HIGHER TORSION IN H-SPACES

BY
WILLIAM BROWDER(!)

This paper is the last of a series of papers investigating the homological structure
of H-spaces (see [7;8; 9; 11]). Here we investigate the consequences of the exis-
tence of torsion elements of higher order, that is, elements whose order is divisible
by higher powers of p. Again, we investigate the Bockstein spectral sequence
B, and prove certain ‘‘implication’’ theorems in it. The techniques of proof
are more general than in [7] and [8], and we prove theorems in a more algebraic,
abstract context. Thus in §1, we introduce the concept of an H-complex, which
one may think of as an abstraction of the chain complex of an H-space. ‘‘Im-
plication”” theorems for the Bockstein spectral sequences of such H-complexes
are proved in §§2 and 3. The main results of §3 are Theorems 3.3, 3.11 and 3.12.

These theorems are then applied to H-spaces in §4 and yield the following
facts about (homologically) finite dimensional H-spaces:

(1) If some Bockstein §,=0 in B,, then B, = B,; i.., B;=0 for all j>r.

(2) If H¥(X;Z,) is primitively generated, then all p-torsion is of order
exactly p, i.e., there are no elements of order p, r > 1, in H¥(X;Z), (B, = B,).

These are proved in §4 (Corollary 4.6 and Theorem 4.9).

§85, 6 and 7 are devoted to proving the results announced in [10] about
fibering of spheres and H-spaces which are rational homology spheres. The
implication theorems of §4 and the results of [9] are applied to get the results:

TueoreM 5.1(%). If p:S"— B is a fibre map, with base B and fibre F con-
nected polyhedra, B # point, then F =~ S*, S3, or S’.

THEOREM 5.2. If X is a connected finite dimensional polyhedral H-space
which is a rational homology sphere, then X is homotopy equivalent to one of
s', 8357, P or P.

Theorem 5.1 continues the work of Borel [4] and Spanier and Whitehead [19]
on this problem. If one asks in Theorem 5.1 for information on the homotopy
type of B, one may show easily in case F = S’ that B = CP" for some n, and if
F =S’ then B = S8 For S* being K(Z,1) makes B a K(Z,2) in the dimensions
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of its nonzero homology, which determines its homotopy type. In case F =~ s’
then H*(B)=Z[y8]/(y§). Then it follows that /=2 by an argument due to
Adem [3] using Steenrod operations mod 3, so that B is a homology 8-sphere,
simply connected, and hence a homotopy 8-sphere.

In case F =~ S3, however, examples are known (see for instance Eells and
Kuiper [13]) which show that the homotopy type is not determined by knowing
n,(B) =0 and H*(B) = Z[y,]/(y). The question of the homotopy type of B in
this case is open.

One may define the rank of a finite dimensional H-space as the number of
ring generators of its rational cohomology. Thus Theorem 5.2 classifies, up to
homotopy type, H-spaces of rank 1. It would be interesting to classify H-spaces
of higher rank, up to homotopy type.

In §8, we give a summary of the main ‘‘implication’’ theorems of this paper
and [7; 8; 11].

We refer to [7] for a thorough discussion of the Bockstein spectral sequence.

I am indebted to E. Spanier for suggesting the problem of fibering spheres
to me.

1. H-complexes and the Bockstein spectral sequence. We will consider chain
complexes C, i.e., differential graded modules, and we will always assume that
C is torsion free over a principal ideal domain R, C;=0 for i <O0. If f and g
are chain maps, ‘f ~ g’> means f is chain homotopic to g.

DEFINITION. An H-complex is a chain complex C with chain mapsy: C » C®C,
$:CRC-C, n:R-C, ¢:C— R, such that

(1) en = 1:R-R,

(2 n is a unit for ¢, & a co-unit of ¥, up to homotopy, ie.,
$o(1®1n) ~ po(n® 1) ~ identity map of C, where R® C is identified with C,
(e® 1oy ~(1®e)oy ~ identity map of C,

(3) ¥ is a map of algebras up to homotopy, ie., if T:CQC—->CQ®C is
defined by T(a® b) =(—1)""b®a, aecC,, be C,, then

cC®C ¢——) C
l¢®¢
CRCRCRC ¥
ll®T®1

CRCRC®C MC@C

commutes up to homotopy.

Roughly speaking, an H-complex may be described as a ‘‘differential Hopf
algebra up to homotopy.”” The chain and cochain groups of an H-space are
examples of H-complexes over the integers.
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A chain complex (or graded module) C is of finite type if C, is a finitely generated
R-module for each i. Two chain complexes C,C’ are homotopy equivalent if
there are chain maps f:C—C’, g:C’'—> C, with fog~1, gof~1. C,C’ are
said to have the same homotopy type, C ~ C'.

LemMA 1.1. Let C be a chain complex free over R, with H(C) of finite type.
Then C is the homotopy type of a chain complex of finite type.

This is a standard type of chain complex argument (see [14; 7]).
Lemma 1.2, If C~ C’, and C is an H-complex, then C' is an H-complex.

From Lemmas 1.1 and 1.2, it follows that if we are considering an H-complex
C free over R, whose homology is of finite type, then, up to homotopy, we may
consider C to be of finite type. Thus for properties of homology, related to
H-structure, we may consider H-complexes of finite type.

LemmA 1.3. If C is an H-complex of finite type, then C* = Hom(C, R) is
an H-complex of finite type, and C** = C.

This follows easily from the usual properties of Hom (, R) on finitely generated
free R-modules.

Note that if d=0in C, C an H-complex over R, then C is a Hopf algebra
over R (since chain maps are homotopic only when they are equal, if d = 0).

For any chain complex C, torsion free over the integers Z, and any prime p,
we may define the Bockstein spectral sequence mod p as follows:

If C is torsion free over Z then the sequence 0 — C Lchce® Z,— 0 is exact,
where i(c) = pc, j = reduction mod p. The homology of this exact sequence of
chain complexes forms an exact couple

H(C) —*— H(C)
IN
H(C®Z).
The spectral sequence of this exact couple {B"},r > 1, is called the Bockstein

spectral sequence of Cmod p. A lengthy discussion is given in [7]. We use f
to denote the differential in B'.

LeMMA 1.4. Let C be an H-complex free over Z, with H(C) of finite type.
Then the Bockstein spectral sequence of C and C* are dual spectral sequences
of Hopf algebras.

One may replace C by an H-complex of finite type, and the rest of the pro-
position follows routinely.

We now introduce some notation and some properties of the Bockstein spectral
sequence, which we will employ later. Let C be a torsion free complex with H(C)
of finite type.
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The rth derived couple is

r— ir r—

p"'H(C) —— pT'H(C)
a /i
r\B‘( r

where i,(x) = px. We may define the map k,: H(C) - B, by k,.(x) =j(p""'x),
(1 = Jx)-

Lemma 1.5. Kernel k, = pH(C) + T,_,, where T,_, = subgroup of H(C) of
elements x such that p""'x = 0.

The proof of this lemma is routine, using properties of the Bockstein spectral
sequence developed in [7].

2. Algebras of type(n,2q). In this section we define some special Hopf algebras
over Z, which we will use in the next section.

We define A(n, 2q) as follows: A = A(n,2q)is generated as an algebra by
dg,ay, -+, a,, where a;€ Ay, and A= ®)7262Z,[a;]/(a?) ® Z,[a,] as an algebra.
The diagonal map : 4 — A ® A is defined by

l//ai=ai®1+1®a,-+l_}

where T'; is defined inductively as follows:
Define T, = 0,

vy = %’((ai®1+ 1®a,-)"—a§’®1—-1®ai")+(ai®1+1®ai)"”ll",~.

It is easy to check that A(n,2q) = A is an associative, commutative, co-asso-
ciative and co-commutative Hopf algebra. It is easy to see also that 4, =0 if
2q does not divide m, A4,,, = Z,. To find a generator of 4,4, expand the integer k
to the base p,i.e., k=rq+rp+ -+ + r;p®. Then y(a) = agay’ --- a;* generates
Azg where a,=al "if s = n.

There is a canonical map of Hopf algebras r}: A(m,2q) - A(n,2q) for m <n
defined by sending r;(a;) = a; for i < m.

If B=2Z,[y] as a Hopf algebra (dim y = 2q), then B* = Hom(B,Z,) = I'(y*)
as a Hopf algebra, where I'(y*) is the twisted polynomial ring generated by y*,
ie., I' is generated as a Z, module by y(y*) € I',,, multiplication is given by

o k+l>
Yoo N = k Y+1

and the diagonal map A:T'>T'®T is given by Ay, = X, i=kVi® 7
Lemva 2.1. (A(n,29))* = Z,[a§]/(a8"""") ® T((a})*) as an algebra.
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Proof. As a coalgebra A(n,2q) = Q- Z,[a;]/(a}) ® Z,[aZ] with a? primitive,
ie, Aaf=a;®1+1®a, In the coalgebra M =@, Z,[a;]/(al), the only
primitive elements are multiples of a,, so that a " generates M* since generators
of M* are dual to primitive elements of M (see [16](3)). Further, M¥*=0 for
i 22qp"*! so that M* =Z[a¥]/(as”""") and (A(n,29))* = M* @ T((a®)*).

LeMMA 2.2. Let C be a Hopf algebra, f:A(n,2q) > C a map of Hopf al-
gebras. If f(ao) # O, then f is a monomorphism in dimensions < 2qp™**.

Proof. The lowest dimensional element in the kernel of a map of Hopf al-
gebras is primitive. As noted in the proof of Lemma 2.1, the lowest dimensional
primitive element of dimension > 2q is in dimension 2gp"*’ and the lemma
follows.

Lemma 2.3. Let A be the Hopf subalgebra of A(n,2q) generated by ag, ---,a,,
i<n. Then AD =0 for m>2qp'*'-2gq.

Proof. AP = ®i=ozp[a,‘]/(a§) and (Zp[ak]/(aa)m =0 if m>2qp(p—1).
Hence A3 = 0if m> Xi_o2gp"(p—1) = 2q(p—1) Ti-o p*=2q(p"** - 1).

LEmMA 24. T?=0in A(n,2q) ® A(n,2q), fori<n.

Proof. (A“"V®A%™D), =0 for m>4qp' —4q, by Lemma 2.3. Now
Fe(AP®A4%7Y),,, so that T7e(4" V@ A7 Y),, . and 4qp' > 4qp’ — 4q
so that I'7=0.

3. Implications of higher torsion. In this section we shall prove* implication”’
theorems for higher terms (r> 1) of the Bockstein spectral sequence B
of an H-complex. These lead to various theorems about the homology of H-spaces
in §4.

DEerFINITION. Let A be a Hopf algebra over Z,. An element x € 4,, is said to
have g-implications if there exists a sequence Xx = xy,%;,*,%,, With X; 0 in
Ay, and for each i < g, either

(1) x4y =x7 or

(2) there is an X; € A* such that %,(x;) # 0 and x7(x;, ) # 0.

If an infinite such sequence exists, we say x has co-implications.

If A or A* is not associative, define x" by induction, x"*! = x"- x.

An element x of a Hopf algebra A4 is primitive if yx =x® 1+ 1® x, where
¥ :A—> A® A is the diagonal map of 4. We denote by P(A) the space of prim-
itive elements.

Let C be an H-complex,

H=1@:C->CRC, i,=11:C->CR®C,
the injections of C into the left and right factors of C® C.

(3) One may also verify directly by computing that (a?)P(a,“) # 0, for 0 < i < n, so that
a; generates (4(n, 29))* in dimensions < 2gpn+1,
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Then for any element ue H{C ® G), Y, u = iy u + iy u + Q, where Q e kernel
of Ty + 7y :H(C®C)->H(C)+ H(C), where n;, =1®¢, n,=¢e® 1 are
projections on the left and right factors of C ® C. This follows from the fact that
Tioly =031, 0 =0if j#k, =1if j=k).

Let y : H(C® Z,) » H(C ® Z,) be induced from the injection Z,— Z ..

LeMMA 3.1. Let I =image y < H(C® Z,:), where C is a differential al-
gebra. Then I is an ideal, and I* = 0.

Proof. An element xe H(C ® Z,.) is in I if and only if there is a chain ce C,
with pc representing x. Then the lemma follows by a direct chain argument.

LEMMA 32. Let C and C’ be differential algebras, i:C—> CQ® C’,
i":C'">CQ®C’' the two injections (i(c)=c®1, etc). If ueH(C® A),
u' e H(C' ® A), A some commutative ring, then

(@) + @) = T (f) @) ()

jtk=p
in HC®C'® A).

Proof. By definition of the algebra structure of C ® C’, the elements (i(u))’
and (i'(u))* commute. Then the lemma follows by induction on p as in the as-
sociative case.

We denote by q:H(C®Z,)» H({C®Z,) the map induced by reduction
mod p, so that we have the exact sequence

B4 Y q By
- > H(C®Z) > H(C®Z,,) > H(CRZ,) — -

THEOREM 3.3. Let C be an H-complex, with H(C) of finite type, Hy(C) = Z,
and suppose u€ H,,(C® Z,2) with pu# 0 and q(u) e P(H(C ® Z,)). Then q(u)
has 1-implication in HC® Z,).

(Note that there are no requirements of associativity or commutativity.)

Proof (4). Y,u=u,; +u, +Q, where u; =iju, u,=iu, Qe(kernel q)
N (kernel (7,4 + 7,4)), since g(u) is primitive. Then Qel, so Q=7y(Q"),

Q'eHC®CR®Z),).
Now

I

@) = (ug +uy + Q)
= (uy +uy)’+ X(uy +u)’ " Quy +ur)' "+ M,
1

(U

(4) Caution: In many of the calculations below we have ignored the association of products
(as in (3.4), (3.6)). Some of these terms should have parentheses distributed on the factors, but
since the arguments are on the dimension of these products, the ambiguity does not affect the
result. If one tries to strengthen this theorem (analogously to Theorem 3.11), the difficulties of
nonassociativity and noncommutativity magnify.
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where M involves two or more factors Q. It follows from Lemma 3.1 that M =0
(this does not require associativity). Hence, by Lemma 3.2,

Y w?) = ul +ul+ (p) ub ul
34 i+j=pii,j>0 \l

+ ? (uy + u2)’ ' Quy +up)' ™.

By a direct chain argument it is easy to show:

LemMmA 3.5. Let C be a differential algebra, xe HC® Z,2), ze HCQ Z,).
Then x-9(z) = y(X*z), y(z)*x =y(z-X), where x = q(x).

Now qu,)=a®1, q(u,)=1® @i, where @ =qu), and let Q' = X5;®1;
(@ =7v(Q"), si,t;e HIC ® Z,). Since Q € kernel (7, + 75,), it follows that we may
choose Q' so that dims; > 0, dim¢; > 0, for all i (dims; + dim¢t; = dimu = 2m).

If @ = q(uf) # 0, then @, @” is a 1-implication sequence. So assume ¥ = 0, so
that u” =(v), ve H(C ® Z,).

Note that pu = (). Define a; = (1/p)(?), and note that a; # 0 mod p. Then
from (3.4) and (3.5), we get:

Y@) = 7(v) + 30 + y(Xa, i @ @)
+ WX (g + )P Qi + ,) 7).
Hence,

Vu@) = v®1+1Qv+ X aa?"'® i’
(3.6)

+ X (@ + 3,)"7'Q Gy + ) "+ K,
!
where K ekernel y =image 8,. Now the terms involving Q' are sums of terms
of the form (a%#’) ® (at,#") where a + b + ¢ +d = p — 1. Since
0 <dims; <2m, 0 <dimt; < 2m, and dim i = 2m, no term of this form is in
Homp-1)(C®Z,) Q@ H,,(C®Z,). Let xe H*™(C ® Z,) be such that x(i) # 0and
B, x=0, which is possible since pu # 0. Then, from (3.6)
X(1) = (71 @ x) (Ya()
= a, X" @) x(@) + (7 @ X)(K),
since no other elements can have the right dimension. But
FTIRNK) = FT'x)(B:K) = B(x"T@x)(K) =0.

But it is easy to show by induction, using the primitivity of #, that
XY@ ) = (p— DU(x(@)* ! #0. Hence x() #0 and x” #0, which com-
pletes the proof.
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Now we will make stronger assumptions on the H-complex C and, using
machinery of §2, prove a result (Theorem 3.7) which will have many useful
applications. For an abelian group M, denote by M, the p- primary subgroup of M.

THEOREM 3.7. Let C be an H-complex with H(C) of finite type, Hy(C) =2
and suppose that H(C) is an associative, commutative algebra. Let ¢y, --,c,e H(C),,
such that pe;y, = b, 0 < i <n,with k,(c,) =j,(p" " 'c,) # 0. Suppose f(a;) = k(c,),
for 0 £ i < n, defines a homomorphism of Hopf algebras, f: A(n ,2q) —» B, s<r.
Then

(1) plen#0;

(2) if k{ cﬁ) 0, then ¢ = pc,.; and f'(a) =kyi(c), 0Li<n+1, de-
fines a map of Hopf algebrasf’: A(n + 1,2q) - B***.

(See §1 for definitions of j, and k.)
Proof. Let us define G;€ H(C ® C) in a similar way to I'; € A(n,2q9) @ A(n,2q),
ie., let Gy =0,

Gj+ x ( )cf"‘®c’;.+(cj®1+1®c,.)""G,.,

_ 15

Pk
where we are considering H(C) ® H(C) as a subalgebra of H(C ® C) (which we
may do by the Kiinneth formula). Then since f: A(n,2q)— B*is a Hopf algebra
map and f(I';) = k(G)), it follows that ¥(c,)=c,®1+1®c,+ G, + A + pE,
where p* !4 =0, A,E€c H(C® C) (see Lemma 1.5).

Then

U(eh) = We)’ = (,®1+1®c,+ G, + A+ pE)*

= (,®1+1®c,+ G, + 4)°

+ Z( )(c ®1+1®c, + G, + AP (pE)

(c,®1+1Q®c,+ G, + A + p*Q

p—1
ER1+1®c2+pGyyy + X (i)(c,,@ 1+1®c,) "G
k=2

+ GP + 2()(c ®1+1Q®c¢, + G,)* ‘4" + p?Q,

where at the third step we have collected terms with a factor of p? into p2Q.
Lemma 3.8. GZe pH(C® C).

Proof. If we set g(a;) = j,(c;) e H(C ® Z,), for 0 £ i < n, this defines a map of
algebras, g : A(n,29) > H(C ® Z,), and g(T,) = j,(G,). But I'> =0, by Lemma
2.4 so that j,(G?) = 0, and thus G e pH(C ® C).
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LemMa 39. GPep?H(C® C).

Proof. Let D be the subalgebra of H(C) generated by cg,---,c,_, and let
{(x) = x®. Then, since j, (D) =f(A’), where A’ = subalgebra of A(n,2q) generated
by ag, > a,-1, and {(4") =0, it follows that {(D) = pH(C). Also A4, =0 for
m > 2qp" — 2q by Lemma 2.3, so that D,, = pH(C) for m > 2qp" — 24, and hence
(D® D), c pH(C®C) if 1 >4qp"—4q. Now G,e(D ® D)y,n. We shall show
that for any element x €(D ® D)y,n, x° € p*H(C ® C). If x is an element of the
form a®@beD;®D;, i+j=2qp", then x*=a’ ® b’ and a’,b” € pH(C), so
x?ep2? HCQC). If x,ye(D® D),,,» and x*,y" € p*H(C ® C), then

p—1
x+yP=xr+y’+ X (Z) xP7RK,
k=1

and x? %% (D ® D), pn+1 = pH(C ® C). Hence, each term in (x + y)?is a mul-
tiple of p?. Since elements a® beD;®D,, i+ j=2qp", form a basis for
(D ® D),4pn, the lemma now follows.

It follows from Lemmas 3.8 and 3.9 that

(3.10) YD) =cE®1 + 1@ ck+ pGoyy + A + pQ,

where p 'A=0 (4 = sum of all terms with a factor A). Multiplying by

pr2, we get

P =Y i) =p @1+ 1@ (p X))+ p Gy + P,

(p" 24 = Osince r — 2 = s — 1). Since j,(p"~'¢,) # 0, it follows that j,(p"~ 'G,) #0,
since j,(p""'e) = ke (P G) = k(G,), and Kk(G,)=k(c) ® k(7Y +
terms of different degree in the first factor, hence is nonzero. But j,(p'Q") =0,
so that j,(p" " 2Y(cP)) # 0 and hence p"~2c? # 0, which proves (1).

If j,cb = kyc? # 0, then since order ¢ = p"~! by (1) and s < r, it follows that
k,(c?) # 0. Hence if k(cf) = 0, then j,(ck) = 0, so that c} = pc,,,, for some ele-
ment C,41 € Hygpn+1(C).

We use (3.10) to compute the diagonal map on c,4, since pc, = ch,
and we get

Y(Car) = 41 ®1+ 1@ cpyq + Guyy + 4, + pQ,

where A4, € H(C ® C) is such that pd, = 4, so that since p* !4 =0, we have
that p®4, = 0. Hence k,, 4, =0. If we set f'(a;) = kg44(c), for 0Si<n+1,
this defines a map of algebras, f' : A(n + 1,2q) » B***, and f'oy = Yof’, since
kf(Gpi1) = f'(Tas1)s ker1(PQ") = ky41(4,) = 0. Hence f' defines a map of Hopf
algebras, which proves (2), completing the proof of Theorem 3.7.

REMARK. If k(c?) =0, it follows that p" *c,,, # 0, since p"~2c? # 0 by (1).

From Theorem 3.7, we now derive a result which is in a more convenient
form for applications.
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THEOREM 3.11.  Let C be an H-complex, with H(C) of finite type and H,(C)=2Z,
and suppose that H(C) is commutative and associative. Let x € H,,(C),, such
that k,(x) #0, and k(x) e P(B®), s < r. Then k(x) has (r—s)-implications in B.

Proof. If we set x = ¢y, the hypothesis of Theorem 3.7 is satisfied for n = 0.
Proceeding by induction on (r — s), if k,c§ # 0, then k,che P(B®) and k,_ (cZ) # 0,
since p"~ 2} # 0 by (1) in Theorem 3.7. Hence, by induction, ky(c5) has (r—s— 1)-
implications, so that k(c,) has (r—s)-implications. If ky(cf) =0, then by
(2) in Theorem 3.7, ¢§ = pc;, and f(a;) = ky44(c), i=0,1, defines a map
f :A(1,2q)—’> B**!. Assume (by another induction) that we have defined a map
f1A4G,29)~ B, j<r—s, by f(a)=kejc), cf=peciry, k(c;)) #0. If
f(a?) = (kgs f(c))? # O, then it is primitive, since af e P(4(j,29)), and k,_,(c?)#0
by (3.7(1)), so that our first induction hypothesis applies and k,, H€)) has
(r—s—j—1)-implications.

Now we show that kg, i(co), -+, kg4 j(c;) is a j-implication sequence for k,, i(co).
Since (kg4 j(c))’ =0, for 0 < i <j, we must show that for each i < j, there is a
Vi€ By ), Yi(kss f(c)) # 0, and Vi(ks4 {ci4 1)) # 0. But Yilks+ j(c;)) # 0 implies that
f*(y) = af = a generator of (A( j.29))*%". By Lemma 2.2, (a¥)"(a;+,) # O (since
a? # 0), and hence (f*(¥))"(ai+1) = Y2(fu(ai+ 1)) = ¥¥(kss j(ci41)) # 0. It follows
that kg (o), s ks+j(¢;) is a j-implication sequence for ki, (co). Then since
ko (c) has (r—s—j— 1)-implications in B**7, k, ;(c;) has (r—s— j)-implications
in B**/; hence k(c;) has (r—s—j)-implications in B’, so that finally ky(c,) has
(r—s)-implications in B° (cf. [7, Lemma 6.4]).

If kyi(c})=0, then Theorem 3.7(2) applies and we get the second induc-
tion hypothesis for j + 1, and the theorem follows.

ReEMARK. The implication sequence x, = ky(x), Xy, -+, X, _,, constructed by the
above proof has the slightly stronger property that if x¥ =0, i < — s, then for
any X; € B,, with x,(x;) # 0, we have %7(x;,,) #0.

THEOREM 3.12. Let C be an H-complex with H(C) of finite type, Hy(C) = Z
and H(C) associative and commutative. Suppose B™ =0 for some m, so
that B™*' = B™, in the Bockstein spectral sequence of Cmod p. If x € H,,(C),,
with k(x) #0, k(x)e P(B®), s<m <r, then k(x) has oco-implications.

Proof. We use the same proof as Theorem 3.11, and note that at each stage
of the proof we have a map f: A(n,2) > B**, with f(a,) = k. (c,), k,_i(c,) # O,
s+ j <r—i,and we apply Theorem 3.7. At the next stage in the proof we either
have a mapf’:A(n + 1’ 21) - Bs+j+1 with kr—i(cn+ 1)#03 f(an+ l)=ks+j+1(cn+l)’
or an element y = kg, /(c}) € P(B**) and k,_;_(c,) # 0. The process stops in the
proof of Theorem 3.11 because finally either r —i=s+j+ lorr—i—1=s+j.
In other words, the indices come together, i.e., we get to the situation where we
have a map f" : A(s, 2t)—B* with f"(a,) = k,(c,) and k,(c,) # 0, but v = u. But if
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p™=0 so that B"=B™*' and s £ m < r, then maps into B™ are the same as maps
into B"*'. Hence s + j can always be kept < m, and r — i can be kept = m + 1,
so the indices are kept apart. Hence the argument does not stop and we get
an oo-implication sequence.

CoROLLARY 3.13. Let C be an associative commutative H-complex with d =0
(i.e., C is a free Hopf algebra over Z). Then an element xe P(C,,® Z,) has
co-implications.

Proof. Apply Theorem 3.12, using the fact that p'=0(C®Z,= H(C®Z,)
=B'=B?=... = B in this case).

4. Applications to H-spaces. In thissection weapply the results of §3 to H-spaces,
obtaining ‘‘implication’” theorems we shall apply in §5 and obtain also some
theorems on finite dimensional H-spaces.

Since the chains or cochains of an H-space are H-complexes, we get:

THEOREM 4.1. Let X be a connected H-space with H,(X) of finite type. If
x€H,,(X;Z,), px#0 and q(x)e P(H,,(X; Z,)) (q = reduction modp), then
q(x) has 1-implication in H(X;Z,).

This is immediate from Theorem 3.3.

COROLLARY 4.2. Let X be a connected H-space with H,(X) of finite type.
Let xe P(H,,(X ; Z,)), and suppose B;x=0. Then x has 1-implication in H (X ;Z,).

REMARK. This shows that in [9, Theorem 6.7] I >2.

Proof. If x eimage B, then x has co-implications by [7, Theorem 6.1] (8.1).
If x ¢ image B, then by [7, Proposition 1.2] 1x} = {q(«)} in B> (B" = the homology
Bockstein spectral sequence of X mod p). Then x — g(u) = B,z. But B, = qo,,
so that x = q(u) + q(d,z). Also p(u + 0,z) = pu # 0, since {q(u)} #0 in B>
Hence u + 0,z satisfies the hypothesis of Theorem 4.1, so q(u + 0,z) = x has
l-implication in H,(X;Z,). Q.E.D.

THEOREM 4.3. Let X be a connected H-space with H(X) of finite type,
{B,} the cohomology Bockstein spectral sequence mod p of X. Let xe H*(X),
such that k,(x) # 0, and k(x) € P(B,), s <r. Then k{x) has (r—s)-implications
in B,.

This follows from Theorem 3.11 since H*(X) is associative and commutative.

COROLLARY 4.4. Let X be a connected H-space, H (X) of finite type. If x € P(BX9),
Bix =0 for s<j<r, and {x} #0 in B,, then x has (r—s)-implications in B,.

This follows from Theorem 4.3 and [7, Theorem 6.12] (8.2), by an argument
similar to that of Corollary 4.2.
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For s = 1, r = 2, (4.4) was proved earlier by J. C. Moore (in unpublished work)
by a different method.

THEOREM 4.5. Let X be a connected H-space with H(X) of finite type,
and suppose B,, = 0 for some m, so that B,, = B,,,, (the cohomology Bockstein
spectral sequence mod p). If x € P(B9), Bx=0fors<j<r,ssm<r, {x}#0
in B,, then x has co-implications in B,.

This follows from Theorem 3.12 and [7, Theorem 6.12], (8.2).

COROLLARY 4.6. Let X be a connected H-space, H,(X) of finite type, and
suppose H(X ;Z,) = 0 for i large, i.e., H(X;Z,) is finitely generated. If f3,,= 0,
then B, = B, i.e., =0 for k = m.

Proof. Let j be the smallest integer > m, such that §;5£0, and let x = f;y
be a lowest dimensional element in image f;. Then x is primitive since it is a
lowest dimensional element in image ;. The dimension of x is even, for if it
were odd, then a lowest dimensional element z in image f; (in the homology
Bockstein spectral sequence) would be a primitive element in an even dimension.
Then z would have co-implications by [7, Theorem 6.1] (8.1) which is impossible,
since H,(X;Z,) is assumed finitely generated. Then, since B, = B, = --- = B;,
there is an element x’e P(B2Y) with {x'} = xeB;, j > m. By Theorem 4.5, x’
has co-implications, which contradicts the finite generation of H,(X;Z,). Hence
B;=0forallj=zm, which proves the corollary.

From Corollary 3.13, we get the following two theorems:

THEOREM 4.7. Let X be a connected H-space with H,(X) of finite type. If
x € P(B*™), then x has co-implications in B, (cohomology Bockstein spectral
sequence).

THEOREM 4.8. Let X be a connected H-space, with H(X) of finite type,
and suppose H,(X)/torsion is an associative, commutative algebra. If
x € P(B3,), then x has co-implications in B%.

These theorems follow immediately from Corollary 3.13, since B, =(H*(X)/tor-
sion) ® Z,, B “= (H(X)/torsion) ® Z,, and H*(X)/torsion, H,(X)/torsion, are
free Hopf algebras over Z, which are associative and commutative under the
above hypotheses.

THEOREM 4.9. Let X be a connected H-space, with H,(X) of finite type and
H,(X;Z,) finitely generated. If H¥(X;Z,) is primitively generated, then B, =0
in By, B, = B, and all elements of p-torsion in H,(X) have order exactly p.

Proof. According to [16, Theorem 4.9], (see also [9, §7]), H*(X;Z,) being
primitively generated implies that H,(X;Z,) is associative, commutative, and
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u? =0 for any positive dimensional u € H,(X;Z,). Hence if an element x € H*(X;Z,)
has l-implication, then x? # 0.

Let x = B,y be a lowest dimensional element in image f,, so dimx = 2q by
[9, Lemma 6.5]. Let x'e H*(X;Z,) such that {x'} = x e B,. It follows that x’
may be chosen to beindecomposable (see [9, Lemma 6.5]). Then x’ may be chosen
primitive in H¥(X;Z,), since H*(X;Z,) is primitively generated. From Corollary
4.4, it follows that x’ has 1-implication so that (x')” # 0. If {(x')’} # 0 in B,,
then, since (x')” € P(H*(X;Z,)), (x')’ has 1-implication in H*(X;Z,), and
(x'y"?3 0. Let h = p* be the smallest power of p such that if (x')"=a, {a} #0
in B,, {a’} = 0in B,, a’ # 0 in B, = H¥(X;Z,).

Hence a?=p,b, be H*(X;Z,).

LemMMA 4.10. If B, #£0, then there is a primitive element zeHz“"(X;Z‘,)
such that B,z =0, {z} #0 in B,, and z° = B,w # 0, where we P(H*(X;Z,)).

Proof. The element a satisfies all conditions except that b (B,b = a®) may
not be primitive. Since a” is primitive, we shall find out the form of elements
ce€ H*(X;Z,) such that §,c is primitive. Since H*(X;Z,) is primitively generated,
the differential §, is completely determined by its action on P(H*(X;Z,)) = P,
Bi:P—> P. Let L= free associative, commutative algebra generated by P over
Z,, which is made a Hopf algebra by making elements of P primitive and a dif-
ferential Hopf algebra by extending B, : P — P to d on all of L. There is a natural
map of differential Hopf algebras n:L— H*(X;Z,), induced by the inclusion
of P— H*(X;Z,), which is onto since P generates H*(X;Z,).

Since B, : P(H*™(X;Z,)) » P(H*"*1(X;Z,)) is zero [7, Theorem 6.12] (8.2), all
even dimensional generators of L are cycles. It is easy to verify directly that the
module of primitive elements of L has a basis consisting of the ring generators
of L(elements of P) and iterated pth powers of generators. Let x,, -, %; be odd
dimensional generators of P such that the elements f,x,, -+, B;%; are linearly
independent, and x,, -, x;, &4 4, -, ¢, are a basis for P in odd dimensions where
B1&i=0,1+1=<i<gq. Then B,x,,---, B,x, are a linearly independent set of even
dimensional elements of P.

Then it follows that L= (®/-, A(x) ® Z,[y;]) ® M, where dx; = yi» h=p',
0=?< oo (h depends on i), and d(M) =0 (A denotes exterior algebra). The
isomorphism is given by inclusion on the generators x;, y; and on M, where M
is the subalgebra of L generated by &is1,++, €, and other even dimensional ele-
ments of P. It follows that the isomorphism is one of coalgebras and of Hopf
algebras if p#2. It follows that if u? is primitive in L, and u®=dy,
then there is an element u' =dv'eP such that (u—u’)’=dw and w
is primitive. For the linear subspace S spanned by x,,-, Xp, ;%1 = %,(d%)" "%, -+,
12X =xdx)?7!, ,x, = 1%1(dyx,)P~1, .-, is such that d(S) 2P N (image d).

Hence,in H*(X;Z,) if a? = b, then there is u’ = f,v’ € P, with zf = (a — u’)°
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= Byw, w e P. It remains to show that {z} # 0in B,,and z"# 0.Butifa—u'=p,x,
then aeimage f8,, which is false as shown above. Then it follows from Corol-
lary 4.4 that z”# 0 and the lemma is proved.

Now f; = j,.0,, and since w is primitive, i.e., if { is the diagonal map in cohomo-
logy, Yyw = n*w + niw, it follows that (9, w) = n}(d,w) + 73(0,w) =d,w ® 1 +
1® 0y w.Since z=jc, ce H*!(X),j,(c’— d,w) = 0, s0 that ¢?=d,w+ pa, acH*(X).
Since z =j,ce PHYX;Z,), Yyc=c @1 +1 ® ¢ + py, ye H¥X x X).

Then
e = PR1+1QcP+ X (f)aﬂ"@c‘w’é
= ow®1 +1®3d;w+ pya.
Hence

poa=pi®1+1Qpt+ X (?)c"'i®ci+p25
soYoa=a@®1l+1@a+ X b;c’ ' ®c' +pd +1n, (pn =0, b;=p-1(}). Since
{z} # 0 in B,, then pc # 0.
Let Ze H(X;Z,), z(2) # 0, {Z} # 0 in B Then

(D)) = Wi '®2)
= (W) ®2)
= (2@l +1@ju+ X bzP '@z +jm(Z* 7' ® 2).
Since pn=0, n=0,& so that jn=p,& Since p'Z=0, B, ' ®2)
=(&)(B'(z*"! ® 2)) = 0. Hence for dimensional reasons
()@ = (012" ' @) (7' @ 2) = by(p—D!(2(D)" # 0

(cf. [7, Lemma 6.2]). Then z75 0 in H,(X;Z,) which contradicts the hypothesis
that H*(X;Z,) is primitively generated. Hence f; =0 so that B,=B, by Cor-
ollary 4.6 and the theorem is proved.

5. Rational homology spheres which are H-spaces. In this section we shall study
the cohomology of H-spaces which are rational homology spheres. We shall
prove a theorem (Theorem 5.3) describing the mod 2 cohomology of such H-spaces.
We apply this theorem in §6 and §7, together with the results of J. F. Adams [1]
to prove the following theorems (these results were announced in [10, Theorem
5.1] in a slightly weaker form):

THEOREM 5.1. Let p:S"—» B be a fibre map, with base B and fibre F a

connected polyhedra, B +# point. Then F is the homotopy type of a 1, 3 or 7
sphere.

THEOREM 5.2. Let X be a polyhedron which is an H-space and a rational
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cohomology sphere with H(X) =0 for large i. Then X is the homotopy type
of a 1,3 or 7 sphere or a 3 or 7 dimensional real projective space.

The result on homology we shall need is the following:

THEOREM 5.3. Let X be an H-space, H,(X) of finite ty pe, with H*(X ;Q)=A(2),
dimz = n, and H'(X;Z,) =0 for large j. Then H¥(X;Z,) = A(x) ® Z,[y)/ )
as a Hopf algebra, where dimx =2a — 1, y = Sq*x, n = 2%Qa) — 1, provided
H'(X;Z,) = 0. If H'(X;Z,) #0, then H*(X;Z,) = Z,[x]/x**"", dimx = 1. Note
that Sq'x =0 implies H*(X;Z,) = A(x), which we allow as a possibility.

The proof of Theorem 5.3 proceeds by a sequence of lemmas.

The idea of the proof is to show, using the information about the Bockstein
spectral sequence obtained in [9, Theorem 4.8], that the existence of more than one
even dimensional generator implies the existence of 2" torsion with r > 1. Then
the existence of such higher torsion is shown to lead to a contradiction, so that
there is at most one even dimensional generator y, and in that case y = Sq'x.

Let B, denote the Bockstein spectral sequence in cohomology mod2 of the
space X. We first describe this spectral sequence.

LEMMA 54. B, = A({)® ®mgi§q(k)ZZ[yi]/(y’i")’Where1 + dim & = dim y,),
q(k) is an integer depending on k, q(k) < q(k + 1)< q(k)+ 1, hy=2" n; 21,
hi dlm yi = dimyi+1.

Proof. The case k = 1 is simply [9, Theorem 4.8], with &, = x, g(1) = 1. We
now proceed by induction, assuming the lemma true for k. We prove the fol-
lowing two lemmas with this hypothesis.

LEMMA 5.5. For any I, B; has at most one nonzero element.

Proof. Since B, = A(£) ® QRmsizqamZ:[y:]/(yi), any element in B,is a linear
combination of monomials &fyMa..-y™ g =gq(k), e=0 or 1, 0=1n;< 2",
dimy;,, =2%dimy;, 1 + dim¢, = dim ¥, Then

dlm(élfy:l’qy:'nm)__— 8dim€k + 2 ﬂ,dlmy,

ji-1
= g(dimy)—1) + Z('h‘ IT 2"')dim Vo
s=q

Clearly no two different choices of &, n,, -1, give the same dimension, which
proves Lemma 5.5.

LEMMA 5.6. B,y;=0,q(k)<j< m.

Proof. By Lemma 5.5, there are no decomposable elements in the dimen-
sions of the generators y;. Hence it follows from [9, Lemma 4.5] that f,y; = 0.
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Now we return to the proof of Lemma 5.4. If §,& =0, then 8, =0 on B, so
that By, = By, &v1 = & q(k + 1) = q(k), and Lemma 5.4 is true in this case
for k+1. If B #0, then B¢ =y, and since f,y; =0 for all j,
Bisy =AM+ ® ®mgigq(k+1)zz[."i]/(y;")a h;= 2", where

Err = (& g =q(k), q(k + 1) = q(k) + 1.

This completes the proof of Lemma 54. Note here the possibility that
y1 = x* = Sq'x does not affect any step in the argument, except that the proof
of Lemma 5.6 becomes trivial for y, = x2.

The truth of Lemma 5.4 establishes the truth of Lemmas 5.5 and 5.6 for all k.
From this we get:

For any abelian group A, let 4, denote its 2-primary component.

LeMMA 5.7. For 1Zi<m, there are elements w,e H¥(X;Z), such that
JsW) =y, e HXX;Z,) (j:Z > Z, is reduction mod 2).

Proof. It follows from Lemma 5.6 that the {y;} are permanent cocycles in
the Bockstein spectral sequence, from which it follows that they are in the image
of j, (see [7, Theorem 3.11]), so in particular in j, (H*(X;Z),).

LemMA 5.8. Order w;., > order w,.

Proof. Since j,(W;4,) = yi1 1, j«(W;) = y;, and since by Lemma 5.4, y;,, per-
sists longer in the spectral sequence than y; (i.e., if q(k) = i, and y; =0 in B,

then g(k + 1) =i+ 1, so that y,,, #0 in By, ), it follows that order w;,, >
order w;,.

LEMMA 59. Let z = wf, where k=2""", 1 <i<m, and suppose 2z #O0.
Then yiiy =j,(Wir() #0, i.e., m>i.

Proof. Letu =j,(z)=y* Let u:X x X > X be the multiplication on X.
Denote by A; the subalgebra of H*(X;Z,) generated by X,y;,--*,y;—y. Then
A{=0 in dimensions j=a; (a;=dimy)).

Now u*(y) — y;®1 —1Q® y,€ A,;® A, for dimensional reasons. It follows
that (u*(y) — y,®1 —1® y,)® =0, i.e., y? is primitive, since this element is in

a+1=24,4; ® A% and either I or q=a;

Now dim z = ka;. It suffices to show that H***(X;Z,) # 0. For no decompos-
able element may have dimension 2ka; = 2", so if H***(X;Z,) # 0, there must
be a new generator

Vier =Jjs(Wir 1) € sza‘(X 3Z,).

Now, if k>1 (n,>0), then y? is primitive, so u = y¥ is primitive. Since
u = j,(2) and 2z # 0, then it follows that z satisfies the hypothesis of Theorem
4.3, with r=2, s=1, and hence u has l-implication in H¥(X;Z,) so that
H**(X;7,) #0.
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If k=1, then z=w,, and u =y, is indecomposable in H*(X;Z,). Hence,
there is a homology class j;, dual to y; (i.e., y(7) #0), with j; primitive
in H,(X;Z,), and B,7, = 0 (since 2z = 0). Hence j; has 1-implication by Corol-
lary 4.2 (note that g, is even), so that H,, (X;Z,)# 0 and thus H 2(X;Z,)#0,
which completes the proof of Lemma 5.9.

Proof of Theorem 5.3. By Lemma 5.4 with k=1 (see [9, Theorem 4.8]),

HYX;Z,) = Mx)® ®1§i§m22[yi]/(y'i“)'

By Lemma 5.7, y; = j,(w,), w;e H¥*(X ;Z,), and by Lemma 5.8, order w;,, >order
w;. Hence 2w, # 0, for i > 1. It follows from Lemma 5.4 that if k=2"""1, wf
has the same order as w;, so 2w¥ # 0 for i > 1. Then Lemma 5.9 implies w;,; # 0
if w; #0 for i > 1. But applying this reasoning to w,, the highest dimensional
Ww;, we get a contradiction unless m = 1. Similarly, if y, #0 and Sq'x =0,
then 2w, # 0 (i.e., w, is not of order 2), so that w, # 0 by Lemma 5.9, which

is again a contradiction. Hence either Sq'x = y, and
H*(X;Z,) = A(x) ® Z,[Sq'x]/(Sq*x) " or y, =0 and H*(X; Z,) = A(x),
which completes the proof of Theorem 5.3.

6. Fiberings of spheres. In this section we prove Theorem 5.1.

Let A4 be a graded algebra over a field K. Then the set {x;, -, X,}, X;€ 4, is
called a simple system of generators for A if the monomials x; ---X;,
15i;<i; < <i,<m, form an additive basis for A4 over K, where dimx;
is assumed odd for all i if characteristic K 5 2.

We recall a theorem of Borel:

THEOREM (BOREL). Let p : E — B be a fibre map, with fibre F. Let K be a field,
suppose H*(F; K) has a simple system of transgressive generators{Xy,-*,Xm},
and suppose H(E;K) =0 for t <n. Then H*(B; K) = K[y1,, V] in dimen-
Sions < n, where y, is a transgression image of x; for each i.

This theorem is [5, Theorem 13.1(b)] and [5, Proposition 16.1]. It follows
easily by a standard argument from a comparison theorem, such as [15,Pro-
position 5.3].

THEOREM 6.1. Let p:E— B be a fibre map, with connected fibre F,
H'(B;K)=H'(F;K) = 0 for large i, K a field. Suppose that H*(F;K) has a simple
system of transgressive generators and that H¥(E;K) = A({), dim{ =n. Then
H*(F;K) = A(x), i.e., the simple system of generators has only one element.

Proof. Let E, = cohomology spectral sequence for p over K. Let x;,-+,X,,
be a simple system of transgressive generators for H*(F;K). (Note that if char-
acteristic of K # 2, then dim x; is odd for each i.) Then x,x, --- x,, is the unique
element of highest dimension in H*(F;K). Let H((B;K) = Ofor i > q, HY(B;K) # 0.
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If u # 0e HY(B;K), then the total degree of z=x, --- x,, ® u = total degree w for
any weE,, so z is a permanent cocycle in E,. Further, the fibre degree of z >
fibre degree of w, for any we E,, and since d, lowers fibre degree for r =2, z is
not a coboundary in any E,. Hence {z} #0€E_ and, since E, =~ H¥*(E;K), it
follows that dimz = n.

Assume dim x; <dimx, , ,, for each i. Now x, transgresses, so that if k=dimx;+1,
then there is an element y,eE%°, with dx; = {y;}. By the theorem of Borel,
H*(B;K) = K[yy,**sYm] in dimensions < n. Hence, if dimy, =k, y| # 0 for
I <n/k, and since H(B;K) =0 for i>gq, and n>q, y, =0 for | = n/k. Let
s = greatest integer < n/k. Then x; ® y§ # 0 in E, and d,(x; ® y) = yi"! =0.
Hence, since fibre degree x; ® y] = k — 1, x; ® yj is a permanent cocycle in E,.
Now t =dim(x; ® y;) =k — 1 + sk <n, if m> 1. In dimensions <t <n, the
boundary in the spectral sequence is completely determined by its action on
the x;’s, and the product structure, which is simply

A(xy, %) @ K[Yb""ym]

in these dimensions if characteristic of K # 2, and yields the same result even
when characteristic K = 2, since x,, -+, x,, is a simple system of generators. Hence
{x; ® yi} cannot be a boundary and its class is nonzero in E,. Then since
E,=A(2), x; ® y] = z,m = 1 and Theorem 6.1 is proved.

Now let p:S"— B be a fibre map, B connected. Then p is onto so that B is a
compact polyhedron, and H(B) = 0 for large i. The fibre F is a closed subset of S”
so that F is a compact polyhedron, and H'(F) = 0 for large i.

If B is not a single point then the fibre F is not all of S”. It follows that F is
contractible in S”, so that by a theorem of E. H. Spanier and J. H. C. Whitehead
[19], F is an H-space. (This result is deduced from the covering homotopy
theorem.) Then by Hopf’s Theorem [ 5, Proposition 7.2] (or [16, Theorem 4.6.7) on
H-spaces, if Q = rational numbers and F is connected, then H*(F; Q) = A(xy,--+,X,,)
where dimx; is odd, 1 £i £ m. By Borel’s transgression theorem [5, Theorem
13.1(a)], the x; may be chosen transgressive so that {x,,---,x,} are a simple
system of transgressive generators for H*(F;Q). Hence by Theorem 6.1, it fol-
lows that m = 1, and we get the result of Borel [4] that F is a rational homology
sphere.

We now apply Theorem 5.3, and we get that H*(F;Z,) = A(x) ® Z,[y]/(»"),
where y = Sq'x, h=2"and y = x? if dimx =1 (y = Sq'x = 0 being allowed).
Now x is transgressive since it is the lowest dimensional element in the fibre,
and a Steenrod operation on a transgressive element yields a transgressive element.
Hence {x,y,y%y*, ..., y 21 is a simple system of transgressive generators for
H*(F;Z,) (note that z?=Sq'z, if dimz=1). Therefore, by Theorem 6.1,
H*(F;Z,) = A(x), i.e., Sq'x =0.

J. F. Adams [1] has shown that if a mod 2 homology n-sphere is an H-space,
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then n =1, 3, or 7. Then F is a rational homology 1, 3 or 7 sphere (this follows
easily using the Bockstein spectral sequence mod 2, since E; = E,). By [9, Theo-
rem 4.8], if H*(F;Z) has p-torsion for a prime p, then n=2qp* — 1, for
some g = 1, « 2 1. It follows easily that H*(F;Z) has no p-torsion for any odd
prime p, since n =1, 3 or 7. Hence F is a homology 1, 3 or 7 sphere.

Since F is an H-space, n,(F) is abelian, so n,(F) = H(F;Z). If n=3 or 7, it
follows that F is simply connected. Then one can easily deduce that F is homo-
topy equivalent to S* or S, since there is a map of S° or S7 into F which induces
isomorphism on homology groups (using the Hurewicz and Whitehead theorems).
If n = 1, then we have a map f: S'— F which induces an isomorphism of homol-
ogy, but since the spaces are not simply connected we cannot immediately apply
Whitehead’s theorem.

However, the result follows in this case from the following:

LEMMA 6.2. Let X and Y be connected H-spaces(®), f:X — Y, a map in-
ducing isomorphism of homology. Then the map of universal covering spaces
f':X— ¥ also induces isomorphism of homology f':H(X)=H,(Y), so that
f' and f are homotopy equivalences if X and Y are polyhedra.

Proof. Let E = the space of paths in X which start at the identity of X,
ie,ifaeE, a:1- X, a(0) = e. Then E is an H-space, with multiplication point-
wise of paths as the product, i.e., (a- f)(f) = «(t)* B(f) (product in X). Then the
projection n:E — X, (n(a) = «(1)), is a homomorphism of H-spaces. Now ¢
is the set of equivalence classes of E, where o ~ f if a(1) = (1) and « is homo-
topic to fBrel 0 and 1. It follows easily that X is an H-space, the projection
n:X - X is a homomorphism of H-spaces, n,(X) =7 '(e), and the action of
aen,(X) on X by ““deck-translation”’ is the same as the action of ae 7, (X) = X
acting by the left multiplication of X. Since X is connected, left multiplication
by an element of X is homotopic to the identity map of X, so that m,(X) acts
trivially on H,(X).

By replacing the spaces involved by others of the same homotopy type, we
may consider X as a fibre space over K(=,1) with fibre X, where n=n,(X), and
similarly with Y (see [18] or [5]). Then f induces a map of fibre spaces

X—i———) Y

L,

K(m,1) ——i—) K(z,1).

The systems of local coefficients H,(X) and H,(Y) are trivial by the above re-

(5) One may replace this hypothesis by the hypothesis that 7;(X), 7;(Y) act trivially on
H *(X ), H ="(Y'), respectively, and assume also that f,_ 1 (X) =71 (Y) is an isomorphism. It is
in fact the first part of the proof of the lemma to prove this condition.
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marks, and since f, : H (X)~H,(Y) and the map on the base spaces K(m,1) is
the identity, by the Comparison Theorem (see [15, Proposition 5.3] for example),
fa:H (X)—> H(Y) is an isomorphism, and thus by the theorem of J. H. C.
Whitehead, f' and f are homotopy equivalences.

This completes the proof of Theorem 5.1.

7. Homotopy type of H-spaces which are rational homology spheres. In this
section we prove Theorem 5.2. We first use the device of the ‘‘projective plane
of an H-space X’ together with Theorem 5.3 to show that the homology of X
is the same as that of one of the spaces S, S°, S7, P? or P’. Then we shall show
that a map can be constructed inducing the homology isomorphism, so that
applying Lemma 6.2, the result follows.

The projective plane P,X of an H-space X is described in [20], and various
cohomology properties of it are obtained in [12].

Let X be a connected polyhedron which is an H-space, with H(X;Z;)=0
for large i, and a rational homology sphere. Then by Theorem 5.3,
H*(X;Z,) = A(x) ® Z,[y]/(y") where y = Sq'x, h = 2". If Sq'x =0, then as we
saw in §6, X =~ S*, S® or §”. Let us assume Sq'x =y #0. Now x is primitive,
since it is in lowest nonzero dimension of H*(X;Z,), therefore Sq'x=y is pri-
mitive, and H*(X;Z,) is primitively generated. It follows from [12, Theorem 1.1],
if dimy = 2n and n > 1, that H*(P,X;Z,) has as a basis over Z,, in dimensions
Sd4n+2, & n, &2, &, ¢, n?, where dim¢& =2n, &) =x, ) = y*, n="5¢"¢;
¢ is a map defined in [12], ¢:H"(P,X)— H* }(X). Then HY(P,X;Z,)=0,
2n+1<j<4n. Since n* =S¢>"*'n#0 by [12, Theorem 1.1], we have
Sq' Sq*" Sq* & = n* # 0 in HX(P,X;Z,).

Now n must be even. For if n is odd, then Sg 2n is factorizable in Sq"’s for
i <2n. Since H/(X;Z,) =0 for 2n + 1 <j < 4n, Sq*"¢ = y(Sq'€) where y is an
element of degree 2n — 1 in the Steenrod algebra. But since y is of odd degree,
it must be factorizable, which is impossible. Hence n is even. (This argument
could be extended to show that n =2%)

Then consider the Adem relation (see [2])

Sanqn+l= ) (n_t)sqn+l—tsqt.

ogtsn2 \ 1
Since n is even, we get

Sqnsqn+1 = Sq2n+l +SanSq1 + Z atSq2n+1—tSqt, a,eZz.
25t=n/2
If we apply both sides to ¢, since &e H*(P,X;Z,), and H/(P,X;Z,) =0 for
2n+1<j<dn, Sq'¢=0 for 2<t<n/2, Sq*"*'¢=0, and Sq"*'¢=0, if
n>1. Hence if n>1 Sq*"Sq'¢ =0, and thus #*> = Sq*Sq*"Sq'¢ = 0 which is
a contradiction. Hence, if Sq!x # 0 in H¥(X;Z,), then n = 1.
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TueoREM 7.1. Let X be a connected polyhedron which is an H-space,
H(X;Z,) =0 for large i, and H*(X;Q) = A(2), i.e., X is arational homology
sphere. Then H¥(X;Z,) = A(x), dimx =1, 3 or 7 or H*(X;Zz)=Zz[x]/(x"),
h=4 or 8, dimx=1.

Proof. Let us suppose Sg'x #0, so that H¥(X;Z,) = Z,[x]/(x"), h =21,
g > 1, dimx = 1, by the above argument. It remains to show that g =2 or 3.
If we compute H*(X;Z,), where X = universal covering space of X, using the
results of [6], we get H*(X;Z,) = A(z), dimz = 27— 1. Since X is an H-space,
it follows from Adams [1] that ¢ =2 or 3. This proves Theorem 7.1.

In particular, if H(X) = 0 for large i, it follows that H,(X) has no odd torsion,
as in §6, and that X is homotopy equivalent to S3 or S7.

Then Theorem 5.2 will follow from:

THEOREM 7.2. Let X be a connected polyhedron which is an H-space with
H{(X) =0 for large i, H¥(X;Z;) = Z,[x]/(x"), h=4 or 8, dimx =1. Then
X is homotopy equivalent to the real projective space Pt

Proof. As in the proof of Lemma 6.2, we consider X as a fibre space over
K(Z,,1) with fibre X. There is a natural map g of P*~'into K(Z,,1), which
induces an isomorphism of 7,(P"*~") with Z,. We would like to lift this map to
amapf:P" ' X, such that nof =g (n:X — K(Z,,1)). The first obstruction
to lifting g is g*(k), where ke H"(K(Z,,1); Z) is the first k-invariant of X. Since
X is an H-space, the k-invariant is in an ordinary cohomology group (without
local coefficients) and it is easy to see that k = z*2, where z is a generator of
H*(K(Z,,1);Z). Since H*(P"~*;Z) = 0, the first obstruction to lifting g is zero.
But the higher obstructions are in still higher cohomology groups so that all
obstructions are zero and there exists a map f:P"™! — X, with nof = g.

It is obvious that f, is an isomorphism of H,(P"~!;Z,) with H,(X;Z,), since
it is an isomorphism on cohomology mod2, both cohomology rings being
Z,[x]/(x"*) and the generator being sent to the generator. However, for any
given f, f, may not be an isomorphism on integral homology. We shall show
that f can be changed so that it is an isomorphism on integral cohomology, and
hence on integral homology.

Let us consider the Moore-Postnikov system of the fibre map = : X — K(Z,,1)
(see [17D.

The first term is a fibre ‘space n'¥): XM - K(Z,,1), with fibre K(Z,h—1)
(which is the first term of the Postnikov system of X). There is a commutative
diagram

1
X P() x»

ln l,w

KZal) —— KZaD)
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where p™’ is a homotopy equivalence through dimension h—1, i.., pi‘)

is an isomorphism of m(X) with w(X?") for 0<i<h-—1. Then
fO=pMof: PPt XD, with nPof" =g. Since dimension P""'=h—1,
if we can modify f to make it an isomorphism on cohomology through di-
mension h — 1, then the modified map can be factored through X and induces
isomorphism with the cohomology of X.

Now =" is a principal fibre space, with group K(Z,h—1), so that there is an
action p: K(Z,h—1)x XM - X, which commutes with the projection = ") Given
a map y:P" !> K(Z,h—1), we may modify f) toanew map I = uo (3,f V)0 A,
and 10 1 = g (here A is the diagonal map P""' — P"~! x P*7!). Then
I* = A*o (y*, fV%)o u*. Let ¢ be a generator of H"™'(X'";Z). From dimen-
sional reasons and naturality of p, it follows that p*(§)=i*( )@ 1 +1Q®¢,
where i : K(Z,h—1)— X" is the inclusion of the fibre. By a spectral sequence argu-
ment, it follows that i*(£) = 2¢, ¢=fundamental class of H" (K(Z,h—1);Z).
Then I*(£) = A*Qp*() ® 1 + 1 @F*() = 2y*(0) + fV*(®).

If we could choose I so that [*({)=x the generator of H "'I(P"'I;Z),
then ! would be an isomorphism on all integral cohomology. Since I* = f* on
H*(X ;Z,),it follows that f (”*(C)=x+2n.H'énce if we choose y so that y*(¢)= —n,
then the modified map I* will send £ to x, and we are done.

8. A summary of “implication” theorems. In this section we present the principal
“implication’’ theorems about the homology of H-spaces, from various papers(®).

Let X be a connected H-space with H,(X) of finite type, throughout this sec-
tion. (Some of these theorems are true in a slightly wider context as noted in the
introduction.) B" and B, will denote the homology and cohomology Bockstein
spectral sequences of X, mod p.

(8.1) Let xeP (Bj,), x=pB"y. Then x has co-implications [7, Theorem 6.1].

(8.2) Let EeP (B™), B,& # 0. Then ¢ has co-implications [7, Theorem 6.12].

(8.3) Let X be homotopy commutative and let ,B, be the cohomology Bock-
stein spectral sequence mod2. If &eP(,B?™), then ¢ has oco-implications [8,
Theorem 8.1].

(8.4) Let X be homotopy associative and homotopy commutative. If
& e P(B?™), then ¢ has co-implications (no restriction on p) [8, Theorem 8.2].

(8.5) Let H,(X;Z,) be associative and commutative for all g. If ¢ e P(B?™),
r> 1, then ¢ has co-implications [11, Theorem 2.3].

(8.6) Let xeP(H,,(X;Z,)), with f;x =0. Then x has 1-implication (Corol-
lary 4.2).

(8.7) Let EeP(BM™), Bt =0 for s<j<rand {¢} #0in B> r>s. Then
¢ has (r—s)-implications (in B,) (Corollary 4.4).

(6) T would like to take this opportunity to acknowledge that my proof of the implication

theorem announced in Abstract 553-79, Notices Amer. Math. Soc. 5 (1958), 820, was incorrect.
I do not know whether the theorem is true or not as stated.
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(8.8) Suppose B, =0, for some m. If EeP(BX™), B,E=0 for s<j<r,
sEsm=r, {€} #0 in B™ then ¢ has co-implications (in B,) (Theorem 4.5).

(8.9) Let £e P(BY™). Then ¢ has oo-implications (Theorem 4.7).

This is not a complete list of ‘‘implication’’ theorems in these papers; for
instance, in [8] there are various theorems with hypothesis involving a map
into an H-space. Also we have presented the theorems in this list in the same
format, with reference only to the Bockstein spectral sequence. In the papers in
which they occur, they are usually given also in other forms. Note that in theorems
in which only one term of the Bockstein spectral sequence is mentioned, ‘‘n-im-
plications”” means in that term.
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