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Introduction. Let K be a commutative ring with unit, and let R be a com-
mutative unitary K-algebra. We shall be concerned with variously defined co-
homology theories based on algebras of differential forms, where R plays the
role of a ring of functions.

Let Ty be the Lie algebra of the K-derivations of R, and let E(Ty) be the exterior
algebra over R of Tp. We can form Homg(E(Ty), R) and define on it the usual
formal differentiation. If R is the ring of functions on a C*-manifold then the
elements of T, are the differentiable tangent vector fields, and the complex
Hompg(E(Tg), R) is naturally isomorphic to the usual de Rham complex of dif-
ferential forms. In [5, §§ 6-9] the complex Homg(E(Ty), R) is studied. It is shown
that if K is a field contained in R, and if either R is an integral domain finitely
ring-generated over K and Ty is R-projective, or R is a field, then the homology
of this complex may be identified with Ext,(R,R), for a suitably defined ring V.
§§1-6 of the present work are primarily a straightforward generalization of the
results of this portion of [5] to the case in which K and R are arbitrary (commu-
tative) rings.

In making this generalization we are led naturally to replace Ty by an arbitrary
Lie algebra with an R-module structure which is represented as derivations of
R and which satisfies certain additional properties satisfied by Tz. We give these
properties in §2. Lis essentially a quasi-Lie algebra as defined in [3]. The precise
definition given corresponds to that of a d-Lie ring given in [8], where also the
cohomology based on Homg(E(L), A) is defined.

In §2 we define an associative algebra V of universal differential operators
generated by R and L. In case L operates trivially on R, V is the usual universal
enveloping algebra of the R-Lie algebra L. In §3 we prove a Poincaré-Birkhofl-
Witt theorem for V. In §4 we show that if Lis R-projective then for any V-module
A we may identify the cohomology based on Homg(E(L),4) with Ext,(R,A4),
which we denote by Hg(L, A). In particular, the de Rham cohomology of a C*-
manifold is thus identified with an Ext,(R, R).

Received by the editors July 20, 1962.
(1) The research for this paper was carried out while the author was a National Science
Foundation Fellow. The author is now at Cornell University.

195



196 G. S. RINEHART [August

§5 deals with certain functorial properties of Hg(L,A), and §6 with the opera-
tions which generalize the usual Lie derivation and contraction operations on
the algebra of differential forms.

Let S =R ®kR. There are standard products under which Tor®(R,R) and
Exts(R,R) become skew-commutative R-algebras. Let Dy be the R-module of
the formal differentials of R (see §9). Let E(Dg) be the exterior R-algebra built
over Dg. There is an isomorphism from Dy onto Torj(R,R), which, extends
canonically to an algebra homomorphism from E(Dg) into Tor®(R,R). There
is also a natural homomorphism from Tor®*(R,R) into Hompg(Exts(R,R), R).
Exty(R,R) is isomorphic with Ty, so that Extg(R,R) contains a canonical
homomorphic image of E(Tg) (assuming that 2 has an inverse in R). Thus there
is a homomorphism from TorS(R,R) into Homz(E(Ty), R).

It is shown in [5] that, if K is a perfect field and R is a regular affine K-algebra,
all the homomorphisms of the preceding paragraph are isomorphisms. Hence in
this case Tor’(R,R) is an algebra of differential forms. In §§7-10 we are con-
cerned with operations on Tor’(R,R) analogous to the usual operations on dif-
ferential forms, in the general case in which K is an arbitrary commutative ring
with unit and R is a commutative unitary K-projective K-algebra. In §7 we de-
fine, in a general setting, a pairing between Ext and Tor which, in the present
case, defines a right Extg(R,R)-module structure on Tor’(R,R). By means of this
module structure, elements of Extg(R,R) act as endomorphisms of degree — n,
and those endomorphisms corresponding to elements of degree 1 are anti-deriva-
tions analogous to the contraction operators on differential forms. In §9 we de-
fine the operations on Tor’(R,R) analogous to the usual Lie derivations of differ-
ential forms, and show that the usual relations involving contraction and
Lie derivations obtain. In §10 we define a formal differentiation map for Tor*(R,R)
generalizing the differentiation of formal differentials.

This work was done as a doctoral thesis under the direction of Professor Ger-
hard Hochschild, for whose encouragement and generous advice and instruction
the author is deeply grateful.

1. Preliminaries. Henceforth, we shall always assume that all rings have an
identity, and that all modules and ring homomorphisms are unitary.

LeMMA 1.1. Let R be any ring. Let X,, for each i in some index set, be a
right R-module, and let A be a projective left R-module. Let “‘[]” denote the
(strong) direct product. Then the natural homomorphism: ([[.X,)) ®zA—
[1:(X;®gA), is a monomorphism.

Proof. Choose a free R-module F = EjR ;» where each R; is a copy of R,
such that A is a direct summand of F. ([[.X;) ® xF = Z([]:X) ®&R; = L[ [:Xup
where each X;; is a copy of X, The latter may be viewed as a subset of
[1: Z;X:;=TT: Z(X: ®& R)) = [TX; ® F). The lemma follows, since (] [X)®r4
is a direct summand of (J[X,) ®F.
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If R is a commutative ring and P < R is a prime ideal # R, denote by R, the
corresponding local ring; that is, R, is the set of equivalence classes of pairs
r/s where r and s are elements of R, s ¢ P, and where r, /s, is equivalent to r,/s,
in case there is a v¢ P such that v(rys, — r,s;) = 0, with addition and multipli-
cation defined in the obvious way. There is a canonical homomorphism f,:R — R,
which sends r onto the class of r /1. The kernel of fpis Hp={re R:3v ¢ P> rv=0}.
Let .# be the set of all maximal ideals of R. We can define a homomorphism
mapping R into []p. 4 Rp such that the Rp-component of B(r) is Bp(r).

LemMA 1.2. B is a monomorphism.

Proof. Let 0#reR. Set I, ={seR:rs=0}. Then I, is a proper ideal of
R. Choose Pe . such that P > I,. Then r¢ Hp. We conclude from this that
(e Hp = (0). This proves Lemma 1.2.

2. (K, R)-Lie algebras and their enveloping algebras. Let K be a com-
mutative ring, and let R be a commutative K-algebra. In the sequel, all
R-modules will be regarded as K-modules in the natural fashion (k- m = (k- 1) - m).
Let L be a Lie ring that is also an R-module. Suppose that we are given a Lie
ring and R-module homomorphism from L to the K-derivations of R. If peL,
we will denote the image of u under this homomorphism by r — u(r). Suppose
finally that, for all «, ue L, and reR,

(2.1) Lo, ru] = rle, ] + a(r)p.

We will call such an L a (K,R)-Lie algebra.
We can make the direct R-module sum R + Linto a K-Lie algebra by defining

[r+ a5 + u] = (a(s) — u(r)) + [0 1.

Form the tensor algebra over K of R + L, and factor by the usual ideal to obtain
U, the universal enveloping algebra of the K-Lie algebra R + L. Let U+ be the
subalgebra generated by the canonical image of R + Lin U. For reR and z an
element of the R-module R + L, let -z be the result of operating on z with r,
and denote by z’ the canonical image of z in U+. Let P be the two-sided ideal of

U* generated by all elements of the form (r-z)’ — r'z’, with reR and zeZ.
Define

V(R,L)=U"/P.

A module for K-Lie algebra R + L is called an R-regular L-module in case
forallreR,zeR+ L,and me M,

r(zm=(r-z)m

The canonical map: R + L— V(R,L) endows any V(R,L)-module with the
structure of an R-regular L-module. Thus we have a one-to-one correspondence
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between V(R,L)-modules and R-regular L-modules. In particular, R has a natural
structure as an R-regular Irmodule, and the representation of R thus obtained
is faithful. Hence the map: R— V(R,L) is a monomorphism. Henceforth we
will identify R with its image in V(R,L).

Note that if we take K = R, and let each element of L act as the zero derivation
of K, then Lis a (K,R)-Lie algebra, and V(K,L) is the usual universal enveloping
algebra of the K-Lie algebra L.

If A and B are V(R,L)-modules, we can define an R-regular L-module structure
on Hompg(A4,B) such that, for reR, pel, aeA, and feHomg(4,B),
(r-h)(a) =r-h(a) = h(r-a), and (u-h)(a) = u-h(a) — h(u-a). We can also de-
fine an R-regular L-module structure on A ®gxB such that, for reR, uelL,
aeA,and beB, r(a®b)=(r-a)®b=a®(rb),and p-(a®@b)=(u-a)®b
+a® (u-b). We have

LemMMA 2.1. Let B be a left V(R, L)-module. The V (R,L)-modules
Homg(V(R,L), B)and B®gV(R,L) as defined above are isomorphic respectively to
Hompg(V(R,L),B) and V(R,L) ® g B with the usual left V(R,L)-module structures.

The proof can be read verbatim as the proofs of Lemmas 6.1 and 6.2 of [5],
substituting Lfor Ty and V(R,L) for V.

3. A Poincaré-Birkhoff-Witt theorem for V(R,L). Denote by L the image of
Lin V(R,L), and by ji the image in L of peL. Let V,(R,L) be the left R-sub-
module of V(R,L) generated by products of at most p elements of L. We have
thus a filtration of V(R,L). Denote by G(V(R,L)) the associated graded R-
module; i.e., the direct sum of the R-modules V,(R,L)/V,-,(R,L), where
V_1(R,L) = (0). Remark that if zeV,(R,L) and reR, rz—zreV,_,(R,L).
Hence the left and right R-module structures on G(V(R,L)) are the same, and
we may regard G(V(R,L)) as an R-algebra. Denote by S(L) the symmetric R-
algebra on L.

THeoOREM 3.1. If L is R-projective, then the canonical R-epimorphism,
S(L) - G(V(R,L)), is an R-algebra isomorphism.

Proof. First we prove the result under the assumption that L is R-free. In
doing so, we adapt the notation and proof of [1, Lemma 3.5, p. 271]. Let {u;}
be an ordered R-basis of L. Let u; denote y; considered as an element of S(L).
If Iis a sequence i; < -+ <, let uy=u;, ---u; . If I is the empty sequence,
let uy=1. Write j < I in case either j <i; or I is empty. We will define the
structure of an R-regular L-module on S(L) such that, wheneverj < I, p;*uy=uu;.
The resulting V(R,L)-module structure for S(L) will have the property that,
for any ordered sequence {i;,--,i,} =1, (&, -/ ) 1=u; Noting that the
ur’s form an R-basis for S(L), we see that this suffices to prove Theorem 3.1.
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Let SP(L) denote the homogeneous component of degree p of S(L). Let
0,= Z};=OS"(L). We proceed inductively to define a K-bilinear map from
L x S(L) to S(L), denoted by (u,u)— p-u, by defining its restriction:
Lx Q,—Q,+; for each p, subject to the following conditions:

3.1 ~ pjrup = ujuy whenever j<1I, u;eQ,;

3.2 pr(a-u) =oa-(uu) + [pwo] uif paeL, ueQ,_;;
(3.3) pitup —uureQyif ujeQ,, q<p;

(3.4) (ri)-(su) = r(s(u-u) + p(s)u) if r,seR, peL, ueQ,.

For p =0, define pu-r = ru + u(r), satisfying (3.1) through (3.4).

Now suppose we have already defined an action: Lx Q,_, — Q, satisfying
the conditions corresponding to (3.1) through (3.4). In order to extend this, we
first define the action by the [elements u; mapping S°(L) into Q,,;. We may
assume inductively that we have defined this action for all u; such that j <.
Consider an element u;e SP(L).If i < I, define y;- u; = uu,. If not, then I = (j,J),
with j <i, and we define pu, = p;-(p;uy) + [, 1;] - uy. Now we define the
action by y; on all of S?(L) by defining u;(ru;) = r(p;-u;) + p(r)u; if reR, and
extending by K-linearity. Thus we have defined the action by the elements p;.
To define the action on SP(L) by an arbitrary element of L, define (ry;)-u
=r(u;-u)ifreR,ueS?(L), and extend by K-linearity. Conditions (3.1),.(3.3),
and (3.4) are clearly satisfied. The verification that

(e up) = me(urug) + [ -up if upeSPTHL)

does not involve consideration of the R-module structure and so is identical
with the corresponding part of the proof that we are adapting [1, p. 273]. Using
this and (3.4), together with the property of L assumed earlier, (Equation (2.1))
the verification of (3.2) is a straightforward computation. Thus we have an action
by elements of L on S(L). We use this to define an action of R + L on S(L) in
the obvious way. Using (3.2) and (3.4) one sees easily that this endows S(L)
with the structure of an R-regular L-module. This proves Theorem 2.1 when
L is R-free.

Now assume only that Lis R-projective. Let P be any prime ideal of R. Con-
sider the K-algebra Rp. If u is any K-derivation of R, the formula
u(r/s) = (su(r) — ru(s))/s* extends u to a K-derivation of Rp. Thus L is repre-
sented on Rp. Let Lp = Rp ® gL with the natural Rp-module structure. We can
define a commutation on Lp such that, for x, ye Rp, a,u€e L,

(3.5) [x@ay®@u] = xy ® [, 1] — ypu(x) ® o + xo(y) ® p.

(This commutator is clearly additive in all four terms. Hence it is only necessary
to verify that, e.g., [rx®a,y® u] =[x ® ro, y @ u] for reR. Using (2.1), this
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isa straightforward computation.) The commutation is clearly anti-commutative,
and one checks without difficulty that it satisfies the Jacobi identity. Thus L,
becomes a Lie algebra. The elements of L act as derivations of Rp in the natural
fashion, and it is immediate that this gives a representation of the K-Lie algebra
Lp, and that Lp thus becomes a (K,Rp)-Lie algebra. Let V(P) = V(Rp,Lp).

Since Lis R-projective, so is S(L), and hence the monomorphism f# of Lemma
1.2 induces a monomorphism: S(L) = R ®xS(L)— (][ Rp) ®rS(L), where the
product is taken over all maximal ideals of R. By Lemma 1.1, the latter is naturally
injected into [J(Rp ®S(L))=]]S(Lp). The natural R-module and Lie algebra
homomorphism: R+ L— Rp+ Lp defines an R-algebra homomorphism:
V(R,L) — V(P). These in turn yield a map: V(R,L) - [[V(P). This map is com-
patible with the filtration of V(R, L) and the V(P)’s, so that we obtain a map:
G(V(R,L)) > [[G(V(P)). Since L is R-projective, Lp is Rp-projective. Hence,
since Rp is a local ring, Lp is Rp-free [7]. By the first part of the proof of this
lemma, the map S(Lp)— G(V(P)) is therefore an isomorphism. Hence we have
the commutative and exact diagram

0

!

S(L) » G(V(R,L)) - 0
¥ v

0 - HS(LP) - HG(V(P)) -0

from which we deduce that the top row is a monomorphism. This completes
the proof of Theorem 3.1.

Note that in the particular case in which R = K and L operates trivially, this
theorem is the statement that the usual Poincaré-Birkhoff-Witt theorem holds
whenever L is K-projective.

4. Exty(R,A) as acohomology of differential forms. Let E(L) denote the graded
exterior R-algebra over L. Consider the graded group V(R,L)®zE(L) where
V(R, L) is an R-module by right multiplication by elements of R, and where the
graded components are V(R,L) @ xE"(L). We wish to show the existence of an
endomorphism d of degree —1 on this group such that, for ve V(R,L) and y; € L,

W@ u ) = T (~D B @y o
4.1) =t

+ Ek(—l) o @ [upo ity - i+ Po o+

«A

where ““” >’ indicates that the corresponding term is omitted. In order to do so,
we define a map d from the cartesian product of V(R,L) with n copies of L to
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V(R,L) ® xE"~'(L) such that d(v,py, -+, u,) is the right-hand side of (4.1). Then
d is clearly additive in each component. In V(R, L)

4.2 rit = pr — u(r) for reR, pelL.

Using this and (2.1), it is a somewhat long but straightforward computation
that, for reR,

d-(U, Thys Uos s #n) = J(U’/'lla st Pl “°5ﬂn)
for every i. Also, one checks without difficulty that d(v,u,,---,u,) =0 when-
ever yu; = pu; with some i##j. Hence d induces a map: V(R,L) x E"(L)—
V(R,L)®gE"™'(L). Finally, again using (2.1) and (4.2), one verifies that, for reR,

d-(vraﬂp "’a/"n) = J(v, Thys Uas ooy /1,.)-

Hence d induces the desired map d.

Define d: V(R,L) ® gE°(L) = V(R, L) - R by d(v) = v- 1. Let X denote the re-
sulting augmented graded group. One checks directly that d> =0 on X. If we
give X the usual V(R, L)-module structure (v; (v, ® py - ) = 010, ® piy -+ )
then d is visibly V(R, L)-linear.

Now assume that L is R-projective. Then so is E(L), and hence each
V(R,L) ®xE"(L) is V(R, L)-projective. Therefore (X,d) is a V(R,L)-projective
complex over R. We wish to show that this is actually a projective resolution;
i.e., that X is acyclic. In fact, we do more: We show that X has an R-homotopy
and so also defines a (V(R, L), R)-projective resloution of R, in the sense of [4].

Define X, =R+ X,V,-(R,.L)®E(L) for p=0, and X,=(0) otherwise.
Note that since each E(L) is R-projective, X, may be identified with its cano-
nical image in X. Each X, is visibly stable under d, and we have thus defined a
filtration of X by R-subcomplexes. The associated graded complex can be iden-
tified with G(V(R,L)) ® xE(L) (augmented over R). Denote this by

6(X)=XGX)= XX,/X, ;.
14 r
By Theorem 3.1, the latter is R-isomorphic with S(L) ® xkE(L) (augmented over
R). The boundary map induced by d on the latter is given by

d(u ®ﬂ1 "'/’tn) = i—zl(—l)i—l “/Ji®ll1 '"ﬂi o Uy

Let Lbe a direct summand of a free R-module F. Then S(L) ® gE(L) becomes
a direct R-complex summand of the usual Koszul complex S(F)®zE(F). This
has an R-homotopy [4, p. 259], which induces an R-homotopy on S(L) ® zE(L).
Hence we have an R-homotopy h on G(X). Further, the homotopy of the Koszul
complex is such that each GP(X) is stable under h.

Since, by Theorem 3.1, V,(R, L)/V,- (R,L) is R-isomorphic with S”(L), X ,/X ,_,
is R-projective. Hence the sequence 0 — X ,_; = X, — X /X ,_; - O splits. Hence,
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by induction on p, there is an R-isomorphism a: X — G(X) such that a(X,)
= X,-0GUX), and (ad — da)(X,) = XPZ,GYX).(*) Setting go=a ‘ha and
g =28k-1 — 8k-148k-1 — dgx—1, We verify inductively that (g,d + dg, — 1)(X,)
<X, o, and (g — g-1)(X,) = X,_ox-1. Hence we can define an R-endo-
morphism g of X to coincide with g, on X,._;. Then gd +dg=1; i.e., g is
the desired homotopy.

Note that the existence of the isomorphism o shows incidentally that X is
R-projective.

We have proved

Lemma 4.1. If L is an R-projective (K,R)-Lie algebra, then the complex
V(R,L) ®rE(L) = X, as defined above, is a V(R,L)-projective resolution of R
which has an R-homotopy. X is R-projective.

If Lis a (K,R)-Lie algebra, and A4 is an R-regular L-module, we will write
HR(L,A) = Ext V(R ,L)(R,A).

Note that, if L is represented trivially on K, Hg(L,A) is the usual Lie algebra
cohomology of L.

If Lis R-projective then, by Lemma 4.1, Hg(L,A) is the homology of the com-
plex Homy g 1,(V(R,L) @ RE(L),A) = Homg(E(L),A). If we write the elements of
the latter as R-multilinear maps with arguments in L and values in 4, which are
strongly alternating in the sense that they vanish whenever two arguments are
equal, the boundary map is given by

(43) (Df)(ﬂl’ "':ﬂn) = E (_l)i—lﬂi(f(ﬂl: ”"ﬁis "’,ﬂn))

i=1

+ 2 (—1)j+kf([tuj’”k]9”1’ ""ﬂjs ""ﬂk’ "'9lln)'

J<k
Hence we have
THEOREM 4.2. If L is an R-projective (K,R)-Lie algebra, then Hg(L,A) is
the cohomology K-space based on the strongly alternating R-multilinear maps
from Lto A under the usual formal differentiation map.

In particular, let M be a real C* manifold, and let R be the ring of the dif-
ferentiable real-valued functions on M. Let K be the reals, and let T be the
C® vector fields on M. Then T is a (K,R)-Lie algebra in the natural fashion.
Moreover, T is R-projective. Indeed, M can be C*-imbedded in Euclidean space
of sufficiently high dimension. Then a subset of the tangent bundle over the
latter forms a trivial bundle over M, and this bundle is the direct sum of the
tangent bundle and the normal bundle over M. Hence T, the cross sections of

(2) For the details of this last section of the proof, see the last part of the proof of Theorem
7.1 in [5].
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the tangent bundle over M, is a direct summand of the cross sections of a trivial
bundle, and the latter form a free R-module. Hence Theorem 4.2 holds, and
we conclude that the de Rham cohomology of M is Extyg ry(R,R).

5. Functorial properties of Hg(L,A). Hg(L,A) is a covariant functor of 4, and as
such associates with V(R,L)-exact sequences 0 » B —» A — C — 0 connecting homo-
morphisms Hg(L,C)—> H »*1(L, B) as usual. Moreover, Hg(L,A)isa contravariant
functor of pairs (R, L) in the following sense: Let R and R’ be K-algebras, and
let Land L' be (K,R)- and (K,R’)-Lie algebras, respectively. Suppose we have a
K-algebra homomorphism from R to R’ (denoted r—r’) and a Lie algebra
homomorphism from L to L’ (denoted u— u’). Suppose further that
(rp)’ =r'y’ and (u(r))’ =p'(r’) for all reR, peL. Then we obtain a K-Lie
algebra homomorphism from R + Lto R’ + L’, and thus a ring homomorphism
from V(R,L)to V(R',L’), in the natural fashion. Write V(R,L) =V, V(R',L') = V".
Let X be a V-projective resolution of R. The homomorphism V— V' yields a
V-module structure for every V'-module. V' ®y,X is a V’-projective complex
over V' ®yR, and the homomorphism R — R’ yields a natural epimorphism
from the latter onto R’. Thus V' ®,X is a V’'-projective complex over R’. Let
X’ be a V'-projective resolution of R’. Then, as usual, there is a map from
V'’ ®yX to X’ over the identity; and there is thus induced, for each V’-module A4,
a unique map from Ext,(R’,4) to the homology of Homy (V' ®,X,4). But
the latter is canonically isomorphic to Homy,(X, A). Hence we have a well-detined
map from Hg.(L,A) to Hg(L,A).

Now suppose that the natural map: R’ @gzL— L’ is surjective, so that V' is
generated by elements of the form su’;---u’, with seR’, uy,-+-,u, € L. Then
the above map: V' ®yR — R’ has an inverse given by s — s ® 1. Hence V' ®,R
and R’ are isomorphic, so that V' @y X is a projective resolution of R’ precisely
when it is acyclic; i.e., when Tor, (V',R) = (0) for all n > 1. If this is the case,
then the map Hg.(L,A) —» Hg(L,A4) is an isomorphism.

In particular, suppose that L is R-projective. We can make R’ ® gL into a
(K,R’)-Lie algebra in the natural fashion (cf. Equation 3.5). By Lemma 4.1,
Tor"(V(R’, R’®¢L), R) is the homology of the complex V(R’,R'® rRL®yVRRE(L)
= V(R',R"@gL)@rE(L) = V(R',R'®gL)®z-R'®rE(L) = V(R',R'®gL)
®rE(R’ ®gL). But R’ ®gLis R’-projective, and hence by Lemma 4.1 the latter
has zero homology in positive degrees. Hence

HgR'®@gL, A) = Hg(L,A).
(Note by Theorem 4.2 this isomorphism is just that induced by the canonical
identifications Homg.(E(R’ ® zL), A) = Homg (R’ @ zE(L), A) = Homg(E(L), A).)
Hence in the projective case we may always assume R = R’.

Product. Let L be R-projective. Write V= V(R,L). Then V is R-projective
by Theorem 4.2. Hence if X is a V-projective resolution of R, it is also R-projective.
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Therefore, by Lemma 2.1, X ®zX is still V-projective. X ® zgX is a complex
over R ®zR = R, and its homology is Tor"(R,R), which is zero in degree > 1.
Hence X ®zX is again a V-projective resolution of R. Therefore the natural
map Homy(X,A4) ® (Hom,(X,B) > Hom,(X ® s X, 4 ®xB) induces a product
map Hp(L,A) @ cHr(L,B) > Hg(L, A @gB). One proves as usual that this product
is associative, and, in case A = B = R, anti-commutative.

The product is induced by the usual ‘‘shuffle product” for alternating maps
on the complex of Theorem 4.2. See [5, §9] for details.

6. Operations on Hy(L,A4). Let V'be any ring, and let 4 and B be left V-modules.
Let B be a derivation of V. A pair of homomorphisms f, u: A - B will be called
a B-pair in case f is V-linear, and u(va) = vu(a) + B(v)f(a) for every ac 4, ve V.
A similar definition holds for right modules. The following is shown in [6]:
Let X and Y be V-projective resolutions of 4 and B, respectively. Then there is a
B-pair (f, i) : X > Y, where fand ji are of degree zero, commute with the boundary,
and lie over f and p, respectively, in the usual sense. The pair (£, i) is unique up
to homotopy. If C is a left V-module, and (h,a):C — C is a B-pair, we define a
map Homy(Y,C) - Homy(X,C) carrying ge Hom,(Y,C) onto agf— hgji. This
induces a uniquely defined map Exty 4((f,u), (h,2) : Exty(B,C) - Ext,(4,C).
Similarly, if D is a right V-module and (h,a) : D — D is a B-pair, we define a map
D®,X—>D®yY such that, if deD and xeX, d®x is carried onto
fd)®f(x) + h(d)®[(x). This induces a uniquely defined map
Tor”#((h,«), (f,)): Tor'(D,4) - Tor "(D,B).

We will frequently have cause to consider pairs (1,&) in which the linear map
is the identity. To simplify notation, we denote such pairs by «, and write, e.g.,
EXtV,ﬂ((f’u)’a) fOI‘ EXtV,ﬂ((fsﬂ)a (l’a))

Let T be a (K,R)-Lie algebra, and let Lbe an ideal of T which is also an R-sub-
module. Let pe T. Then u defines a K-derivation of R + L by operation on R
and commutation on L, and this in turn extends to a K-derivation of the ring
V(R,L). Denote this derivation by $,, and continue to write V for V(R,L). If B
is any R-regular T-module, let up be the K-linear endomorphism of B corres-
ponding to u. Then (1,up) is a B,-pair. Hence we obtain an endomorphism
Ext,,,,,”(y s 1t) of Exty(B,A) for any V-modules 4 and B. Denote this endomor-
phism by 0,.

Let a e T. Note that the commutator [f,, 5,] is the map By, ,;. Hence, if (1, jip)
is a f,-pair over (1,up) and (1,&p) is a B,-pair over (1,ap), (1,[jis&35)) is a
Bru,or-pair over (1, [up,a5]) = (1,[1, «] ). Hence we conclude

[0”, 9,] = 0[",a].

If peLand X is a V-projective resolution of B, then we can choose jip = yiy,
and by V-linearity the resulting map on Homy(X,4) will be zero. Hence

ProrositioN 6.1. If peL, 6,=0.
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Therefore p— 0, induces a representation of the K-Lie algebra T/L on
Ext,(B,A4).

Now we restrict our attention to the case in which B = R and L is R-projective.
Then we have

PROPOSITION 6.2. For every peT, 0, is a derivation of Hg(L, A) with respect
to the product defined in the previous section.

Proof. Let X be a V-projective resolution of R. Let (1,ig) be a p,-pair on
X over (1,ug). Then there is a K-linear map ug of X ®zX such that
HR(X ® ¥) = ig(x) ® y + x ® fig(y). It is easily verified that (1,uy) is a B,-pair
over (1, ug). Denote by 8, the maps on Homy(X,4) and Hom,(X,B) corresponding
to jig, and the map on Homy(X ®zX, 4 ®zB) corresponding to uz. Then, for
feHomy(X, 4) and ge Homy(X,B), we have 8,(fg) =0,(f® &) = ni0s(f® g)
—(®DuR= (1) ® e +f®(p)—(f® L) (Ir® 1 + 1 ® fix) = (uaf) ® ¢
— (fip)®g+f®(upg) —f®(ghip) = 0,(f)® g +f®0,(g). This proves the
proposition.

Now let X be the resolution of Lemma 4.1. Then it is readily seen that we may
choose iz such that

Er(0® sy ) = B(0) @ py -ty + ;lv@ul-"[ﬂ,m]"-un.

The resulting map on Homg(E(L),A) is given by (8, /) (s, - )= 4/ (g > 1)
— X0 of (a5 s [], -+, 1), from which we see

ProrosITION 6.3. If L is R-projective, then 0, is induced by the usual Lie
derivation of degree zero, corresponding to p, of the complex of differential
forms.

Suppose pue L. Then by the proof of Proposition 6.1, 6, is homotopic to zero;
ie., there exists an endomorphism ¢, of degree —1 on Homg(E(L),4) such that

6.1) c,d + dc, =0,
We may choose ¢, to be the usual contraction corresponding to p,

(cyf)(ﬂla ) .un) = f(#, His s l'tn);

6.1 holds and becomes the familiar relation among these three maps on the al-
gebra of differential forms.

7. A pairing for Ext and Tor. Let S be a ring. Throughout this section we
will write Ext for Extg and Tor for Tor’ Consider an S-exact sequence

(7.1) 0-E->X, o> X,2A-0

of left S-modules. Denote the homomorphisms in the above sequence by d,
and write E = d(X,). Then, for 0 < k <n and m =0, the exact sequence
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0-d(Xy41)~ X, > d(X) -0

yields a connecting homomorphism
7.2 Ext™(d(X,+,),C) - Ext"*1(d(X,),C),
where C is an arbitrary S-module. Iterating these, we obtain a homomorphism:
(7.3) Ext™(E,C) - Ext™*"(4,C).
Similarly we obtain homomorphisms

Ext™(C,A) - Ext"*"(C,E),
(7.4

Tor,, + (D,A4) - Tor,(D,E)

where D is any right S-module. These are called the iterated connecting homomor-
phisms corresponding to (7.1).

Now suppose that (7.1) has been obtained from a projective resolution, X,
of A, by setting E = d(X,). Equation (7.2) can be imbedded in an exact sequence

Ext™(X,,C) = Ext™(d(X .+ ,),C) = Ext™*1(d(X,),C) - 0

and Ext™(X,,C) = (0) unless m = 0. Hence (7.3) can be imbedded in an exact
sequence

Ext"(X,_,,C) - Ext"(d(X,),C)— Ext"*"(4,C) - 0.
Similarly, (7.4) can be imbedded in an exact sequence
0 - Tor,,;(D,A) - Tor,(D,d(X,)) —» Tor,(D,X,,_)-

Let n =1, m = 0. For he Homg(d(X,), B), where B is a left S-module, consider

the compositions
*

Ext™(B,C) - Ext™(d(X,),C) - Ext™*"(4,C),
(1.5) h*
TOI'm.,.,,(D aA) I TOl'm(D ’d(X n)) i TOl'm(D aB)

where h* is the map induced by h.

If h is the restriction to d(X,) of an element of Homg(X,-;,B), then the maps
(7.5) are zero. Indeed, in this case h is a composition d(X,) —» X,_; = B, so that
the sequences (7.5) factor:

Ext™(B,C) » Ext"(X,_,,C) > Ext"(d(X,),C) - Ext"*"(4,C),

Tor,,, (D,A) - Tor,(D,d(X,)) - Tor,(D,X,_) - Tor,(D,B).

In these latter, the last three terms of the first and the first three terms of the
second form exact sequences. Hence both compositions are zero.
Then, via the exact sequence
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HomS(Xn- I,B) I Homs(d(Xn)sB) - EXt"(A’B) e 03

the mappings which send h to the sequences (7.5) define actions by elements of
Ext"(4,B) mapping Ext"(B,C) into Ext™*"(4,C) and Tor,,(D,4) into Tor,,_,(D,B),
where we consider Tor,=0 for k<0. If feExt"(4,B), peExt"(B,C), and
o e Tor,(D,A), denote these actions by u— fu and a— aff. We extend these de-
finitions to the case n = 0 in the natural fashion, so that, if h € Homg(A4,B), the
homomorphisms p— hu and «— ah are the usual maps (denoted above by h*)
corresponding to h.

These definitions are independent of the choice of the resolution X. Indeed,
let Y be another projective resolution of A. Let € Ext"(4,B), and let h be an
element of Hom(d(X,),B) whose image under the iterated connecting homo-
morphism is B. Let g : Y— X be a map over the identity. We obtain commutative
diagrams

Ext™(d(X,),C) —» Ext"""(4,C) Homg(d(X,),B) - Ext%(4,B)
| g* | 1 8* y
Ext™(d(Y,),C) — Ext"*"(4,C), Homg(d(Y,),B) — Ext*(4,B),

where g* is induced by g, and the right-hand vertical maps are the identity. We
imbed the first of these in the commutative diagram

h*
Ext"(B,C) - Ext"(d(X,),C) - Ext"*"(4,C)
(7.6) ¥ (g*(h)* g*| Y

Ext"(B,C) —> Ext™(d(Y,),C) - Ext™""(4,C)

and from the second we conclude that g*(h) also maps onto f, so that the rows
of (7.6) are the action by B defined by using X and Y, respectively. Hence the
independence of the choice of resolution. A similar proof obtains for the action
on Tor.

Let fe Homg(C',C), where C’ is also a left S-module. Then the diagram

Ext"(B,C") » Ext™*"(4,C’)
\* *
Ext™(B,C) — Ext™*"(4,C)

is easily seen to be commutative, where the horizontal maps correspond to an
element B e Ext"(4,B). As a special case, we obtain a commutative diagram

Homg(B,B) — Ext"(4,B)
W W*
Homg(B,C) — Ext"(4,C)

where f € Homg(B,C). Remarking that the image of the identity homomorphism
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in Homg(B,B) under the horizontal map is f, and that its image under f* is f,
we conclude that Bf = f*(B). Note that by definition a similar statement holds
for left operations by elements of degree 0; ie., if geHomg(4,B) and
reExt"(B,C), gu=g*(n).

PrOPOSITION 7.1. Let X be an S-projective resolution of the left S-module A.
Let BeExt (4,B) be represented by fe Hom(X,,B). Let Y be a projective re-
solution of B, and let

o Xy o o o Xy 2 X,

a.7) Viern [ Y AN

S O e BT A - Y, > B

be commutative. Then if ueExt"(B,C) is represented by ge Homg(Y,,,C), Bu is
represented in Homg(X ,,1,,C) by (=1)™gfn+nsandifn < m,anda € Tor,(D,A)
is represented by aeD®sX,, of is represented in D®gY,_, by
(= D™ "1 @ f,) (@)

Proof. Consider --- — X;,,; = X, — --- - X, suitably renumbered, as- a pro-
jective resolution of d(X,). The identity map defines a map of complexes,

cee = Xk+1 - Xk — e — Xn - ‘X"__l [ XO >0
(7.8) v \ v v v
vee — 'Xk+l —_ Xk - e — Xn — 0 - e 0 > 0’

and thus a map: Ext™(d(X,),B) - Ext"*"(4,B). This map differs from the iterated
connecting homomorphism by a multiplicative factor of (—1)?, where
t=mn+ n(n + 1)/2 [1, Proposition 7.1, p. 92]. Let f’' e Homg(d(X,),B) be the
element represented by f; i.e., let f =f'd, where d is the boundary map on X.
Then we conclude from the above that ' is mapped by the iterated connecting
homomorphism onto (—1)8, where t= n(n + 1)/2. Since f=f'd, the maps f,
of (7.7) define a map over f’ from a projective resolution of d(X,) to a projective reso-
lution of B. Hence f '*(u) € Ext™(d(X,),C) isrepresented by gf .+, € Homg(X,, 4, C).
Therefore the image of f'*(u) in Ext™*"(4,C) under the iterated connecting
homomorphism is represented by (—1)"'gf,,+, Where t, =mn + n(n+1)/2. Hence
we conclude that Sy is represented by (—1)'**'gf,4n= (—1)""gf,n+n» Which proves
the first part of the proposition.

The map: Tor,(D,4) - Tor,, _,(D,d(X,)) induced by (7.8) differs from the iterated
connecting homomorphism by (—1)°, where s = mn + n(n — 1)/2. Using this, the
second part of the proposition is proved in analogous fashion to the first.

PROPOSITION 7.2. Let B € Ext(A4,B), u € Ext(B,C), « € Ext(C,E),and a’ € Tor(D, A).
Then (B = p(ue), and (o'B)p = a'(Bu).

The proof is straightforward, using Proposition 7.1.
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It follows from Proposition 7.2 that under the operations defined in this section
Ext(A4,4) becomes a graded ring, and Tor(D,A) becomes a graded right Ext(4,4)-
module.

8. Relations with other products. For n =1, consider an S-exact sequence
8.1) O-B-oE,_,—»:->E;>A-0.

We may associate with such an n-fold extension of B over A its characteristic
element; i.e., the image in Extg(4,B), under the iterated connecting homo-
morphism corresponding to (8.1), of the identity homomorphism in Homg(B,B).
Let X be a projective resolution of A. Then we can find maps over the identity
of A such that

Oﬂd(Xn)AXn-l_)"'—)XO_’A_’O
h v ool

0->B —E,_ > >E;>A-50
commutes, whence we obtain a commutative diagram

Homg(B,B) -——> Ext(4,B)

h*| v
Homg(d(X,),B) — Ext%(4,B)

where the horizontal maps are iterated connecting homomorphisms and the
right-hand vertical map is the identity. Remarking that the image under h* of
the identity homomorphism is h, we conclude from the latter that h may be used
to define the action on Extg(B,C) and Tor%(D,A) of the characteristic element of
(8.1). Then from the commutative diagrams

Ext§(B,C) — Ext5*"(4,C) Tor3(D,A) - Tor_,(D,d(X,))
Vh* Y y \h*
Ext™(d(X,),C) - Ext7*"(4,0), Tor3(D,4) — Tors,_(D,B),

we conclude that these actions coincide with the iterated connecting homo-
morphisms corresponding to (8.1).
Consider the diagram

Homg(4,4) — Ext§(C,4)

v v
Exty4,B) — Exty ?(C,B)

where the vertical maps are iterated connecting homomorphisms corresponding
to (8.1), and the horizontal maps are operation by some element f € Ext§(C,A4).
It follows at once, from the same property for similar diagrams in which all
maps are iterated connecting homomorphisms, that this diagram commutes or
anti-commutes according as np is even or odd. Remarking that the image in
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Extg(C,A) of the identity homomorphism is 8, we conclude that right operation
by the image of the identity homomorphism in Extg(4,B) differs from the
iterated connecting homomorphism corresponding to (8.1) by a multiplicative
factor of (—1)"". But it is easily shown, by induction on n, that the image in
Extg(A4,B) of the identity homomorphism in Homg(4,4) differs from the charac-
teristic element of (8.1) by a multiplicative factor of (—1)} where t = n(n + 1)/2.
(See [1, p. 308, Exercise 1] for the case n =1.)
We have proved

PROPOSITION 8.1. The mapsfrom Extg(B,C) to Extg(A,C) and from Tor%(D,A)
to Tor’(D,B) corresponding to the characteristic element of (8.1) coincide with
the iterated connecting homomorphism corresponding to (8.1). The map from
Exty(C,A) to Ext’s"?(C,B) corresponding to the characteristic element of (8.1)
differs from the iterated connecting homomorphism corresponding to (8.1) by
a multiplicative factor of (—1)*, where s = np + n(n + 1)/2.

It is shown in [9] that associating with each n-fold extension (8.1) its charac-
teristic element yields a one-to-one correspondence between natural equivalence
classes of such n-fold extensions and Ext%(4,B). In the light of this fact, the first
sentence of Proposition 8.1 is seen to characterize the action by elements of
Exts(4,B), if n>1.

Given an m-fold extension 0 » C — D,,_, — -+ = D, — B — 0, we may use (8.1)
to form an m + n-fold extension 0»C—D,,_, » -+ =Dy E,_; = > E,
—A—0. An operation by elements of Ext"(4,B) mapping Ext"(B,C) into
Ext"*"(4,C) is thus defined in [9]. It clearly coincides with the iterated connecting
homomorphism corresponding to (8.1). Hence, by Proposition 8.1, the product
for Ext defined in [9] is the same as that defined in the previous section.(?)

Now let K be a commutative ring, and let R be a K-algebra. Let R* be the
anti-isomorphic ring to R, and let S = R @ xR*. Then every two-sided R-module
becomes a left S-module, and vice-versa, in the wusual fashion.
(ri®r}) m=r,-m- r,.) If A and B are S-modules, A ® g B becomes an S-mo-
dule in the natural fashion. ((r; ® %) (a ® b) = rya ® br,.)

Assume that R is K-projective. Then S is projective both as a left and a right
R-module. Let X be an S-projective resolution of R. Since S is R-projective,
so is X. Hence the homology of the complex X ®zX is Tor*(R,R), which is
zero in positive degrees. Since R is K-projective, X ® g X is S-projective. Hence
X ®g X is again an S-projective resolution of R®zR = R. Hence, if 4 and B
are S-modules, the canonical map from Homg(X,A)®xHomg(X,B)
to Homg(X ®zX,4 ®xB) induces a product: Ext§(R,4) @xExts(R,B) -

(3) The correspondence between Ext» and n-fold extensions given here differs from that
used in [9] by a factor of ( — 1), where ¢ = n(n + 1)/2. Hence the product of [9] actually differs
from those given here by ( — 1)™™.
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Exts " (R, A @gB). This is the product \/, as given in [1, Exercise 2, p. 229],
and used in [5]. Observe that, if R is commutative, \/ can be taken to be
defined on Extg(R,4) ® g Extg(R,B).

There is a natural map (h - 1 ® h) of Homg(X,B) into Homg(4 ® x X,4 @¢B).
The homology of A ®¢ X is Tor®(4,R), which is zero in positive degrees. Hence
A®gX is an acyclic complex over A ® g R = A4, so that there is a uniquely de-
fined map from the homology of Homgy(4 ® g X, A ® g B) to Exts(4,4 ® gB). Com-
bining these two maps, we obtain one from Extg(R,B) into Extg(4,4 ®pB).
Combining this in turn with the product defined in the previous section, we
obtain a product:

(8.2) Extg(R,A) x Extg(R,B) - Exts(R,4) x Exts(4,4 ® zB) - Extg(R,A ® zB).

PrOPOSITION 8.2. Let S, R, A, B be as above. The product \/ coincides
with the iteration (8.2)(*).

Proof. Referring to the preceding paragraph, let Y= X ®j X. Define a map
¢:Y— X such that, if xe X, and ye X,, ¢(x® y) is zero unless g = 0; and if
q=0, ¢(x®@y) =xe(y), where ¢:X,— R is the augmentation map. Then ¢
is a map over the identity. Let e Ext§(R, A) be represented by f e Homg(X,,4).
Then B is also represented by f ¢ € Homg(Y,,A).

Let Z be an S-projective resolution of A. Then there is a map p:Z > A @ X
over the identity. If u € Ext§(R,B), denote by ji the image of p in Extg(4,4 @gB)
under the homomorphism used in (8.2). If u is represented by g€ Homg(X,,B),
A 1s represented by (1 ® g)p,,€ Homg(Z,,, A ®g B). Then if f,,f,+1, -+ are homo-
morphisms such that

Y,

min = 0 > Yy o 1

»llfm+n fn+1l' flll\f;qs
Z, - > Z, oZ,> A

is commutative, Bji is represented by (—1)™(1 ® g)pmfm+s (Proposition 7.1).
Suppose f,, f,+1, -+ are homomorphisms such that

Ym+n_""_) nt1 Yn

(8.3) b fhen foeh fA N2
AQrX, = > AQrX| > AQrXo— 4

is commutative. Then as usual the maps defined by the homomorphisms p;_,f, and
fx are homotopic; i.e., there are homomorphisms hy : ¥, = A ® gX -+ such that,
if k = n and d denotes the differentiation on Yand X, py—nfx —fx = (1 ®dy—pn+ )by
+ hi-1d, (where we take h,_;=0). Then (1® g)pmfm+n— (1@ &fmin

(4) The product A of [I, Exercise 2, p. 229] can be expressed as an iteration:
TorS (Homg(4, B),R) X Exts(R, A)— Tor’ (Homg(A4,B),4) — Tor’(B,R). Similar results can
be obtained for the products \/ and A of [1, pp. 205-206].
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=10 (A1 ®dps Vpin+ hpine1dnn) =(1®gdps Dhmsn+ (1@ s 19mtne
But g is a cocycle, so that gd,.; =0. Hence (1®8)pmfm+n— (1 ® &)f min
=(1®ghysp-1d,+, Which is a coboundary. Hence (—1)™(1 ® g)f,+, also
represents Sii.

In particular, we can define f,,, on X,®z X, to be 0 unless p = n, and to be
(—1D"f®1 in this case. Then (8.3) will be commutative. But then (1 ® g)fn+n
is (—D™f®g on X,®rX,, and is 0 on X, ®xX, unless p=n, ¢ = m. Hence
(=D™(1 ® g)f.+, also represents B \/ u. This proves the proposition.

Note that, in the case 4 = B = R, Proposition 8.2 is the statement that the
product \/ on Extg(R,R) coincides with the product defined in the previous section.

Now let R and S be commutative rings, and let ¢:S— R be a ring surjec-
tion. Then & defines on R the structure of a left S-module in the usual fashion.
(s-r=¢(s)r.) Let X be an S-projective resolution of R. Then X ®sX is still a
projective complex over R @ gR = R, so that there is a map over the identity
from X ® X to X which is unique up to homotopy; and a map is thus uniquely
defined from the homology of R ®sX ®sX to Tor’(R,R). Then the natural
map: (R®sX) ®s(R®sX) > (R®sR) @sX ®sX = R®sX ®sX defines a pro-
duct: Tor3(R,R) ® sTor3(R,R) — TorS, (R,R). This is the product m of [1, p.
211]. If h: X ®sX — X is a map over the identity, and ¢ : (R ® sX) ®s(R @ sX)
- R®sX ®sX is the map above, m is induced on R®gX by (1 ® h)¢. Note
that Torj(R,R) = R and that on it m and ring multiplication coincide.

A graded algebra is skew-symmetric in case, whenever a has degree n and b
has degree m, ab = (—1)"ba. Tor*(R,R) is skew-symmetric under m; and, if R
is commutative, so is Extg(R,R) under \/. In addition, element of Tor, have
square zero. An endomorphism D of degree k of a graded algebra is a derivation
in case, whenever a has degree n,D(ab) = D(a)b + (—1)™aD(b).

PROPOSITION 8.3. Let feExti(R,R) with R and S as above. Then right
module multiplication by B is a derivation of Tor(R,R).

Proof. Choose a projective resolution X of R, with X, = S and with aug-
mentation . Let Y= X ®sX. Then we can find a map h : Y- X over the identity
which is the natural isomorphism on X, ® ;X and X ®sX,. Let g€ Homg(X,R)
represent . Let f:X — X be a map with degree —1 such that ef; = g. Then
if «eTorS(R,R) is represented by aeR ®sX,, of is represented by
(=)™ (1 ®f,)(a) (Proposition 7.1). Define f’':Y—Y such that, if xeX,,
yeX . f'x®@y)=(-D)"f(x)® y + x®f(y). Then fh and! hf’ are two maps
from Yto X with degree —1. But by the naturality of h and the S-linearity
of f they agree on Y;. Hence by the usual argument they are homotopic.
Hence (—1)"*™*1fh is homotopic to (—1)"*™"!hf’, which suffices to prove
this proposition.

Suppose that 2 has an inverse in R. Then Tor5(R,R) and Extg(R,R) contain the
images of the exterior R-algebras over Torj(R,R) and Extg(R,R), respectively,
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under canonical algebra homomorphisms. From Proposition 8.3 we deduce that,
on these images, the pairing between Tor3(R,R) and Extg(R,R) agrees with the
usual pairing between the exterior algebra over a module and the exterior algebra
over its dual.

9. Contraction and Lie derivation on Tor. Let K be a commutative ring,
and let R be a commutative K-projective K-algebra. Let S = R ® ¢R. Referring
to the two previous sections, we see that Extg(R,R) and TorS(R,R) are graded
skew-commutative rings (and hence algebras over Ext3(R,R) = R = Tor3(R,R)),
and that the latter is a graded right module for the former. Let I be the kernel
of the canonical epimorphism & : S — R. Then Ext}(R,R) is naturally isomorphic,
via a connecting homomorphism, to Homg(I,R). If h € Homg(I,R), the K-endo-
morphism y of R defined by u(x) = h(1® x — x ® 1) is a derivation. Conversely,
if p is a K-derivation of R, the homomorphism h:S— R defined by
h(x ® y) = xu(y) is S-linear when restricted to I. We have thus an R-module
isomorphism between Extg(R,R) and the K-derivations of R. We continue to de-
note the latter by T;. When convenient, we shall regard elements of T as elements
of Exti(R,R) under this isomorphism, and vice-versa.

For x e R, write d(x) = 1 ® x € S. Then the latter, with its usual left R-module
structure, is spanned by elements of the form yd(x), with x,y e R. Let Dy be S
modulo the R-module generated by elements of the form d(xy) — xd(y) — yd(x).
Then Dy is the R-module of formal differentials of R. Ty is isomorphic to
Homg(Dg, R) via the pairing (u,xd(y)) = xu(y); and Dy is isomorphic to I/I?
via the map that sends xd(y) onto the coset of x® y — xy ® 1 [2]. Tori(R,R)
is naturally isomorphic, by means of a connecting homomorphism, with
R ®5I = I/I?, so that the above pairing gives an isomorphism between Exti(R,R)
and Homg(Tor{(R,R),R) via the pairing (8,a) - aff. More generally we define a
homomorphism from Exts(R,R) to Homg(Tor3(R,R),R) in a similar fashion. This
homomorphism is the same as that used in [5].

We use the dual of this last homomorphism in the following way. For
15> iy € Tg, considered as elements of Exty(R,R), and for «eTor’(R,R),
define o*(uy, -+, 4y) = apy -+ g, € R. o* is R-multilinear and, since Extg(R,R) is
skew-symmetric, is (weakly) alternating in the sense that permuting the argu-
ments changes the value of a* by the sign of the permutation. There is a skew-
symmetric ‘‘shuffle product’’ of alternating multilinear maps which is the usual
wedge product for forms over a manifold and which is defined as follows: Let
h and k be maps of degree m and n, respectively, and define

(h/\ k)(ﬂl’ B Aum+n) = El g I h(ﬂa(l)’ "'9ﬂo(m))k(ﬂo(m+ 1)» "".ua(m+n))

where the sum is taken over all permutations ¢ of 1,2,--,m + n such that
o(1) < -+ < a(m), and o(m + 1) < --- < o(m + n), and where | g | is the sign of o.
Let a € Tor,(R,R) and feTor,(R,R). Then, by Proposition 8.3,
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@By msn = ((@u)B + (— DBtz s ne

Using this, it is easy to prove by induction that (af)* =a*A B* for all
o, fe Tor(R,R). Hence we have
THEOREM 9.1. Let R be a commutative K-projective K-algebra, and let

S = R ®xR. Then the map o — a* defined above is an R-algebra homomorphism
from Tor%(R,R) into the R-algebra of the alternating differential forms on T.

Let pe Ty. Let B, be the endomorphism of S such that B,(x ® y) = u(x) ® y
+ x ® u(y). Then B, is a derivation of S, and (1,p) is a f,-pair on R (cf. §6).
Denote the endomorphisms Tor>#(u,u) of Tor®(R,R) and Exts,p, () of
Extg(R,R) by 0,.

As in §6, we easily show

0,0, — 0,0, = 0y, ).

PROPOSITION 9.2. 0, is a derivation of Tor(R,R).

Proof. Let X be an S-projective resolution of R, and let (1,i) be a f,-pair
on X over (1,u). Let Y=X ®sX, and define ji':Y—> Y such that g'(x® y)
=ji(x)®y+ x® ji(y). Let h: Y— X be a map over the identity. Then (1,7ih)
and (1,hj1’) are both p,-pairs over (1,u) from Yto X and hence are homotopic.
This suffices to prove the proposition.

In the sequel, we will need the following properties of the maps discussed in §6.
Let (1,i):D— D be a B-pair. To simplify notation, write, e.g., ((f,n),%)* for
Exty 5((f,1),0)-

(a) Let (g,u):A— B be a f-pair. Let fe Hom,(B,C). Then (fg,fu) :A— C is
a f-pair, and

((g3ﬂ')aﬁ)* ° EXtV(faC) = ((fg’f”),ﬁ)*'
Similarly, if fe Homy(4,B), (g,u) :B— C,

Exty(f,C) o (&:m.0)* = ((&f.1f).)*.

(b) If in
00— 4 — A’ — A" 0
| f'5u) " ey
00— B - B’ — B’ 0

the rows are V-exact, the vertical maps are S-pairs, and the diagram commutes,
then
Ext}(B,C) ——— Ext}*(B",C)
W ), ) ((Fu").m*
Ext}(4,C) Ext}*1(4",C)

commutes, where the rows are the connecting homomorphisms.
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(c) If (fiu"), (fs) : A — B are B-pairs, then p’ — p is V-linear, and
((fuu)al'_‘)* - ((f’#')sﬁ)* = EXtV(/", - ”’C)°

We will also need the analogous statements for Tor. (a) is a special case of
the composition law given in [6]. The proof of (b) is analogous to the proof
of the similar statement for V-linear homomorphisms. (¢) is immediate.

PROPOSITION 9.3. Let o’ € Exts(R,R). Let ae Tor’(R,R) or Exty(R,R), and
pe Tg. Then 0,(ax’) = 0, ()’ + b (o).

We prove the proposition for a’ € Ext. The proof for Tor is similar. We assume
without loss of generality that ' € Ext", a € Ext™.

Let X be an S-projective resolution of R, and let (1,f) be a B,-pair on X over
(1,4). Let fe Homg(d(X,),R) map onto o’ under the iterated connecting homo-
morphism. Write f* = Exts(f,R), so that aa’ is the image under the iterated con-
necting homomorphism of f*(«) € Extg(d(X,),R). Let the restriction of ji to d(X,)
also be denoted by fi, so that by (b)

Ext§(d(X,),R) - Ext%*"(R,R)

W@w* Vp* =0,
Ext§(d(X,),R) — Ext®*"(R,R)

is commutative. We conclude from this that 6,(«a’) is the image under the iterated
connecting homomorphism of (f,u)*(f *(«)).
Again, we obtain from (b) the commutativity of

Homg(d(X,),R) — Ext3(R,R)
l(ﬁﬂ)* lon
Homg(d(X,),R) — Ext3(R,R)

whence we conclude that «f,(«’) is the image under the iterated connecting homo-
morphism of ((&u)*(f))*(«). Finally, 6,(x)a’ is the image of f*((u,u)*(%)).

By (a), f*((1)*(@) = ((f,1f), W*(2), and (Zu)*(f*(@)) = ((f.fi2), w)*. Hence,
by (©), (BW*(f*(@) — f*(ww*(®) = (&f — f)*(2) = ((Fu)*f)*(%). This proves

the proposition. We have the immediate
COROLLARY. 0, is a derivation of Exts(R,R).

Let pi’ € Tg, considered as an element of Exti(R,R). Let h,. be the corresponding
element of Homg(I,R). We conclude from (b) and the commutative and exact
diagram

0-I->-S->R->0
v oVB. m
0-I->S->R-0

that
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Homg(I,LR) — Exti(R,R)
VB V0,
Homg(I,R) — Exti(R,R)
is commutative. Hence 6,(u") corresponds to (B,.w)*(h,.) = ph, — h,p,.
(uhy —hBY)YA@x —x®1) = pp'(x) — h, (1@ pu(x) — p(x) @ 1) = pp'(x) — p' p(x)
= [1,p'](x). Hence on Ext'(R,R)
0,1 = [mp'].

Remark also that on Ext°(R,R) = R = Tory(R,R),0, = u
Combining Proposition 9.3 with the subsequent remarks, we conclude that,
for aeTor,(R,R)

(91) eu(a)*(:ula ) #n) = ﬂ(a*(ﬂla ) /"'n)) - izia*(ﬂl, Tty [,u’/‘i]’ T :un)’

Hence 6, is analogous to the Lie derivation on differential forms.
For pe Tk, considered as an element of Ext'(R,R), define an endomorphism
¢, of Tor(R,R) by

c, (@) = ap.
Then ¢, is a derivation, by Proposition 8.3. It is immediate that, if a € Tor3(R,R),
C"(d)*(ﬂl, Y L l) = a*(/“‘9/"1’ ety By — 1)

so that c, is analogous to the usual contraction operator on differential forms.
As a special case of Proposition 9.3 we obtain the familiar relationship

0,0 — €0y = Cpupry-

10. Formal differentiation on Tor5(R,R). We shall be concerned in this
section with the existence of an endomorphism d of Tor’(R,R), of degree 1, which
plays the role of the differentiation of differential forms. One of the properties
which such an endomorphism should possess is the usual one that

(10.1) c,d +dc,=0,

If d satisfies (10.1) and if o € Tor>(R,R),

d(a)*(ﬂls oty Unt 1) = (C;u(d(a)))* (/1'2, s Unt 1) = (0‘“(&) —d (CM((X)))* (ﬂ29 s M+ 1)'
Using this and (9.1), it is easy to prove by induction on n

ProposiTION 10.1. If d is an endomorphism of Tor’(R,R) of degree 1, satis-
fying (10.1), and if D denotes the usual differentiation operator for differential
forms (Equation (4.3)), then d(«)* = D(a*) for all aeTor’(R,R).
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In what follows, we shall define such a d on Tor%(R,R), by defining it on a
particular complex whose homology is Tor’(R,R). It will be an extension of
the canonical derivation of R into the formal differentials, will have square zero
and will be a derivation of Tor’(R,R). Because we do not have a functorial de-
finition, the verification that d possesses the requisite properties involves a good
deal of explicit computation, and the extent to which these properties determine
d remains undetermined.

We shall proceed under the assumption that R is K-projective. This could
be avoided by replacing Tor 5 and Extg by the relative functors Tor®® and
Ext s k) throughout §§7-9, since the resolution of R that we will use in the sequel
is an (S,K)-projective resolution which is S-projective whenever R is K-projective.
This replacement would require only notational changes, and the remark that
the definitions and results of [6] apply equally well to the relative functors.

Let X, be the tensor product over K of n + 2 copies of R. Let X, have the
S-module structure such that

Ry (@ ®Xys 1) =XX0®X; @+ @ X, ® Xp41).

For n = 1, define a boundary operator A:X,— X,_, such that
Alxg® * @ Xp4q) = ) ("l)ixo @ @XXip1 @ ®Xpy g
i=0

Define the augmentation from X, =S to R to be ¢, the canonical epimorphism.
Then X is an S-complex over R. It has a homotopy sending x, ® -+ ® x,;; onto
1®x® - ® X, ;. Since R is K-projective, each X, can be written as the tensor
product of S with a K-projective module. Hence X is an S-projective resolution
of R. This is the standard resolution of [1, p. 174].

There is a map over the identity from X ® X to X such that

X0® - ®@%4 1)V ® - @ Y1)

(10.2)
> £ XV0®Z1® " @ Zyiy ® Xyt 1Vt 1

where the sum is taken over all permutations zy, -, Z,4n Of Xy, X Y1,y Vpu
such that x; precedes x, whenever i <j and similarly for the y’s, and where
the sign of each term is taken as that of the corresponding permutation. This
map makes X into an associative and skew-symmetric algebra, on which the
boundary is a derivation [1, pp. 218-219].

For pe Ty, let ¢, be the endomorphism of degree —1 of X such that

CulX0® - ®@Xp11) = XoU(X) @ X2 @ +++ @ X, 44

Then ¢, anti-commutes with the boundary. Further, if h,e Homg(I,R) is the
element corresponding to y, i.e., if h, is the restriction to I of the homomorphism
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from S to R sending x ® y onto xu(y), then &¢, = —h,A on X,. Hence, by Pro-
position 7.1, the endomorphism 1®¢, of R®sX induces ¢, on Tor’(R,R).
Again, for pe Ty, let ji be the endomorphism of degree 0 of X such that

n+1

(10.3) (X0 ® + ® Xy41) =3:0xo® @ UX) ® e ® Xy

Then (1,71) is a B,-pair over (1,u).
Let Y, be the tensor product over K of n + 1 copies of R, with the R-module
structure such that

X (%@ ®X,)=XX®Xx; @+ @ X,

We define auxiliary endomorphisms «, p, f,; and A, of degree 1, 0, 0, and
—1, respectively, such that, on Y,

aXe® - ®x,) = 1®%x® - Qx,,

p(xo ® -+ ® x,) (D)%, ®x® - ®xX,_; ,
[ui%0®@ - ®x,) = X @ Q@u(x) ® -+ @ X,y

Axe® - ®%x) = (D ® - @xX4, ® - ®%,  (k<n),
AXog® - ®%) = (=1)'%0%, @%@ @ Xy,

I

where p € Tg. Remark that p"*' = 1.
The homomorphism from R ®sX, to Y, such that
x®(~x0® o ®xn+1)_’xxox,,+1 ®x1 ® - ®xn
is an R-module isomorphism. The boundary map induced on Y, is given by
A= X A;
i=0

The homology of Y under this boundary is Tor’(R,R). The product induced
on Y by (10.2) is such that

(o ® ®X)® (o ® = ®Ym) > L XYo@ 21 @+ ® Zysm

where the z’s and the sign are determined as before. Y thus becomes a skew-
symmetric R-algebra, with a product that induces m on Tor’(R,R).

If we also denote by 6, the endomorphism of Y obtained from (10.3) and
inducing 6, on Tor®(R,R), it is easy to verify that on Y,

0“ = Z fl‘.j'
ji=0

Again, if we also denote by ¢, the endomorphism of Y corresponding to
1®¢, it is clear that
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X0 @ @ x,) = XoU(X) @ X, ® -+ @ X,
It is easily verified that, already on Y,6, and c, are derivations, and
0,¢, — €0, = Clupy

Now define an endomorphism d of Y of degree 1 such that on Y,

d= Y ap’.
j=0

On Y,

Ap = pA—y (k>0), Aa = —aA;, (O<k=n),
(10.4) Aop = A", Aoa = 1,

A,pqa = —p.
Hence
(10.5) Ap = pA + (1 - p)A,,
(10.6) Ax + 0A =1 — p + aA,.
From (10.4) and (10.5) it follows that
k=1

(10.7) APt = I (1-p)p* A, + ptA O<k<n).

i=0
Using (10.6) and (10.7), a long but straightforward computation yields
Ad + dA = 0.
Hence d induces a map on Tor*(R,R). We will show first that the latter satisfies
(10.1). To this end, we define

fn = zn "il apj it

i=1 j=0
We remark that on Y,,if i = 1,
Ajfys ((RS)X
(10.3) Juib; =X A(fi +fuivn) @i=,
Ajfuivr @i>)).

In what follows, much of the computation required to pass from one step to
the next is long, but all is straightforward. Using (10.8), we find that on Y,

n—k—1 n—k n
(10.9) i}=:1 fuA=A Elf"" - X kA,-f,.,,.-k = Aofun

j=n-—

and, using (10.7), that



220 G. S. RINEHART [August

n  n—i n—1 n—k n n—i—1
AY X Pkf,.,i =2XpAX Jui t X X (Pj—‘P"‘i)An—jfu,r
0 k=0  i=1 i=1 j=0

i=1 k=

Combining this with (10.9) and using the fact that A,f, ; = c,, we obtain

[

n n—i n n—1-i
AY X Pkfp.i =X X pkfu,iA
(10 10) i=1 k=0 i=1 k=0
n n n—1
+2X X p"*ASfui + X P,
i=1 k=i k=0
Now, using (10.6),

(10.11) A, = X (1—p""Of i+ (A, — A) > "iipf,,,i

i=1 i=1 j=0
and from (10.4)

(10.12) A, E "f P = E E P *AS

i=1 j=0 i=1 k=i

Finally, using that c,a =f, o and f“,opj = pjf,,,,,_j+1 for 1 <j < n+ 1,weobtain
(10.13) cd = X pttY, .
i=0

Combining (10.10) through (10.13) yields
c, d+Af, =0,—f,A—dc,

Hence the map induced by d satisfies (10.1).

Next we will show that d induces a derivation on Tor’(R,R). To this end we
define a bilinear function on X by defining h: X, x X,,— X, 4 m+2. h is defined
so that

h(X0® + ® %), o ®  @Yn) =L+ 1®2; ® ® Zysms2
where the sum ranges over all permutations zy, -+, Z, 4 pm+2 Of

X0sY0s X155 Xns Y155 Vm
satisfying

The order of the x’s is a cyclic permutation of x,, -, x,, and

(10.14) similarly for the y’s; and x, precedes y,,

and where the sign of each term of the sum is the sign of the corresponding
permutation.

For brevity, write a = X0 ® =+ ®X,, b = yo® :* ®y,. Then, if
1<kZ<n+m+1, Ajh(a,b) is a sum of terms of the form

(10.15) (D102, ®ZZ+1 @+ @ Znimi2:
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If zy=x; and z,,, =y, then, unless i=j=0, zy,-**,2x 1, Zk 415 ZksZkt 2>
***y Zp+m+2 also satisfies (10.14), and A, of this term cancels (10.15). The same
argument applies if z, = y; and z;,, = x;.

The terms of (10.15) for which z, = x; and z; 4| = x;41 (OF z34{ = Xo if i =n)
are precisely the terms of h(A(a),b). The similar terms for y’s comprise
(—=1)"h(a,A(b)). Those for which z, = x, and z,,; = y, are the terms of —d(ab).
Hence

n+m+1

(10.16) L Adi(a,b) - h(A(a),b) ~ (= 1)"h(a,A(b)) = —d(a,b).

k=1

If +1®2,® - ®z,4m+2 is a term of h(a,b), and if z,, 42 # Vo, then
F1®2,4m+2®2;® - ®Z4msq IS also a term of h(a,b), and

Aimi2(£1® 21 @ ®Zyums2) FA(F1® 214202, @ ® Zyims1) =0.

Similarly, if z; # Xo, then + 1 ® 2z, ® ** ® Z,4 ms2 @ z, is also a term of h(a,b),
and

A(1®z; @ ®Zytm+2) T Aimi2(F10 2, ® @ Zpim+2®2;) =0.
Hence

Ao+ Apimidh(@h) = %@ 2, @ @ Zyimiz— 2+ Yo ®2; @ ® Zyimit

where the sums run over all terms such that xg,z,,+,z,1 .12 (respectively
Zy,* Ze+m+ 10 Yo) ar€ permutations satisfying (10.14), and where the sign is the
sign of the permutation Xg, Yo, X1, **sXns Y1s***> Vm = X0s 225 ***s Znsms2 (TESPEC-
tively — ¥o,24,° s Zp+m+1)- Hence

(10.17) (Ao + Ayt meDh(a,B) = (~ 1'ad(b) + d(a)b.
(10.16) and (10.17) yield
d(@)b + (—1)"ad(b) — d(ab) = Ah(a,b) — h(A(a),b) — (—1)"h(a,A(b)).

Hence d induces a derivation on Tor5(R,R).

It is easy to verify that, if x € R, the image of the formal differential d(x) in
Tori(R,R), under the isomorphism defined in §9, is represented by d(x)=1 ® x€Y;.
Hence, on Torg(R,R) = R, d induces the homomorphism corresponding to for-
mal differentiation.

Define

d=(1-p)d.
Then, using (10.6) and the fact that, on Y,,A,, & = —p, we obtain

d—d = Aad — adA.

Hence d and dinduce the same endomorphism of Tor(R,R). Since X."*ap{(1—p)=0

on Y,,, d> = 0. We have shown
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THEOREM 10.2. There is an endomorphism of degree 1 and square zero on
the complex Y such that the endomorphism thereby induced on Tor’(R,R)
is a derivation which extends the formal differentiation from R to Tor}(R,R),
and which satisfies equation (10.1) above.

There is on E(Dy) a uniquely defined derivation d of degree 1 and square zero,
which extends the formal differentiation from R to Dg. Indeed, by the usual
properties of an exterior algebra, we have only to remark that such a d can be
defined uniquely on Dg; the definition being such that d(xd(y)) = d(x)d(y). There
is also, for each pe Ty, a uniquely defined derivation 6, of degree 0 such that,
on R, 0, = p and, on Dy, 0,(xd(y)) = u(x)d(y) + xd(u(y)), and a uniquely de-
fined derivation ¢, of degree —1 such that, on Dg, ¢,(xd(y)) = xu(y).

The isomorphism from Dy onto Tor3(R,R) extends canonically to an algebra
homomorphism h : E(Dg) - Tor’(R,R). We have remarked above that hd = dh
on R. Since d has square zero and is a derivation on Tor(R,R) we must also
have hd = dh on Dg. Hence, since d is a derivation on Tor(R,R), we have the
commutativity relation on all of E(Dg). Similarly, hf, = 60,h and hc, = c,h,
since the endomorphisms are all derivations and agree on degrees 0 and 1.
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