FAMILIES OF PRINCIPAL SOLUTIONS
OF ORDINARY DIFFERENTIAL EQUATIONS(Y)

BY
ERLING WILLIAM CHAMBERLAIN

PART I. INTRODUCTION

Let A(y,Dy,---,D"y) =0 be an algebraic differential equation belonging to
Strodt’s class (D) [1, p. 5], and let M be a principal monomial [1, §66] for 4 = 0.
In search for principal solutions of A =0 (i.e., solutions which are ~ M) one
substitutes y = M(1 + z). This almost always [2, §121] leads to a differential
equation P(z) =0 in which P is an asymptotically quasilinear algebraic differ-
ential operator having a nonexceptional factorization sequence (W, ---, W,) such
that P is normal with respect to (Wy,---, W,,r) for a sufficiently large positive
integer r. Strodt [2] has shown that P = 0 has at least one solution Z <1, and
accordingly A = 0 has at least one solution Y= M(1 + Z) ~ M; but if P is, in
addition, uniformly quasilinear, then P =0 has a u-parameter family of sol-
utions <1 (and 4 =0 has a u-parameter family of solutions ~ M), where u
is the number of indices i for which [IF]"(W,, ¢) <0 (¢ denoting the direction in
which the complex variable approaches infinity). The significance of the number
u in the more general a.q.l. situation has hitherto been obscured by the compli-
cated manipulations used to ascertain the mere existence of a solution <1 for
a.q.l. equations.

In the present study, a u-parameter family of solutions <1 is exhibited for
a large class of normal a.q.l. equations P = 0. We require that the factorization
sequence for P satisfy a condition which resembles (and includes) the classical
““distinctness of characteristic roots”” in the case of linear differential equations
with constant coefficients (§2, below). The virtue of this condition is that it allows
us to pass from approximate factorizations of linear operators in terms of the
operators W; = (1 — W, 'D) to exact factorizations in terms of certain V; such
that V; ~ W,. Once the linear part of an algebraic a.q.l. equation has been exactly
factored, the situation may be said to be well in hand. Among other things,
exact factorization enables us to measure with considerable precision the asymp-
totic size of our small (< 1) solutions, and even to obtain a sort of asymptotic
development for them. Other phenomena used to advantage in this study include
the invariance of normality and asymptotic quasilinearity of differential operators
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under small displacements of dependent variable or small displacements of
factorization sequences, and the evolution of new a.q.l. operators from old ones
under judicious substitutions.

For an index of terminology used in references [1] and [2] and in the present
paper, the reader is referred to [2, Part IX, pp. 105-107].

PART II. EXACT FACTORIZATION OF LINEAR DIFFERENTIAL OPERATORS

1. LEMMA (APPROXIMATE FACTORIZATION— PARTLY EXACT FACTORIZATION). Let
Wy, -+, W, be logarithmic monomials in the divergence class. Let W, — W, = W,
fori=23,.-;n. Lee Uy=W;,— W, (i=2,3,---,n) and let (U,,U;,---,U,) be
unblocked in (a,$,B). Let L=W,---W, + X EW,---W,+E,, with each E;<1
in F(a,B). Then there exists a function V, such that V, ~ W, and such that
L=W,-W,V, + Xi_E W,---W,V, with each E,; <1 (all relations holding
in F(a, B)).

Proof. In the notation of [2, §4], we want R*L(V,) = 0. According to [2,
§§32,33], we have R*L(y) = W,(y) - Wy(») -1+ XI_ EW(y)- Wy() - 1+E,,
where W(y) = (1 — W'y — W™'D). Under the substitution y = W;(1 — z) we
have W(y) = U;W," (U, + W,U; *z), where UW,"' ~ 1 and W,U; ! X1 for all
relevant i. One proves by induction on i that W(y)--- W,(y)-1 = b;B(z), where
b; ~ 1 and B, is a differential operator which is ~ (s) U(i,-++,2). In carrying out
this proof, it is convenient to dispose of terms of the form

Ui{cz"®(Uy2)" -+ (UyUp-y -+ Upz)™ '}
(h <j) by means of the relations U(AB) = AU(B)+BU(A) — AB and
U(Uy+ Uy2) = Uy U N(Ups 1 Uy Un2) + (1 = Uy (U Uy Upz.

Once the properties of b; and B; are established, it follows immediately that
R*L(W,(1 — 2)) = bB(z), where b~ 1 and B ~ (s)U(n, ---,2). Since (U,, -+, U,) is
unblocked, Theorem II of [2] implies the existence of a solution Z of B(z) =0
such that Z <1 in F(a, p). Define V; = W,(1 — Z). The lemma now follows from the
fact that R*L(V,) = 0 and (V;, W,, ---, W,) is a factorization sequence for L[2,§54].

2. DEerINITION. We shall call (Wy,:--,W,) separated when the W, are ~ lo-
garithmic monomials in the divergence class satisfying

1) W, —W;zW,fori>j,

(2) each W;— W; is unblocked in (a, ¢, ).

THEOREM I (APPROXIMATE FACTORIZATION — EXACT FACTORIZATION). Let
(W,,---,W,) be a separated factorization sequence for the linear differential
operator L. Then there exist functions Vy,---,V, such that V,~ W, (i=1,---,n)
and such that L=uV,---V, for some u ~ 1.
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Proof. By Lemma 1, L= L,V, for some function ¥, ~ W, and a certain
operator L, such that L, ~W (n,---,2). It is clear that L, is qualified to play
the role which L plays in Lemma 1, so we get L, = L,V, where V, ~ W, and
L, ~W (n,---,3). The conclusion of the present theorem is reached after finitely
many repetitions of this same argument.

PART III. ON THE EQUATION W W,_, -+ Wy =0

3. We present here some results of a computational nature, necessary for
the subsequent study of transformations of differential operators under sub-
stitutions for the dependent variable.

LEMMA. Let W; ~ a logarithmic monomial in the divergence class (i=1,--,n),
and W;— W;x W, if i>j. Let 6>1>0. Let ke(1,---,n). Let

Wy~ cx™ " (logx)~" -+ (log,- %) *(log,x)™*** (log, + 1) -+ (108, 4 %)""

Let F =(log,x)"°. Let G < 1 and DG = FW, (see Lemma (). Let Hy=1 and
H=1-WWwW;H A -ww D ' =WW ) fors=k—1,-,1. Let
K,=H.exp [, W, (s=1,---,k). Let z be an admissible function. Then:

(3.1) W(K)=uK,,,, withu;~1 (s=1,--,k—1).

(32) W(Kz)=uK,, Mz, with My=u(W,—W,) (s=1,-,k—1).

33) M(G)~G (s=1,--,k—1).

(34 W(GK,) =vGK,,, withv,~1 (s=1,---, k—1).

(3.5) WJ(GK,z) =v,GK,, Uz, with Uy=v(W,—W,) (s=1,---,k—1).

(3.6) Fors=1,--,k—1,W,---W(K,z) = K, {¥,N,- Nyz, with ¥, ~ 1 and
N~ W= W, (i=1,-,5).

(3.7 For s=1,---,k—1, W,---W(GK,z) = GK,, @V, V,z, with ®;,~1
and Vi~ W—W, (i=1,--,5).

(3.8) Wy(zexp [,,Wi) = —W; 'Dzexp [, Wi

(3.9) Wi(zG exp [,,Wi) = — F exp [, ,WiOz, where Q = — G~ 'DG.

Let ®,=1—W,W;' — F"'W,'DF and ¥,=1—-WW, " for t=k +1,---,n).
®, and ¥, are easily seen to be ~ 1.

(3.10) Wexp [, W) =P.exp [ Wi (t=k+1,-,n).

(3.11) W(Fexp [,,Wi) = ®Fexp [, W, (t=k+1,--,n).

(3.12) Wyzexp [, ,Wi) =¥ M,zexp [, Wi, where M, =¥, W, (t=k+1,--,n).

(3.13) W(zFexp [, W) = ®,UzFexp [,,Wy,whereU,=®W, (t=k+1,-,n.

B4 M~ U,~W,— W, (t=k+1,---,n).

(3.15) W, Wiy (zexp [, W) =Yrexp [ Wi N, Ny, 2z, with ¥F~ 1 and
N ~W,—W, (t=k+1,---,n).

(3.16) W, Wy (zFexp [, W) = OFFexp [, WiV, Viy 2, with ®F ~ 1 and
Vi~W,— W, (t=k+1,---,n).

Proof. In verifying (3.1)-(3.16), much use may be made of the relation (R):
W(Ty) = W(T))(M(y)), where M = WT 'W(T) (cf. [2, §113]).
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For (3.1): W(K,) = H(1 — W;'(H,' DH, + W,)) exp [, Wi. H 'DH,<W,
because §(H,) = 0 (i =0,1,---,p—1), implying §(H,"*DH) = —1 (i=0, ---,p).
Hence 1 — W (H;'DH,+ W,) ~1 — W;'W,, and the conclusion follows
because (1 — W,”'W)H, = H,, .

For (3.2): Inapplying (R)and (3.1), we have M, = Wu K, K.~ ' =u(W,— W)).

For (3.3): The conditions imply G ~ (t — &)~ 'x(logx) --- (log,X)FW,. We also
have M, ~ W,; therefore M;'DG ~ F <G.

For (3.4): Apply (3.2) with z replaced by G.

For (3.5): Apply (R) together with (3.4).

For (3.6): For successive values of s, we show that if W,_; ~1, then
W((¥,_ K, z')=K,, ¥YN,z’ where z’ = N,_, -+ N;z, ¥s ~ 1, and N, ~ W, — W,.
By (R), W(¥,_,K.z") = (W.¥,_ ) (S(K,z")), where W,¥,_, ~ 1 because ¥,_; ~ 1
while S = vW,,where v = ¥, W (¥,_,) whichis~ 1.Then $(K,z") = (1/v)W(K,z")
+ (1 - 1Kz = (1/v)(u,K;s  Mz' + (v—1)K;z'), using (3.2), =
K1 (u/v + (0 = 1)/v) (K/Kse ) (2" — Dz/M(1 + (v — DK/uK,, ). To
obtain the desired result we set N, = M(1 + (v — 1)K, /u,K;,{) and
¥, = W(¥,-)) /v + (v—1)/v) (K /K, ). Noting that K,,; % K, and
(v — Dv <1, we have ¥;~ 1 and N, ~ M; ~ W,— W, as claimed. To begin the
induction, (3.2) may be applied for the case s = 1.

For (3.7): Apply (R) and (3.5) repeatedly.

(3.8)—(3.11) follow from easy computations.

For (3.12) and (3.13): Apply (R), (3.10), and (3.11).

(3.14) is obvious.

For (3.15) and (3.16): Apply (R), (3.12), and (3.13) repeatedly.

4. THEOREM II. Let the hypotheses and notation of Lemma 3 be in force.
Let —nSa<@d<B=Zn Let Wy—W,, W, — Wy, -+, Wiy — W, be unblocked in
(2, ¢, B). Let S be an element of F(«,B) in which W, is analytic, and let x5 € S.
Then for every complex number g # 0, the differential equation

4.1) W,-Wyy=0
has a solution y, which is ~ gHexp [, W;.
Proof. Lety = gH,exp [, Wz. (4.1) becomes
W, - Wi(¥y- exp [N Ny—y-+Nyz2)=0

(cf. (3.6)), or W, - Wy, (= Wy Texp Jxo Wi D(¥o 1 Ni—y -+ Nz)) = 0 (cf. (3.9)),
and hence it suffices to solve the equation N,_, - N,z = ¥, for a
solution z~ 1. Setting z=1+w, we seek a function w<1 such that
Ni—yoNyw=%¥;1, —1. But (Ny,---,N,_,) is unblocked in (a,¢,B) and
¥, ', —1<1 in F(a,p), so the existence of a solution w* <1 may be inferred
from [2, §114]. (A direct proof using [2, §78] is also feasible: There exists a
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Wi 1 <1 such that N,_,w,_, = ¥;}; — 1, there exists a w,_, <1 such that
Ny—aWi— 2 = Wy_y, -+, and finally there exists a w, = w* < 1 such that Nyw; = w,.)
Taking y, = gH,(1 + w*)exp [,,W;,itis clear that the conclusions of the theorem
are satisfied.

5. LEMMA. Let the hypotheses and notation of 4. be in force. Let
Y=Y, + GK,z. Then

w,. le- W, leg+GKs+1<I)V Viz (s=1,-,k=1);

Wy Wy= (- F®,_exp [, W)Q’ Viey - Viz, with @ _ 1~1; and

W le = (=FO,exp [, WV, V{110 Viey - Vyiz, with ®,x1,Q ~Q,
and Vi~V, (t=k+1,---,n).

Proof. Clearly W,---W,y, =0fors=k,-,n,and
Ws"' WI(GKIZ) = GK;+1 q)sVs"' I./lz

with @, and the V’s asin (3.7), for s=1,---,k—1.
j WI(GKIZ) = Wk(GeXp IXoqu)k' le—l s Vlz) and we use (3.9) With
(®4—,Vi—, -+ V,2) in place of the z in (3.9). This gives

—FCXPJ Wil Q@ Vieoy - V12)}.

On {--} we use (R) with T=®,_, and y=V,_, - V;z (see proof of
Lemma 3), which gives W, WI(GKlz) (=F®_ exp [ WO Viey V2,
where (I)k 1= 0(®4—,) and Q' = QD 1<Dk 1

If t=k+1,---,n we have

Wr"'Wx(GK1Z) = Wt'”Wk+ (= Fexpf Wkak—lQ’Vk—l Vlz)’
X0

and we use (3.16) with z replaced by ®,_Q'V;._, -+ V,z. This gives W,---W,(GK,2)
=—Fexp [, W, DV, Vk+1(d>k 10Vi_1 -+ V12)}. On {--} we use (R) as in
the previous paragraph to ‘“‘permute’” ®,_, past V,---¥;,, and obtain the
stated result.

PART 1V. SOLUTIONS OF NONLINEAR EQUATIONS

6. DErFINITION. Let P~ (WW(n,---,1). We say that P is condensed with
respect to (W,---,W,), and write P ~ (c,w)W(n,---,1), if [HLP]~ = uW,---W,
for some u ~ 1. If P~ (c,w)W(n,---,1) and P is also normal with respect to
(Wy, -, W,,1r) [2, §102], we say that P is condensed with respect to (W, -+, W,,r)
and write P ~ (r,c,w)W(n,---,1).

7. LeMMA. Let (W,,---,W,) be separated and unblocked in (o, ¢,f). Let P’
be normal with respect to (Wy,---,W,,r). Then there exists a function Y<1
and functions Vy,---,V, with Wy~ V; (i=1,---,n) such that if P(y)= P'(Y+ ),
then P ~ (r,c,w)V(n,---,1) and P(0) = 0.
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Proof. By Theorem Illa of [2], there exists a solution of P’(y) = 0 which is
< 1. Let Y be one such solution, and let P(y) = P'(Y + y). Then P(0) = 0.

By Lemma «, P is normal with respect to (W,,---, W,,r). Theorem I above
shows that the approximate factorization of [HLP]"~ using (W,,---, W,) can be
converted into an exact factorization in terms of (V,,---, ¥,) where V; ~ W, for
all i. Lemma g shows that P is normal with respect to (Vy,:--,V,,r). Hence
P~ (rc,w)V(n,-,1).

8. LEMMA. Let the hypotheses and notation of Lemma 5 be in force. Let
[IF]"(W,,$) <0. Let X, =V, (i=1,,k—=1), X,=0Q’, and X;=V, (i=
k+1,-,n). Let P~(rcwW(n,--,1), and let R(z,Xz, -, X, - X,2)
= P(y,Wy,\W,--W.y). Then whenever z<1, R(z,X,z,-, X, X,z)
<Fexp [, W

Proof. Since W,---W,(y,) =0, and since X,--- X, is unimajoral, Lemma 5
immediately implies W,---W,y < Fexp [, W, for every z <1. Let 0 =0,. (We
assume, with no loss of generality, that r > p + 1.) Then P(y) — [HLP] (y)
may be expressed as a polynomial in y,6fy,---,0" such that each monomial
has degree > 2 and each coefficient is X 1. It is easily shown that for every z<1.
P(y) — [HLP]"(y) X(8'y)* for some t€(0,---,n). In fact, for the functions y
being considered, it is readily verified that 'y = E,J,exp [, W, where E, ~ 1 and
J, is a logarithmic monomial such that 6,(J)=0 (i=0,---,p—1; t=2,---,n).
Hence there exists a logarithmic monomial J* such that §(J*)=0(i =0,---,p—1)
and such that J*exp [, 2W,>P(y,W,y, --,W,--W,y)—[[HLP]~(y) whenever z<1.
But J*exp [, 2W, < Fexp [,, W, by Lemma e. It follows that R(z, X, z, -+, X, -+ X, z)
< Fexp [,, W, whenever z <1.

9. LEMMA. Let the hypotheses and notation of Lemma 8 be in force. Let
P, and R, denote the partial derivatives of P and R with respect to their sth ar-
guments. Then P(yW,y,-,W,--W,y)<J"exp [, W (s=0,---,n—1), where
J" is any sufficiently large logarithmic monomial such that 5(J")=0
(i=0,---,p—1).

Proof. Let P=P —[HLP]". Then P,=P (s =0,---,n—1), since P is con-
densed. We have

P(yWyy, W, W,y) = Zpy™@y)* - (0"y)
with jo +j; + - +j, 22 and j,p,y S Ay A, (t=1,---,n) for each j, where
.= —(x(logx) - (log,_;x)W,)"'. Also, by [2,1§100], we have
0y = Z;=0GthWh"'W1y
with G, X 1/A, - A,. Hence
Py Wy, Wy Wiy) = Zpy (@) (8" C;
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where Cj = js(osy)_1 Gss + js+l(0s+1y)_l Gs+1,s + o+ jn(ony)_lGns‘ But
Js+aP,Gssqs 1 (@ =0,--,n—s). Hence we may write P,(y,W,y, -, W,--W,y)
as a polynomial in y, 0y,---,0"y in which each monomial is of degree = 1 and
each coefficient is X 1. The argument given in proof of Lemma 8 shows that
there exists a J” with the prescribed properties.

10. LeEMMA. Let the hypotheses and notation of Lemma 9 be in force. Then
Ry(z, Xy2,++, X, -+ X12) < Fexp [, W; for every z <1 and every s (0,1,---,n—1).

Proof. Rz, X,z,---,X, - X,2) = P(y,W,y, -+, W, -« W y)T(s) where
T(0) = GK,, T(s) ~ GKy4y (s =1,-+,k—1), and T(s)  — Fexp [,,Wi
(s =k,--+,n) (cf. Lemma 5). Hence there exists a logarithmic monomial J with
0(J)=0(i=0,---,p—1) such that R(z, X,z,--, X, --- X;z) <Jexp [,,2W,; but
Jexp [,,2W, <Fexp [, W, as a consequence of Lemma &, proving the assertion.

11. LEeMMA. Let the hypotheses and notation of Lemma 10 be in force. Then
Rz, Xyz,-, X, X,z) ~ —Fexp [, W, whenever z <1.

Proof. R,(z, Xz, -, X, -+ X,2) = P,(y,Wyy, -+, W, - W,y) T(n) where
T(n) ~ —Fexp [, W,, while by hypothesis P,(y,W,y,--,W,--W,y) ~1 when-
ever y <1 and a fortiori whenever z < 1.

12. LeEMMA. Let the hypotheses and notation of Lemma 11 be in force. Let
(X,,---,X,) be an isotone permutation of (X,,---,X,). Then S is normal with
respect 10 (X,--,X,,r), where S is the operator (—Fexp [, W)™ 'R.

Proof. Lemmas 8-11 imply S~ (w)X(n,---,1). Hence S(0)<1, [HLS]~
~ X(n,---,1), and [HLS]~ ~ X" (n, ---, 1). Let y; = GK,.

P(y, + y62)= X{q; l_[0 0"y, + (0'6)z + 10"~ Yye)bz + -
t=

+ 10y60' "z + yb'z)t: g+ - + i, 22}
Hence P(y, + ygz) may be written as a sum of terms each having the form

cqM(yg,0y,,--, Hn.Vg;.VG’ 0yg, -+, 0"yg) N(z,0z,---,0"2)
where M and N are products of integral powers of their arguments, ¢ is a con-
stant, M is of degree = 2, and the differential order of N is < t*, where (relative
to a fixed ;) t* is the largest integer ¢ such that i, # 0. Let the differential order
of N be s*. As in the proofs of the previous lemmas, it is verified that
M < M*exp [, 2W, where M* is any sufficiently large logarithmic monomial such
that 6(M*)=0 (i=0,---,p—1).

Consider a term for which s* > k. Let B;= —(x(logx)---(log,_;x)X)!
(i=1,--,n). We have B; --- B, ~ B*, where B* is a logarithmic monomial with
0{(B*)=0(j=0,--, p—1). By the normality of P with respect to (W,, -, W,,r),
4y S Ay - A Therefore A, - AM*exp [, 2W,> cg;M;
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Al---A,.M*F’lexpf Wk>(—Fexpf W) teqM;
and xo xo

(= Fexp f W)~ eq;M(By, -+, B,o)"!
xo

Ay A M*

S By o By By BF e"pfxow’"

Now 6(M*/B, ---B,F)=0(i =0,---,p—1); and, since X, ~ W, (h =k + 1,---,n),
we have B, ~ A, (h=k + 1,---,n). Hence the right-hand member of (12.1) is
X 1. Therefore we can express (— Fexp [,,W) '+ P(y; + yz) as a sum of terms
of the form f,z7°(6z)’* -+ (§"z)’"where j.f; SBj -+ B, for every jsuch that s* > k.
The same inequality for j.f, can be verified in very much the same way for terms
in which s* < k. It follows that S is normal with respect to (X,,---,X,.r) by
[2, §102].

(12.1)

13. In this lemma we show that if P is an operator which has been ‘‘nor-
malized,” i.e., ~ (r,c,w)W(n,---,1) with P(0) = 0, then the equation P(y) = 0 has
a one-parameter family of solutions y, + ysz. These solutions are = H, exp [, Wi,
the matching constant g # 0 being arbitrarily chosen. (For z <1, y, + ygz
~ y;~gH exp [, W,.) This is the case for each ke(l,--,n) such that
[IF]~(W,,¢) <0, i.e., such that exp [, W, — 0 in the direction ¢. Thus we have
the “‘expected’’ number of solutions <1 in a weak sense: There are that many
separate one-parameter families of solutions <1.

Theorem III, below, proceeds beyond this to show how ‘‘quasilinear combina-
tions”’ of such solutions may be formed to obtain a family of solutions <1
such that each member of the family corresponds to a simultaneous choice of
all available parameters.

LEMMA. Let the hypotheses and notation of Lemma 12 be in force. Then
there exists a function Z <1 such that y =y, + yGZ satisfies

P(y’lea'“, Wnle) = 0.

Proof. The related operator S is normal with respect to (X,,---,X,.r), so
we may invoke Theorem IIla of [2] to show the existence of Z <1 such that
S(Z) = 0. Of course P(y, + ysZ) =0 for such a Z, q.e.d.

14. Tueorem II. Let Wy -« X W,, with each W;~ a logarithmic mo-
nomial in the divergence class. Let P be normal with respect to (Wy, -+, W,,r).
Let Y<1 and let P(Y) = 0. Let (ky, -+, k,) = (1,---,n), and let [IF]~(W,,¢) <0
(i=1,---,u). Let (W,,---,W,) be separated. Let H(k)=(1—W; W) '
(1 = Wi, W)™ 1. Let (y, ) be a subinterval of («, f) in which [IF]~(W,,— W,,, ,, 0)
is either always positive or else always negative (i =1,---,u—1). (Such a sub-
interval exists because of the unblockedness conditions.) Let Wy,---, W, be re-
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labeled, if necessary, so that [IF]~(W,,—W,,,,0) is always positive in (y,9).
(This can be achieved while retaining W, X--- XW, and all other relevant
structure by virtue of stability under isotone permutations of factorization
sequences.) Then there exists a family of functions of one complex variable

{Y*(g1, 82 (81, 8,) € (complex numbers)*}
such that:

(14.1) The map (g,,-*,8,) = Y*(g1, -+, &,) is bijective.

(14.2) For each (i—1)-tuple (g{,--*, gi-1) let (g4, 8i-1, *) denote the set of
all u-tuples (hy,+--,h,) such that h;=g; forj=1,---,i—1(i=1,--,u). Then
for every (g1, -, gi-1,%) there exists W((gy, ", 8i-1,%) ~ Wy, and a
complex number x((gq, s &i—1,%)) = Xo such that Y*(g, s 8- 18> &u) —

Y*(g1, s 8i-1-95 594 ~ (& — g)H(k) exp ,[xoW((gl’ 5 8i-1,%) in F(y,0),
whenever g; # q;.
(14.3) For each(gy,"+,8.), Y*(g1,-,8)<1in F(a,B) and P(Y+ Y*(gy,-+,£,)) =0.

Proof. Let P,(y) = P(Y+ y). Then, by Lemma «a, P; is normal with respect
to (W;,---,W,,r), and it follows that there exist Wj,---, W, such that W;~ W,
(i=1,---,n) and such that P, ~ (r,c,w)W’(n,---,1) (cf. Lemma 7). For a fixed
choice of such functions W; define W((x)) = Wy, ; define x((*)) as some point be-
longing to an element of F(a, f) in which W((#)) is analytic. Then for each non-
zero complex number g, define Y(g,) to be some particular solution of P,(y) =0
which is ~ g H(k;)exp [, W((x)), where x, = x((*)), and define Y(0) =0. (The
existence of Y(g,) is guaranteed by Lemma 13.) We now have P,(Y(g,)) =
=P(Y+Y(g)) =0.

Let g, be fixed throughout this paragraph. Let P,(g;;y) = P (Y(gy) + »).
Then P,(g,; —) is normal with respect to (Wy,---,W,,r) by Lemma «, and it
follows from Lemma 7 that there exist W5 ---, W,” such that W~ W;(i=1,---,n)
and such that P,(g;; —) ~ (r,c,w)W"(n,---,1). For a fixed choice of such W,
define W((g,, *)) =Wy, and define x((g4,*)) as some point belonging to an element
of F(a, B) in which W((g,, *)) is analytic. Then for each nonzero complex number
g, define Y(g,,g,) to be some particular solution of P,(g,;y) =0 which is
~ g,H(ky) exp [,,W((g1, *)), where x, = x((g,*)), and let Y(g,,0) = 0.
(The existence of Y(g,, g,) is guaranteed by Lemma 13.) We now have
Py(g:; Y(g1,82) = P(Y + Y(g,) + Y(g,,82)) =0. And so forth: When

W((gl’ s 8s—1s *))’ x((gl’ 5 8s—1s *))’ Ps(gl’ 3 8s-15 _), and Y(gl’ R gs) have
been defined for all (g, -+, g;), we next define

P (81, 8:Y) = P81, 8 —1:Y(g15,8) + ¥)-

Then P,,(gy, ", &s; —) is normal with respect to (Wy,---, W,,r) by Lemma «,
and it follows from Lemma 7 that there exist Wj,-.., W¥ such that
Wl# ~ vVi (l = 1’ "',n) and such that P +1(g19 85 _) ~ (r,c,w)W#(n,---, 1)°
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For a fixed choice of such W, define W((gy, ", g, %)) = W', ,, and define
x((g1, ", 8s»*)) as some point belonging to an element of F(x,f) in which
W((gy, > 8 *)) is analytic. Then if g,., # 0 define Y(g;,---,g,+1) to be a
solution 0fPs+ l(gl’ ) gs;y) = 0 whichis ~ s+ lH(ks+1)exp ~l‘xoVV((gb s G *))’
where x, = x((g4, "+ & *)), and let Y(g,,--+, £,0)=0.

For each u-tuple (g, :--,g,) we get u functions in this way: Y(g,),

Y(gth), ) Y(gl, cey g,,). Define

Y*(gl""’gu) = ;1 Y(gl,'"’gv)'

Then (14.3) is obviously valid. To verify (14.2), we have Y*(g,, -, g.)
—Y*(gla'"’gi-bqi’""q"):A + B—C, where A=Y(gl""sgi)_Y(gl""’gi—l’qi)’
B= X141 Y(g8), and C= X iiy Y(g1, " &-15 dis > 4.)- Now we
have

A ~ (g; — g)H(ky)exp f W((g1; 5 8i-1%) (X0 =x((815 s &i—1,%)))-
X0
For the general term in B we have

Y(gl’ ) gv) ~ gvH(kv)epr‘ W((gla s 8p—1s *)) (xO = x((gb 5 8v-1> *)))a

and a similar relation for the analogous term in C (v=1+i,---,u). For v > i,
H(k;)/H(k,) % 1 in F(a, B) and hence in F(y, ), while by virtue of the hypotheses
we have
oxp [ Wiler - gin)/exp [ Wilgr o gmio) > 1
X0 x’0

(xo = x((gl’ 5 8i-1> *)), x'o = x((gl, 5 8p-1s *))) in F(‘)”é) Hence 4 > B in
F(y,6), and similarly 4> C in F(y,8), so we have A+ B—C~ A4 in F(y,9).
This verifies (14.2). (14.1) follows easily from (14.2).

15. With the foregoing notion of a u-parameter family we arrive at

THEOREM 1V. Let o, ¢, be real numbers with —n<a<¢dp <pf<n. Let P
be a differential polynomial with coefficients in an LD (F(a,p)). Let M be a
simple principal monomial for P, and let (W,,---,W,) be an asymptotically
steady type for P at M which satisfies the separation condition (§2). Let
(W5 Wi,) be the subsequence of (W,,---,W,) consisting of the W; for which
[IF]”(W;,0) <0 in (a,f). Then P =0 has a u-parameter family of solutions Y
such that Y~ M in F(a,p). Le., the reduced equation P(M(1 + z)) =0 has a
family of solutions Z <1 which possess asymptotic developments, in the sense
of §14, in terms of u asymptotically distinct types of functions of the form
gHexp [, W.

Proof. This is a corollary of [2, Theorem V] and of Lemma 14 above.
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PART V. APPENDIX

LEMMA a. Let P’ be normal with respect to (Wy, -, W,,r). Let Y<1. Let
P(y) = P'(Y+ y). Then P is normal with respect to (Wy, -+, W,,r).

Proof. [2,§91] shows that P ~ (W)W (n,--,1). Now by the normality of P’,
P(y) may be expressed as a sum of functions of the form

cqz YT R0, Y)Y Tt (1Y) Ty (B, y) - (By)

and we must show that j,g;Y°77%(6,Y)" /1. (OY)" " T Ay - A, (1 =0,---,1),
where A4; = —(x(logx)---(log,—;x)W;) "% But this is clear from the fact that
0<j, i, i, XA -A,and Y, 6,Y,---, and 07Y are <1 (cf. [1, §17]).

LeMMA fB. Let P be normal with respect to (W.,---,W,,r), and let
Vi~ W, (i=1,:--,n). Then P is normal with respect to (Vy,:+,V,,r).

Proof. Since W, ~ V,, the relation P ~ (w)W(n, ---, 1) implies P ~ (w)V(n,---,1).
The asymptotic inequalities of [2, §102] are readily verified.

LEMMA y. Let W~ a logarithmic monomial in the divergence class in
F(a, B), with [IF]~(W,0) <0 in (a,B). Then exp [, W<1 in F(a,p).

Proof. If P(y) =Wy, obviously P ~ (s)W (1) (with W, = W). If x, is suf-
ficiently large and g is sufficiently small, the successive approximations of [2,§94]
can be made to converge to a function Y such that Y(x;)=g and Y<1 in
F(a,p). From standard uniqueness theory, Y=g exp [,,W. Since exp [, W=
(exp [3:W)exp [,, W, exp [, W<1.

LEMMA 8. Let W~ a logarithmic monomial in the divergence class and let
G <1 in F(a,p). Let [IF ~(W,6) have no zeros in (a, f). Then

(@) if [IF]~(W,0) <0, every solution of Wy = G is <1 in F(a, B);

(b) if [IF]”(W,0) >0, just one solution of Wy =G is <1 in F(a,f), and
every other solution is > 1 in F(a, B).

Proof. (a) Any solution of Wy = G has the form

y(x)=gexpf Wdt—_[ WG(expf st)dt

X0 X0 t

for some constant g. Clearly all such y are analytic in one and the same element

of F(a,p), and y(x,) = g. In view of [2, §§95-97], and standard uniqueness

theory, such functions are <1 if g is sufficiently small and x, sufficiently large.

Applying Lemma y one finds that y <1 for any complex g and any relevant x,,.
(b) [2,§§95-97] show there is one solution Y, which is < 1. Every other

solution is obtained by adding to Y, a multiple of exp [, ,W. But [IF]™(—W,6) <0

wherever [IF]~(W,6) > 0, and exp [, W= (exp [,,— W) '; and Lemma y shows
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that exp [,,— W<1. By [1,§13b], exp [,,W>-1, so every solution other than
Yy is > 1.

LEMMA ¢. Letc, 1, and 6 be numbers such that c # 0, 1 is real and positive,
and § is real. Let F = (log,x)™°, let

W~ cx™'(logx)™" - (logg—1x) ! (logex) ™! * {(logy 4 1X)™ - (104 4 %)™,
and let [IF]~(W,0) <0 in (a,B). Then Fexp [, W<1 in F(a,p).

Proof. Fexp [, W=F(x¢)exp [.(W+ D(logF)), and the integrand is easily
seen to be ~ W, so the assertion follows from Lemma 7.

LemMA (. Let (mg,---,m,) be a sequence of real numbers different from
(-1, «-,—1); let i be the least integer such that m; # — 1. Let
N ~ cx™(log x)™*--- (log,x)™ in F(a,p), where c is a nonzero constant and
—nSa<B<mn Let N be analytic in VeF(a,f) and let x,eV. Let
M = (m; + 1) " 'c(logx)™ **(log; 4 1 x)™ ** -+ (log,x)™. Then

(@) [IN ~ M(x)if N ethe divergence class;

(b) if N ¢ the divergence class, [,,N X1 and there exists a unique complex
number A such that A+ [, ,N ~ M.

Proof. [, N is a solution of P(y) =Dy — N =0, an equation to which the
entire Strodt theory may be applied. It is easily seen that M is the (unique) prin-
cipal monomial for P. Writing [, N = M(1 + Z), we see that Z satisfies Q(Z) = 0,
where Q(z) = z — (—DM/M)™'Dz — (N — DM)/DM. Thus for some complex
number g, the general solution

z(g,x) = gexpfx(—DM/M)dt + fx (N - DM)/M)expfj(—DM/M)ds)dt

X0

becomes Z(x). Now Q(z) = 0 may be written Wz = G, where
W= —DM/M ~ —(m; + 1)x” *(logx)"! ---(log;x)"*, which belongs to the diver-
gence class; and G =(N — DM)/DM < 1. Furthermore, [IF]™(W,0)= —1in
case (a), and = + 1 in case (b). By [2, §§95-97], accordingly, every choice of g
makes z(g, —) <1 in F(a,p) in case (a), and just one choice of g makes
z(g,—)<1 in case (b). In case (b), if g* is that choice, we have
z(g, =) = z(g*, —) + (g — g*)M(x,)M 1. (a) and (b) follow immediately from
this and from the relation [, /N = M(1 + Z).
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