CAMERON-MARTIN TRANSLATION THEOREMS
IN THE WIENER SPACE OF FUNCTIONS
OF TWO VARIABLES(')

BY
J. YEH

1. Introduction. The Cameron-Martin translation theorems [1] have proved
useful in the evaluation of various Wiener integrals. The analogue of one of these
theorems for the integration of continuous functionals in the Wiener space of
functions of two variables was considered by Kitagawa [2]. The present author
has proved that the Wiener measure in the space of functions of two variables is
indeed a measure [3]. In this article we give a rigorous statement together with a
proof for the theorem of Kitagawa and then prove the translation theorem for
Wiener measurable sets and Wiener integrals of arbitrary measurable functionals.

The Wiener space C of functions of two variables is the collection of real
valued continuous functions f(x,y) defined on the unit square Q: 0<x, y<1
satisfying £(0,y) = f(x,0) = 0. A subset I of C defined by

(11) I{xl""ﬂxm’yls "'syn’E} = {feC;[f(xl’YI)’""f(xm’yn)]eE}

where 0=xy<x;<--<x,=1, O0=y,<y;<--<y,=1 and E is a
Lebesgue measurable set in the mn-dimensional Euclidean space R, is called
an interval in C. The points (x,, y,),*,(x, ¥») are called the restriction points
and the set E the restricting set of I. The collection J of all such intervals con-
stitutes an interval class.

If we define for every IeJ

m(I) = K{xl’ 9 Xy Y1ttty yn}

(12) 'f(%")fw{xl’ oy Xms V15 s Voo Ui 1s ""umn} d“u,“‘,d“mn
where

K{xl, ey X V1o ...’yn}
(1.3)

1
{n""‘[x,(xz — X)) (X, — xm-—l)]"[)ﬁ(J’z =y (Ve — .Vn—l)]m}l/2
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W{xl’ X Yt Y Uggs o “mn}

m n 2
(u"—lb -1 — Uij—q ‘+u'_1 ‘_1) }
= ex _ E E iJ isJ i sJ i sJ
p{ i=1 j=1 (xi—xi-t\)(.}’j“)’j—l)

(1.4)

with ug; = u;o = 0, then m(I) is a measure on J, i.e., it is a countably additive
extended positive valued set function defined on J with m(g) = 0. The factor
K is so chosen as to make m(C) = 1. Let us denote this measure space by (C,3,m).

As a measure on an interval class, m can be extended to be a measure on a
Borel field of sets in the usual way. Let O = {Q} where Q is an O-set of J, i.e.,
it is the union of countably many members of J. The Carathéodory outer measure
of an arbitrary set I' < C is defined to be

(1.5) m*([) = inf m(Q).

Q=>r

A set ' = C is called Carathéodory, and in our particular case Wiener, measur-
able if for every set A = C

(1.6) m*(A4) = m*(4 — [) + m*A NT).

The collection €,, of Wiener measurable sets, the Carathéodory extension of <,
is a Borel field and if we define m(I')=m*(T') for ' e®,,, m is a Lebesgue measure
on €, Let us denote this measure space by (C,E,,, m).

The subset 3° of I consisting of intervals of the type

(1 7) -lo{xbyjaaij,ﬂij, i= ],2,"',"’1, J= 192’"'5"}
= {fe C; o j <f(xi’yj) = ﬂiﬁ i= 1a29"'ama ]= 1’2,"'3 n}

where — o0 < o;; < ;; £ + oo is called the restricted interval class. It is an inter-
val class by its own right and if we define m°(I) = m(I) for every I°e3J°, m® is
a measure on 3°. If we now construct (C,E,,0,m°) from (C,J° m®) the way we
constructed (C,C,,,m) from (C,S, m), we have a Lebesgue measure m® on the
Borel field €,0. In §6, Theorem IV, we show that (C,C,0,m°) = (C,C,, m).
This will enable us to express any I'eC,, in terms of members of J°.

Our main results are the following theorems:

THEOREM I. Let H(u,,-,u,,) be a Lebesgue measurable function of mn
real variables. Let 0<x, <--<x,<1, 0<y, <-+<y,£1. Then the
functional H[f(xy,1),**sf (X ¥,)] defined on C is Wiener measurable and

ch[f(xla Y1) f Ky .Vn)]dwf

(1.8) ® ©
= K{[xi]’ [y]]} J‘_ (mn)f— H(ul 10" umn) W{[xi]’ [yi]’ [ul'j]} dul 15 """ dumn
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where the existence of one side implies that of the other and the validity of the
equality.

THEOREM II. Let F[g] be a functional defined and Wiener integrable
over C. Let F[g] be bounded in every uniformly bounded subset of C and let
F[g] be continuous in the sense that for any sequence {g®} = C which converges
uniformly in the unit square Q to ge C

1.9) lim F[g™®] = F[g].

k-0

Let foeC, let 0*,/0yox exist and be of bounded variation on Q,
(9%/0y0x)fo(0,y), (8%/0yox)fo(1,y), (8%/0yox)fo(x,0), (8%/0ydx)fo(x,1) be of
bounded variation on the respective unit intervals. Then under the translation

(1.10) 8(x,y) =f(%,y) +fo(x,y)

the Wiener integral undergoes the transformation

11) [ Flelde =eso - [ STocise) [ ris s sidexn |2 Zowrsans

The Riemann-Stieltjes integrals appearing in Theorems II and III are defined
in §3. In case 0°fy/dydx is Riemann integrable on Q, [y(8%f,/dyox)d>f,
= [ [ o(0*fo/0y0x)*dxdy. Also 0°f,/0ydx may be replaced by 8%f,/dxdy throughout.

THEOREM 1II. Let f,€C satisfy the conditions in Theorem II. Let ' = C
be Wiener measurable and

(1.12) TT = {feC; f=g —fo.gcT}.
Then
2 2
o mr-ag -] Zha [ o] o

Moreover if F[g] is a Wiener measurable functional defined on T’

19) [ Fledwe=eso (- [ Sl [ rresen(-2f Toalay

in the sense that the existence of one side implies that of the other and the validity
of the equality.

2. Proof of Theorem I. Let 0<x; < <x,51,0<y;<--<y,<1be
given and let H(u,y, -, u,,) be a Lebesgue measurable function defined on R,,,.
We begin with the case where H is the characteristic function y; of a Lebesgue
measurable set E c R,,,. Let I be an interval in C defined by (1.1) with our {x;},

{.VJ} and E. Then H[f(xls y1)9 ""f(xm’ yn)] =X and
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)= [ duf = [ 11duf = | HUGrp S oyl
On the other hand, according to (1.2)

Kf(mn)deu“, ey AUy, = Kf (mn)J~ xeWduyy, -, du,,
E -~ )

I

m(I)

=st (mn)f H(uys, -yt Wity 1, -+, ity

These two equations imply the validity of (1.8) for this special case.

The result now easily follows when H is any finite linear combination of char-
acteristic functions of disjoint measurable sets of R,,,.

If H is a measurable extended positive valued function on R, there exists a
nondecreasing sequence of non-negative integrable simple functions H, which
converges to H at each point in R,,. For each H;, (1.8) holds. The limit may
be passed under the integral sign by Levi’s theorem on monotone convergence
and (1.8) holds for H.

Finally when H is a measurable extended positive valued function on
R,., we define H¥(uyq, -, Upy) = max {H(Uyy, = Up), 0} H (Uyg, 5 Upy)
= max{—H(u,y, ", Up,), 0}, so that H = H+ — H~. Then (1.8) holds for each of
H* and H". In case the integrals of H+ and H - are not both infinite, the integral
of H exists and (1.8) holds.

3. Riemann-Stieltjes integral. We define Riemann-Stieltjes integrals of func-
tions of n variables and state a few theorems which can be proved more or less in
the same way as in the one variable case.

Let f(x!,---,x") be a function of n real variables x?, 1 < p <n. For each
p and prescribed values of x? and Ax?, the operator A? is defined by

3.1 A =f(x, oo, x™) — f(xt, o, xP7 1, xP — AxP, xPHE, . X7).
Then for p; # p,, 0 £ py, p» £ n, A’! and AP? commute, and

(3.2) APIAP2 ... APn = ALAZ ... A

whenever (p,, p,, -**, p,) 1S a permutation of (1,2, ---,n).

Let f(x',--,x") bedefined onan n-dimensionalinterval I =[Tp=1{x?|a?< xP< b}.
Let P be a partition of I into [];~, M, n-dimensional intervals by partition points
satisfying a’ = x§ <x{ < -+ <xjy =b", p=1,2,--.,n. Let Ax} = xb,—xF,_, and
let A, be the operator defined by (3.1) with the fixed values x% and Ax} for
i*=1,2,--,M, and p=1,2,..-,n. Consider

M, M,
(3.3) X X A AR

it=1 in=1
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DerINITION 1. If the collection of numbers (3.3) corresponding to the col-
lection of all partitions {PB} of Iis bounded above we say that f is of bounded
variation on I, write f € B.V.(I), and call the least upper bound the total variation
of f on I and write V(f,I) for it.

Let &5 satisfy xf-y < & < xf for i*=1,2,---,M, and p=1,2,---,n. Con-
sider the Riemann-Stielties sum of g(x',---,x") with respect to f(x!,---,x",

M

1 M,
SN = L o X gl Al AN,

Let |PB|, norm of P, be the greatest diagonal length of the X7_, M,
rectangles resulting from B.

DErINITION 2. We say that g is Riemann-Stieltjes integrable with respect to
on I if there exists a number J such that for every given ¢ > 0 there corresponds
some 6 > 0 in such way that | S{3,{¢}} — J| < & whenever | | < 5. The number
J is called the Riemann-Stieltjes integral of g with respect to f on I and is
denoted by [,gd"f.

THEOREM 1. A mean value theorem for A'A%...A"f. Let A'A*...A"f
be defined for some fixed values of x?and Ax” for p =1,2,---,n. Let (p;,p3,"** Py)
be a permutation of (1,2,---,n). If the partial derivative f,,,, , exists on the
open interval [];-(x?— AxP,xP) then there exists a point (E',E2,---,EP) in the
open interval such that

AN A=y o (EL,E2, -, ENAXIAX? - AX",

CoRrOLLARY. If f is defined on a closed n-dimensional interval and if
S o1pa-+-p, €xists and is bounded in the interior of the interval then f is of bounded
variation on the interval.

THEOREM 2. AN EXISTENCE THEOREM. If g is continuous and f is of bounded
variation on a closed n-dimensional interval I then [;gd"f exists.

THEOREM 3. REDUCTION TO RIEMANN INTEGRAL. If g(x1,x2,---,x") is defined and
Soip2..0n Where (py, P, -+, p,) is a permutation of (1,2, -, n) exists at every point
of I=[Tp=1{x?|a’< xP< b’} and if g and f,,,,..., are Riemann integrable
on I, then g is Riemann-Stieltjes integrable with respect to f there, and

b! b
[t = [ [ ety et

This theorem is based on the following statement: If ¢(x!,---,x") and
Y(x',--+,x") are integrable on I = [T, {x?|a”? < x? < b?} then for every given
¢>0 there exists some 6> 0 such that whenever |B|<J and xP_, <2,
e < xp
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|
I

where the integral in the inequality is the n-tuple Reimann integral of ¢y on I.

n

M b bn
. 2 ¢(f;'a"'a¢iﬁ)¢("}19"'a ”?")Axil‘"'Axi"l' _f A ¢¢dx l"'dx" <eg,
1 al an

1 in=

1

4. A lemma on rearrangement of multiple series. We begin by defining a few
operators. We use a(i',---,i") rather than «..... to mean the term at the
(@i*, -, i") position of an n-tuple series. Consider two such series a(il,--,i") and
BG, -, i"), i?=0,1,2,,p=1,2,---,n.

DerINITION (1).  For every integer k, 0 < k < n, and every subset {p; p,,--, p}
of {1,2,---,n} the operator D¥(py, -+, pp) is defined by

Dk(pl’ "',Pk)“(il, "'ain) =
with
im, e, ipk
replaced by

Pt =1, iPe— 1,

D*(p,, -+, p,) operates on B(il,---,i") exactly in the same way as on a(i',---,i").
When there is no ambiguity we will write D* for D¥(p,, -+, p,). For a given k, we
use D" to mean the collection of all D* operators, C, , in number.

DEFINITION (2). For every integer k, 0 < k < n and every division of {1,2, ---,n}
into three subsets, some possibly empty, {p;,ps *,Ps}> {41,92,**4;} and
{ri,ra o} with s+t=k, k+u=n, the operator

Rk(pla""Psl q1, "'aqtlrl’ s Ty)s

or simply R*(py,-,ps|qy,++»q;) or R* is defined with preassigned integers
Mls ) Mn by

Rk(pl, *** Dy I q1s°*s qt)a(il’ R ln) =u

with
im, ey ipx
replaced by 0 and
iql, sy iqt
replaced by
Mql’ T Mqr
and
Rpys - Ps| 41, 0,0 BGY, -, 1) = B
with
iPL L. P
replaced by 0 and
... e

replaced by
M, + 1, ,M,, + 1.

For a given k we use R* to denote the collection of C,,,,‘Z" R* operators.
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DEerINITION (3).  0(R¥(py, -+, Py |q1,5q)) =1

LEMMA. With the notations defined above

M M, n
y .. X ﬁ(i‘,~--,i")[ Yy Z(—l)"D"a(i‘,~-~,i")]
it=1 in=1 k=0 9k
n M"| M"k
(4.1) — Z Z(_l)n—a(R""‘) Z ER"_ka(il,---,in)
k=0 W|n-k i"t=0 ik =0

k
: [Z Y (- DR"*BG 1, i"+ 1)] .
1=0 9!
The proof is by straightforward induction and is left to the reader.
INTEGRATION BY PARTS. Consider the n-dimensional interval

I"=[[{x"a® < x* < b},
p=1

Let 0Lk < n. If we choose n—k of the n variables and set each x? of
this subcollection to be equal to a” or b” and let each x” of the remaining k
variables satisfy a” < xP < b® then we have a k-dimensional interval. Such an
interval will be denoted by I*[x*,---,x"] with the appropriate variables replaced
by the appropriate constants a” or b?. For fixed k there are C,;2"”* such inter-
vals. Let the collection be denoted by 3* and let I = UZ=OS". For each I*e
let o(I*) be the number of b”’s appearing in the square bracket which indicates
the position of I*.

Let f and g be defined on I". If I*eJ and the Riemann-Stieltjes integral of f
with respect to g on I* exists we write [;.fd" for it. Hereby it is understood
that if I°€J, then [,0f d°g always exists and is the product of the values of f
and g at that point which enters in J as the 0-dimensional interval I°.

THEOREM 4. Let f be Riemann-Stieltjes integrable with respect to g on each
member of J, then g is Riemann-Stieltjes integrable with respect to f and

ny __ - __1y—o(I¥) k
“2) | ear=2 £y sate

Proof. Consider a partition of I" defined by a’=x} <xf <. <xj =0b’
forp=1,2,---,nand let x% < & < xf, i =1,2,---,M,, and {§ = a",f,‘}ﬁl:b"
for p=1,2, -+, n. Leta(i', -, i") = f(x}s, ---, x}) and B(i*, -+, i") = g(&h, -+, EL).
Then the Riemann-Stieltjes sum of g with respect to f and I" becomes the left
side of (4.1). To each R*™* in the right side of (4.1) there corresponds in the
obvious way an 1¥e . Furthermore,

M M

ry rr

2 Z Rn_k(l(il,“',i") i 2 (—l)lDan-kﬁ(il+1,"',i"+ 1)
1=0 D!

i"=0 ik =0
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is the Riemann-Stieltjes sum of f with respect to g on I* corresponding to P
and {£}. It is obvious that o(R"™¥) = o(I*). From the existence of [:fd"% for
every I* €3, (4.1) becomes (4.2) as | B |- 0.

5. Definition. Let n be a positive integer and consider the division of Q
into n? squares by means of the division points x;=i/n, y;=j/n, i, j=0,1,2,---,n
of the unit intervals. Divide each square with corners (x;_y,y;-1), (X;, ¥;-1),
(%3, ¥;),(x;-1,y;) in two rectangular triangles by the diagonal with the endpoints
(%i—1,¥;-1) and (x;,y;). For fe C, L,[f] is defined to be equal to f(x,y) at each
(x5, i, j=0,1,2,---,n and linear on each of the 2n® rectangular triangles. In
other words if (x, y) is in the triangle with (x;_y, ;- 1), (X;, ¥j—1), (x;, ;) as corners

o = 4 () A
(5.1) 1

A PEA R0 5

and if (x,y) is in the triangle with (x;_,y;-4), (x;-1,¥;), (x;, ¥;) as corners
st = A1 (o) = (SR - )
5.2) , . C
S G N -2 ()

Lemma 1. Let F[f] be a functional defined on C. Let F[f] be continuous
in the sense that lim,_,,, F[f®] = F[f®] whenever {f®} = C converges uni-
formly on Q to f®eC. Then the functional F[L,[f]] defined on C is Wiener
measurable and there exists a continuous real-valued function H(u,y,---,u,,)
defined on R, such that

(53 FIL,Lf1] = HLf (x4, 31), +of (e yu)]-

Proof. Since L,[ ] depends only on the n® values of f at (x;,y,), there exists
a real-valued function H for which (5.3) holds.
To show the continuity of H, let lim,_, , u®) = u®where

B = [u®, -, u®] for k=0,1,2,--.

Let f®¥eC, k=0,1,2,---, be linear on each of the 2n? triangles in the definition
of L, and satisfy
f(k)(xi’yj)’:ug")’ k=0a 1323"'0

Since lim,.,,u™® = u®, we have lim,_, . f*(x,y) = £ °A(x,y) uniformly on Q and
hence lim, . F[f®] = f[F”]. Now L,[f®] =f® for k=0,1,2,-- and
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F[f(k)] = F[Ln[f(k)]] = H[f(k)(xl’yl)’ ""f(k)(xmyn)] = H[u(lkl)’ H) u’('l’c.)

for k=0,1,2,---. Thus lim,_,  Hu®) = Hu”) and H is continuous.
To prove the Wiener measurability of F[L,[f]], we note that for any real
number «

I, = {feC; FIL[f]]>«}
{fE C; H[f(xlay1)9 ""f(xmyn)] > 0(}
{fe Ca [f(xlayl)a ""f(xmyn)] GE}

where E = {ueR,,; H(u)>a} which is a Lebesgue measurable set since H(u)
is continuous and measurable. Thus I',eJ and is Wiener measurable. The ar-
bitrariness of « implies the measurability of F[L,[f]].

LEMMA 2. Let f,, feC and let f, satisfy the conditions in Theorem 1I.
Let B be a partmon of QbyO=xy<x; < <x,=1, 0=yo<y; <--<y,=1,
and let

AAf =F(xy) —F iz 15y) = f(xyi-1) +F(Xi-1,Y-1)5

then
(AAf)® | 20A:£) (AA) | _ 62f o 12 d f 0
|gl}1—»o 121 121{ AxA + AixAjy } B dfo f

where the convergence is bounded in f for all f in any uniformly bounded set.
In case 02f,/dydx is Riemann integrable on Q, [ ,(0%fo/0y0x)d>f, reduces to

[ [0(@%fo/0ydx)*dxdy.
Proof. By Theorem 1.

2
Dy[13] = G TELIOCAD _ O futtun) (utsfo + 28011,

where x;_; <& <Xx;, y;j-1<n;<y;. Since d*f,/0ydx is of bounded variation
on Q,, fo, f are continuous on Q and (8%/dydx)fy(0,y), (8%/0ydx)fy(1,y),
(0%/0ydx)fo(x,0), (0%/dydx)fo(x,1) are of bounded variation on the respective unit
intervals, Theorems 3 and 4 apply and

0 0
lim ¥ X Dulf$] = f o 7, + J o 3o gy,
1B|-0 i=1 j=1
For an arbitrary M >0, let T = {fe C; |f(x,y)| £ M on Q}. It follows easily
from the lemma of §4 that X.D;;[f,p] is bounded on T
Proof of Theorem II. Let M be a positive number and n be a positive integer.
Define
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Cy = {geC; |g(xy)| =M on @}
Cun = {gGC; lg (;,l-'%) I =M, i,j=o,1,2,...,,,}_

Then CM,n po] CM’zn, lim”_,wCM,zn = CM’ CM c CM' ifM<M'and limM_.w CM=C.
Let

TCy={feC; f=g—fo, §€Cy}.
By (5.3), (1.8)

f FIL[]ld.g

CM »n

f HIg 0y s gComyldug
CM n

= k(L D [ o) [ B0 W1 D oo,

Since L,[g] = L,Lf] + Li[fo], if we write
| 8(xiy)),
u; = f(xpy,
a; = folxuy)),
AAju = uy =g j—uy g+ gy

and similarly for A;A;a, and apply (1.8),

(5.4) j FIL.[¢]ld,g

CMn
M=-ajg, M=-a,

=K EadD[ ) | g a WS s+ Ty di

M=-ayy - _a""

n AA M=-ayy M +ap,
=exp‘—i§l J'2=1 %} f‘”"“nn(nn) M-ay,., H[[“ij+ aU]]
£ £ Q)

. ex
P { j=1 AxAjy

i

) _ v v 2(AAe)(AAu)
exp{ i=21 jz=1 AxA;y }duu Bin

_ B e 3 BASLGAN
- expf- % £ QOIS | TIC:EI:.U+fo]]exp‘ 23 3 CAGAD | s
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Equation (5.4) is valid for any C, ,, and in particular for every one of the
sequence {Cp n},n=1,2,--.

Now for any geC, lim,., L,[g] =g uniformly on Q. This follows from
(5.1), (5.2) and the fact that for any £> 0, there exists a positive integer n such that
| g(x",y") — g(x" <¢/3 whenever |x’' — x"| <1/nand |y’ — y"| <1/n.

If we let n— oo in (5.4) over the sequence of sets {C,, ,-}, then from the bound-
edness of F and the sum under integral sign in the right side of (5.4), the limiting
process may be passed under the integral signs. By Lemma 2 and the continuity
of F, we have

_ 9%fo i, f { J %o .
fCMF[g]dwg = €Xp { ayax } F[f+f0] €Xp ayaxd f}
If we let M approach infinity, we have (1.10).
6. Theorem IV. (CC,,, m°) = (C,C,, m).

LemMA 3. Let O°={Q°} be the family of O-sets of I°. For every T < C,
let

m%*(I") = inf m°(QO).
Qo=r
Then m°*(I") = m*(T).
The proof is left to the reader.
LemMA 4. C,o* = C,..

This lemma is an obvious consequence of Carathéodory’s theory of measure.

Proof of Theorem IV. It is well known that for any o-finite measure on an
interval class, there exists uniquely a countably additive extension of the measure
to the Carathéodory extension of the interval class. Now since m® on €,° and
m on @, are both a countably additive extension of m on J° to €,° =G, we
have m® =m on €,2=C,,.

7. Definition. By O°° we mean the class of limits of decreasing sequences
of members of O°.

LemMma 5. If ' < C is Wiener measurable, we can write ' = G — N where
GeO® and N < G with m(N) =

Proof. Let I" be Wiener measurable. Since (C,C,,,m) = (C,¢,°% m°), there
exists some QY € O such that Q% > T and m(Q? — I') < 1/n for any positive in-
teger.LetG, =( )= Q. ThenG, €O °For if welet Q7 = Ji, I? . Q3= J -1 I3,
where 19, 19,€3°,

@ 0 0 @
22nag = (Ui n(Ur)=U Uatnige s’
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because I ,NI;7,eI° By repetition we see that G,e O° for all n. Also
G,>G,,q, G, oI for all n. Thus if we let G =lim,_, , G,, then Ge O°* ,GoT
and 1

m(G—T) £ m(G,—T) £ m@9—T) < .

If we let n tend to infinity, we have m(G —T')=0. Let N=G —T. Then
I'=G—-N,NcGand m(N)=0.

Proof of Theorem III. To prove (1.13) we consider first the case where
I = I° as given by (1.7). Let ¢;; ,(u) be a continuous trapezoidal function which
equals one on [o;; + 1/k, ;;], equals zero on (—oo,a;] and [B;; + 1/k, + o)
and is linear on [«;;,; + 1/k] and [B;;, B;; + 1/k]. If a;;, B;; are infinite so are
a;; + 1/k, Bi; + 1/k. Let

X1°,k[g] = '1;11 131 ¢ij,k[g(xis .Vj)]’ geC.

Each ¢;;,[g(x;,y;)] is Wiener measurable by Theorem I and so is y0,[g].
Since 0 < xj0,[g] 1, xro4[g] is uniformly bounded in C. If {g™} < C and
lim, ., g"(x,y) = g(x,y) on Q, the continuity of ¢;; [u] implies

lim ¢;;,[g “(x;, ¥l = ¢i.le(x:y,)]

and
lim XJO,»[g(")] = XIO,k[g]-

n-o
Thus y0,[g] satisfies the conditions on F in Theorem II and (1.10) holds with
F[g] = xoxlg]- Since limy_, )0 :[&] = x1o[g] monotonically, (1.10) holds wih
F[g] = x:[g], which is the validity of (1.13) when I' =I°. The equality (1.13)
holds when I' = Q° € O°, since both sides of it are completely additive functions
of I'. Finally when I is an arbitrary measurable set, it can be writtenasI'=G — N
where Ge D% , N = G, m(N) = 0 according to Lemma 5 so that by monotone
convergence, (1.13) holds.
The equality (1.14) can be proved exactly in the same way as in the one
variable case.
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