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Introduction. For any space X, we denote by X(fc, •••, oo) the total space of

the (k — l)-connective fibering over X (Hu [4]). This gives fiberingsi

X(k, ■■-, oo) -> X(k-1, •••, oo) -> K(^_!(X),A:-1)

and

K(nk-1(X),k-2)^X(k,~-,oo)-+X(k-l,~-,oo).

The purpose of this paper is to calculate the cohomology with coefficients in

Z2 (Z2 will be used for all coefficients) for the spaces obtained in this way from

the universal base spaces of the infinite orthogonal and unitary groups, BO and

BU, respectively. For BU, Adams [1] determined these groups in the stable range.

We shall show that if k = 0,1,2,4 (modulo 8), then

H*(BO(k,-, co)) £ H*(K(nk(BO),k))/I(Qkik) ® Z^\L(i) > <j>(0,k)]

where

Sq2 if k = 0,1 (8),

Qk = - Sq3 if k = 2 (8),

.Sq5 if k = 4 (8),

I{Qkik) denotes the ideal generated by Qkik, <j>(0, k) denotes the number of integers

s such that 0 < s g fc and s s 0,1,2, or 4 (modulo 8), L(i) is one more than

the number of ones in the dyadic expansion of i - 1, and 6¡ are classes in H*(BO)

congruent to w¡ modulo decomposable elements. Similarly, we shall show that

H*(BV(2p,-, oo)) s H*(K(Z,2p))/I(SqH2p) ® Z^l^i) > p + 1].

The proofs of these results and this paper can be outlined as follows. In §1

we construct a new system of generators, the 0„ for H*(B0) and H*(BU) which

are closely related to the action of the Steenrod algebras on these groups. In

§2, we make a partial determination of the groups H*(K(n,n))/I which were

mentioned above. These determinations are made by first analyzing the stable
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case in the Steenrod algebra and then reducing to the unstable case. In §3, we

compute the spectral sequences of the fibrations given above, making use of

the partially determined groups H*(K(n,n))/I, to calculate the desired groups

H*(X(k, ..-,oo)) inductively. Finally in §4, we apply our calculations to obtain

some results in cobordism theory. More specifically, we show that a /c-paralleliz-

able differentiable manifold of dimension less than 2*(0,4)+1 is cobordic to

zero in the unoriented sense. If in addition, the manifold is assumed to be weakly

complex, this dimension can be raised to 2c*/2]+2 .

The author should like to thank the National Science Foundation and the

University of Chicago for financial support in the form of an NSF Cooperative

Fellowship during the preparation of this paper, and Professor Richard K.

Lashof for many helpful discussions.

1. H*(BO) and H*(BU). As is well known (Milnor [5]), the cohomolgy

of BO is a polynomial algebra over Z2 with generators w¡ e H\BO), i = 0, w0 = 1,

and the action of the Steenrod algebra is given by the formulae of Wu [7],

'    /j-i-i + t\
Sq'wj =   1   I f _ \w¡_twJ+t

for i < j. Further, the cohomology of BU is the quotient of that of BO by the

ideal generated by all odd dimensional elements. Thus H*(BU) is the Z2 poly-

nomial algebra on the classes w2i.

Definition. An admissible sequence

1   =  \¿    kq,-",Kq,¿ kq-l> '"> '",k2,2    ki, •••,ICi)

with /c¡ > 2s'-1 + 1fci_1, will be called a ©"-sequence if

(a) J is empty, or

(b) there exist integers O^r, <  ■■ <rx<m such that

fct = 2m - 2", and

fc,   = 2r,-'-2r' + 2s,-1 + 1fc(_1.

The excess of a ©"-sequence of type (b) is 2m - 2r" < 2m.

Definition. For any integer j, define L(j) to be one plus the number of one's

in the dyadic expansion of/ —1.   (L(0) = oo).

For each integer ; such that L(j + 2m) = m + 1, there is a unique ©"-sequence

of degree j. In fact, if

Í-1 = 2Pl+ ■■■ +2Pli'ri + 2P2+ - +2"'+ +2"'+';

with q + Zi r¡ = m, p¡ > pi_1 + rl„l + 1, let
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i - 1

2
if pt > 0,

2"2"1 + ... + 2P2+r2-1 + ... + 2Ps_1 + ••• + 2p,+r'~1     if Pi = 0.

i — ¿j — 1 also has m one's in its dyadic expansion, and iteration of this process

gives a 0m-sequence (tu •••, ir) of degree i - 2m.

Definition.    For each integer i, if L(¡) = w + l5 let /,- denote the unique

0m-sequence of degree i - 2m, and set 0, = S¡' *£ e H\B0). (Let 0O = 1.)

Proposition.   0¡ = w¡ modulo decomposable elements.

Proof.   By the Wu formulae,

Sq'wj m (7 ~ *) wi+,,

SO if/ = (ii,---5»"r)j

degi-

If / is a ©"-sequence, it is immediate that all of these binomial coefficients are 1

(modulo 2).

Corollary. H*(BO) is the Z2 polynomial algebra on the classes 0¡, and

H*(BU) is the Z2 polynomial algebra on the classes 02i (or really, their images).

Theorem, (a) The polynomial ideal in H*(BO) generated by 0t such that

L(i) ^ p + 1 is an ideal under the action of the Steenrod algebra.

(b) H*(K(Z2,2p))/I(Sq i2p,---,Sq2" 2¿2p) is isomorphic to the Z2 polynomial

algebra on the Sq'i2p with I a ©"-sequence.

Proof. We shall induct on p. For p = 0, (b) says simply that H*(K(Z2,1))

is the Z2 polynomial algebra on {1. For p = 0, L(i) á 1 implies i = 1. Then

Ql = wu and the polynomial ideal generated by M»! is all a • Wj. Since

Sq\(x-wï) = (Sq'ot + S^,-1a • Wj) • wt, this ideal is closed under the Steenrod

algebra.

Now suppose (a) and (b) are true if p<m. If the Sqli2mmth. I a ©""-sequence

generate H*(K(Z2,2m))/I(SqH2m,-,Sq2m'\m), (a) and (b) hold for p = m.

More precisely, let/ : BO -* K(Z2,2m) with/*(i2„) = w2m. Then

H*(K(Z2,2m))   U   H*(BO)   -*   H*(BO)/I(0,\Uí) ^ m) = B

is by (a)m_! a homomorphism over the Steenrod algebra. Since

B s Z2[0,|L(O ̂  m + 1],
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B has no elements of dimension n with 2"+ 2"-1 > n > 2" so this induces

A = H*(K(Z2,2m))I(<Sqii2m,---,Sq2m'\m) 4   B.

Since A is generated by the ©"-sequences, the image of g is contained in

Z2[0¡|L(¿) = m + 1]. Further, there is one 9¡ for each generator, so 0¡ -^ Sq''i2m

gives

Z2[0i|L(i) = m + l] ^ ,4 ^ Z2[Öi|L(i) = m + l].

with h epic and g°h an isomorphism. Thus /i and g are isomorphisms. Since

h is an isomorphism, (b)m is true. Since g is an epimorphism, the polynomial

ideal generated by {0;|L(i) = m + 1} is an ideal over the Steenrod algebra in

B, so its inverse image, the polynomial ideal generated by {d¡ | L(i) = m + 1}

in H*(BO), is an ideal over the Steenrod algebra.

Thus it suffices to show A is generated by all Sq'i2m, with / a ©"-sequence.

Let C = H*(K(Z2,2m)), K = ¡(SqH^-^Sq2""2^). Since C is generated by all

SqIi2m with I admissible and the excess of / = e(I) less than 2", it suf-

fices to show that if I is admissible, e(I) < 2", and I is not a ©"-sequence, then

SqIi2m eK. If / = (i1; •••, ir), r will be called the length of I, and we shall prove

this by induction on the length of /.

If length 1 = 0, I is the empty sequence, which is a ©"-sequence.

If length / = 1, I = (i) has excess less than 2" only if i < 2". If / is not a

©"-sequence, i^ 2m - 2", n<m. If /<2""\ then Sq'i2meK since the Sq 2".

generate the Steenrod algebra.Thus i =2 m_1+ ■■• + 2 m~p+ b.withO < b < 2m~p~1.

The Adem relations [3] give

2m-2 + ... + 2m-J>-l„     2m-2+.. + 2m-p-l + i)

[2„,-3+... + 2r,-2] .r_2 +     + 2-,-,-i + b _ ! _ a
= 2w \Sq    Sq .

t=o \     2"-2 + ••• + 2"-p-1 — 2i     '

¿j - 1 < 2"-"-1 -1 = 1 + ...+ 2m-"-2, so

/2-» + ...+2— + *-l\       !   (modulo2))
V       2"-2 + ••■ + 2m~p~1       '

and

S«V =  Sq2m-2+" + 2-p-1Sq2m-2+- + 2m-p- ,+V + Z S«'-'S«V.

the sum being over some í with 1 g r ^ [2"-3 + ••■ + 2m"p~2] <2m_1. Thus

Sq'i2meK for all such r, and 2""2+- ■ + 2 m_p_1+6 <2"_1, so

Hence Sq'i2meK.

Sq2",-2+-+2-''-,+bi2meK.
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Thus inductively, if/ is admissible, e(I) < 2m, length / 5¡ p (p ^ 1) and / is not a

0"-sequence, then Sq'i2meK.

Now let / =(ii,"-,ip+i) be admissible, e(I) < 2m, I not a ©""-sequence. Let

J = (i2, •••,ip+1), J = (i3,---,ip+1). Jis admissible, e{J) <2m, and J has length p,

so if J is not a ©""-sequence, Sq'i2m = Sq'lSqJi2meK. Thus we may assume J

is a ©""-sequence.

Let i = dim(SgJÍ2m). Then t-1 = 2"' + ••• + 2Pl+r' + ••■ + 2P" 4- ••• + 2p"+r",

pt>Pi-i + r,-i + i, q+ Iar¡ = m.
If Pi > 0, ¿2=(' —1)/2. Since / is not a ©""-sequence and is admissible,

it > 2i2 = i - 1, and e(/) = 2^ -deg/=2/1 -(¿i + i - 2m) = 2m + il-i<2m

implies ix < i. This is impossible, so pt = 0.

Thus i-l= í + -+2r' + 2P2 + ... = 1 + ... + 2" + 2i2,and by the above

2i2 < ij < i. Let i-! = 2i2 + a, a = 2Si+ ■•■ + 2s", 0 ^ sx < ■■■ < sß ̂  rt. Since /

isnota©m-sequence,ss<r1ora = 2Sl+ ••• + 2St +2ri-s+ ••• + 2r\r1-s>st + l,

Sj < ••• <s,.

Consider Sq2l2Sq>2+aSqJi2m. Q = (i2 + a,i3,---,ip+1) is admissible, has length

p, and

e(ß) = 2(¿2 + a) - (i2 + a 4- i3 + - + ip+1)

= 2i2-(i2 + ■•• + ip+l) + a

= e(J)4-a,

eil) = 2í1-(i1 + - + ip+1)

=   *"i — (i2 + ••• + ïp+l)

= 2i2 + a-(i2 + -- + ip+1)

= e(J) + a,

so e(ß) < 2m. Q is not a ©""-sequence, for
(1) if i2 = 2i3 + 2P- 2ri + 1 = 2i3+ 2""1 + - + 2ri + 1

/2+a    = 2Í3+2""1 + ---+2""1 + 1 +2r'+---+2ri-s+2s'+--+2St        or

= 2i3+2''-1 + -.+2ri + 1 + 2^4--+2Sl     if sß<ru

and so in either case there is a gap in the sum of powers of two.

(2) If i2 = 2i3, then i2 + a # 2i3, 2>3 + 2r,+1 - 2«.

Thus Sq2hSqil+aSqJi2meK.

Now 2¿2 < 2(j2 + a), so the Adem relations give

or, since
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Í2+a~t-í) = o,
i2-2t      '

unless  í2 + a — t — 1 _ 2í2 — 2í, / _ i2 — a + 1 and

c
/i2 + a-l-¿2\ = la- 1\

\ 2i2-2i2 ; \ o j - '

S^V =  Sq2h+aSqhSqJÍ2,

=       Z    (I%+a_'"1Vsg3Í2+fl-VS9V       (modulo K).
t = í2-« + l\      ^'2 — 2í

Now consider (f,J) = (í, j3, ••-, ip+1). Let t = i2 — z, \-Z — a — \. Then

(t,J) = Z^«, with Jx admissible. By the Adern relations, length of Jx = length of

(t,J) = p. If e(Ja) > 2", SgJ"i2m = 0. If e(Jx) = 2", SqJ*/2m = (SqL'i2mf, where L,,

is admissible, length Lx < length Ja, and e(Lx) < 2". Thus Sq'SqJi2„,= Y*Sq3ßi2m

+ Z(SgJíi2m)2,t (modulo K), where Jß,3ß are ©"-sequences.

Now dim(Sg'S^i2m) - 1 = i - 1 - z = 1 + ••• + 2r' + (2P2 + ■•• + 2"9+r') - z

with l = z_a-l<a<l + -" + 2ri. Thus z cancels some powers of 2 from the

part 1 + ••• + 2r\ and hence L(dim(Sg'Sq-'i2m)) < m + 1.

Further, if J^Lj are ©"-sequences, L(dim(SqJ" ¿2m)) = m + 1, and if

dim(SqL*i2m) - 1   = 2'* + ■•• + 2,m       ^ < ••• < tm,

dim((SqL*i2m)2")  = 2*(1 + 2fl + ••• + 2'"-)

_ 2k + 2k+ti + ••• + 2*+<m,

so

or

2k\       i   _.    i    i i   o*-l   i   ->*+'! _l .  . j. l'+i-
dimttSg^Vr) -1 =  1 + - + 2*-1 + 2*+" + - + 2

L(dim((SgL*i2m)2k))   = l + m + k>l + m.

Thus since both sides of

Sq'Sq'i2n,=   T,Sq~Jfi2n,+ 2Z(SqJH2m)2"

must have the same value of L-dim, we have Sq*Sq~Ji2m = 0 (modulo K) for all

in the given range, and thus

Sq i2m e K.

2.   H*{K(n,n))/I.   In this section, we will determine part of the structure of

the groups
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H*(K(Z,2p))/l(SqH2p),

H*(K(ZM))/I(Sq2i8k), H*(K(Z2M + l))/I(Sq2i8k+1),

H*(K(Z2M + 2))/I(SqH8k+2),

and

H*(K(ZM + 4))/I(SqH8k + A),

since these groups form the building blocks for H*(BO) and H*(BU). Our main

tool will be the exact sequences of Toda [6],

—^■s/fs/Sq1

Sq2

and

Sa3       *'
s/ ^L-sJ/s/Sq1

síjsJSq i   Sq<>sf/jíSq 1-^.j>f/s/Sq1,

h=i

where sí denotes the Steenrod algebra, and the mappings are given by right

multiplication by the given elements.

In the following we shall write

I = (¿i,"-5í'r) = O'i -2/2, -,i,-i -2ir,ir].

Proposition. s/fs/Sq1 + sfSq3 has a basis consisting of elements of the form

I + T.J, J > I  in lexicographic order; I,J being admissible sequences; with

I = (/0,/i) where

(1) I, is empty, or

[0,-,0,2,0,-,0,2,0,-,0,2,0,-,-,0,2] = A

[0,-,0,4,0,-,0,2,0,-,0,2,0,-,-,0,2] = B

l[0,-,0,4] = C,
and

(2) I0 is empty, or ir(/0) ^ 2f1(i1) 4- Nil,), where N(I,) = 6 if I, is empty

or has type A, and Nilt) = 2 if It has type B or G.

Further, the map ¿tf/s/Sq1 + sSSq3 -> ?«3 s//s/Sql takes I + 1,J-*I'+ Tj',

where J' > /' in lexicographic order, and V = (I0Jv\ witn

(a) I[  = (3) if J, is empty,

(b) I\ = [5,0,-,0,2,0,-,2,0,-,2] if I, = [2,0,-,0,2,0,-,2,0,-,2],

(c) /',  = [3,0,-,0,2,0,-,2,0,-,2] if h = [0,-,0,2,0,-,2,0,-,2],
(d) l\ = [1,0,-,0,4,0,-,2,0,-,2] if I, - [0, -,0,4,2,0, -,2,0,-,2],
(e) V,  = [1,0, -,0,2,0, -,0,2,-, 2] if 1, = [0, -,0,4,0, -,0,2,-, 2],   and

(f) /',  = [1,0, -,0,2] if J, = [0,-,0,4].
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Proof. We will say that an element oc = I + ZJ, J > I, has rank k if

J = [0,—,0,2,0,—,0,2,0,-,-,0,2] with k 2's or / = [■••, a,0,-,0,2,0,-,0,2,0,-0,2]

with a # 0, 2 and with k 2's.

The principal assertion of the proposition is that there exist elements

cck = (2k+1 - 2, -, 22 - 2) + ZJ, J > (2*+1 - 2, -, 22 - 2), such that

Sq3(«k) = (2k+1 + I,«*-!). We take <x0 = (0), «i = (2), «2 = (6,2) + (8). Now

we suppose ctk exists for k g p.

Now

ap = [2,-,2] + - ->(2P+1 + La,.!) = [5,2,-,2] + -.

P P-l

From ap, we will construct all other elements of rank p in our basis, and construct

their images.

First consider (b)

[2,0,-,0,2,-, 2] -> [5,0,-,0,2,-, 2].

In the Adem formulae,

= Sq2p+2Sq" + terms larger than (2p + 2,p),

and similarly

Sq2pSqp+s = Sq2p+iSq" + terms larger than (2p + 5,p),

and

(8i,4i + 4 + a,2i + 2,i)  = (8/+ 4 + a,4i,2i + 2,j) + •••,

= (8i + 4 + a,4i + 2,2i,i) +•••,

etc.  Now apply these relations on both sides of the desired map to push the

2's and the 5 as far as possible to the right. By the complete symmetry we get

J,[2,-,2]\  +  - ->/J,[5,2,...,2]\ +-

to be shown. Thus we may obtain the generators of the form [2,0,—,0,2] by

applying an admissible sequence to ap, and their images satisfy (b).

For (c), consider the expression from (b),

[2,0,-,0,2] -» [5,0, -,0,2].

The first terms on each side are

(2i +2,i,---) -> (2¿ + 5,¿,-),

(
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to this apply (2(2i 4- 2)). We have

Sq2pSqp+3 = Sq2p+3Sqp + higher terms

so

(2(21 4- 2), 2/ + 2, i, ■■■) -* (2(2i + 2),(2/ 4- 2) 4- 3, i, ■••),

= (2(2/+2) + 3,2i + 2,i,-) + -.

Continuing in this manner, we get

[0, -,0,2,0, -,0,2] - [3,0, -,0,2,0, -,0,2].

For (d), consider

[2,0,...,0,2] -> [5,0,-,0,2]
and to

(2/+ 2,/,-) -> (2/4-5,/,-)

apply (2(2/ 4- 2) + 4). Since Sq2p+*Sqp+3 = Sq 2p+5Sq p+2+ higher terms,

(2(2/ + 2) 4- 4,2/ + 2, i, •••) -♦ (2(2/ + 2) + 4,2/ + 2 + 3, i, ■■•),

= (2(2/ + 2) + 5,2/ 4- 2,/,-) +-,

= (2(2/ + 4) + 1,2/ + 4,/,-) + -.

Now 2(2/ 4- 2) 4- 4 = 2(2/ 4- 4), so we now apply 4(2/ 4- 4) = 2-2(2/ + 4) and

apply the relation

Sq2pSqp+l = Sq2p+iSq"

to complete part (d).

For part (e) begin with the relation from (c)

[0,-,0,2,-,2] -> [3,0,-,0,2,-,2].

The last terms are

(2i,/,•••) -* (2/ 4- 3,/,•••).

To this apply (4/ 4- 4) and use

Sq2pSqp+1    =  Sqp+1Sqp

to get

(4/4-4,2/,/,•••) -♦ (2(2/4-2),(2/4-2)4-l, /,-••).

= (2(2/ + 2) + 1,2/ + 2,/,-).

This clearly continues to give

[0,-,0,4,0,-, 2,-] -> [1,0,-, 02,0, -,2,-].
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Finally, (a) and (f) are just the special cases when there are no 2's.

Thus we may assume ak and all our basis elements of rank k and their images

known for k^p, and must^show the existence of ap+1.

Consider (2P+2 + l)ap-i?U (2P+2 + 1,2P+1 + l)^ = 0, since (2p+2^+ 1,

2P+1 + l) = 0_by the Adem relations. By exactness of ¿//s/Sq1 s*3 >

s/JsfSq1 _^1> sélséSqx, this means (5rg3)-1((2p+2+l)ap) is not empty.

Let Q = / + ZJ, J > I, be an element of (Sq3)~ ((2P+2 + l)<xp) which has /

largest in lexicographic order among all such elements. We shall show that

I = (2      - 2, —,22 - 2), and hence that Q may be taken to be ap+1.

Suppose / j= (2P+2 - 2, —,22 - 2). These two elements have the same degree,

since (2p+2 + l)ap = (2p+2 + l,2p+1-2,-,22-2) + -. Thus J does not have

rank p + 1, since (2 +2 - 2, — ,22 - 2) is the only element of this degree with

rank p + 1. Since there are no elements of rank p of this degree, rank (7) Sj p -1.

If J is not the smallest term of one of our basis elements, then by (a)-(f),

I + ZiC, K > I, is in the image of Sq3. (Note: here we need that the map Sq3

is known on all basis elements of rank = p only.) Thus Zi + ZK maps into

(2P+ + l)ap and is larger than Q, contradicting our choice of Q. Thus / is the

smallest term of one of our basis elements.

Now we note that (s#/.srfSqif<:%Q has as basis our basis vectors (of rank

= p — \), the images under Sq3 of our basis vectors (of rank = p), and

(2P    - 2,ap), by considering the least terms of each of these.

Write

ro
ß = (/+ ZX) +  Z«+ Zj?+ \

l(2p+2-2,ap),

with / + ZX, a in our basis and ß in the image under Sq3 of our basis. The term

(2P+2 — 2,ap) must occur, since if not §q3(Q) has as its lowest term one of the

images of our basis vectors, none of which is [5,2, •••,2]. Since this expression

is formable by subtracting from Q the basis vectors in their lexicographic order,

J<(2p+2-2,-,22-2).

Now

Q + (2P+2 - 2, ap)J^>(2p+2 + l,ap) + (2P+2- 2,2P+1 + l.a,^),

= (2p+2+ l,ap) + (2p+2 + 1,2P+1 - 2,ap_!)

+ (2p+2,2p+1-l,ap_1)

is an image of our basis vectors, namely (I + ZX) + Za. Taking the least

terms of the right side lexicographically, begin to find the basis vectors which

map to this image.

In our basis, /' + Z^'->/"+ Zi", with it(/*) even implies by (a)-(f) that
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I¿ 5¿ (¡>. Thus the terms in 5^3(ß + (2p+2-2,ap)) having i, = 2P+2 come from

elements/'+ ZJ' with ijl) = 2P+2, which are larger than (2p+2-2,-,22-2).

Since all other terms in Sq3(Q + (2P+2 -2,ap)) have i, ^ 2P+2 + 1, we must have

/+ lK-»L+ IM with /1(L)^2p+2+l. Since / < (2 p+2- 2, -, 22 - 2),

i,il) ^ 2P+2 - 2. Thus under ,SV the leading coefficient of / increases by 3 or

more. From our calculations, the increase is always ^ 3, and is 3 only if the

element has leading term [0, •••,0,2, •••,2].

Thus 1 = [0, —,0,2,0, —,0,2, "-,2] with ^p-1 2's. This is impossible, since

the coefficient i, in such a sequence is 2kl+ — + 2*" where n is the number of

2's, and /,(/) = 2P+2 - 2 = 2P+1 + - + 2 has p 2's.

Thus / = (2P+2 - 2, —,2a - 2), which completes the proof.

Corollary.    There exists an epimorphism

f : Sq3iH*iKiZ,2p))) ® Z2[x¡,2i | L(2i) = p + 1] -+ //*(K(Z,2p))//(S^/2p)

such that the composition Sq3 •/ is an isomorphism of the first factor of the

tensor product with the image of Sq3 and is zero on the second factor.

Proof. H*iKiZ,2p))/I(Sq3i2p) is a quotient of the polynomial algebra on

classes SqI+ZJi2p, where /+ ¿J belongs to our basis of sS/s/Sq1 + s/Sq3,

and the excess of / is less than 2p. Consider the map from this polynomial

algebra into //*(/C(Z,2p - 3)) by Sq3.

If / = (/0,/1) with eil)<2p, I0*4>, then §q3il + Y.J) = I' + £«/', and

hiK) = ¿i(/0) = h so e(l) = 2i, - deg /' = 21, - deg/ - 3 = e(/) - 3 < 2p - 3.
If /0 is empty:

ii = [0, —,0,2,0, ■•-,0,2, •••,2] has excess < 2p only if I, has less than p 2's,

and e(I ') = e(/) + 3, so e(/) < 2p, e(/ ') ^ 2p - 3 implies e(/)=2p - 6,2p - 4,2p - 2.

If e(/) = 2p-6, e(/') = 2p-3.

/j  = [0, -,0,4,0, -,0,2, -,2f--,2,2]

q

has excess 4 + number of 2's so is less than 2p only if there are less than p-2 2's.

If q = 0, eil') = eil) - 1, and if q > 0, e(/') = e(/) - 1. Thus e(/') è 2p - 3,

e(/) < 2p implies e(/) = 2(p - 3) + 4, e(/') = 2p-3.

Now the sequences [0, -,0,2, •••,2] and [0,-,0,4,0, •••,0,2, •••,2] with

p-3 2's give images with excess 2p - 3 which thus have the form(SgL/2p_3)2,

where L=/"+ IJ",

/" = [0, -,0,2,-,2]       with p-4, p-3,   or p - 2   2's; or

= [0, •••,0,4,0, •••,2, •••,2]   with p-4 2's

in cases b, c, e and d, respectively. Since these elements are not in our previous
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image, we see that our polynomial algebra maps to H*(K(Z,2p - 3)) with kernel

the polynomial ideal generated by

Za[Sgro.....«.a....j.....a]+wiajp | p_i or p_2 Tsl

Now consider sequences [0, •••,0,2, ••■,2, •••,2] with k 2's. This clearly divides

into the termwise sum of k sequences [0, ■■•,0,2] of distinct lengths, and these

have degree 2 + 4 + ••• + 2r = 2r+1 - 2. Thus the degree of [0, •••,0,2, -,2, •••,2]

is 2" + ••• + 2,k - 2k with 2 g¡ tt < ••• < r*.

Now a sequence J = [0, -",0,2, —,2] with p — 1 2's when applied to a class

ofdimension2p has dimension 2'1+ ■•• + 2''~l- 2(p-l) + 2p=2+2"+•■• + 2t',-,

L of this is p + 1.

For a sequence / = [0, •••,0,2, •••,2] with p-2 2's when applied to a class of

dimension 2p, we have dimension 2"+ ••• + 2'"-2 - 2(p - 2) + 2p = 4 + 2"

+ ••• + 2tp-\ so if i is this dimension, i - 1 = 1 + 2 + 2" + •■• + 2,J"2 or

L(i) = p + 1.

In §3, we will see that this epimorphism is in fact an isomphism. This will

show that H*(K(Z,2p))/I(Sq3i2p) is a polynomial algebra. The situation is more

difficult for H*(K(Z,2p + l))/I(Sq3i2p+l) for we have seen that

(SqLi2p+A-3)2 = 0 mod/(Sg3i2p+1),

while SqLi2v+4_3 pé 0.

Proposition.    There exist epimorphisms

Sq\H*(K(ZM))) ®       H*(K(Z2,2"  '))     _^ H*(x(z>8fc))//(Sg2Í8t)>
/(S^I.-.Sg*4*   3/)

^2(i/*(K(Z2,8fc+l)))®     ^*(X(Z2,242)       _^ ií*(x(Z2>8k+i))/(Sí2Í8ik+i)>
I(SqH,—,Sq2*   zi)

Sq2(H*(K(Z2,8k + 2))) ®    ^W2^4**1))     _^ ff*(K(Z2,8k + 2))//(Sg3¿8, + 2)
/(SíM.-.S?*4*-1*)

H*(K(7    o4t + 2Y\

Sq3(H*(K(ZM + 4))) ® ,      2 "    -> H*(X(Z,8k + 4))//(S9 = i8t+4)
/(S^i.-.S«24 0

sucA ífcaí í/ie compositions with SqJ (j = 5,2,2,3 respectively) give an isomor-

phism of the first factor with the image of Sq1 and are zero on the second factor.

The proof of this proposition is nearly identical to the proof of the preceding

proposition and corollary. This result is based on the exact rectangle of Toda [6]
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and uses the same method of ordering the Cartan basis lexicographically.

The important point is the existence of elements

ak   = (2k- 4,2k-1-2,2*-2-l,2''-3-l,2k-4 -4, -) +-

and

a'k   = (2k~l -2,2*-2-l,2*-3 -1,2*-*- 4, -) + -

such that Sq'(ak) = (2*+1 + l,at_,) and Sq%a£) = (2k~i + l,a'k_,). Here

«AjAÍjes¿/¿¿Sq3; a4j- +,,v.'Aj +,esá¡$ÍSq l+ síSq 5; a4;+2,<x'4J+2es//s¿Sq + sáSq1;

and a4y + 3, oe4j-+ 3 e s/fsifSq2.

3.   H*(BO(k, —,oo)) and //*(BC/(A:,—, oo)). By the Bott periodicity results,

we have

i (modulo 8)   |0|l|2|3|4|5|6|7

TtiiBO) | Z | Z2 | Z2 pÖ | Z | 0 | 0 | (T

and

(Z    / even, for / > 0.

[0     i odd,

Thus BO(/c,-,oo) = BO(fc + 1,-,œ)if fc #0,1,2,4 (8) and BU(2p - 1,-, oo)

= BUi2p, -, co).

Let 0(0, /c) be the number of integers s such that 0 < s ^ fc and such that

s = 0,1,2,4 (modulo 8).

Let nk = nk(BO).

We wish to prove:

Theorem A.   If k = 0,1,2,4 (modulo 8):

(a)   H*iBOik, -, oo)) s H*(K(jrt, fc))//(&/,) ® Z2[0f | L(i) > <p(0, fe)]

vv/iere

rs<z2     i/fc = o.i (8),

Sq3       if k s 2 (8),Qk =

[Sq5        i/fc = 4(8).

(b) The spectral sequence with fiber H*(K(nk,k—l)), base H*(K(nk,k)) IiQkik),

and it_, transgressive to ik ideduced from the spectral sequence of the fibration

K(nk,k) -* PK(nk,k) -» K(nk,k) by taking quotients) has as its £°°

term only those elements of the fiber belonging to the polynomial subalgebra

generated by all Sq\Qkik^,) ik > 1).

Theorem B.

(a) H*(BU(2p,-, do))  Sé H*(K(Z,2p))/I(Sq3i2p) ® Z2[02i|L(2/) > p + 1].

(b) The spectral sequence withfiberH*(K(Z,2p-l)),baseH*(K(Z,2p))/I(Sq3i2p)

and i2p-, transgressive to i2p has as its Exterm only those elements of the fiber
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belonging   to   the   polynomial   subalgebra   generated   by   all   SqISq3i2p-1

(P=l)-

Proof of Theorem A.   The proof is by induction on k.

For k=l, H*(BO(l,-,oo)) = H*(BO) = Z2[0,]. But 0(0,1) = 1, so

Z2[0;] = Z2[0J ®Z2[0¡| L(i) > 1] and Z2\ß{\ = H*(K(Z2,1)), which completes

this case.

For fc = 2, BO(2, —, oo) = BSO and is well as known,

H*(BSO) S Z2[w;|i>i]  = Z2[0,|L(i)>l]

=■ Z2[0,. | L(i) = 2] ® Z2[0f | L(i) > 0(0,2) = 2].

Now the only admissible sequences of excess < 2 are I = (0) and / = (2k, —, 1),

which are 01-sequences, so

Z2[0,|L(O = 2] = ff*(K(Z2,2)) = H\K{Z2,2))¡I{SqH2).

Also, for k = 2, the spectral sequence is just the spectral sequence of

K(Z2,l)-+PK(Z2,2)-+K(Z2,2) which has £co = 0.

Now suppose fc = 0,1,2,4 (8), fc > 2, and that the theorem is true for all

u= 0,1,2,4 (8) with u < fc. In particular, choose j = 0,1,2,4 (8), j < fc, such

that if j <v <k then f #0,1,2,4(8).

Thus we have the fibration

K(itj,j-1) -> BO(fc,-,oo) -> BO(j,-, oo)

which is induced from

K(7ij,j-1) -> PK(npj) -> K(nj,j).

Thus the spectral sequence of BO(k, ■ ■ ■, oo) ->BO(j,—, oo) has fiber H*(K(kj,j — 1)),

base H*(B0(J, ■ ■ ■, oo)) s H*(K(nj,j))/I(Qjij) ® Z2[0f | L(i) > 0(0, j)], and ¿,-_,

transgresses to ij® 1. This is the tensor product of the spectral sequence in (b)¿

with the algebra Z2[0¡ | L(i) > 0(0,;')], so by (b)y, E wof this spectral sequence is

(PQjij-x) ® Z2[6¡\L(i) > 0(OJ)] where (PQJiJ_1) denotes the polynomial sub-

algebra of H*(K(npj-l)) generated by all Sq'Qjij-i.

Thus H*{BO(k, -, oo)) s (PQjij-i) ® Z2[0( | L(i) > 0(OJ)].The class of dimen-
sion k in H*(BO(k, —, oo)) is Qjij-i if j > 4 and 0t if j ^ 4.

If ;' > 4, B0(fc, — ,oo) -► K(izk,k) gives

H*(K(nk,k)) -+ H*(BO(k,--,œ))^H*(iC(7i7j-l))

¿t ->0ji/-i*
By the exact rectangle of Toda [6] used in §2, we have Qkik -* 0. Further, if

j > 4, 2*(0,J)> k + degßfc, so that Qkik projects to zero in the second factor of

H*(B.O(k,—, oo )) and hence Qkik goes to zero in H*(BO(k, —, oo)).
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Thus

H*(K(nk,k))/I(Qkik) - H*(BO(k,-,œ)).

mapping h^Qjij-, ® 1.
Now consider the bundle induced by BO(k, — ,00) -> BO from the universal

vector bundle and form the Thorn space TBO(k,--, 00). Letting U be the basic

class, we have

Sq'U  =0      if 1 ̂  i < 2*(0J)

Sq2       C/ =   w2*(oj) • (/ = [1 x 02*(o,j)] • [/.

For j>4, 2*(0'-')^ 16 and by Adams [2], there are secondary cohomology

operations $¿, and primary cohomology operations Px such that

Ip^u) = s/(0'V

Further, the secondary operations <&XU eHx(TBO(k,--,œ))/J and PX(J) = 0.

Thus picking classes xA- t/in Hx(TBO(k,--,co)) representing O^t/, we have

lPx(xx- U) = Sq29   "if.

Now degree Px<2 *(0,-',)so expanding by the Cartan formula,

lPA(x,.C/) =  ZovcJ-k

Now degree PA > 0, so dimxA < 2*(0,y), and so xA is in the image of a class

<xxeH\K(nk,k)).Thus a = EPAa,,eff2*(0J)(K(nt,k)) mapsto w2*(o n = l®02«oj)

in H*(BO(k,-, 00)).

If j g 4, a = it maps to 1 0 02«(o,j).

Thus

H*(BO(fc, -..oo))- (Pß,/,-!) ® Z2[0,|L(O = 0(0 J) + 1]

maps H*(K(nk,k))/I(Qkik) onto the latter. Thus by the results of §2, we have

epimorphisms

Qj(H*(K(nk,k))) ® Z2[0f I L(¿) = 0(O,k)] I H*(K(nk,k))/I(Qkik)
and

H*(K(nk,k))/I(Qkik) $ (PQjij-,) ® Z2[0( | L(i) = <p(0,;) + 1],

but Qj(H*(K(nk,k))) = (PQjij-1) and 4>(0,j) + I = <t>(0,k), and  by considering

the mappings, g 0/ is an isomorphism. Thus/ and g are isomorphisms.

This implies that

H*(K(nk,k))/I(Qkik)®Z2[9i\L(ï)><l>(0,k)-] -> J/*(BO(fc,-,o>))

is an isomorphism.
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Now consider (b)t. Let <s/0 = 0 if fc = 1,2 (8), s/0 = stSq1 if fc = 0,4 (8).

By the results in §2, ¿tf/s#0 has a basis consisting of our basis vectors, and the

images of our basis vectors.

Let Bqcz ¿//¿¡/0 be the set of all our basis vectors of degree q, I + Zi, with the

excess of / less than fc. Let Cq<zs#/já0 be the set of all images /'+ ZJ"

of our basis vectors, with excess of /' less than fc.

Now for each J + Zi in Bq, define a spectral sequence ¡E by

,E
r,s _

fO if r # 0, <¡r + fc - 1 or s # 0 (modulo q + fc),

- (Sq'+*J fc.J ■ (Sq'+ZJ ik)p       ifr = q + k-l,S = p(q + k),

.(SqI+ZJ ik)p if r = 0, s = p(q + k),

(r = fiber degree, s = base degree) and in which the only nonzero differentials are

d.jEi+*-i*(*+» _* IE°^+1)(9+k>:(SqI+ZJik.1)(SqI+ZJik)p - (SqI+1J ik)p+1.

For each I' + Z-J'eC,, define a spectral sequence ,,E by

fO (r.s) ?É (q + k-1,0) or (0,0),

1 (r,s) = (0,0),-

lS«r+"Vi        (r,s) = (i + fc-1,0),

and all differentials are zero.

Now let E denote the spectral sequence of (b)^. For each / + ZJ e Bq, there is

an obvious inclusion map ¡E -* E, which commutes with differentials. Further,

there is a map ¡E-»£ for all I' + ZJ'eC9(since Sq1 +ZJ' ik-tin E transgresses

in the spectral sequence of the fibration K(nk,k-l)-*PK(nk,k)->K(Ttk,k) to

SqI+zrik, which belongs to I(Qkik). Note that in K(nk,k-1) -* PK(nk,k)-> K(nk,k)

the elements Sg/+EJf4_1 and Sq/+ÎJ'ii_1 transgress to SqI+iJik and Sg i+IJ" it

modulo elements SqKit, with excess of K equal to fc. However, in the spectral

sequence of the fibration, SqKik is in the image of a d' for a lesser t, and so the

transgressions are as asserted).

Thus by using the products in E, we have a map of spectral sequences

( ® ¡Ej ( ® vEP-+e\.

Now the elements of ( \Jq Bq) U((J8 Cq) give a simple system of transgressive

generators for H*(K(nk,k — 1)) in the fibration, so p is an isomorphism (as vector

spaces) on the fiber.

The base in

( ® ,£) ® ( ® ¡e\
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is by definition the polynomial algebra over Z2 on {SqI+TJ ik \l + zZjeBdeeI},

which from  §2   and (a)k   is   in   fact   H*(K(nkk))/l(Qkik).   Thus   p  is   an

isomorphism (as algebras) on the base.

Then

Eœ  £ ( ® ¡Ex) ® (® „i00)  S   ® j^00 s   ® „£

\uB„ / \uC„ / uC, UC.

for the tensor products are finite in degree (r,s) for all (r,s). Thus E °°has

as its only terms the elements of the fiber which belong to the polynomial algebra

on Sg/+ZJ'/jt_13 with/' + Y,J' eCq. By the results of §2 and (a)k this is precisely

iPQkh-i)-
The proof of Theorem B can be easily seen to be formally identical except

in the lowest dimensions. For these we have the following:

//*(Bt/(2,-,oo)) = /î*(Bl/) = Z2[02i], and the map BC/->X(Z,2) sends i2

into 02. H*iKiZ,2)) is the Z2 polynomial algebra on all Sq*i2 with / admissible,

e(I) < 2, ir(l) > 1. There are no such sequences, so

H*(K(Z,2)) = H*(K(Z,2))/l(SqH2) S Z2[/2] s Z2[02].

The spectral sequence then gives H*(BU(4, —, oo)) = Z2[02l|L(2i) > 2]. Now

H*(K(Z,4)) is the Z2 polynomial algebra on all SqIiA with / admissible,

e(I)<4, ir(I)> 1, so

/ = (2*3,-,3), (2\-,2),(2'(2*+1 + l),-,2*+1+l,2\-,2)

=(2'(2*+1 + l),-,2(2*+1 + l),2*+1,-,4,3),
so

H*(K(Z;4))/I(Sq3U) S Z2[Sq(2k--'2)i4]  S Z2[02i | L(2¿) = 3].

The general argument then gives H*(BU(6, -,oo))^(PSq3i3)®Z2[62i \ L(2/)>3]

and the problem becomes to consider the map

//*(K(Z,6)):-> H*(BU(6, -, oo)) -> (PSq3i3) ® Z2[02i | L(2i) = 4],

in which ¿6 -♦ Sq3i3 ® 1 = i2 ® 1. We must show that Sq2i6 -* 1 ® ö8 in order

to show that this is epic. The map BU(6, —, oo) -* K(Z,6) induces the fibration

K(Z,5) -* BU(8, —, oo) -* BU(6, •■-, oo) and in the spectral sequence of this fibra-

tion, the transgression (either 0 or 1 ® 08) of Sq2isis the image of Sq2i6. However,

if the transgression of Sq2i5 is zero, then Sg2/5lasts to E °°, so Jf/7(B[/(8,—, oo)) ̂  0.

Since BU($, •••, oo) is 7-connected, this is impossible. Thus Sq 2i6 -* 1 ® 08.

The remainder of the proof of the theorem then follows the general pattern

as given for BO(k, —, oo).

Corollary. H*(BO(k,--, oo)),H*(BU(k,-, oo)),H*(K(Z,2p))¡I(Sq3i2p), and

H*(K(nk,k))/I(Qkik) are all polynomial algebras over Z2.
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Note. The only problems remaining for the determination of the action of

the Steenrod algebra on H*(B0(k, —, oo)) and H*(BU(k, —, oo)) are the relations

for the 0's and the relation between H*(K(nk,k)) and the 0's. This last is given by

knowing the classes äke H2^0-"^1 (K(nk,k);Z2)and ~ßpeH2P(K(Z,2p);Z2) which

map into 02<f.(o,fc)-i and 02P respectively. These are in fact the elements Sq7"},

where <xq were the elements found in §2.

One can show that

ak   = ik       for fc = 1,2,4,8,

a9   = (Sq4Sq2Sq1 + Sq1)^,
S10 = (Sq^Sq^q^q1 + Sq14Sq6Sq2 + Sq15Sq*Sq2Sq1 + SqlsSq'

+ Sq16Sq*Sq2)il0,

and

h   =   hp       for p = 1,2,

P%   = Sq2i6,

¿54   = (Sq6Sq2 + Sq8)is.

4. Applications.

Definition. A manifold M is fc-parallelizable if for every complex K of di-

mension = fc, and for every map/:K-+M, the bundle induced from the tangent

bundle of M is trivial.

Theorem. A k-parallelizable differentiable manifold of dimension less than

2<mo,*)+i -s co\)0r(iic t0 zer0 (jn the unoriented sense).

Proof. Let j = fc with j = 0,1,2,4 (8) and such that there is no integer u

with j <u = fc and u = 0,1,2,4 (8). Then 0(O,j) = 0(O,fc) and so we may assume

k = 0,1,2,4 (8).

Since M " is fc-parallelizable, the classifying map t:M%BO for the tangent

bundle induces the zero map in homotopy in dimensions less than or equal to fc.

Thus i lifts to a map f : M" -> B 0(k, ■ • •, oo) and in the induced map on cohomolo-

gy, the class of dimension fc goes to zero.

Thus T*(JFÍ*(BO)) = T*(Z2[0¡|L(i)>0(O,fc)]), or wf(Mn) = 0 for i<2*(0't).

Thus v¡(M") = t*(i;¡) = 0 for i < 2*(0,,l), where v¡ are defined by the equations

wp = Zrp=0S4"~\. Since n< 2*(0'*)+\ n/2 < 2*<0'*)and Vi(Mn) = 0 for i > n/2 or

i = 2*(0'*).

Then vßd") = 0 if i > 0 or w^M") = 0 for all i > 0. Thus all Whitney classes

and numbers of M" are zero so M"is cobordic to zero.

Definition. A manifold M" is weakly complex if the structure group of the

bundle of M" is reducible to the unitary group.

Theorem. A k-parallelizable weakly complex differentiable manifold of di-

mension less than 2c*/2]+2is cobordic to zero (in the unoriented sense).
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Proof. Being weakly complex, the classifying map for the tangent bundle of

M"lifts to BU, and then to B(/(2[fc/2], —, oo) by fc-parallelizability. Further, the

class of dimension 2[/c/2] in cohomology goes to zero in M". Thus

T*(//*(BO)) = T*(//*(B(7))=î*(Z2[02i|L(2/)>[fc/2] + l]), or w¡(M") = 0 for

/ < 2[t/2]+\ As in the preceding theorem M"is then cobordicto zero for n < 2W2i+2.

Note, [fc/2] + 2 ̂  0(0, fc) + 1, and [fc/2] + 2 > 0(0, k) + 1 for k = 0,6,7

(modulo 8).

References

1. J. F. Adams, On Chern characters and the structure of the unitary group, Proc.

Cambridge Philos. Soc. 57 (1961), 189-199.

2. -, On the non-existence of elements of Hopf invariant one, Ann. of Math. (2) 72

(1960), 20-104.
3. J. Adem, The relations on Steenrod powers of cohomology classes, Algebraic geometry

and topology, A symposium in honor of S. Lefschetz,pp. 191-238, Princeton Univ. Press, Princeton,

N. J., 1957.

4. S. T. Hu, Homotopy theory, Academic Press, New York, 1959.

5. J. Milnor, Lectures on chracteristic classes, mimeographed, Princeton University, Princeton,

N. J., 1957.

6. H. Toda, On exact sequences in Steenrod algebra mod 2, Mem. Coll. Sei. Univ. Kyoto

Ser. A 31 (1958), 33-64.

7. W. T. Wu, Les i-carrês dans une variétégrassmannienne, C. R. Acad. Sei. Paris 230 (1950),

918-920.

United States Army


