS AND BOREL SETS

BY
A. H. STONEC(?)

1. Introduction. A well-known theorem, essentially due to Cantor, states
that every topological space X has a “‘perfect kernel”” K; K is the largest dense-in-
itself subset of X, K is closed, and X — K is scattered. Analogues of this situation
occur frequently. Recently the author had occasion to use a ‘‘non-Jocally-separable
kernel”” [9, Lemma 7]; and further work on (nonseparable) Borel sets has led
to a need for further generalizations. Hence we here study a rather inclusive class
of kernel constructions(?). The main result (Theorem 4 below) is essentially an
extension of the Cantor-Bendixson theorem; roughly speaking, if X (for simpli-
city) is metric, the complement of its ‘‘non-locally-P kernel’’ is the union of a
countable family of closed sets, each locally P, and having other desirable proper-
ties(®). We also obtain (Theorem 7) a useful criterion for this kernel to be empty.
The results are applied to give extensions of two well-known theorems: one, due
to Banach, about sets which are locally of first category, and the other, due to
Montgomery, about sets which are locally Borel. We also apply them to charac-
terize two classes of metric spaces: those which are both absolutely G; and
absolutely F,, and those of which every subspace is both absolutely G; and ab-
solutely F,. Other applications to the theory of Borel sets will be made in a sub-
sequent paper. Our main interest is in metric spaces, but most of the results are
formulated more generally since the proofs are no simpler in the metric case.

The author is indebted to the referee for several helpful suggestions.

Notation. Let P be a class (or “property’’, not necessarily topological) of
topological spaces. We shall assume throughout that P is ‘“‘hereditary’’ in the
sense that if X e P then, for every closed subspace 4 of X, A € P. If every subspace
of (X eP) is also a member of P, we say that P is completely hereditary. For
example, P might be the class of all compact spaces, or of all absolutely Borel
metric spaces, or of all spaces of (covering) dimension < n. Relevant examples
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(2) Not every kernel of importance is included, as for instance the “dimensional kernel”
(see [S, p. 186] and the beginning of §4 below). A more general class of kernels is described in
[4, pp. 164-166]. For a quite different method of kernel construction, see [3].

(3) The “classical” Cantor-Bendixson theorem has one further feature which cannot be
extended, namely that the perfect kernel of a separable metric space X can be obtained by

countably many operations, i.e., in the notation of §2 below, one can take a* to be countable.
This feature will persist when X has a countable base, but not in general (even if X is metric).
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of completely hereditary classes are: (1) all spaces of weight less than a given
cardinal; (2) all metric spaces of dimension < n; (3) all subspaces of measure 0
of a fixed (complete) measure space. If & is any class of spaces or sets, we define
a completely hereditary class, denoted by (&), as follows: (&)= {X|X cA
for some A € &7}.

A neighborhood of a point x in a space X is any set whose interior contains x.
A neighborhood in X is a neighborhood of some point of X. A space X is locally
P if each x € X has a neighborhood belonging to P. Clearly.

(1.1) If P is completely hereditary, or if X is regular, and if X is locally P,
then each x € X has arbitrarily small neighborhoods belonging to P.

We say that X is nowhere locally P if no neighborhood in X belongs to P.
Thus, if P is completely hereditary, this is equivalent to requiring that no nonempty
open subset of X belongs to P.

In a metric space X, with metric p, U(x, §) denotes the neighborhood

{y|yeX, o(x,y) <},
where xe€ X and 6 > 0.

2. Existence and elementary properties of kernels.

THEOREM 1. For any (hereditary) class P, given any space X there exists a
closed subset K = K(P, X) of X such that (i) K is nowhere locally P, (ii) whenever
H is a closed subset of X which is nowhere locally P, H c K.

Thus K(P, X) is the largest closed subset of X which is nowhere locally P; we
call it the “‘non-locally-P kernel of X(*).

Proof. Define transfinite sequences {F,}, {G,}, of subsets of X as follows:
Suppose Fy, G; defined for all ordinals f < «. Then

(@ ifa=0,F,=X,G,=¢;

(b) if ais a limit ordinal, F, = ({Fs|f<a}, G,=¢;

(¢) ifa=1y+ 1, put G, = set of all x € F, such that some neighborhood of x in
F, belongs to P, and define F, = F, — G,.

Clearly FyoF;>---, and G, is open relative to F, in case (c), so that F, is closed
relative to F,. Thus in all cases F, is closed in X. The decreasing transfinite se-
quence {F,} must become ultimately constant; for some a* we thus have F,.
=F, ey, = -+ =K, say(®). If some x € K has a neighborhood in K which belongs
to P, then x € G,.,, and therefore x¢ F,.., ; = K, which is impossible, proving (i).
If H is closed and nowhere locally P, we show by transfinite induction that
H c F,. Assume this true for all § < a. In cases (a) and (b) it trivially follows
that H c F,. In case (c), suppose x € HNG,; then x has a neighborhood U in F,
such that U € P. Since H is a closed subset of F,, U N H is a neighborhood of x
in H and belongs to P, contrary to our hypothesis on H. Thus HN G, =@,
proving H< F,. Hence Hc F,, =

(4) The proof which follows is essentially that in [4, p. 166], but is given in full as it is needed
for reference later.
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COROLLARY. If further P is completely hereditary, we may omit the require-
ment in (ii) that H be closed. (That is, K is now the largest nowhere locally P
subset of X.)

This is clear from the proof; alternatively, one easily sees that if H is nowhere
locally P (where P is completely hereditary) then so is A. The requirement of
complete hereditariness is essential for this corollary, as the following example
shows. Let X be the unit interval, P the class of all compact spaces; there is no
largest nowhere locally compact subset of X (as one sees by first observing that
both it and its complement would have to be dense).

We shall refer to the sets F,, G, constructed above (in the proof of Theorem 1)
as F (P, X), G,(P, X). When the family P can be understood from the context,
we abbreviate them to F(X), G,(X), and abbreviate K(P, X) to K(X). The follo-
wing properties are then easily verified by transfinite induction.

(2.1) F,(X)is a closed subset of X, and F,(Fy(X)) = Fg1,(X).

(2.2) If Y is a closed subset of X, F(Y) c Y NF(X).

(2.3) If P is completely hereditary and Y < X, then F,(Y) = Y N F(X).

(2.4) If either P is completely hereditary or X is regular, and if Y is an open
subset of X, then F(Y) = Y NF(X).

From these properties the next assertions follow immediately.

(2.5) K(X) is a closed subset of X.

(2.6) K(K(X)) = K(X).

(2.7) If Y is a closed subset of X, K(X)> K(Y).

If P is completely hereditary, then

QRINK(X)oK(Y)if XoY.

(2.8) If Y is an open subset of X, K(Y) = Y N K(X) providing that either P
is completely hereditary or X is regular. In particular, K(X — K(X)) =98.

The above properties of kernels are characteristic. We have:

THEOREM 2. Suppose that a mapping K (of 25 in 25), defined for all sub-
spaces X of a fixed space S, satisfies (2.5)-(2.8). Then there exists a hereditary
family P such that, for all X < S, K(X) = K(P, X). If further (2.7') is satisfied,
P may be taken to be completely hereditary.

Take P to be the family of all X = S for which K(X) =@ ; this is hereditary,
by (2.7). Write H(X) = K(P, X) for each X = S; we verify that H(X) = K(X).
IfV = X — K(X), then V is open in X, and K(V) = # by (2.8); as H(X) is nowhere
locally P, we must have V N H(X) = @, proving H(X) < K(X). To prove equality
we have only to show that the closed subset K(X) of X is nowhere locally P.
If this is false, there exists A = S whose interior U (in S) meets K(X) and which
is such that K(4 NK(X)) =@. A straightforward computation, using (2.8) and
(2.6), now shows that U N K(X) = K(U N K(X)) c K(A N K(X)) =@, a contra-
diction. Finally, if (2.7) is strengthened to (2.7'), P is evidently completely here-
ditary.
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We mention three further easily verified properties which will be used later:

(2.9) If Y is a subspace of a space X, and if Q is any hereditary class of spaces,
then the class P = {E|E NY € Q} is hereditary, and K(Q,Y) = Y N K(P, X).

(2.10) If o7, & are families of sets such that, for each A€ o/, A N X is a subset
of some B e %, then K((«/), X) o K(%), X).

(2.11) If Z denotes the family {4 NX|Ae s/}, then K((£),X) = K((4),X).

REMARKS. On taking & = &% = family of all 1-point subsets of X, we see that
K(¥), X) is the ordinary “‘perfect kernel”> of X. Thus, from (2.10), the perfect
kernel of X is the largest of the kernels K((#), X) for which % covers X.

Again, given any closed 4 = X, let P=(X — A) = family of all subsets of
X — A; clearly K(P, X) = A here, so that every closed subset of X arises as a
kernel for some completely hereditary class.

The analog of (2.8) for closed (instead of open) sets U would be false; in fact
it is false for ordinary perfect kernels. Moreover, when P is not required to be
completely hereditary, the requirement in (2.8) that X be regular cannot be
weakened to requiring X merely to be Hausdorff. This is shown by the following
example, based on a suggestion of the referee. Let X be a Hausdorff space with a
nonempty open subset Y such that no neighborhood in Y is closed in X; for
instance [1a] provides such a space. Let P be the family of all closed subsets of X.
Then K(X)=4¢, but K(Y)= Y # YNK(X). It would be interesting to know
whether regularity is needed for the special case K(X — K(X)) =8 of (2.8).
The T, axiom would not suffice, as the following example shows.

Let X = {(x, y)|either y = 0 or y is irrational } = R?, and let

Va={(x,»)|x>n,y>0} (n=1,2,-).

Topologize X by taking a basis of neighborhoods of (x, y) to consist of all sets of
the form X NU(x,y) U V,, where U(x,y) is an ordinary plane neighborhood
of (x,y). Then X is a T, space, with topology coarser than the subspace-of-plane
topology. Let P be the family of all subsets E of X which intersect every line
x = constant in a set which is closed in the ordinary plane topology. One sees
without difliculty that P is hereditary, that K(P, X) is the subset of X where
y =0, and that K(X — K(P, X)) = X — K(P, X) # 8.

THEOREM 3. A necessary and sufficient condition that K(P,X) =@ is that,
for each nonempty closed A = X, there is some neighborhood in A belonging to P.

If K(P,X) # @, the condition is violated when A4 = K(P, X). Conversely, if
K(P, X) =0 and a closed set A violates the condition, then 4 = K(P, X) and so
A=6.

COROLLARY. If P is completely hereditary, we may omit the requirement
that A be closed.

This is clear from the proof. Note, however, that if E = X has some neighbor-
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hood belonging to P, it does not now follow that E has the same property.
(Example: P =class of all countable sets, X =real line, E = set of rational
numbers.)

3. Paracompact spaces. It is convenient to introduce the following terminology.
If a subset E of a space X is the intersection of an open subset of X with a closed
subset of X (or, equivalently, is the difference between two open, or two closed,
sets), E will be called an “‘FG set”’ (in X).

A family {E;|Ae A} of subsets of X is discrete (in X) providing each xe X
has a neighborhood meeting E, for at most one Ae A. Clearly, if {E,} is discrete,
then so is {£,}.

Lemma 1. If {E, IAeA} is a discrete system of FG subsets of a space X,
then | JE, is an FG set.

We have E;=F, NG, where F, is closed and G, is open. Put 4, =
\ULE,|n# A}, F= |JE; G=J{G.— 4,}; because {E,} is discrete, 4, and F
are closed, while of course G is open. It is easily verified that UE,1 =FNG.

THEOREM 4. Let X be a hereditarily paracompact space, and P any hereditary
class(®). Then X — K(P, X) is expressible as the union of a countable family
oA = {A,,I n=1,2,---} of FG sets, each of which is locally P, in such a way
that K((&), X) = K(P, X).

We first prove a special case of the theorem as a lemma.
LEMMA 2. Theorem 4 is true when K(P, X) = @.

In this case, the proof of Theorem 1 shows that F,(X) = @ for some ordinal «.
The proof will be by transfinite induction over «; thus we may assume that the
lemma is valid for all hereditarily paracompact spaces X’ for which Fy(X') =8
for some f < a.

First suppose that « is a limit ordinal. Then () {Fy(X)|B < a} = F(X) = 4.
The open covering {X — Fy(X)|B<a} of X has a o-discrete refinement
{Vaz| €A, n=1,2,---}, the system {V,,|41€A,} being, for each n, a discrete
system of open sets(®). Each V,; is disjoint from some Fy(X), and from (2.4)
we have Fy(V,;) = ¥, N Fy(X) = @. From the induction hypothesis we can write
Voa=J o1 where o,; = {Ay3| m=1,2,--}, each 4,, being FG and lo-
cally P (in V,; and therefore also in X), and where K((s7,,), V,;) =¢. Put
Apn = J{4pim| A€ A,}; from Lemma 1 this is an FG set, and it is clearly locally P.
We have only to verify that, on taking & = {4,,| n,m=1,2,---}, we have
K((#),X)=¢. If H is any nonempty closed set, H meets some V,,;; because

(5) That is, every subspace (and not merely every closed subspace) of X is paracompact.
Every perfectly normal paracompact space is hereditarily paracompact [2, p. 643].
(6) See [9, p. 979].
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K((#,7), V1) = 8, there is some neighborhood in H NV,; which is a subset of
some A,;,, = A, € «; and the result follows from Theorem 3.

The case a =0 being trivial, we may now assume a= g+ 1. Then each
x € Fy(X) has an open neighborhood in Fy(X) whose closure belongs to P. The
resulting covering of Fy(X) has a o-discrete refinement {U,,} by sets U,; open in
Fy(X), and therefore FG in X; for fixed n, the sets U,, (say A€ A,) form a system
discrete in Fy(X) and therefore also in X. Put B, = U {U,1] A€ A,}; this is closed
and locally P, and the system % ={B,| n=1,2,---} covers Fy(X). Put W =
X — Fy(X); by (2.4), Fe(W) = W NFyg(X) =@, so by the induction hypothesis
we have W = |_J€ where € = {C,| n=1,2,--}, each C, being FG in W (and so
in X) and locally P, and where K((¥), W) =@. Put & = # U%; we have only
to verify that K((«/), X) = @. Again we show that each closed nonempty subset
H of X has some neighborhood (in H) contained in some A€ . If H < Fy(X),
then H meets some U,,, and U,; " H is a neighborhood in H contained in
B,e%. In the remaining case H meets W; and, because K((¥),W)=@, HNW
has a neighborhood contained in some C,, and this provides a neighborhood in H
contained in C, e &.

To prove Theorem 4 from the lemma, put ¥ = X — K(P, X). Then Y is open;
hence, from (2.8), K(P,Y)=¢. The lemma gives Y =|J«/, where & =
{A,,| n=1,2,-}, each 4, being FG (in Y, and so in X) and locally P, and where
K(#),Y)=8. Now Y NK(#),X)=K(«),Y)=@, from (2.8) again; hence
K((#), X) = K(P, X). On the other hand, K(P, X) is closed and no neighborhood
in it can be a subset of any A4,; thus K(P, X) = K((%), X), and the theorem is
proved.

If we assume a little more about X we can require more of the sets 4,, as the
next theorem shows.

THEOREM 4'. If X is paracompact and perfectly normal, and P is any
hereditary class, then X — K(P, X) is expressible as the union of a countable
family o = {A,,| n=1,2,---} of locally P sets, each of which is closed and
expressible as the union of a discrete system of closed sets belonging to P, and
where K((</), X) = K(P, X).

To deduce Theorem 4’, let the FG sets produced by Theorem 4 be denoted by
B, n=1,2,-.-; thus B, = C, NG, where C, is closed and G, is open. Using the
perfect normality of X, we write G, = | J{F,,| m =1,2,---}, where F,,, is closed
and interior to F, ,,+;. Now C, N\ F,, is closed and locally P; by paracompact-
ness (using a o-discrete refinement of a suitable covering) we obtain

Cn nan = U{Anmpll'q'EAnmp’ p= 1’29"'},

where {A,np1| A€ A} is a discrete system (in C, N F,, and so in X) of closed
sets, each belonging to P. We put A, =|J{Aump|4€Amp}:
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o = {A,,mpl n,m,p=1,2,---},

and have only to verify that K((«), X) = K(P, X). As before, on writing Y =
X—K(P, X), it will be enough to prove that K((«/),Y)=@. If H is a nonempty
subset of Y, then by Theorem 4 there is some neighborhood H NU (U being
open) such that H NU < B,. Choose ye H N U; then ye C, N F,,, for some m;
a neighborhood of y in H NU will be contained in C, N F, .., and a smaller
neighborhood in H will thus be contained in some A,,,,, © Apmp € &, as required
(Theorem 3, Corollary).

There is an important special case in which the requirement that K((/), X)
= K(P, X) is fulfilled automatically:

THEOREM 5. If X is a complete metric space and o/ = {A,| n=1,2,---} is any
countable family of closed locally P sets whose union contains X — K(P, X),
then K((&), X) = K(P, X).

Write K(P,X) = K,K((#),X) = L; trivially K < L. If there is a point
xeL — K, it has an open neighborhood U such that U N K = @. Then (with the
notation CI(Y) for ¥) we have CI(U N L) = | JA4,, so by Baire’s theorem there
exists a nonempty set W NCI(U N L), where W is open, such that W NCI(U N L)
c A, for some n. Then W NU N L is a neighborhood in L which is a subset of
A,, contradicting L = K((«#,) X).

As the proof shows, the assumption (in Theorem 5) that X is complete metric
could be weakened to the assumption that every nonempty closed subset of X
is of the second category (in itself). (This is a genuine weakening; see [5, p. 423]
for an example.) This weaker property can in fact be characterized in terms of
kernels, as follows.

THEOREM 6. If X is any perfectly normal space, the following statements
are equivalent:

(i) Every nonempty closed subset of X is of the second category (in itself).

(ii) Every nonempty G, subset of X is of the second category (in itself).

(iii) Whenever </ is a countable family of closed sets whose union is X,
K(#),X)=9.

The implication (ii) = (i) is trivial; and (i) = (iii) by the same argument as
that used to prove Theorem 5. To prove (iii) = (ii), let H be a nonempty G; set,
and suppose H < UA,, (n=1,2,---) where each 4, is closed (in X) and nowhere
dense in H. We also have X — H = UB,, (n=1,2,---) where B, is closed in X.
Let o be the family of all sets 4, and B, ; clearly K((«/), X) o H # @.

ReMARK. The spaces of which every nonempty F, subset is of second category
will be considered later (Theorem 11).

THEOREM 7. If X is a complete metric space (or, more generally, is perfectly
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normal and paracompact and satisfies condition (i) of Theorem 6), then K(P, X)
=@ if and only if X is the union of a countable family of closed locally P sets.

From Theorems 4, 5 and 6.

4. The theorems of Banach and Montgomery. There are a number of rather
obvious applications of Theorem 4, for instance the result (obtained by taking
P =class of metrizable spaces of covering dimension < n) that every metric
space X can be decomposed into a closed set K, in which every neighborhood
has dimension > n, and the complementary open set, which has dimension < n.
Thus K is similar to, but not identical with, the ‘‘dimensional kernel’’ of X. The
situation here is somewhat trivial, because here K = F,. Another illustration is
the Cantor-Bendixson theorem expressing every separable metric space as the
union of a perfect (i.e., closed and dense-in-itself) set K and a countable scattered
set (obtained by taking P=(), the class of 1-point sets). An application which
lies deeper is the following extension (Theorem 8 below) of a well-known theorem
of Banach [1], which we first derive (in slightly generalized form) as a lemma.

LEmMMA 3. If X is a subset of a hereditarily paracompact space Y, and each
x € X has a neighborhood in X which is of first category in Y, then X is of first
category in Y.

The hypothesis gives, for each x € X, an open set U(x) in Y such that U(x) N X
is of first category in Y. Let G = | J{U(x)| x€ X}; G is open and paracompact,
so the covering {U(x)} of G has a o-discrete open refinement

{V,,A|AEA,,, n=1,2,-},

the system {V,;| A€ A,} being, for each n, discrete in G. Each set X NV, is of
first category in Y, so expressible as |_J{4,1,| m = 1,2, -}, where no 4,,,, (closure
in Y) contains any neighborhood in Y. Write B,, = | J{4,.| A€ A,}. 1t is easily
verified that B,, also contains no neighborhood in ¥ (else it would have to contain
a neighborhood in G); and X = U{B,,,,,] n,m=1,2,---} of first category in Y.

CoOROLLARY. If Y is hereditarily paracompact and X is the set of points of Y
which have first category neighborhoods in Y, then X is of first category in Y.

THEOREM 8. Let &7 be any family of subsets of a hereditarily paracompact
space Y; let UM = X. A necessary and sufficient condition that X be of first
category in Y is that K((«/), X) and each A € o/ be of first category in Y.

The necessity is trivial. To prove sufficiency, apply Theorem 4 to X, with
P = (/); we obtain X — K((«£), X) =|J{B,| n=1,2,--} where each point of
each B, has a neighborhood in B, which is contained in some A4 € &7, and which is
therefore of first category in Y. By Lemma 3, B, is of first category in ¥; and X,
as the union of the countably many first category sets B, and K((&), X), is also
of first category in Y.
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ReMARK. Theorem 8 includes Lemma 3 as a special case; for when X is the
union of a family &/ of sets, each open in X, we clearly have K((&),X) = 4.

COROLLARY. A necessary and sufficient condition that a subset X of a heredi-
tarily paracompact space Y be of first category in Y, is that, for each nonempty
(relatively) closed subset A of X, there exists a neighborhood in A which is of
first category in Y.

Again only the sufficiency needs proof. Let P = family of all first category
subsets of Y. By Theorem 3, the condition implies that K(P, X) = @. Hence, by
Theorem 4, X = J& where & = {4,| n=1,2,---}, and where K((),X) =9
and each A, is locally of first category in Y. By Lemma 3, 4, is of first category
in Y; hence, by Theorem 8, so is X.

As another application of the theory we give a similar extension of a well-known
theorem of Montgomery [6,Ip. 527]. Again the first step is to derive a slight exten-
sion of Montgomery’s theorem as a lemma.

LeMMA 4. If X is a subset of a perfectly normal paracompact space Y, and
each x € X has a neighborhood in X which is a Borel subset of Y of additive
class & (multiplicative class £ = 1), then X is a Borel subset of Y of ithe same
class(").

(Note that ¢ must be independent of x € X here.)

Assume that the lemma is valid for all smaller ¢ than the given one, and suppose
first that £ > 1. There are two cases to consider:

(i) Additive class é. Each x e X has an open neighborhood U(x) in Y such
that U(x) N X is of (additive) class £. Without loss we may replace Y by
J{U)| x€ X}; let {V,| A€ A} be a locally finite open refinement of the covering
{U(x)| xe€ X} of Y. Each V; N X is then of additive class £ in Y, and so is ex-
pressible as | J{F,,| n = 1,2, -} where F,, is of multiplicative class ,, 0 <7, <¢,
and where F,, c F,, < ---. By repeating the sets F,,, if necessary, we may arrange
that 5, is independent of A. Put H, = U{F 1| A€ A}; from the local finiteness of
{V;}, H, is locally of multiplicative class 5, in Y. Thus, by the hypothesis of in-
duction, H, is of multiplicative class 7, in Y, and X = UH,,, of additive class &,
as required.

(ii) Multiplicative class £. We define U(x), V, as before and now have V; N X
= (G| n=1,2,---} where ;> G;;  G;, > -+ and G,, is of additive class
1, in Y, where 0 <, < £, and where we may suppose 7, independent of 4, as
before. Put H, = U {G;n | AeA}; H, is locally, and therefore globally, of additive
class #,. Now the fact that {¥,} is locally finite gives X = ﬂH,,, of multiplicative
class £,

(7) Here & denotes a countable ordinal. For the notation and elementary properties of Borel

sets, see [5]. Note that, if 7 < &, each Borel set of (additive or multiplicative) class 7 is of both
additive and multiplicative class & (because of perfect normality).
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All that remains is to check the (trivial) case of additive class 0 (i.e., open sets)
and the cases £ =1, where one sees that the above arguments still apply with slight
modifications. In fact, for multiplicative class 1 (the G; case) the assumptions
on Y can be weakened from perfect normality and paracompactness; it suffices that
Y be hereditarily pointwise paracompact.

THEOREM 9. Let & be a countable ordinal, let &/ be any family of subsets of
a perfectly normal paracompact space Y, such that each Ae / is Borel of
additive class & (multiplicative class £ > 0) in Y, and let Ud = X. A necessary
and sufficient condition for X to be Borel of additive class & (multiplicative
class € > 0) in Y is that K((«£), X) be Borel in Y of this class.

Again, Theorem 9 contains the lemma as a special case, for when the sets
A e are open in X, K((«/),X) = 4.

Only the sufficiency needs proof; and, the case of additive class 0 being trivial,
we assume ¢ > 0 throughout. For additive class &, the theorem follows from
Theorem 4 by an argument very similar to the proof of Theorem 8; unfortunately
the case of multiplicative class £ does not seem to follow in this way. Hence we
give a direct argument, which applies to both cases, and which is similar to the
proof of Theorem 4(8).

It is enough to prove that X — K((«/), X) is Borel of the required class. We
replace X by X — K((«/),X) and & by {A—K((M),X)IAG.M}; in view of
(2.8) and (2.11) this means that we may without loss assume K((«7), X) = @. Thus
we have F,(X) = @ for some ordinal «. We use transfinite induction over a, keeping
¢ fixed, and assume the theorem known for all spaces X’ for which Fy(X') = ¢
for some f§ < a.

First suppose that o is a limit ordinal. Then n {Fp(X )| B<a}=F(X)=6,s0
that each xe X has an open neighborhood U(x) in X which is disjoint from
Fy(X) for some B<o. From (2.4), Fy(U(x))=0. Also U(x) = U{A NU(x) | Aes},
where each A N U(x) is Borel of class £ in Y (because it is open in 4 and & > 0).
From the induction hypothesis it follows that U(x) is Borel of class ¢ in Y. By
Lemma4,sois X.

The case a =0 being trivial (X = @), the only remaining case is o = f + 1.
Here Fj,1(X) =8, so Fy(X) = Gp,;(X), and hence each x € Fy(X) has an open
neighborhood V(x) in X such that V(x) NFyX) < some A(x)e /. Because
V(x) is open and Fyg(X) is closed (in X), V(x) NFy(X) N A(x)—that is, V(x)
N Fy(X)—is Borel of class ¢ in Y. Hence again Lemma 4 shows that Fy(X) is
Borel of class £ in Y. Write W = X — Fy(X); by (2.4), we have Fy(W)=@. Since
W= U{W NA| AesZ}, where W N A is Borel of class ¢ in Y (for W is open
in X), the induction hypothesis shows that W is Borel of class & in Y. Hence so is
W UFi(X) = X.

(3) It would be possible to obtain a common generalization of Theorems 4 and 9, but its
formulation would apparently have to be very unwieldy.
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COROLLARY. A necessary and sufficient condition that a subspace X of a per-
Sfectly normal paracompact space Y be Borel of additive class & (multiplicative
class £ > 0) is that, for each nonempty (relatively) closed subset A of X, there
exists a neighborhood in A which is Borel of additive class & (multiplicative
classE>0)in Y.

The deduction is essentially the same as that of the corollary to Theorem 8.
We remark that in Theorem 9, its corollary, and Lemma 4, the assertions fail
for multiplicative class 0 (closed sets). Of course, closed sets can be regarded as
being both of additive and multiplicative class 1 (i.e., both F, and G;).

5. F,-and-G; sets. As is well known, a (not necessarily separable) metric space
X is an absolute G; (i.e., G, in every metrizable space containing X) if and only if
X can be given a complete metric. It was shown in [10] that X is an absolute F,
if and only if it is o-locally-compact (i.e., expressible as the union of a countable
family of locally compact sets)(°). Thus every locally compact space is both an
absolute F, and an absolute G;. We shall now characterize these ‘‘absolute F,
and G, sets, showing that they are not far from being locally compact.

THEOREM 10. The following statements about a metric space X are equivalent.

(1) X is both an absolute F, and an absolute G;.

(2) The non-locally-compact kernel of X is empty.

(3) Each nonempty closed subset of X is locally compact at at least one point.

(4) X is expressible as the union of a countable family & = {A,,l n=12,-}
of closed locally compact sets A, such that A; c A, < --- and K((&), X) = @.

(5) X is expressible as the union of an arbitrary family & of sets, each of
which is both an absolute F, and an absolute G;, such that K((«/), X) = @.

First we show (1) = (4). Assume (1); then X, as an absolute F,, is [10] ex-
pressible as U{B,l p=1,2,.--} where B, is locally compact and hence open in
B, Thus B, = U{C,,q] q=1,2,---} where C,, is closed and therefore also locally
compact. The union of two closed locally compact sets is locally compact; hence
A, =|J{C,q| p + g = n} is closed and locally compact, and clearly 4, = 4, = ---
and UA,, = X. X, as an absolute G;, may be supposed complete; hence, by
Theorem 6, K((«/), X) = 8.

Next, (1) = (2). Assume (1); then (4) follows, and X is the union of a countable
family of closed locally-P sets, where P is the class of all compact spaces. As
before, X may be supposed complete; hence, by Theorem 7, K(P, X) = g.

The equivalence of (2) and (3) follows from Theorem 3.

(%) The referee points out that it follows that a metric space X will be F, in every Hausdor(f
space in which it is imbedded, if and only if it is a separable absolute F,, i.e., is c-compact. It is
easy to see that an arbitrary T space is F, in every T space in which it is imbedded, if and only
if it is countable. The empty set is the only T, space (i = 1, 2, 3, 4) which is G5 in every T, space
in which it is embedded.



1963] KERNEL CONSTRUCTIONS AND BOREL SETS 69

(2) = (4). By Theorem 5, X is the union of a countable family
= {Bnl n= 1’23'“}

of closed locally compact sets such that K((%),X) = K(P, X) = @. Let
A,= U {B, | m < n}; property (2.10) gives K((«¢), X) = K((#), X) =@, and (4)
follows.

Trivially (4) = (5). Finally, (5) = (1) by Theorem 9. These implications together
establish the theorem.

Finally we characterize those (metric) spaces all of whose subsets are of the
kind described in Theorem 10; they turn out to coincide with a very well-known
class of spaces (the scattered spaces) and also to coincide with the spaces all of
whose subsets are of the kind described in Theorem 6.

THEOREM 11. The following statements about a metric space X are equi-
valent(*°).
(1) Every subset of X is absolutely both F, and G;.
(2) X is an absolute G5 and every subset of X is an absolute Borel set.
(3) X is an absolute G; and is a-discrete.
(4) X is the union of a countable family o of closed sets A, (n = 1,2,---) such
that Ay c A, < -+, A, is discrete, and K((%), X) = &.
(5) X is the union of a family & of sets such that, for all Ae </, each subset
of A is absolutely both F, and G;, and such that K((&/), X) = 0.
(6) The perfect kernel of X is empty.
(7) X contains no subset homeomorphic to the space of rational numbers.
(8) Every nonempty subset of X has an isolated point.
(9) Every nonempty closed subset of X has an isolated point.
(10) Every nonempty subset of X is of the second category (in itself).
(11) Every nonempty F, subset of X is of the second category (in itself).

Proof. Trivially (1) = (2). In proving (2) = (6), we may assume X complete;
if its perfect kernel K is not @, a well-known theorem of W. H. Young shows
that K has a subset homeomorphic to the Cantor set; this contains a non-Borel
set, contradicting (2). Next, (6) = (4); for, if (6) holds, Theorem 4’ enables us
to write X = UB,, (n=1,2,---) where B, is closed and discrete and where
K((%),X) =@, # denoting {B,|n=1,2,--}. We take 4,=B; U--UB, and
use (2.10). To prove (4) = (3), we observe that if (4) holds then, by the corollary
to Theorem 9, X is an absolute G;. If (3) holds, every subset of X is o-discrete
and therefore [10] an absolute F,. Its complement is likewise F, in X; so every
subset of X is G; in the absolute G; set X, and is therefore itself absolutely G;.
Thus (3) = (1), and the first four statements are equivalent to (6).

(19) See [7] for other equivalent properties. The equivalence of (6), (7), (8), (9) is, of course,
well known.
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The implication (4) = (5) is trivial; and (5) = (1) by Theorem 9, in view of (2.7).
The equivalence of (6), (8) and (9) is a well-known special case of Theorem 3
and its corollary. Obviously (6) = (7); conversely, if the perfect kernel K of
X is not empty, one easily constructs (by a straightforward iteration) a countable
dense-in-itself subset R of K; and R is homeomorphic to the space of rational
numbers(*!). Thus (7) = (6); and the first nine statements are equivalent,

Trivially (8) = (10) = (11); we complete the proof of the theorem by proving
(11) = (6). Suppose the perfect kernel K of X is not empty. For each n (= 1,2,--+)
let A, be a maximal subset of K each two (distinct) points of which have distance
> 1/n. Then A, is discrete and closed (in K and so in X). Let B =UA,,; B is
dense in K, and clearly B is a nonempty F, subset of X. We show that B is not
of second category (in itself) by showing that no A, contains any neighborhood
in B. In fact, given x€ A4, and ¢ > 0, then (because K is dense-in-itself) there
exists y € K such that 0 < p (x, y) < min (¢, 1/n), and there exists ze B so
close to y that 0 < p(x,z) < min(e, 1/n) also. Thus z ¢ A,, since otherwise two
distinct points of A, have distance < 1/n. But ze BN U(x,¢), proving that
A, contains no neighborhood in B. This completes the proof of the theorem.

We remark that if we alter (11) by replacing “F,”” by ‘‘G;’, we obtain the
spaces of Theorem 6, which may be ‘‘pathological”. It can be shown that if we
delete from (2) and (3) the requirement that X be an absolute G;, they remain
equivalent; the author hopes to publish the proof elsewhere.
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