ON SEMI-PARABOLIC RIEMANN SURFACES

BY
ROBERT D. M. ACCOLA(?)

1. Introduction. A bordered Riemann surface whose double is parabolic
will be called semi-parabolic. Denote the class of semi-parabolic surfaces by
SO,. As usual, a compact bordered surface will be called a finite surface. In a
sense, the interiors of semi-parabolic surfaces are the simplest hyperbolic surfaces
since their hyperbolicity results entirely from the border which is given in their
definition.

On finite surfaces, the class of harmonic functions which are constant on each
contour is a finite-dimensional vector space of functions with finite Dirichlet norm.
This paper considers the corresponding class of functions on bordered surfaces
of class SO, and generalizes some of the properties of harmonic measures on
finite surfaces. In particular, for generalized harmonic measures, we investigate
the level curves and their orthogonal trajectories. The principal results, Theorems
4.1 and 4.4, state, in a sense made precise, that almost all of the level curves of a
generalized harmonic measure are analytic Jordan curves and almost all of their
orthogonal trajectories begin and end on the border given in the definition of the
surface. These results have application to the level curves of a Green’s function
via a theorem of Kuramochi. We also consider the question on a parabolic
surface as to when a harmonic differential with finite norm and integral periods
is a weak limit of period reproducing differentials.

2. Definitions and notation. If W is a Riemann surface, let I'(W) stand
for the Hilbert space of square integrable differentials on W (?). For w,ce T (W),
let | o|lw denote the norm of o, and (6, w)y the inner product(®). Let T, and
I', denote the closed and exact forms in I'. Let T',, be the closure in I", of differ-
entials of functions which vanish outside of compact sets. Define T, = I'**’
Iy=T.AIY I,,=T, NI, and T, =T, AT.(*. T} is the Hilbert space of
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(2) For a complete discussion of the theory of square integrable differentials see Ahlfors and
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from the context.

“ l";, is the set of differentials whose conjugates lie in I" o
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square integrable harmonic differentials on W. We then have the following
orthogonal decompositions:

r =rh+reo+r:n
rc =Fh+reoa
Fco = 1—‘lw + rea'

Let T, stand for the differentials in ', which have zero periods on all dividing
cycles(®). Define Ty, = T'fs(®). Define T,,, =T, NI}, Then I, < Ty, Wwith
equality holding if Wis the interior of a finite surface. Note that if W < W' and
gel (W), then if we extend o to W’ to be identically zero in W' — Wit follows
that oI, (W’).In such a situation we will automatically assume the definition
of ¢ so extended.

If ¢ is a cycle we denote by a(c) the unique element of I', such that for
wely, [.o=(w,0(c)*). a(c) is known to be real, of class I',,, to possess only
integral periods and to depend only on the homology class of ¢. We will call o(c)
the period reproducer for the cycle ¢, even though the conjugate of a(c) actually
reproduces.

If 6 is a harmonic differential given locally by adx + bdy, we denote by p(c) the
linear density (|a|? +|b|%)!/? |dz|(). If p is any linear density then

An(p) = f [ p2dxdy(®).

w

Note that Ay(p(0)) = | o ||}.
We will use the notation W for a bordered Riemann surface; W= WU oW

where W is the surface which is the interior of Wand 0W is the border, a countable
union of compact and /or noncompact contours. In this context W will stand
for the double of W. On a bordered surface W we will call a curve ¢ a cross-cut
if c is a rectifiable path with end points lying in 0W. If ¢ is a differential in W that
can be extended continuously to W then [.o is well defined, and we will call
this the cross-cut period of o over c. For finite surfaces, differentials of class I',,,
are determined by their cross-cut periods.

If W is a bordered surface, o € [,(W), and o can be extended to be harmonic
on W, then we will write 6 e I',(W). If u is a harmonic function on W, the sub-
surface where u takes values between a and b will be denoted by {a < u < b}.

(5) Ahlfors and Sario [1, p. 66].

(6) In Ahlfors and Sario [1], T, is called the set of harmonic measures. In this paper the
term “harmonic measure” will be reserved for harmonic functions which take the value zero or
one on the boundary of a finite surface. Also all harmonic functions will be considered real-
valued, contrary to the usage in Ahlfors and Sario [1, Chapter V].

() Ahlfors and Sario [1, p. 220].

(8) We will drop the subscript W if no ambiguity arises.



1963] ON SEMI-PARABOLIC RIEMANN SURFACES 439

If W is a bordered surface we will call a collection {Q,} of connected finite
subsurfaces an exhaustion of W if Q, = Q! ~ W, where {Q;} is an exhaustion
of W in the usual sense. Thus, the collection {Q,} doubled across 9Q, N oW
gives a symmetric exhaustion of W.

3. Preliminary results. We now quote several results which will be neces-
sary for this paper.

THeoreM 3.1 (KuramocHi)(’). Suppose W = W' where W' is parabolic and
OW is a union of piecewise analytic curves in W’. Then We SO,.

THEOREM 3.2. Suppose W is a bordered surface such that W € Oyp. Then
o el (W) if and only if o can be extended to be harmonic on W and ¢ =0
along oW(*°).

A simple consequence of this theorem is that if We SO, (W e Ogjp will do)
and du €T,,,(W),then duis uniquely determined by its cross-cut periods.

THEOREM 3.3. Suppose p is a linear density on W such that A(p) is finite and
We SO,. Then there exists an exhaustion {Q,} of W, such that [,q nwp—0
as n— ©.

Proof. We extend p to be a linear density on W by redefining it to be zero on
0W and defining it to be zero on W — W. The result follows by the now standard
methods of Nevanlinna('?).

4, T,,, for semi-parabolic surfaces.

DerFINITION.  If u is a harmonic function on a Riemann surface W, let E(u, W)
be the set of all numbers, ¢, such that some component of the level curves {u =t}
is noncompact.

If due T,(W) where W is a finite surface, then E(u, W) is a subset of the
values that u assumes on OW.

THEOREM 4.1. Suppose W e SO, and du € T, (W). Then the measure of
E(u, W) is zero.

Proof. Let {Q,} be an exhaustion of W such that [3q w p(du) =¢,—0 as
n — oo . For technical reasons assume that Y, &, < o . Let E, be the values that u
assumes on 0Q,. Since u assumes only a finite number of values on 0Q, N W,
the measure of E,, m(E,), satisfies:

(%) Kuramochi [11. A fairly simple proof of this can be derived from the method of orthogonal
decomposition, Chapter V, Ahlfors and Sario [1].

(19) Accola [2].

(11) Nevanlinna [1].
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m(E,) < f

oW

| du | gf p(du) = ¢,
o0Q.NW

For each t, € E(u, W), there exists an n, such that t, € E, for n = n,, since for
each such t,, there is a noncompact component of {u =t,}. Therefore,
E(u, W) < | - ,E; for all n. Thus for all n: m(E(u, W)) £ L2, m(E) < X2 &
q.e.d.

Defining E(u, W) in an analogous way, it is clear that E(u, W) — E(u, W) is a
countable set if du €T, (W). Thus m(E(u, W)) equals zero if W is of class SO,.

Kuramochi proved that if g is a Green’s function on a surface with pole fixed,
then the bordered surface {g = A}, for 1> 0, is of class SO,(*?). From this and
Theorem 1 we obtain the following corollary.

CoOROLLARY. If g is a Green’s function on a surface with given pole, then the
set of A, such that the level curves {g = A} contain a noncompact component,
has measure zero.

Proof. For a > 0, Kuramochi’s result, Theorem 3.1, shows that {« < g < 8}
is of class SO,. By Theorem 3.2 dg restricted to {& < g < f} is of class I',,,. The
result now follows easily from Theorem 4.1. q.e.d.

It seems natural to ask whether the property, m(E(u, W)) = 0 characterizes
the fact that du € I, is also in T',,,. Theorem 4.1 together with Theorem 3.2 show
this to be the case if W can be smoothly embedded in a parabolic surface. In a
later paper we will show the characterization to hold if W can be smoothly em-
bedded in a surface where I'}, is finite-dimensional. A surface will also be exhibited
to show that the property does not, in general, characterize. One half of the
desired characterization is true, however.

THEOREM 4.2. Let W be an arbitrary Riemann surface. Suppose du e I, (W)
and the measure of E(u, W) is zero. Then du el (W).

Proof. Define an equivalence relation on the connected components of the
level curves of u as follows. If a component is noncompact or has a point where
the gradient of u vanishes, it will be equivalent to itself only. Call such com-
ponents irregular. All other components, which we call regular, are analytic
Jordan curves. Two such components will be equivalent if they bound an annulus
in W. It is readily seen that this is an equivalence relation. Moreover, if a com-
ponent is regular, it follows by an easy compactness argument that there are
many other components equivalent to it. Let 4 be a generic notation for the
union of all regular level curves in an equivalence class. Let 4,, n=1,2,---, be
an enumeration of the A’s. Each A, is seen to be an annulus.

If {Q,} is an exhaustion of W we see that

(12) Kuramochi [2].
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|du]2, = f dk du*
- {u=k}nQ,

where the level curves {u = k} are oriented so that du* is positive. Letting n — o,
it follows that |du|j= [2,dk [(_gdu*. If we let F=(—c0,00)—
(E(u, W) U S) where S is the set of all ¢ such that {u =t} contains a branched
level curve, then |du [} = [¢dk [(,_,ydu* since the complementary set is of
measure zero. But every point in the set over which this last double integral is
evaluated is on a regular level curve. Thus |du| 5 < X%_,]du]%, and so
lau]*= Z2, ] dul,

If du, denotes the restriction of du to A, then du, € T, (4,) and so du,, suitably
extended, is of class '.,(W). Since du = Y.du, the result now follows. q.e.d.

Since each 4, is an annulus, it follows that we can find a sequence {Q,} where

(1) each Q, is a finite union of relatively compact annuli;

(2) g_)n < Qn+ 15

(3) if 4, j=1,2, ---,F, is an enumeration of the annuli in Q,, and
uj denotes u restricted to A, then dul e T, (4%);

'n
4) |du,—du]| >0 where du,= X duj.
ji=1
Thus, in a certain sense, any du € ', with E(u, W) = 0 can be approximated by
harmonic measures on unions of finite subsurfaces. This is unsatisfactory,
however, since the Q,’s above are neither connected nor do they exhaust W.
If W is the interior of a semi-parabolic surface, we can make a stronger ap-
proximation statement. We need several lemmas preliminary to Theorem 4.3.

LeMMA 1. Let u be a harmonic function such that du e T',(W). Let s be the
function such that s=aon {u <a},s=uon {a <u<b}ands=">bon {u=b},
where a < b. Then dseT (W).

Proof. Omitted.

LemMA 2. Suppose du e, (W) where W is a finite surface. Define ¢ so that
6 = du for points p such that u(p) ¢ E(u, W) and o =0 for points p such that
u(p)e E(u,W). Then ceT,, NT (W).

Proof. ¢ is a finite union of differentials of the type ds considered in Lemma 1
since the range of u minus E(u, W) is the union of a finite number of open intervals.
gel (W) since it vanishes along oW.

LEMMA 3. Let W be a bordered surface. Suppose 0W = B, UB, where
By N B, =@ and each B; is homeomorphic to an open interval. Suppose p; € B;
and let ¢ be a cross-cut joining p, to p;. Suppose weT (W) so that w =0 along
OW, and assume w is harmonic in a neighborhood of 0W. Let ¢ be the projection
of @ on T'y(W). Then 6Ty (W), 6 =0 along 0W and [.o= [.o.
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Proof. Let & be the anti-symmetric extension of w to W(*%). Let & = 6 + 1,
e (W), tel, (W), be the orthogonal decomposition of & eI (W). By the
uniqueness of the decomposition it follows that & and 7 are anti-symmetric. If
o and 1 are the restrictions of & and 7 to W then it followsthat t e, ,(W)(14).
Thus w = ¢ + 7 is the orthogonal decomposition of w in I',(W). The first two
parts of the conclusion now follow. If ¢ is the path ¢ — jc, where j is the natural
reflection in W, then [;@ = [;6.But [;&=2 [wand [;6=2 [.0. qed.

THEOREM 4.3.  Suppose WeSO, and duel, (W). Then there exists an
exhaustion {Q,} of W and du, €T, (Q,) such that | du, — du |20 asn— .

Proof. Choose {Q,}, an exhaustion of W, so that ¢, = [5q,~wp(du)—0 as
n— oo. On Q, define the differential o, as follows. For each peQ, let g, = du
if u(p)¢ E(u,Q,) and let o, =0 if u(p) e E(u,Q,). Then by Lemma 2, o,€T,
NT(Q,) =T (W). Moreover, | o,| <|du|. Now let du, be the projection
of g, on I',(Q,). It follows that du, € T,,(Q,) < I'.(W). By Lemma 3, 6, and du,
have the same cross-cut periods and |du,| <|o,| <|du|. As n— o the
cross-cut periods of o, over a fixed cross-cut approach that of du because ¢, — 0.
Since the du,’s are uniformly bounded in norm, a subsequence converges in
I'., (W) to an exact harmonic differential with the same cross-cut periods as du.
Thus du, — du weakly in T,. Moreover, lim sup | du, | < | du | £ lim inf || du, [|;
that is, | du,| - |du| and so the convergence is strong. g.e.d.

We now raise the question as to the nature of the trajectories orthogonal to the
level curves of a function u where du € T',, N T',,. We first give a definition.

DEFINITION. Let u be harmonic on W (or W). Define two points p and g to be
equivalent if they can be joined by a piecewise analytic curve over any subarc
of which du* has zero integral. The equivalence classes will be defined as the
orthogonal trajectories of u.

Let y be a compact connected subset of W where WeSO,. Suppose u is
harmonic on WUy, u positive on Wand u = 0 on y. Parametrize y by a function
f defined on an interval [0, a] so that s = [4{)du* and a= [,du* where y is
oriented so that a is positive. Let I(s) be the orthogonal trajectory of u passing
through f(s). Since there are a countable number of points in W where the gradient
of u is zero, I(s) " W will be homeomorphic to a line except for at most a countable
number of values of s. Call a value of s regular if I(s) is unbranched and I(s) is
relatively compact in . Call other values of s irregular.

THEOREM 4.4. Under the hypotheses of the preceding paragraph, the set
of irregular s has measure zero if either (a) u is bounded or (b) u is Dirichlet
bounded.

(13) Ahlfors and Sario [1, p. 290].
(14) Ibid., p. 288. This follows from Lemma 13b.



1963] ON SEMI-PARABOLIC RIEMANN SURFACES 443

Proof. Let F be the set of irregular s. F is measurable since the set of regular s
is open. Let F’ be the set of s in F such that I(s) is unbranched. Assuming the
measure, b, of F’ is positive, we will show that the extremal distance from 7 to the
ideal boundary, o, in W is finite, contradicting the characterization of Ohtsuka(!5)
which states that this distance is infinite if We 0.

(a) Assume first that u < M on W. Let p be any linear density on W. Then
L(p)? £| Jusp|* for any se F’ where L(p) is the minimum p-length of a curve
going from y to coin W. I(s) still denotes the orthogonal trajectory of u in W < W.
By the Schwarz inequality

L(p)zéf pzf dusm | o
1(s) I(s) I(s)

Integrating this inequality over F’ with respect to du* yields

bL(p)? < f . (M j . )p’)du* < MAGp).

Thus L(p)%/ A(p) £ M/ b for all p. Thus b > 0 leads to the desired contradiction
since F — F' is countable.

(b) In case u is unbounded, the result follows by exhausting W by the sub-
surfaces {0 < u < n} as n - co. Since the norm of du is assumed to be bounded,
the set of s such that u is unbounded on I(s) must have measure zero. The result
now follows. q.ed.

The example of y on {y = 0} shows that, in general, either assumption (a) or (b)
must hold for the conclusion to follow.

DerFINITION (HEINS). If u is harmonic and the greatest harmonic minorant
of u and 1 — u is zero, then u will be called a generalized harmonic measure.

Suppose WeSO,, 6W= B, U B,, where B, "B, = @, and each B, is a union
of contours. Suppose, moreover, that u is harmonic on W, u =0 on By, u =1
on B, and 0<u <1 on W. Then u is a generalized harmonic measure on W.
Let {«;} be an enumeration of the components of B,. If «; is compact, parametrize
it by a function f; defined on an interval, I, [0,a;] so that for sel,
s= [ ff,‘(ﬁ)‘))du* and a; = [, du*. If a; is noncompact, parametrize it by a function
f; defined on an open interval I,, (0,a;), (0,00),(— 00,0) or (— o, 0o0) so
thats, —s; = [4$2)du* for s,, s,eI,. If there is an I; of the type (— c, ),
(0,0), or (— 0,0) then [z du* = co. Otherwise, [z du*= X a;< co.

CoROLLARY 4.4.1. Under the hypotheses of the preceding paragraph, the set
of irregular s in all parametric intervals has measure zero.

Proof. Each parametric interval can be divided into a countable number
of compact intervals of the type considered in Theorem 4.4.

(15) Ohtsuka [1].
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COROLLARY 4.4.2. Assuming the hypotheses of the paragraph preceding
Corollary 4.4.1, let k be any number between zero and one. Then
Ju=nydu* = [p,du* where {u =k} is parametrized in the same manner as
above.

Proof. It suffices to prove this for k = 1. Let J/ be an enumeration of the
disjoint open intervals of I; whose union is the set of regular values in I;. We
assert that the end points in B, of all I(s) such that s lies in J?, for fixed i and j,
lie in the same component of B,. For if s, is in J7, let J’ be the set of all se JJ
such that the end points of I(s) and I(s,) lie in the same component of B,. J' and
Ji — J’ are seen to be open and so the assertion is proven. In fact, Uss,fl(s) is
conformally equivalent to a rectangle of dimension a/ by one where af is the
length of J{. The parameter z = [? du + idu* effects the conformal map.

Since points of B, which are end points of regular orthogonal trajectories,
I(s), for se J/ are end points of no other I(s) we see that [,_qydu* = [z du*.
Arguing with 1 — u instead of u gives the desired equality. q.e.d.

Concerning generalized harmonic measures on bordered surfaces of class
SO,, Theorems 4.1 and 4.4 together with the latter’s corollaries seem to be satis-
factory generalizations of the standard facts about level curves and their orthogo-
nal trajectories for harmonic measures on finite surfaces.

5. Period reproducers. Differentials of harmonic measures on finite surfaces
are period reproducers for dividing cycles. We now investigate how this fact
generalizes to bordered surfaces of class SO,.

THEOREM 5.1. Suppose WeSO,. dW=B,UB,, where BN\ B, =% and
each B, is a union of contours. Suppose du e, (W), u =0 on By and u=1 on
B,. For any k between zero and one, orient the components of {u =k} so that
du* is positive. Then

(1) [-gdu* = dul?for all k;

(2) if oeT(W) then [(,-,yp(a) converges for almost all k, and for these k;

(3 f{u=k}0‘ = (o, du*).

Proof. We first prove that f{,,= xydu* is a finite constant independent of k by
methods which seem simpler than those used in Corollary 4.4.2. "As in the proof
of Theorem 4.2 we see that

1
*) ldul? = f dk f du*.
0 {u=k}

Thus for almost all k we have: [, _»du* < co. Let {Q,} be an exhaustion of W
such that [sq ~wp(du) >0 as n— 0. Suppose [(,-,du* is finite and B+ a.
Since du* is closed we have [j(z<ugng,) du* = 0. Thus
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0= — f du*+f du*+f du*.
{u=a}nQ, {u=p}nQ, o9,n{esusp}

As n— oo, the third term approaches zero and so [ (u=pydu* converges to
I {u=q) du*. Thus f{u=k} du* converges for all k to the same limit. That the limit
is | du|? follows immediately from (*).

For part (2) we proceed as in the proof of Theorem 4.2 to obtain

H6V=A@w»=ﬁ}k{

Jwu=k

} p(0)2du*.

Thus for almost all k, _[{u=k}p(a)2du* converges. But

(f{u=k} p(a’)du*)2 = (f{u=k} du*) (f{u=k}p(a)2du*)'

Thus f{“=k} p(o)du* converges for almost all k, and, therefore, for the same k
J(u=a)0 converges.

For part (3) we see in exactly the same way as in the proof of part (1) that if
Jtu=wo and [q, _g0 converge then the limits are the same. Call this limit L. By
Green’s formula we have

©dcseppn, == [ o[ o | uo.
{u=a}n@, {u=p}nQ, 80un{a<us B}

Choosing an exhaustion {Q,} so that J 20, awp(6) >0 as n— oo, and observing
that 0 < u < 1, we see that the third term of the right hand side of the last equation
approaches zero as n—» 0. Assuming that the integrals of ¢ over {u = «} and
{u = B} converge we see that (o, du*),«,< s =(B—a)L. Letting a — 0 and f—~ 1
proves part (3). q.e.d.

If W is a finite surface then {u = k} is compact. In case there is a value of k so
that {u = k} is compact in the general situation of Theorem 5.1, then it is easy
to show that in fact du is the reproducer for this cycle. In general, however, {u = k}
will be noncompact for every k. We have been unable to prove in this general
situation that one value of k will serve for all ¢ € T, in part (3) of the statement of
the last theorem. If this were the case, and if {u = k} were a union of compact
components, A, A,,--,then there would exist a sequence of cycles, ¢, = Xp- 14,
such that o(c,) > du weakly in T',(W). One might hope for the weaker result,
that there exists some sequence of cycles ¢, so that o(c,) - du weakly. Although
we have no counter-example, we believe this is not in general true. In the presence
of some metric and/or topological restrictions on the surface, the theorem is
true. The following strong restriction does cover the example exhibited in Accola
[2, p. 159]. We have no doubt that there are other such restrictions which insure
the result of Theorem 5.2.

DEerINITION. Let Wbe a Riemann surface, Q, a fixed finite subsurface. Let Ay
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be the set of all 4Q such that: (1) Q, = Q; (2) Q is a finite surface in W; and
(3) 9Q has N or less components. If the extremal length of the family Ay is
zero for some N < oo, we will say that W satisfies condition X.

Note that the definition implies that W is a parabolic surface and has N or
less ideal boundary points. The property is independent of €, choosen for pur-
poses of the definition.

THEOREM 5.2. Let W (€ SO,) be a bordered surface which can be embedded
in a parabolic surface, W’ which satisfies condition X so that OW is piecewise
analytic. Let W = B, U B,, where By B; =@ and B, and B, are unions of
contours. Let u be harmonic on W, u=ion B;, 0Su <1, and | du| < . Then
there exists a sequence of cycles c, such that o(c,) — du weakly.

Proof. Extend p(du) to be zero on W’ — W. Then there exists an exhaustion
{Q;} of W' such that 0Q; has N or less components and as n — co we have:

cum [ pawz| o=
o, o, nW

Assume ¢, < 1/2. Let Q, = Q. AW and let Q, be the finite set of finite surfaces
of which the components of Q, are the interiors.

The range of u restricted to 9Q, is a finite set of closed intervals, some possibly
degenerate, lying in the unit interval. We show that there are at most N + 2
such closed intervals. If the image under u of a contour, «, of 0Q, lies in (0, 1)
then « lies in W and is a contour of 0Q;, . Therefore, there are at most N such
a’s. The other contours of dQ, intersect B, or B; and so their images contain
zero or one. Thus there are at most N + 2 such intervals. The total length of the
image of dQ, under u, which is less than the variation of u on 0Q,, is less than or
equal to ¢, since on B, or B,, u takes the value zero or one. Thus the image of
0Q, under u is at most N + 2 closed intervals of total length at most &,.

The complementary set in [0, 1] is at most N + 1 open intervals of totallength
greater than or equalto 1 — ¢,. Thus there exists a complementary open interval
of length greater than or equal to (1 —¢,)/(N + 1). We can, therefore, divide
09, into two sets a«, and B, so that a, and B, are unions of contours of 9Q, and
for pea, and qef, u(p)—u(g)=(1—¢,)/(1+N)=1/(2(1+ N)) since
¢, < 1/2.In Q, define a harmonic function u, so that u, =1 on «, and u, =0 on
B... Since Q, is a union of finite surfaces, du, is a period reproducer in Q, for some
cycle c,; in fact, ¢, is homologous to «, if the contours of a, are suitably oriented.
We now obtain a bound on || du,, . || du, |~ 2 is the extremal distance in Q, between
a, and fB,(16). From the manner in which «, and §, were chosen it follows that
the minimum p(du) distance between a, and B, is = 1/(2(1 + N)). Thus:

[ du,||-22 QN + 1)||dulla)"2 2 QN+ 1) | du )2

(16) Ahlfors and Sario [1]. This is still true for Q, disconnected.
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Thus | du,| <2(N + 1) du|.

Since {|du,|} is a bounded sequence of numbers, du, converges weakly in
I'.,(W) to an exact harmonic differential with the same cross-cut periods as
du; i.., du, converges weakly to du. But for ocel'(W), (o,du})= [..0
=(0,0(c,)*) where o(c,) eI, ,(W). Thus a(c,) » du weakly. q.e.d.

We now discuss differentials with integral periods on parabolic surfaces. If
o = a(c) for some cycle then ¢ has integral periods. Also if ¢ has integral periods
and Wis a closed surface then ¢ is a reproducer for some cycle.

Suppose W is parabolic and ¢ eI',(W) has integral periods. By the methods
outlined in Accola [1] we can divide W into a countable number of bordered
subsurfaces W', such that: (1) the W*s are mutually disjoint; (2) ¢ restrivted to
W' is exact; call it du’, and u' can be chosen so that 0 S u' < 1; (3) W' ='U B!
where o' and f* are unions of contours and u’=1 on «’and u’= 0 on (17). By
the result of Kuramochi each W' is semi-parabolic. Thus du‘ on W'is a differential
of the type considered in Theorem 5.1 and is, therefore, in the sense of that
theorem a period reproducer for a family of infinite cycles. If W is a surface
which satisfies condition X then a stronger statement is possible.

THEOREM 5.3. Let W (€0,) be a surface which satisfies condition X. If
o€’ (W) has integral periods then there exists a sequence of cycles c,, such
that o(c,) » o weakly.

Proof. Divide W into subsurfaces W' and let ¢ = du’ in each W' as described
above. Let {Q,} be an exhaustion of W such that &, = [;0,0(°) >0 as n - oo,
&, <1/2, and 0Q, has N or less components. Fixing the index i and letting
W', Wand Q, play the roles of W, W’, and Q;, in Theorem 5.2, we obtain a sequence
of differentials du’ eI (W’ and cycles c. such that: (1) du} - du' weakly in
I.,(WY; (2) the cross-cut periods of du/ are eventually those of du’; (3) for
1e (W), (1, dul¥) = [t; and

4) | duy, |3 < 4N + 1D)? || du’ |4 = 4N + 1)*| o |5+

If Q, N Wi =g set du’ =0 and choose c to be a curve homologous to zero.
Let ¢, = X2 ,c andlet w, = X2 ,du (*®). Then

[ @a|* < 4N + 1)? .)_:1 o)y =4+ 12| o>

Also, for te [(W), (t,0}) = [., t. For a fixed cycle y and n so large that the
support of yisincludedin Q,, it follows that [,w, = [, since [,o is determined
by the manner in which y intersects the W’ Since w,eT,,(W) reproduces for

(17) The proof in Accola [1], was for closed surfaces but it works equally well for para-
bolic or semi-parabolic surfaces with the obvious modifications.
(18) There may be only a finite number of W, in which case this is to be taken as a finite sum.
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¢,, 6(c,) is the projection of w, on [,(W), and so a(c,) has the same periods as

o,. It follows that a(c,) » ¢ weakly since the o(c,) are uniformly bounded in
norm. q.ed.
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