LOCAL PARTIAL DIFFERENTIAL ALGEBRA

BY
S. HALFIN AND A. ROBINSON (1)

1. Introduction. An algebraic theory for the solution of initial value prob-
lems for systems of algebraic differential equations has been given in [3]. In the
present paper, we extend the theory to systems of partial differential equations.

The concept of a partial differential ring with n derivations has been defined
by J. F. Ritt [2]. For our present purpose we have to supplement this definition
by a homomorphism into a partial differential ring with n — 1 differentiations,
which corresponds to the surface on which the initial values are given. Thus,
the formal setting within which we shall carry out our investigation is as follows:
A localized partial differential ring (1.p.d.r.) is a system Q = (R, Ry, H) such that:

R is an integral domain and a partial differential ring with n derivations
D,,-+,D,, n 2 2;

R, is an integral domain and (partial, for n = 2, ordinary, for n = 2) differential
ring with n — 1 derivations, A, ---,A,_; H(a) is a homomorphic mapping of R
into Ry, H(1) =1;

there exists a matrix of elements of R, A =(ay), i=1,-,n—1,k=1,---,n,
such that (H(a;)) is of rank n — 1 and

1.1 H( z a,kaa) = AH(a), i=1,---,n—1,forallaeR.
k=1

An lp.d.r. will be called normalif a;, = §,, i.e.,
H(D;a) = A;H(a), i=1,--,n—1

2. Equivalent systems of derivations. Let G =(gy), i=1,---,r, k=1,---,n,
be a rectangular matrix whose elements belong to R, where r = 1. We say that G
is normal with respect to R if

21 )X (gjkagil — guDwgi) =0 foreveryi,j=1,---,r, I=1,--,n.
k=1

Let E = (ey) be a matrix of order n x n over R. We define n new derivations
on R by
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" n
(2.2) D, = X e;D,.
k=1

The system <D, is called equivalent to the system { D, if
2.3) (i) E possesses an invese over R, . 3 o

7 (i) For every extension R of R, R with the derivations D,,---,D,, is a
partial differential ring.

By the definition of a partial differential ring, condition (ii) will be satistied if
and only if the D; commute on the elements of R.

2.4. THEOREM. T he system{ D,) is equivalent to the system { D, if and only if
the matrix E has an inverse and is normal.

Proof. We have

n

n n n
DJD‘ = 2 ejka(Z eilD,) = 2 2 ejkeuDle +
k=1 k=1 1=1 l

=1

M=
I M=

ejkaeil) D,
1

!

ﬁ'Dj = E 2 e,-,‘eﬂD,‘D, + Z (2 eikaeﬂ)D,;
k=1 1=1 1

=1 \k=

~

hence

(2.5) ﬁjﬁi - Dibj =X X (e Diey — exDrej))D,.
I=1 k=1

If E is normal, the right hand side vanishes. Thus D;D; — D,D; is the zero
operator for every i and j.
Conversely, if E is not normal, then there exist ig,jo, lo such that

n
) (efokaeiolo — e;Die jolo) # 0.
k=1

Let R be an extension of R containing an element a which satisffies D,a = 0 for
i#l,and Dy a # 0. (Standard methods of partial differential algebra ensure the
existence of such extensions.) Then

n
(Djoﬁio - biODjo)a = kgl(ejokaeiolo - eiokaejolo)Dloa ¢ 0

and the derivations do not commute on R.
Let the system { D;) be equivalent to { D;), then R with the derivations ¢ D,
forms a partial differential ring which will be denoted by R.

2.6. THEOREM. If {D,) is a system equivalent to { D;,> and {D,) is a system
equivalent to { D,y (with respect to R), then { D, is equivalent to{D;,.

Proof. Let E be the matrix transforming { D;> to { D, and let F be the matrix
transforming (D,> to {D;); E and F possess inverses, hence FE, which trans-
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forms ¢(D;> to { D,», possesses an inverse. If R is an extension of R, then R re-
garded as a partial differential ring with the derivations { D) is an extension of R.
It follows that the derivations { D;> commute on R. This proves the theorem.

2.7. THEOREM. If { D, is equivalent to { D,) then { D, is equivalent to { D;>.

Proof. Let E = (¢;;) be the matrix transforming { D;) to {D,>. By Theorem?2.5,
E is normal and has an inverse. Let F =(f;;) be the inverse matrix to E. F trans-
forms { D,) to { D;>. We shall show that F is normal with respect to R.

Since E is normal it follows that Dje, =D, for every 1<, j, IS n.
Let 1< r, s, t<n be fixed, then

(2.8) DIEDY Efrifsjfltbjeil =X X Efrifsjfnﬁiejt-
i=1 j=1 1=1 i=1 j=1 1=1
Note that
Efriﬁjeil + X eile W= Dj X fren = Dj5r1 = 0.
i=1 i=1 i=1
Thus,
anDjeu =-X eilﬁjfri'
i=1 i=1

Transforming the left hand side of (2.8) we get

i frifsifltDjeil = if.sjnzfu anriﬁjeil = - Z"fsjznfu 2" eilefri
1 j=1 1=1 i=1 j=1 1=1

ij k= =

= - Zfsj2 f)j ri5i:= - zfsjﬁjfn'
j=1 i=1 j=1

In the same manner, the right hand side equals — X™,f,;D;f,. Hence
Y- 1foDifu= X}-1f.;D;f, proving that F is normal with respect to R. This
shows that the system { D;) is equivalent to { D;).

3. Normalization. Let Q= (R,Ry,H) and Q' =(R’,R},H’) be two lp.d.r.
Q' is called an extension of Q if R’ and Ry, are extensions of R and R, respec-
tively, H'(a) = H(a) for every ae R, and if condition (1.1) is valid in Q for the
same matrix 4.

In this section it will be shown that if the matrix A4 is normal, then Q can be
extended to an L.p.d.r. Q* = (R*, RS, H*) which is capable of normalization in the
following sense: There exists in R* a system of derivations D, ---,D,, equivalent
to Dy, -+, D,, such that if R* is the partial differential ring consisting of the ring
R* with the derivations D,,---,D,, then Q* = (R*,R* H*) is a normal Lp.d.r.
We prove two lemmas which will be useful later:
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3.1. LEMMA. Let R be a ring generated by a set of elements A in the sense
that every element of R can be expressed as a rational combination of elements
of A. Let D, and D, be two derivations on R whose range is in some extension
of R, commuting on the elements of A.

Then D, and D, commute on R.

Proof. If D; and D, commute on a and b, then they commute on a + b,
ab and on a™! (if it exists in R). Therefore they commute on every rational
combination of elements of 4, which belong to R.

3.2. LeMMA. Let R be a partial differential ring with n derivations
Dy,-+,D,, and let R be generated by the set A in the sense of Lemma 3.1. Let R,
be a partial differential ring with n — 1 derivations Ay,---,A,_,. Let H be a
homomorphism of R into Ry, and let condition (1.1) be a satisfied.by all elements
a of A. Then condition (1.1) is satisfied by all the elements of R.

Proof. 1t is easily seen that if condition (1.1) is satisfied by a and b, then it is
satisfied by a + b, ab and a~! (if a has an inverse in R). Therefore condition
(1.1) is satisfied by all elements of R.

3.3. THEOREM. Let R be an integral domain and a partial differential ring
with the derivations D,,---,D,. Let A= (ay), i=1,---,n—1, k=1,---,n, be a
matrix normal over R of rank n — 1. Then there exist elements a,, -+, a,, in
some differential extension R* of R, such that the matrix A= (ay), i=1,---,n,
k=1,.--,n, is normal and has an inverse in R*.

Proof. Let (x;;>, i=1,.--,n, j=1,2,..-, be an infinite set of elements trans-
cendental over R. Let M be the matrix

[ 115 "5 01,

I Au—1 1> >sQn—1n
t X115 5 Xn1

over R[x,y,*,X,1]. Let d =|M|, then d #0, and since R[xy;,""*,X,] is an
integral domain, d~* can be adjoined to it.

Let (R;) be an increased sequence of rings defined in the following manner:
Ro=R, Ry = R[x14, %X, ] [d'l], and for i >1, R, = R;_{[x15 > Xui-

We introduce a new derivation from Ryinto R, :

3.9 é(a) = i X, D,a. aeR,

u=1

and we define the derivations D,,---, D, on the elements x,,,-:-,X,, by requiring
that for every fixed I, [ = 1,---, n, the following system of n linear equations will be
satisfied:
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kzlaikaxu = day, i=1,-,n—1,
(3.5) =

n
) X DXy = xp5.
k=1

The matrix of the system is M, and since [M| ~'eR, the system possesses a
unique solutionin R,. Using this solution we extend the definition of the deriva-
tions Dy, --- ,D, on Ry, with range in R,. d is extended to a derivation of R, into
R, by Definition (3.4).

Suppose that the derivations D,,---,D, have been extended to R,_,; (t=1)
so that every D; transforms R, into R, (k=0,---,t — 1). 6 can now be defined
on R,_, by Definition (3.4). 6 is then an operator transforming Rinto R, .

We define the derivations Dy, ---, D, on x;,,+--,X,, so that the following system
of linear equations is satisfied:

n

t .
Z aikax“ = 5 ail, 1= 1,"'," - 1,
k=

(3.6)
)X X1 DXy = Xppa1 -
k=1

For every fixed /, thisis a system of n equations for D,x,,, with coefficients in
R, .. The matrix of the system is M; therefore, there exists a unique solution
for the system in R,,;. Accordingly, the definition of D,,---,D, and § can be
extended to R,, and their range will bein R, ;.

Let R* = U,-‘ZOR,.. Having extended D.,---,D, to R* by induction, we are
going to show that the derivations commute on R*.

By Lemma 3.1, itis sufficient to show that the derivations commute on the x;,
and this will be proved by induction. Suppose that the derivations commute on
every x; for k <t (¢t = 1). Then by Lemma 3.1, they commute on R,_;. We shall
prove that they commute on X,,, -+, X, -

We first prove that

(3.7 z apDo'ay = ) ayDd'ay, j=1,-,n—1, I=1,---,n.
k=1 k=1

Indeed

n n n
t t—1
)X ajka5 a; = X a; Dy )) XD, " ay
k=1 k=1 u=1

ajk(Dkxul)Du5'—10s1+ X X ajkxuleDuat-bi

1 k=1 u=

M:
M:

2

(6" 'a,eR,_ 1 and so the derivations commute onit).

—

1 u

n n
1(5a i tay +Ela 40D " lay = 5(k2_:1a ,kpka"‘a,,)
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Continuing in this way we get
n n
) a;iDyo a;=20 X apDiay .
k=1 k=1
and similarly
n n
k§laika5taﬂ = 6tk§l aikaaﬂ .
The right hand sides are equal since 4 is normal. This proves (3.7).

Using equations (3.6) we get

n n

t
X ajka5 a; = a;Dy pX a;,D,x;,
k=1 1 u=1

TM= TM=

n n n
. Zlajk(Dkaiu)Duxlt + X zlajkaiuDkDuxlt'
o=

k=1 u=

The right hand side of (3.7) yields a similar expression. Hence

n n n n
DI a;(Dya;)Dyx; + X X aa;, DD Xy,

k=1 u=1 k=1 u=1

=X X ay(Dya;)Dyxy, + PIEDY aya;,DiDyxy, .

k=1 u=1 k=1 u=1

The first sum on the right hand side is equal to the first sum on the left hand side
since 4 is normal. Therefore

M=

3.9

2 aikaju(DkDu - DuDk)x.‘t = 0: i,j = la e, — 1, l= la MY (N
k=1

u=1

Now let us calculate the following expressions:

n n n
pX a;D, X X DXy = ZlajuDuxlt+1
u=1 k=1

t+1
0" aj,

n n n
1 t+1
E xulD“ Z ajkax,, = z quD,‘a aﬂ = 5 ajl'
1 k=1 u=1

Thus the left hand sides are equal, and by expanding them we get

n

" n n
) kzl a;(DuXi1)Dixy + El kZI a;, %y D Dyxy,
= u= =

u=1

n n n n
=X Xx,Da ) Dy + El kzlxula ixkDuDiXy -
u= =

u=1 k=1

The first term on the right hand side is equal to the first term on the left hand side
since both are equal to Xr_, &(a )Dixy, . Thus
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n n
(3.9) 21 kzlx“a,.,,(pkp,,— D,D)x, =0, j=1,n—1, I=1,-,n.
u=1 k=
For a fixed I, let B be the n x n matrix whose (k,u) element is (D,D, — D,Dy)x,,.
Then equalities (3.8) and (3.9) state that MBM*=0 (M* is the transposed matrix).
Since M s regular, B = 0. This proves that the derivations commute on X, «-+, X
Thus R* is a differential extension of R. Putting a,, = x4, k=1,--+,n, the
matrix 4 = (ay), 1 £i. k < n, is equal to the matrix M and thus has an inverse
in R*. Moreover, A is normal. Conditions (2.1) are satisfied for 1 £i, j<n —1
because Ais normal, and fori=n,j<n—1andj=n,i < n— 1 because

n
X apDyxy = day = X XD aj.
k=1 k=1

This completes the proof of Theorem 3.3.
We now state and prove the fundamental theorem.

3.10. THEOREM. Let Q = (R,Ry,H) be an l.p.d.r. such that its transforming
matrix A is normal. Then there exists an extension Q* = (R*, Rt H*) for Q
such that Q* can be normalized.

Proof. R and the matrix A satisfy the conditions of Theorem 3.3. We define R*
as in the proof of that theorem, using the same notation. Let (v;;), i = 1,---,n,
j=1,2,---, be a set of elements transcendental over R,. Let
H(ay,)--- H(a,,) :

’ |
l .

H(an—l 1)"'H(an—1 n)
Vy1...0m !

Then d, belongs to Ro[v;;]. The matrix H(A) is of rank n — 1, thus d, # 0, and
since Ry[v;;] is an integral domain, we can adjoin dg ' to it.

We define R§ = Ro[v;;](do ).

Let H* be a homomorphism of R* into Ry defined in the following way:
H*(a) = H(a) for ae R, H*(x;j)) =v;; fori=1,--,n, j=1, 2,---. This defines H*
on R[x;;]. Moreover, we have H*(d) = d,. Accordingly, H* can be defined on d
H*(d ') =dy',and thus H* can beextended to a homomorphism of R* into R}.

We extend A,, -+, A,_, to derivations on R} by defining ‘

(3.11) A, = H¥(S'ay), i=1,,n—1, 1=1,,n, t=1,2,-.

We are going to prove that (1.1) is satisfied for every a € R*. Since (1.1) is
satisfied by every a € R, it is sufficient to show that it is valid for every x;, (Lemma
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3.2). Indeed, H*( X} -, ayDyx,) = H*(8"ay) = A, = A(H*(x,,)). Finally we shall
show that the derivations Ay, --,A,_; commute on Ry. By Lemma 3.1, it is
sufficient to prove that they commute on every v,,:

Ain”n = AjH *(0'a) =H *(E ajkaé‘ai,) >
k=1 /

AiAjU“ = H* (2 a"ka(sraﬂ).
k=1

The right hand sides are equal (by (3.7)); hence (A;A; — A;A))v;, = 0. Thus Rg is a
differential extension of R, and therefore Q* = (R*, R, H*) is an extension of Q.
The matrix A as defined in the proof of 3.3 is normal and possesses an inverse in
R*; hence the system of derivations

Jj’ i=1a"'sn,

(3.12) D;=2X ayD
j=1

is equivalent to the system D,,---,D,. If we define R* as the ring R* with the

derivations D, ---, D,, then (R*, R¥ H*) is a normal l.p.d.r., since

H*(Dy(a)) = H* (Zlaiija) = A;H*(a) for every ae R*.
=

This proves Theorem (3.10).
The vector (a,;, -+, a,,) is called a transversal vector, the derivations
D,,-+,D,_, will be called inner derivations, and D, a transversal derivation.
From now on we shall treat only localized partial differential rings which
admit normalization.

4. Polynomial extensions. The ring of differential polynomials in m variables
Uy, -, U, over a partial differential ring was defined in [2] and will be denoted
by R{uy, -, Uy}

Let D,,---,D, by a system of derivations equivalent to D,,---,D, over R and
let R be the differential ring consisting of the ring R with the derivations Dy, D,
Then we can construct the two polynomial extensions,

R{ul,-.-,um} = R[D(ax,...,au)ui] i=1,.-,n,
R{y1,-,ym} = R[D®*y] o;=0,1,,

D@15 being the operator DI --- D%, and similarly D®*>*. Each of these
rings is a partial differential ring with each of the two systems of derivations.
This follows from the definition of equivalence between systems, taking into
account Theorem 2.7.

We prove
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4.1. THEOREM. R{uy,---,u,} and R{y,,---,y,} are differentially isomorphic
with regard to each of the two systems of derivations.

Proof. We define
¢: R{uy, - up}—>R{y1, s Ym}»
‘p: R{yla"'aym}__>R{u1a"',um}a

in the following way: ¢(a) = Y(a) = a for the elements of R (which are also the
elements of R) and

¢(D(¢1,...,an)u‘) — D(a;,...,an)yi,
‘p(b(ah...,a,.)yi) — ﬁ(a;,...,a,,)ui.

With these definitions ¢ can be extended to a homomorphism of R{u,,---,u,,}
into R{yy,***,¥m}» and ¥ can be extended to a homomorphism in the other

direction.
We shall show that ¢ commutes with the derivations D,,---,D,. For aeR,

¢(D;a) = Dj(a) = D;¢(a), and
d,(DjD(a;,...,a,.) u;) = ¢(D(a,,...,a,+1,...,a..)ui) = D@yt L, ¢")J’i
=D,-(¢D(“”""“"’ui).

Moreover, if ¢ and D; commute on p and g, it is easy to see that they commute
on p+q and p-q. Therefore they commute on every element of R{uy,---,u,,}.
¢ also commutes with D,, -+, D, since

¢Di =1§1¢(bu)¢Dj = glbijD j¢ = Di¢-

In the same way it can be shown that y commutes with the { D;> and the { D,>.
Y¢ is the identity on R{uy,-,u,}, because Y¢(a) =a for aeR and
YP(DC Iy = D (Ypuy) = D@ y,. Similarly ¢y is the identity on
R{y,,**, Ym}. Therefore ¢ is a one-to-one correspondence ‘‘on’’. This completes
the proof.

We are now in a position to define the polynomial extension of an l.p.d.r. Q.
We first introduce the polynomial extension for a particular normalization
Q =(R,Ry,H) of Q:

51 = ﬁ {y’ Z} = (R" ROI’ ﬁ,)’ where R’ = R{yls *t ym}’ RC'O = Ro{zm},
i=1,--,m, k=0’1’2"",

and A’ is the homomorphism defined by H'(a) = H(a) for a € R and
ﬁr(D(ag,...,a,,)yi) = A(a; ..... a,~ l)zia, .
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It is easy to see that Q' is a normal L.p.d.r. extending Q.

The polynomial ring of Q is now defined by Q' = Q{u,z} =(R',Ry, H'),
where R’ = R{uy,---,u,,}, Ry is the same as before, and H' = H'¢}, ¢ being the
differential isomorphism from R{u,,---,u,} to R{y,, -, ¥} as defined in the
proof of Theorem 4.1. Q' is an extension of Q since R’ 2 R, Ry 2 Ry, H'(a)=H(a),
for the elements of R, and for every pe R’,

H'( £ auDyp) =A'9Dip)=A'DHD)=AH (1) = AH D).

This shows that condition (1.1) is satisfied.

S. S-ideals. Let R be a partial differential ring with unit element and let S be
a nonempty multiplicative subset of R which does not include 0.

Given any set K = R, we define K as the set of all be R such that abe K for
some a € S. An ideal J in R will be called an S-ideal if Jg = J. A perfect (prime)
ideal which is an S-ideal is called S-perfect (prime).

We have as in [3, §3]:

5.1. If J is an ideal, then Jg is an S-ideal which includes J.

5.2. If J is a perfect ideal, then Jg is S-perfect.

Next we have

5.3. A prime ideal J # R is an S-ideal if and only if J N S is empty.

Indeed if a=a-1€eJ NS, then 1eJ, J=R (this is true for all S-ideals).
Conversely, if J n S is empty, then abeJ, ae S implies a ¢ J, beJ, and so J is
an S-ideal.

5.4. THEOREM. Every S-perfect ideal J is the intersection of S-prime ideals
which are minimal over J (as prime ideals).

Proof. 1tis known that every perfect ideal J is the intersection of prime ideals.
(See [2], where the theorem is proved for ordinary differential rings. The proof is
similar for partial differential rings.) A familiar argument then shows that we
may restrict the set of prime ideals to those prime ideals which are minimal over J.
We are going to show that in case J is S-perfect, these prime ideals are also
S-ideals.

Indeed, let J’ be a prime-ideal which is minimal over J. If J=R, then J' =J
is an S-ideal, trivially. Suppose J # R, so that J'# R, and let T=R —J'.
T is multiplicative since J' is prime. Let T’ be the set of all products ab where
aeS,beT,andlet Ty = T’V T. Then T, is the multiplicative set which is genera-
tedby Sand . Ty NJ =(T'NJ)U(T N J)is empty for T N J is empty by the
definition of T, and ce T'NJ, c=ab, a€ S, be T implies b e J, which is im-
possible. By a familiar argument, there exists a prime ideal J* which includes J
and excludes T;. But then J' = J* and so J' = J* since J' is minimal over J.
We conclude that J'N S = J'N T, is empty. Hence J' is S-ideal, by 5.3.
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Alternatively, we may prove 5.4 by the methods of [ 3, §3], without the bracketed
qualification as prime ideals. This yields a slightly weaker result.

6. Theory of bi-ideals. Let Q = (R,R,, H) be any given Lp.d.r. and let S be
a multiplicative subset of R, 0¢ S. A bi-ideal is defined similarly as in [3, §4].
Thus, (J,J,) is a bi-ideal if J is an S-perfect ideal in R and J, is a perfect ideal
in R, such that H(J) = J,. We introduce a partial ordering in the set of bi-ideals
as in [3] using the same notation.

Let K= R, K, < R,. Then the bi-ideal a which is generated by K and K,
is given by

(6.1 «=({K}s {H{K} )Y Ko}).
Prime and maximal bi-ideals are defined as in [3]. We have the theorem

6.2. Every proper bi-ideal o is included in a maximal proper bi-ideal.
Next we prove

6.3. THEOREM. Let T, be a nonempty multiplicative subset of R, and let
the bi-ideal o« = (J, J,) be maximal with respect to the exclusion of T, from J,.
Then o is prime.

Proof. Since J, excludes T, there exists a prime ideal J; in R, such that
Jy 2 Joand Jg N To=98.Let T = H (R, — Jg), then T is multiplica-
tive. Indeed, if H(t,) € Ro—J¢, H(t;)e Ro—J¢, then H(t t,)=H(t,)H(t;) € Ry—J,
since Jy is prime. J excludes T for if a €J, then H(a)eJ,, <Jg, and so a¢T.

Let J’ be any prime ideal which excludes T and is minimal over J. (Such J’
exists by standard ideal theory.) Since J is S-perfect it follows from the proof
of 5.4 above that J' is S-prime. H(J') excludes R, — Jg since J' excludes T.
Hence H(J') = Jg and «' = (J',Jg) is a prime bi-ideal. But a < &’ and J excludes
T,. Hence, o’ = a in view of the maximal property of a.

For T, = 1 we obtain from 6.3 as a special case:

6.4. Every maximal proper bi-ideal is prime.

Combining 6.2 and 6.4 we obtain:

6.5. Every proper bi-ideal is included in a prime (proper) bi-ideal.

The closure & of a bi-ideal « is defined as in [3]. Theorem 4.5 and 4.6 of that
paper are valid in our present theory, and for the same reasons.

7. Polynomial bi-ideals. Let Q= (R,Ry,H) be any lp.d.r. Throughout
this section, we shall suppose that R, is a field. If this is not the case from the
outset we can clearly achieve it by passing to the field of quotients.

Let Q' = Q{u,z} = (R’,R;, H') be the polynomial extension of Q which is
obtained by the adjunction of the m differential indeterminates u, -+, u,,, and let
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S =R —<0). Let R* be the field of quotients of R, and let R’ and R*’ be the
differential rings R{u} and R*{u}, respectively. Then the relation between the
ideals of R’ and of R*’ is described by the following theorem:

7.1. THEOREM. J is an S-ideal in R’ if and only if it is of the form J = J*N R’
where J* is an ideal in R* . J is perfect (prime) if and only if J* is perfect
(prime). The correspondence J* — J is one-to-one.

Proof. Let J* be any ideal in R*" and let J=J* n R’. We see without diffi-
culty that J is an ideal and that if J* is differential (or perfect, or prime), then J
is differential (or perfect, or prime). Now let abe J where ae S and beR’. Then
abeJ* a ! eR*and so b=a *(ab)eJ*, beJ* AR’ =J. This shows that J is
an S-ideal.

Conversely, let J be an S-ideal in R’ and let J* be the set of all products
a~'b where ae R —<0) =S and beJ. It will be seen that J* is an ideal in R*".
Moreover, if a *beR’, then a(a”*b)eJ and so a"*beJ, J2J*NR’. Since
J = J*, we conclude that J = J* N R’. The correspondence between the ideals J,
J* established in this way is one-to-one for if J}, J¥ determine the same J, let
ceJf, c=a~'b, where a€S, beR’. Then beJ} and so beJ¥NR'=J;AR'c J}.
Hence c=a"'beJ;, Ji<J}, and similarly J3<J}, so we have J} =J*,
Also, whenever J is differential (perfect, prime) J* is differential (perfect, prime).
This completes the proof of 7.1.

7.2. THEOREM. If R*' satisfies ithe finite ascending chain condition for perfect
ideals, then R’ satisfies the finite ascending chain condition for S-perfect ideals.

Proof. Let J, = J, & J; & -+ be an ascending chain of S-perfect ideals in R’
and let JT = J5< J¥< -+ be the chain of the corresponding perfect ideals in
R*'. Then for some N2 1, J§=Jj,; =--and hence Jy = Jy g = ---.

As a corollary to 7.2 we have i

7.3. If R is a Ritt algebra then R’ satisfies the finite ascending chain conditio
for S-perfect ideals.

Let Q = (R, Ry, H) be any l.p.d.r. which is an extension of Q and let K™ be the
m-dimensional vector space over R. A vector # = (Mys+++sM,y,) in R™ is said to
satisfy the polynomial p{u} = p{u,,---,u,} € R’ if p{ny,--,n,} =0. 5 is said to
satisfy  q{Z10,"*s Zmos 2115 ***s Zm1>***} ERo  if

q{H(n,) - H,), HD(m,)), -+, H(Dy(w)) , H(D7 (1)) -+, H(D7 (1), -+-)} = 0.

We prove, as in [3], that the set of all polynomials in R’ and R, which are
satisfied by all the vectors of a given subset of R™ constitute a bi-ideal in Q’. Given
a bi-ideal « in Q' we again define the variety of o as the set of all vectors which
satisfy the polynomials of a, and we introduce the concept of a generic point,
as before.
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7.4. THEOREM. Let oo = (J,J,) be a proper bi-ideal in Q'. Then o possesses a
generic point if and only if o is prime.

Proof. Suppose first that « is prime. Let R be the residue ring R’/ J. Since J is
prime, R is a partial differential integral domain, and since J is a proper S-ideal,
it contains no elements of R other than 0. It follows that the images of the elements
of R in R’/ J constitute a partial differential ring which is isomorphic to R.
Thus, R may be regarded as an extension of R, and similarly, R, = R’/ J, may
be regarded as an extension of R,. Also, the natural homomorphisms

®:R'->R'/J and ®y,:R;—Ry/J,

are differential homomorphisms which map the elements of R and R, (individually)
on themselves.

Consider now the mapping ®,H’. This is a homomorphism from R’ into R,.
Moreover, the kernel of @ is contained in the kernel of @ H’ so that the equation
H®(a) = ®,H(a), for a € R’, defines a unique homomorphism 4 from R into R,.
H satisfies the condition (1.1) above since, for all ae R’,

q ( x a,ka(D(a)) =HA® Y a,Da= O H '(2 a,-,‘D,‘a)
k=1 k=1 k=1

= ®y(AH'(a)) =ADH'(a) = AHD(a).

We have thus shown that Q = (R,Ry,H) is an Lp.d.r. which is an extension Q.
The required generic point is now given by n = (®(u,), -+, D(u,,)).
This proves the sufficiency of the condition of 7.4. Necessity is obvious.

7.5. THEOREM. Let V=n,,V,, be the intersection of a set of varieties {V,>.
Then V is a variety.

Proof. For each p, let V, be the variety of a bi-ideal o, = (J,,J,,). Let « be
the bi-ideal which is generated by the sets of polynomials K = U”J,, and
K, = U,Jom and let ¥’ be the variety of a. Then the elements of V satisfy the
polynomials of K and K, and so ¥ < V'. On the other hand, any point which
does not belong to V will not satisfy some polynomials of K or K, and hence
can not belong to V'. Hence V = V', V is a variety.

As remarked in [3], the union of two varieties is not necessarily a variety.

The same methods as in [3] yield the relation « — V — & where & is the closure
of a.

A system of polynomials (K, K,) in Q' is said to be consistent if the polynomials
which belong to K or K possess a joint zero in some extension of Q. It follows
from the preceding discussion that this will be the case if and only if the system
(K,K,) generates a proper bi-ideal. Now by (6.1), the bi-ideal generated by
(K,Ko) is (J,Jo) = ({K}s, {H'({K}) U Ko}). Hence
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7.6. THEOREM. In order that the system (K, K,) be consistent, it is necessary
and sufficient that

1¢{H'({K}s)V Ko}.

For any set of polynomials K (in R’ or Rg), we denote by d(K) the set of all
derivatives of elements of K, including K. With this notation we may replace 7.6
by a more effective test in case R, is a Ritt algebra. Note that in that case R also
is a Ritt algebra. The test in question is then given by

7.7. THEOREM. Let R be a Ritt algebra; then a system (K,K,) in Q' is con-
sistent if and only if

1¢(H'([K]s) L d(Ko)).

Proof. If (J,J,) is generated by (K, K,), then, in accordance with an earlier
remark, a necessary and sufficient condition for consistency is 1¢ J,. We shall
show that if R is a Ritt algebra, J, = \/(H (K] s) U d(Ky)). But 1 belongs
to the radical of an ideal if and only if it belongs to that ideal, and so the conclu-
sion of the theorem will follow.

In order to establish the equation J, = /(H'([K]s) U d(K,)), we observe that

Jo={H'({K}s)V Ko} = J[H'({K}5) U Ko] = JJAH'({K} 5)) Y d(Ko)).

Now H'({K} 5) is closed under differentiation, i.e., it is equal to d(H'({K} 5)) for
if a is any element of {K} s, then Di(a) e {K} s for all D, and so, for i =1, ---, n,

AH'(a)=H' ( }E a,,‘Dka) e H'({K}s),
k=1
as required. Hence
Jo= JUAH'({K}sHV d(Ko)) = J(H'(J[K])Vd(Ky))

s JH'([K]5V d(Kp)) < Jo,
and so

Jo= JH'([K]V d(K,)),
as required.

Let (K, Ky) be a system of polynomials as above and let p{u} be any other
polynomial in R’. We may ask under what conditions p{u} vanishes for all joint
zeros of (K, Ko). As in the case treated in [3], this will be the case if and only if p
belongs to all admissible prime components of {K} 5. (A prime component J; of
{K} s is admissible if and only if the system (J;, K,) is consistent.) In particular,
we obtain the following result for Ritt algebras:

7.8. THEOREM. Let {K}s=J; N--- NJ, be the representation of {K}g by
its prime components. In order that the polynomial p € R’ vanish for all zeros
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of the system (K, K,), it is necessary and sufficient that for any J, (i=1,---,k)
either peJ,or 1e (H'(J)Y d(K,)), or both.

Again, we may ask under what conditions a polynomial g € Ry is satisfied by all
zeros of (K, K,). For Ritt algebras, the answer to this question is provided by

7.9. THEOREM. In order that the polynomial q{z} € R} vanish for all zeros
of the system (K,K,), it is necessary and sufficient that there exists a positive
integer p such that

q° e (H'([K]5) Y d(K)).

Proof. Let a = (J,J,) be the bi-ideal generated by (K,K,)andlet @ = (J,J,)
be the closure of «. Then J,=J, and a— V — & where V is the variety of a.
Thus, g vanishes for all zeros of (K, K,) if and only if g € J, = J,. But, as shown
above (see the proof of 7.6), J, = (H'(\/[K]s) Y d(K,)) . This proves 7.9.

Finally, we consider the classical Cauchy problem for a system of first order
partial differential equations within the framework of local partial differential
algebra.

7.10. THEOREM. Let Q = (R,Rq, H) be an l.p.d.r. such that R is a Ritt algebra.
Let
(7°11) Dnui=pi(u1""aum); i= 1”",m:
be a set of partial differential equations with the ‘‘initial conditions”’
(7.12) Zio = i=1,-,m,
where D, denotes the transversal derivative (the transversal vector having been
specified in advance) and where

pi€R(uy, -+, u,,), a;€Ry, i=1,---;m.
Then (7.11), (7.12) possess a solution in some l.p.d.r. which is an extension of Q.

Proof. Let K ={Du;—p;>, i=1,--,m, and Ko ={z;, — a;>, i =1,---,m.
According to Theorem 7.7, the conclusion of 7.10 will have been proved if we
can show that 1¢(H'([K]s)U d(Ky)). Suppose on the contrary that
1e(H'([K]su d(Ky)). If so, there exists an identity

(7.13) = rltl + e 4 rktk + Slvl + - 4+ s,v,,

where r;,s;€ Ry, t; = H(T)), with T,e[K] s and v, € d(K,).

By 3.1, the D; are linear combinations of the D,. It follows, taking into account
7.1, that we may write the T;in the form
(7‘14) Tl = 2 1:,,1‘.a1,...,tz,,f)¢1l "'D:"(I)nuj - Pj)a

Js@1seeesay

where the P; , . belong to R*'.




180 S. HALFIN AND A. ROBINSON

Among all the terms which occur on the right hand side of the equations (7.14),
we choose one for which oy + -+, is as large as possible. Replacing
D%*---D&* 'y in this term by D}'--- Dj"p; eliminates the term without affecting
the remaining expressions. Repeating this procedure a finite number of times we
obtain 0 on all right hand sides of (7.14). Applying the corresponding substitu-
tions in Ry, i.e., replacing expressions A}’ -+« Aj»y'z; oy = H'(D$*--- D"*'u;) by
A} -+ Ai(H'Dyp;) in the same order, we eliminate t,,---,t, from (7.13), i.e.,
we obtain an identity of the form

(7.15) 1=s{vy+ - + s/v{,

where s/ e Ry and v;e d(K,). But this identity expresses the fact that 1 belongs to
the differential ideal [ K], and this is impossible since [ K, ] possesses the (differen-
tial) zero z;, = a;, i = 1,---,m. This shows that an identity of the type of (7.13)
can not exist and completes the proof of the theorem.

The theory of regular local partial differential rings will be treated elsewhere.
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