EXISTENCE IN THE LARGE OF PARALLELISM
HOMOMORPHISMS

BY
ROBERT HERMANN(!)

1. Introduction. All manifolds, tensor-fields, curves, maps, etc., will be of
differentiability class C* unless mentioned otherwise. All manifolds will be
paracompact and connected. Let M be a manifold of dimension n. (1 £ i, j,-- <n;
summation convention.) An everywhere linearly independent set of 1-differential
forms, (w;), on M defines an absolute parallelism for M. We will consider one
such parallelism as fixed on M. Let M’ be another manifold, with a set of 1-forms
(w}), not necessarily defining a parallelism. Our problem: When is there a map
¢ : M’ — M such that ¢*(w;) = w;? (If w is a differential form on M, ¢*(w) is
the form on M’ induced by ¢, denoted by d¢(w) in [4].) Suppose that:

1.1 d(Di = cjki (()j/\wk.

The c;,; are the first order invariants of the parallelism on M. Define the second,
third, --- order invariants cj;p, Cjkin,,h, -+ as follows:

1.2 dcjkl = Cjki,nOps dcjki,lu = Cjki,hy,h2Phys " -

Suppose further that:
1.3. There are functions cjy;, Cjy; 4 +-»0n M’ such that

’ ’ ’ /
d(D‘* = c_iki w_, /\ Wy,

’ ’ ’
dc_iki = cjkl',h a),,, etC.

Let x, (resp x;) be a fixed point of M (resp M’) and let P (resp P’) be the space
of (C*®)curves of M startingat x, (resp at x,). If ¢ exists, with ¢(xg) = x,, it defines
a map @, : P’ - P. The method of Ambrose and Hicks [1; 9] is conversely to
first construct ¢,, then find the conditions that it pass to the quotient with respect
to the natural projections P’ — M’ and P — M. Usually, this involves some sort
of completeness condition for M, a condition on the fundamental group of M’,
and a requirement that the corresponding first order invariants are the same
along curves corresponding under ¢,. Our aim is to build a bridge between this
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work and the work of E. Cartan on the problem ([2, Volume 2, Part 2, p. 724]
and [3, p. 316]), which at first sight has a purely local character. The main idea
is to find further sufficient conditions that the corresponding invariants be the
same along the corresponding curves.

We will now state our main result. Let Q be the ring of C* real valued
functions on M generated by the functions cj;, Cjy; s ---. Suppose further that
there is a manifold that we will denote by M/Q, and a maximal-rank mapping
n:M - M/Q such that:

1.4. For x € M, the fibre of = through x is the connected component containing

x of {yeM :f(y) =f(x) for all feQ}.

THEOREM 2. Suppose that 1.1-1.4 are satisfied, that M’ is simply connected
and that the parallelism defined by the (w;) on M is complete in the sense to be
defined below. A given f € Q is constant on the fibres of m, hence there is a function
f on M/Q such that n*(f) = f. Suppose that there is a map y : M’ - M/Q such
that

1.5 Y*(cim) = c_;‘ki’ Y*(Ciip) = C}ki,h, A
Then, there is a map ¢ : M'—> M such that
n¢ =y and ¢*() = ;.

Finally, in §4, we apply these ideas to prove an extension to spaces with absolute
parallelism of de Rham’s theorem on reducibility of Riemannian manifolds [5].
The methods are different from de Rham’s and can be extended to also give a
new proof of his result. We sketch this proof in §5.

2. Completeness and the existence of homomorphisms. Let ¢ :[0, T] - M
be a curve in M. The functions a,(t) = w/(0'(1)), 0 <t < T, are called the first
order invariants of the curve o. (¢'(?) is the tangent vector to ¢ at o(t), an element
of M, ), the tangent space to M at o(t).) Since we also have o*(w,) = a,(t)dt, we
see that:

2.1. The curve t —» (a(?), ¢) in M x [0, T] is the integral curve of a vector field
X on M x [0, T] with di(X) =1 and w(X) = a;. Hence, given functions a,(r)
and a point x, € M, there is at most one curve o, with ¢(0) = x,, whose first
order invariants are a;.

Such a o can, by the usual process of analytic continuation, be defined over a
maximal subinterval [0, t,). If ¢ exists over [0, T] for every choice of T and
functions a,(t) and every initial point x,, then the parallelisms on M is said to be
complete (in the sense of Ehresmann [6]). Those curves whose first order invar-
iants are constants will be called the straight lines of the parallelism (i.e., they
are the curves whose tangent vector field is self-parallel).

Note that completeness in the usual sense of the theory of affinely connected
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manifolds means straight line completeness, i.e.,a piece of a straight line can be
indefinitely extended. This idea of completeness, although serving admirably in
Riemannian geometry,is probably too weak in non-Riemannian situations.

PROPOSITION 2.1. Let M and M’ be manifolds, with basepoints xoe M and
xoe M'. Suppose there are forms (w;) and (w;) on M and M’, with:

’ ’ ! ’
2.2; d(l)" = Cjki wj/\wk, d(x)i = cjki (I.)J/\ Wy

Suppose that the (;) define an absolute parallelism for M which is complete
in the sense defined above. For every curve ¢ : [0, T] — M’ with 6(0) = x, define a
curve ap:[0, T]— M such that o5(0) = xo and op(w;) = o*(w)), op is called
the development of ¢ in M. If M’ is simply connected, a sufficient condition
that there exist a map ¢ : M' — M with ¢(xp) = xo and ¢*(w;) = w; is that:

2.3. o)) = cjr(ap(t) for each curve ¢ in M beginning at x,.

Proof. Let (s, 1),0=s, t<1, be a homotopy(®) of curves in M’, with
(s, 0) = x5. Let 8p(s, ) be the developed homotopy in M, i.e., dy(s, 0) = x, and
t - (s, t) is the development in M of the curve ¢t — (s, t). It is clear that J is
C®, since it is obtained from & by solving C*® differential equations with C”
initial conditions. Suppose that

6‘*) wi) = Ai(s, t)dt + B‘(s, t)dS,
24

0*(w;) = Aidt+ Bds.
Using 2.2, we have:

04, 0B;

2 o 0p(ci)AiB;,
2.5.

04;  0B] N

s ot = 5*(cjki)AkBj’
Notice that: 4; = A;. Hence, using 2.3,

d) , ’
2.6 a_t(Bi - B) =5*(cjki)Aj(Bk — By,

i.e., B, — B} with s held fixed, satisfies a linear, homogeneous differential equation
in ¢. The condition that 8(s, 0) = x,, &(s, 0) = x, implies that B;=B;=0 at
t=0, i.e.,

2.7. B; = B; identically.

(2) All homotopies will also be C*. Recall that two C® curves that are continuously homo-
topic are C* homotopic [14, p. 25].
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In particular, if é is a homotopy with both endpoints held fixed, so is
dp. hence, since M’ is simply connected there is a bonafide map ¢ : M’ - M such
that ¢(c) = o, for each curve o starting at x;. That this map is C* again follows
from the fact that it is obtained locally by solving C® differential equations.
2.7 now again implies that ¢*(w,) = w;, since if § is a homotopy in M’ and
v' € Mj,qy (tesp ve M, ) is the tangent vector to the curve u—d(u, 1)
(resp u — dp(u, 1)) at u = s, then B(s, t) = w(v), Bi(s, t) = w,(v"), and ¢, (v")=v.

REMARK. If (w}) also defines a parallelism for M’ and 2.3 1s satisfied for each
straight line ¢ starting at xg, then a similar arguments show that such a ¢ exists
in a sufficiently small neighborhood of x;. Of course, this is nothing more than
Cartan’s theorem that the component in a normal coordinate system of the
curvature and torsion tensors of an affine connection uniquely determine the
connection. We shall refer to this as the local version of Proposition 2.1.

3. The constant manifolds of O and the pseudogroup of automorphisms of
an absolute parallelism. Let M be a manifold with an absolute parallelism
defined by forms (w;), with functions ¢, ¢4 -~ defined by 1.1 and 1.2 and
with Q the ring of functions generated by these functions. For xe M, let
Q" be the connected component containing x of {yeM :f(y)=f(x) for all
feQ}. Let M(Q) = {ve M, : df(v) =0 for all feQ}. It is asserted in Theorem
2.5 of [8] that Q is a submanifold of M and that M (Q) is the tangent space to
Q" at x. This theorem is false, as the following counter-example, given to me by
I. M. Singer, shows:

Let M be the plane of two real variables s and ¢. Let f(s) be the following
C® function: f(s)=1for s<0, f(s)=e *" +1 for s=0. Let w,=ds,
w, = f(s)dt. w, and w, define an absolute parallelism for M. Further, do, =0,
dw, = (f'(s)/ f)w, A w,. Thus Q is generated by f'(s)/f(s) and its derivatives.
But, the set of points where all elements of Q are zero is the set of all (s, ) with
s £ 0, which is not a manifold.

Examining the proof of Theorem 2.5 of [8], it may be seen that the error
occurs in the last paragraph, i.e., lines 21-24 on page 308. Thus, the proof of
2.13 of [8] is correct, and this translated into the notation used here yields the
following fact:

dim M (Q) = dim M (Q) for all yeQ*.

Q% is called the constant set of Q passing through x.

Let 4 be the pseudogroup of local automorphisms of the parallelism. Thus, a
¢ €A is a difftomorphism between open sets Uy (¢) and U,(¢) of M such that
¢*(w;) = w;. Thus also ¢*(Q) = Q. Let A(M) denote the corresponding connected
group of automorphisms of the parallelism, ie., the set of ¢eAd with
U (d) =M = Ud), such that ¢ can be continuously deformed in A to the
identity. It is known that A(M) is a Lie group [10], that a ¢ € A4 has no fixed
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points unless it is the identity, and that Q" contains the orbit of xe M under
the sub-pseudogroup of A consisting of those ¢ €A that can be continuously
deformed in A into the identity.

We say that Q is finitely generated in an open set U of M if there is an integer N
and elements f,---,fy in Q such that any feQ can, in U be written in the form
f=F(fy,--.fy), where F(uy,---,uy) isa C® function of N real variables. We
say that Q is locally finitely generated if each point has a neighborhood U in
which it is finitely generated.

THEOREM 1. With the above notations, suppose either that Q is locally finitely
generated or that M and the w; are real analytic. Then,

(a) dim M (Q) is constant for x € M, and defines a foliation on M whose leaves
are the Q*. The Q are then closed submanifolds of M.

(b) The pseudogroup A is locally transitive on the sets Q*, xe M.

(c) If the parallelism is complete and if M is simply connected, then A(M)
is simply transitive on the sets Q*, xe M.

Proof. A vector field X on M is the infinitesimal generator of a 1-parameter
pseudogroup of automorphisms of the parallelism if: X(w,) =0, where X(w;)
denotes the Lie derivative of the form w; by the vector field X.

(See [8] for a fuller description of the Lie derivative operation and the laws it
obeys. We will use formulas 2.1-2.8 of [8] freely.) Let V; = w(X), i.e., the V;
are the functions that are the components of the vector field X with respect to
the basis of forms (w;). The condition X(w;) = 0 then takes the form (using 2.4
of [8]):

3.1 av,= ijiijk-

Let ¢ : [0, 1] M be a curve and let v : t > v(t) = X(0(f)) € M,y be the vector
field along ¢ obtained by restricting X to ¢. Let v(t) = w;(v(t)) = Vi(a(t)) be the
components of v. Then, 3.1 implies:

3.2 %vi(t) = j,-(a(t))v j(t)wk(a’(t))'

Now, forget for the moment the origin of equations 3.2. They form a system of
first order linear homogeneous ordinary differential equations for the v(t), with
a unique solution for given initial conditions.

LEMMA 3.1. Suppose that either (a) M and the elements of Q are real analytic,
or (b) Q is locally finitely generated. Suppose that v(t), 0 <t <1, is a vector
field along the curve o satisfying 3.2 and such that df(v(0)) = O for all feQ,.
In hypothesis(a), suppose further that the vector field v is piecewisereal analytic.
Then, in both cases, df(u(t)) = 0 for all feQ. In particular, v(t) € M,,(Q) for
0=<t=<1, hence:

dim M,o(Q) < dim M, (Q).



1963] EXISTENCE IN THE LARGE OF PARALLELISM HOMOMORPHISMS 175

Proof. Suppose that (s, t), 0<s, t <1, is a homotopy of curves such that:
5(0, )=0(t), 0=t <1, and, for each ¢, the tangent vector to the curve s — (s, t)
at s = 0 is v(t). Thus, (s, t) is a deformation of ¢, and v is the corresponding
infinitesimal deformation. Suppose that:

0*(w; = Afs, t)dt + B, t)ds.

Then, our conditions require that: 4,(0, ) = w,(c’(¢)) and B0, t) = w (D).
From 2.5, we have

0A 0B;
—‘f - 0*(cji)AuB;;
hence:
0A d )
33 — = — (1)) + c;(0(1)) w(o'(D) wi(v() =0,
0s lg=0 dt

using 2.2. Thus,

e = 57 pent@. )

s=0

= 2 (Bentots )

s=0

- %(c,.,‘,,,,(a(s, D)Ap]s=o

= 2 (caaa®s, M=o Ko D),
using 3.3 whence:
e o0 = de s o(D)0K(0' ().

Continuing:

dit(dcjkl,h(v(t))) = g‘(% C i, n(6(S, t)))

=0

= gs-(g?cjki,h(‘s(s: t)))l

's=0
0
= &(c]ki,h,hlAh‘)Is:O

= 565 (i, n, ln)ls= 0@y, (a’(t))

= dcju, pp, (V) w4, (a"(1)).
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The general formula is seen to be:

d ,
34 a (dcjki,h,hl,...,hp)(v(t)) = dcjki,h,h;,...,hp+ (()w, 4 1(a’(D)).

Thus, 3.4 gives an infinite system of linear homogeneous differential equations
for the functions dcy; p,, .. 4, (0()). 1 £j,k,i,h,hy,-+,h, <n, 0= p < oo, with,
by the hypotheses of Lemma 3.1, zero initial conditions. Thus, in hypothesis (a),
the functions dc;,(v(?)), dcy;, 4(v(1)), etc., are identically zero, thus proving the
lemma. In case (b), proceed as follows:

Since we want to prove that the functions dc;(v(t)), dcjg; »(v(1)), etc., are
identically zero, it suffices to work locally, i.e., we can suppose that Q is finitely
generated on M. Relabel the generators of Q as ¢,, 1 £ a < oo, with ¢y, -+, ¢y
such that, for « > N, there is a function F,(u,,---,uy) of N real variables such
that: ¢, = F,(cy,-+,¢cy). Then, for a > N,

Y OF
de(0(1)) = X === (cy(o(1)), -+, cx((1)))dey((1)).

p=1 Ol

Thus, we see that the infinite system 3.4 is equivalent to a finite system of ho-
mogeneous linear differential equations for the functions dc,(v(f)), with zero
initial conditions. These function of ¢t must then be identically zero, whence the
conclusion of Lemma 3.1 in case (b).

Now return to the proof of Theorem 1. Lemma 3.1 proves (a) since, given
X,y € M, we have only to join x and y by a curve ¢: [0,1] > M with ¢(0) = x,
a(1) = y (and suppose, in the real analytic case, that ¢ is piecewise analytic).
By Lemma 3.1, dim M, (,(Q) < dim M, ;,(Q), hence by symmetry,

3.5 dim M(Q) = dim M,(Q).

Let xe M and let f,,---,f,, € Q be functions so that:

(i) df,,---,df,, are linearly independent at x, and

(i) My(Q) = {ve M, : df,(0) = - = df(t) = O}.

Then, there is a neighborhood U of x in which (i) and (ii) hold, by 3.5. Thus,
any fe Q can, in U, be written as a function of the f,, ---,f,,. This shows that the
field of tangent planes x - M, (Q) defines a foliation on M. For xe M, let L*
be the leaf of the foliation. Since x - M (Q) defines a (nonsingular) foliation
(““involutive distribution,”” in Chevalley’s language [4]), L*can be defined as:

L*={yeM : y can be joined to x by a piecewise C* regular curve on which
all the Q are constant}.

To prove that L*= Q7 it suffices to show that L* is closed in M, since it is
clearly, by the above results, open in Q*. Suppose then that z is a point of M
lying in the closure of Q*. Choose f1,---,f,, € Q and a neighborhood U’ of zsuch
that (a) the fy,---,f, are functionally independent in U’, and (b) M/(Q)
={veM, : df{(v) = --- = df,(v) = 0} for yeU.
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Further, U can be chosen sufficiently small so that

Q*NU = {yeU :fi(y) =£i(2), - fu(¥) = fu(2)}.

But, since f(z) =f(x) for all feQ, since z lies in the closure of QF, we must
have: Q*N U lies in the leaf of the foliation passing through z, i.e., z belongs
to L™,

Now we turn to the proof of (b), using the following lemma.

LeMMA 3.2. Suppose that dim M (Q) = dim M (Q) for x,y € M and that D
is an open simply connected subset of M. Then, given xeD, ve M (Q), there
is a unique vector field X on D satisfying: X(x)=v, X(0;) =0, and X(f)=0
for all feQ, i.e., X is an infinitesimal parallelism isomorphism that is tangent
to the leaves of the foliation x - M (Q).

Proof. First we prove the lemma in case D is sufficiently small. Consider
3.1, i.e., the conditions that a vector field X satisfy X(w;)=0:

d(0(X)) = ¢y (X)),

These conditions, together with the condition X(f) =0 for all feQ, are com-
pletely integrable, i.e., the following exterior differential system in the space D x
(space of variables (V;)) is completely integrable:

dV; = ¢;iVio, =0,
df(X) =0 for all feQ, i.e., f;V; =0, where df = fiw;.

This proves Lemma 3.2 “‘locally.”” Now, a vector field X satisfying X(w;) =0
is, as we have seen, determined by its value at a point. Thus, the sheaf of germs of
vector fields X satisfying X(w,) = 0 is locally constant and the dimension of its
stalk at any point xe M is dim M (Q). Thus, Lemma 3.2 now follows from
standard arguments.

Statement (b) of Theorem 1 now follows immediately from Lemma 3.2. State-
ment (c) of Theorem 1 follows also: Let A(M) denote the Lie algebra of vector
fields X on M such that X(w,)=0. If M is simply connected, dim A(M)
= dim M, (Q), for all xe M.

Lemma 3.3. If M is simply connected and if the parallelism defined by (w,)
is complete, then the integral curves of each X € A(M) can be indefinitely exten-
ded. Let G be the simply connected Lie group whose Lie algebra is A(M). Then,
also, the action of A(M) on M can be integrated to give rise to an action of G.
The orbits of G are precisely the sets Q7, i.e., the leaves of the foliation x > M, Q.

First, we note that Lemma 3.3 proves (c) of Theorem 1. For the orbits of G,
i.e., the orbits of G, are open in the Q* and closed in the Q, since the orbits
of G are closed in M [10].
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To prove the first part of Lemma 3.3, notice that any integral curve ¢ : [0, a]->M
of X is a straight line of the parallelism (w;): hence can be indefinitely extended:
For,

Loe) = FaX)6() = X@X0Na) = 0

by formula 2.3 of [8]. The second part of Lemma 3.3 follows from the standard
Lie theory of transformation groups. This completes the proof of Theorem 1.

REMARKS. These facts are analogous to results of K. Nomizu [11] and I. M.
Singer [13] proved in a Riemannian setting. If (c) is satisfied, then the space
M/Q of the constant submanifolds of Q is the orbit space A(M)\M, hence itisa
manifold such that the projection map M — M/Q is a C® map of maximal rank
whose fibres are the Q. This is also true in the more general (?) case that the
holonomy group in the sense of [1] of the foliation whose leaves are the constant
manifolds of Q is the identity. The proof involves a slight variant of the proof
of Theorem 4.4 of [7] and hence will be omitted.

We now turn to the proof of Theorem 2 stated in §1. Let xge M’ and x,e M
be points such that y(x) = n(x,). Let ¢ : [0, 1]— M’ be a curve on M’ and let
op : [0, 1] —> M be its development in M. We want to prove that, for each feQ,
Y*(f)(e(t)) = f(ap(1)), 0 <t £ 1, for then we can apply Proposition 2.1 to con-
struct the desired ¢, which will also satisfy n¢ = . This, however, is a purely
local matter, i.e., if it can be proved whenever ¢ is sufficiently small, it is proved
for arbitrary o by a subdivision process.

Locally, the situation looks as follows: Let f;,---,fy be functions on M/Q
that form a coordinate system about =n(x,), and let f; = n*(f,), ---,fy = n*(fy).
There are functions F(uy,-,uy), Fp;u(tiy, -+, uy), -~ of N real variables
such that

Cii = Fu(frsofn)
3.6

Cini,n = Fuua(fyoofn), etc.

Further, we can suppose that the f’s occur among the ¢’s. We are given as
hypothesis that

3.7 i = Fpa(*(®)), -+, ¥*(fy)), etc.
Using 1.1, 1.2 and 1.3, we have

3.8 Ed;' c}ki(a(t)) = c.'iki,h(a(t))wlll(a'(t))’ etc.

Combining 3.5, 3.6, 3.7 and 3.8 with the condition that w;(c’(f)) = w,(ap(t))
we see that the functions
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t=>(fi(op(®)), -+, fn(op(1))

and

t=> W )(e(D), -, ¥ *(fa)(a(1))

satisfy the same system of ordinary differential equations with the same initial
conditions, hence coincide. This is what we had to prove to finish the proof of
Theorem 2.

ReMARK. There are generalizations of Theorem 2 that one can obtain by
considering M/Q as a ‘‘manifold with singularities,”’ that we hope to deal with in
another work. In case Q is locally finitely generated, i.e., M/Q is the base space of
a foliation on M, the generalization obtained by using the ‘‘generalized manifold”’
structure for M/Q customary in the theory of foliations is proved in precisely
the same way.

It is obvious that completeness of the Riemannian metric ds? = w;" w; implies
completeness of the parallelism (w;). We may note one fairly obvious case when
the converse is true:

THEOREM 3. Suppose M and the parallelism (w;) on M are real analytic
and that the parallelism is complete. Then the Riemannian metric ds* = w;* w;
is complete if:

For every geodesic of the metric ¢ : [0, 1]—> M parametrized proportionally
to arc-length the function t—c;;(a(t)) can be extended to real-analytic functions
of t over 0 £t < 0.

Proof. If 6*(w;) = A,(t)dt, it is easy to see that ¢ is a geodesic if and only if:

3.9 2 1) = o) ALDA).

Suppose that y;;(f), 0 <t < oo, are real analytic such that y;;(f) = ¢;;(f) for
0=<t=<1. Define A(t), 0 <t < oo, so that:

3.10 2 400 = a4 0AL)  for 05 1< o,
and
3.11 o*(w) = A(f)dt for 0= 1< co.

Of course, we must be assured that 3.10 has a solution over all of [0, o). Trying
to apply the usual continuation arguments, suppose it is defined over [0, T).
From 3.9 and the skew-symmetry of y,; in i and j it follows that:

2 awam=o.

Without loss of generality, we can suppose that A,(f)A(f) = 1. Hence



180 ROBERT HERMANN [July
'd I
|——Ai(t), £ max |yp()|-n? for0=t<T,
dt"70 T ko

and the curve t —» (4,(t))in R", 0 £t < T, has finite length. Then, lim;  rA4(f)
must exist for each i. This implies that the solution of 3.10 can be continued
beyond T. Since T was arbitrary, this implies that 3.10 has a solution over
0=t < . Now, define ¢ over 0 £t < oo so that it satisfies 3.11, using com-
pleteness of the parallelism. By real-analyticity, o so extended is a geodesic. Then,
we have proved that each piece of geodesic can be extended over 0 =t < o,
i.e., the metric is complete. g.e.d.

4. Global reducibility. As our principal application, we discuss conditions
under which global reducibility of a parallelism can be proved knowing local
reducibility.

Suppose then that M is a space with parallelism (w;). Choose the following
range of indices and summation connections, 1<a, b, ¢c Sm; m+1=u,
v, w, X, --- < n. The parallelism is said to be reducible if the basis (w;) of invariant
forms can be chosen so that

dwa = CpcaWp A (0
4.1
dw,= Cp®, \ @,

Then, the Pfaffian system w, = 0 (resp w, = 0) defines a foliation on M. Let
Xo € M. Let F (resp F’) be the leaf through x,, i.e., a maximal, connected integral
submanifold of the foliation w, = 0 (resp w, = 0). Leti : F— M (resp i’ : F' ->M)
be the inclusion map. Then, (i*(w,)) (resp (i'*(w,))) defines a parallelism on
F (resp F’) that is complete if the parallelism on M is complete, which we will
assume.

LeMMA 4.1. If M is simply connected, there is a map ¢ : M — F such that

(a) @i = identity,

(b) ¢*i*(w,) = 0,

Proof. We hope to apply Proposition 2.1 to prove this. Suppose then that
6 :[0,1]> M isa C® curve with ¢(0) = x. Suppose o*(w;) = A(t)dt. Suppose
6, :[0,1]> F is the curve such that

61(0) = Xop,

oi(@) = 0,

oi(w,) = Atdt.

In order to satisfy the hypotheses of Proposition 2.1 and hence construct the
map ¢ : M —» F, we must show that:
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4.2 Caon(0(1)) = Cup(0,())  for 0 =<t =<1, and all such o.
To prove this, define a homotopy (s, t), 0 <s, ¢t <1, such that:
(s, 0) = xo, 0s<1,
60,1 = a(p), o(1, 1) = 0,(2),
4.3 0*(w;) = Afs, t)dt + B(s, t)ds, where
Afs, ) = (1 —5)A,(1), 0<s,t<1,and
Afs, 1) = A ).
(To define &, use the completeness of M. Use the fact that it is defined by
C* differential equations to prove that it is C*.) Using 4.1,

dC“DW = cuvw. xwx’
hence

0

% (Cuvw(é(s’ t))) = cuvw,x(é(s’ t))Bx(s, t)

Using 4.1 again,

04, 0B, _
Pl rei wx(0(S, 1))4,B,.

By 4.3, 04,/0s =0, hence B,, for s held fixed, satisfies a system of homoge-
neous, linear differential equations with (by 4.3) initial conditions zero. Hence,

S a5, ) = 0 OF (50, 1) = €un(5(1, D).

This proves 4.2, hence provesiLemma 4.1.

THEOREM 4. If M is simply connected and has a complete parallelism (w;)
satisfying 4.1, then the parallelism on M is isomorphic to the product parallelism
on Fx F’,

Proof. By Lemma 4.1, construct maps ¢’ : M'—> F' and ¢ : M > F. Since
¢i = identity and ¢’i’ = identity, F and F’ are simply connected, as is F x F’
then. Construct the product map ¢” : M —» F x F’. It is clear that it is a parallelism
homomorphism, and a local difftomorphism. The proof will be finished on
proving:

LeMMA 4.2. Suppose M and M' are spaces with absolute parallelisms, M
complete and M’ simply connected. Let ¢ : M - M’ be a parallelism homo-
morphism that is a local diffeomorphism. Then, ¢ is a diffeomorphism of M
with M’.
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Proof. Suppose the forms (w;) (resp (w;)) define the parallelism on M (resp
M’). ¢ :M—->M' is a parallelism homomorphism if: ¢*(w;)= A4;;w;, with
(4;)) a constant matrix. Since we are requiring that ¢ be a local diffeomorphism,
it must be a nonsingular matrix. Let o,:[0,1]> M’ be a curve, with
o¥(w}) = A(t)dt. By well-known arguments [1, Theorem A, p. 360], it suffices
to prove that, for each xo € ¢~ '(0,(0)), there is a curve o, :[0,1]—> M with

6(0) = x, and ¢(a(t)) = o,(t). Then, if 6*(w;) = B(t), we must have
A(t) = A;;B(1).

Conversely, By(t) can be obtained by solving these linear equations, ¢ can be
defined using completeness of the parallelism on M, and then ¢ = g, by the
uniqueness part of 2.1.

5. Remarks on the proof of the de Rham reducibility theorem [5], using
Theorem 4. Let B be a Riemannian manifold of dimension n, 1 £ i, j,--- < n.
Let E be a bundle of orthonormal frames over B, a manifold with an absolute
parallelism (w;, w;;) defined by the Levi-Civita parallelism on B, satisfying the
structure equations [1; 3]:

dwi = wu/\(l)l, wi_,-+wij=0,
dwjj= oy \ g — Rijuwy, A\ o

To say that the holonomy group of B is reducible is (more or less) to say that the
structure group of E can be reduced from O(n) to O(m) x O(n — m) in a torsion-
free way. For us, this will mean that there is a submanifold E’ of frames such
that:

W, =00nE', (1=sa,b,--=sm;m+1=u,v,---<n).
5.1 dwuv = Wy A\ Oy — Rypyxy, A @,
dwab = Qg A Wep — Rabcdwc A Wy.

We indicate how this is equivalent to the usual definition of reducibility. Pick
a boeB and subspaces T,T’ < B,, such that B, =T@® T’, dim T=m,
dimT’'=n—m,and T and T’ are invariant under the holonomy group, i.c., parallel
translation of a vector of T'(resp T’) around a loop beginning at x, gives a vector
in T (resp T'). Let ec E be an orthonormal basis of B, whose first m vectors
be in T, last n — m in T'. E’ is then the set of bases of the tangent space of B
obtained by parallel translating e along all curves in B starting at b. Thus, we get
perpendicular fields b — T, and b — T, of tangent subspaces of B obtained by
parallel translating T and T ‘along any curve joining b, to b. It can be proved
that these fields are completely integrable, i.e., define two foliations on B, and
that R(v,,v,) =0 forv, € T,, v, € T,,’ all be B, where R(,)( ) is the Riemann
curvature tensor.
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After making explicit the relation between parallel translation and R(,)( )
on B and the forms w;, w;j, R;j;0, A @, on E [1], relations 5.1 are obtained.

Suppose the metric on B is complete and that B is simply connected. It is easy
to see that (w;, w,, ®,,) defines a complete parallelism on E’. (In fact, the metric
do? = 0, w; + W W + @, ®,, is complete.) However, E’ is not necessarily
simply connected. To get around this, let M be the simply connected covering
space of E’. The forms pull up to M to define a complete parallelism for M again
satisfying 5.1. (We denote the forms pulled up to M by the same letters.) The map
M — B is a fibre map, hence its fibres are connected, since B is simply connected.
The fibres are the leaves of the foliation w, = 0. By Theorem 5, M is isomorphic
to the product of the leaves F and F’ of the foliation defined by: w, =0 = w,,
and w, = 0 = w,,. It is easy to see that the image of F (resp. F’') is a leaf L (resp
L) in B of the folation b— T, (tesp b > T,). The isomorphism F x F'—> M
constructed by Theorem 4 then passes to the quotient to define a mapping
Lx L' — B that can be shown to be a local isometry. Theorem A,p. 360 of [1],
then proves that this map is an isometry.
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