SOME UNIQUENESS THEOREMS FOR
DIFFERENTIAL EQUATIONS WITH OPERATOR
COEFFICIENTS

BY
ROBERT CARROLL AND JEROME NEUWIRTH

1. There has been in recent years a certain interest in differential equations
with operator coefficients (see e.g. [7; 10; 11; 16; 21; 12; 14; 25; 26; 28; 29; 31]).
In this paper we will present an adaptation of some methods of Calderén,
Mizohata, and Malgrange for uniqueness in the Cauchy problem (see e.g. [8; 9;
17; 19]) to the equation

(1.1) Pu= X Au® =0, u?0)=0 (i=0,--,m—1),
i=0

where u® = d'u/dt’, A, =1, Ay = Py(A) (P, a polynomial of degree m) and
A, A4;(i=1,---,m — 1) are unbounded operators in a Hilbert space H (precise
hypotheses are given below). It is assumed that r—u(t) e &™(H) with
t— Au® e &°(H) (6%(H) is the space of k-times continuously differentiable
functions with values in H), and that A™! =X e #(H) (Z(H) is the space of
bounded linear operators in H). Suppose for example that £™ ‘4, ¢ 4, with
A; = A,A™™ Y densely defined on D(4;) and bounded there; then 4; determines
an operator in #(H) by extension to H which we denote again by 4,. We will
regard A as the basic operator and restrict the behavior of the A, relative to
A ; A" is presumed to be densely defined and we note that A~ € Z(H) implies A
is closed since u,—>u and Au,—v imply u=A""v. It is seen also that A,
k = m, is now densely defined and closed. In practice the basic operator will be
A™and if A"= A is closed with |AR(A, — A)|| <M < oo then a closed
AY™ can be defined (see [5]).

Suppose now only that u® eD(A™ ") and set u;, =A™ 4P (i=0,.--,;m—1).
Let 4; be bounded operators (which may or may not arise from the preceding
considerations) and assume 4;A < A4, with all 4, and £ commuting. (These
hypotheses will hold throughout the paper along with A ~'e #(H) and D(A™)
dense.) Then (1.1) leads us to pose the following problem for t — u(t) e §™(H),
t— A" D e £°(H),

m—1
1.2) u™ +A X Auyy =0
i=0
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This may be written in the form

ru'l ]
(1.3) du/dt + AHu=0, u = [u: |, w0 =0,
0-1 -0
(1.4) _
H="% o . -1

Ay A, - Aoy
In order to pass strictly from (1.1) to (1.3) it is necessary that say D(4;) = D(A™ ")
and that the remaining hypotheses of paragraph one are fulfilled. In such a case
uniqueness in the problem (1.3) implies uniqueness in the problem (1.1).
The characteristic polynomial of H is formally

(1.5 41— H] = (= 0" £ (= 0/ = (= "D

and we write 4, (= AyA ™) = Qo(A) = qo(X) where the degree of g, may be
any integer r,0 < r £ m (qo has nonzero constant term in any case). The nature
of the roots 1; of g(4) = O will play a crucial role in the theory (cf. [8; 17; 19]).
Some of the present results were summarized in [20].

2. Let & be the commutative Banach algebra generated by the m + 1 elements
a;, ap=2%, a;=A4; (i=1,-,m—1), a,=1L The determination of charac-
teristic roots of g(1) thus involves constructing algebraic functions of several
Banach algebra elements. To do this we follow [2; 3; 4; 22; 24; 30]. The joint
spectrum a(a, &), a = (ag,**, a,_1), of the elements a; (0<i<m—1) is de-
fined to be the set of all 1 € C™ for which there do not exist b; €e# with
Y=g, — )b, =1 (seee.g. [2; 3]). Let 4; be the functions on the carrier space
@4 (see [22]) defined by the a;, i.e., ¢(a;) = d(¢), and let o : @z — C™ be defined
by a(@) = (Go(P), -+, G- 1(¢)). Then the range of « coincides with o(a, &) (see
[2; 3; 22]). Since the a; (0 < i < m — 1) with a,, = I generate %, a is a homeo-
morphism (see [22, pp. 113-114]); moreover o(a, %) is compact and is contained
in the compact polydisc A =T]¢ " 'D;, D;= {z;:|z;| S v(a)} (i=0,---,m—1),
where v(a;) is the spectral radius v(a;) =lim " a,-"|| tm — max | z,-[, z;€o(a;, &)
(see [22]). Since v(a;) < | a;||, 6(a,B) is surely contained in any open polydisc of
the form U® = []¢ ™' D} where D} = {z;:|z;| < | a;| + ¢}.

Let now #(U , %) be the class of holomorphic functions on U® with valuesin £.
Then thzreis a continuous algebra homomorphism J :5£(U*,#)— # such that
J(b) = b for each ‘‘constant” b e % and J(z;) = a; where z; is the ith coordinate
function in C™(see [2; 3]). This induces a homomorphism J: #(U*, C)— £ and
we may write J(f)= f(ao, -+ ,a,_1); in fact J(f) may be represented by a multiple

Cauchy integral over the distinguished boundary of say U%*=T[s ' D}
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(see [2; 3; 22; 30]). The homomorphism J is clearly characterized by the prop-
erties J(1) =1, J(z;) = a;, since f may be approximated by polynomials uni-
formly on U*? (see e.g. [6]; cf. [2; 3; 30]).

ReMARK 1. The proof in [22] used a hypothesis of semi-simplicity for % in
order to establish the homomorphism J and this hypothesis was therefore used
in an earlier version of this paper. However as was shown in [2] such an assumption
is unnecessary (cf. also [30]).

Thus we are led to consider the equation (see (1.5))

m-—1

2.1 (4, 2) = qo(z0) + ~>=:1 (= D'z +(=)"=0

in the m complex variables z; (i =0, ---,m — 1). If we can solve (2.1) for functions
A{(z) analyticin say U® then we can determine operators A(a) = J(1 (2)eR
such that J(q(1,(2),2)) = q(4,(a)) = 0. (We will not consider in this paper the
possibility of roots A; € L(H) of q(4) = 0 arising which are not given in terms of
analytic functions on some U®.) Suppose that g(1) = ( — 1)"[[(4 — 4;) where each
factor (4 — 4;) occurs m; times and suppose that this corresponds to a factoriza-
tion q(42)=(-D"[[(A-24(2), A(2)e#A(U° C). Writing formally
Pu = ( Xy A(d/dt)})u (A, = I) it is seen that formally

Pu=(ZAN ™D (A1 dldt) A™yu = ( ZA(A" d)de))A™u
and therefore since g(1) = X(— A)'4,
(2.2) Pu=(-D)"[I(= A~"d/dt — A)A"u =[(d/dt + LA)u.

Without regard for the formal steps leading to (2.2) it is easily seen now that the
last term in (2.2) is a valid decomposition (note A; € & and it will be shown below
that ZA < A%). Indeed if ued'(H) then (1;u)’ = Au’ trivially. Moreover if
o’ € D(A), w(0) =0, then (see [28]) Aw(f)=A [jw'dé = [§Aw’dE; therefore
(Aw)’ = Aw’. Hence [](d/dt + 4;A)u may be expanded to give Pu. We remark
that this factorization will be used in connection with the problem (1.3) and thus
no assumption u® e D(4,) is made in general; by Pu in the following we will
understand the form (2.2) (last term) with u®e D(A™%). It remains to prove
BN = AZ. By assumption a;A < Aa; (i=0,---,m — 1) and hence for any poly-
nomial p(a;) € 4, pA < Ap. By definition & is the norm closure of polynomials
inthe a;and I'; let b € # and p, — b in norm. If u € D(A) then

bAu — Ap,u=(b— p)Au—0;

therefore p,u — bu and Ap,u — bAu. This implies that bu € D(A) and Abu = bAu
since A is closed; hence #A = A%. We will use the factorization (2.2) in §4 which
is modeled after [19].

ReMARK 2. We note that in case 4; = P,(A) where P, is a polynomial of degree
m — i the theory takes on a particularly simple and interesting form. In this case
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A, =AA"™ 9= Q(A)=g; (Z) is a polynomial of degree m —i in X. Thus
q(A) = (= D'qZ) (qm = 1), 9(4,2) = Z(— 1)'qi(z), and the A(z) are algebraic
functions of one complex variable z. The Puiseux series (see [1]) for 4, are con-
vergent and a detailed study of possible roots 1, # (or A; € #(H)) can be en-
visioned using the many classical results available in this situation. Some examples
will be given later.

In the following a separate treatment will be given for the case of distinct roots
J; because of its traditional importance. We note that distinct analytic functions
A(z) and A(z) on U* do not necessarily give rise to distinct operators A(a)
and A;(a). Suppose however that A(z) # A(z) anywhere on U®; then
[A4(z) — 4(2)]"" is analytic on say U®> and determines an operator
[A(a) = Afa)]™ !, This means in particular that 1(a)# A,(a). A criterion for
distinct factors of this type can be given as follows. We recall that the discriminant
D(z) of q(4,z) is defined as D(z) = [[i<;(4(z) — A(2))*; moreover if R(g,q")
is the resultant of g and g’ then R(q,q’) = (— 1)"D(z) (see [27]; q' = dq/dA, z is
fixed). Therefore D(z) is a polynomial in the z; (recall go(z,) is a polynomial) and
its zeros determine an algebraic set in C™. If all the zeros of D(z) lie outside of
U*® then for any ze U® fixed there will be m distinct analytic roots A(z) of
q(4,z) = 0 in some neighborhood of z (see [13] for the implicit function theorem;
cf. also [6]). We can now determine by analytic continuation m distinct analytic
functions A,(z) on say U?*¥? with 1,(z) # A,(z) anywhere (see e.g. [6; 13]). This
proves

PROPOSITION 1. Assume all zeros of D(z) lie outside U®. T hen there exist m
distinct (single-valued) analytic functions A(z) in say U***, roots of q(4,2)=0,
such that A(z)# {z) anywhere in U**>. These functions determine m distinct
operators A(a) € B with [A(a) — Aj(a)] " € & well defined.

REMARK 2a (Added in proof). Some general existence results involving a
spectral theory on o are indicated in [12a].

3. The case of distinct roots 4; (a) of the type described in Proposition 1 will be
treated first. The presentation will follow that of [8; 17]. Let

1 1 o1
G.D) N | (F (2 (=
(=W (= A" e (=2

Since (4; — 4;)"' €% by assumption, the matrix N such that NN~' =I may be
computed (see [15]) and is seen to be a matrix of bounded operators in &. Then

(3.2) # =NHN™' =((4))
is a diagonal matrix (see [8; 15; 17]). Setting y = Nu (1.3) becomes
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(3.3) dyldt + #Ay =0, y(0)=0

(recall ZA < A% and thus SFA < ASX).
Suppose now that v satisfies v(0) = v(r) = 0 and set @ = exp(k/2)(t — 1)v; then
®(0) = o(tr) = 0 and writing @ = yv,

(3.4) o, — k(1 — )0 + A0 = (v, + HAv).

(It will be neater to work with A rather than A5 as will be seen.) We write
H=H +H,y H =3 + H*), H,=¥H# — #*), and define the
integral I = [§ expk(t — ©)* || v, + #Av|*dt. Then

I = f |, + A0 di +f|| #,A0 - k(t - D)o dt
(3.5)
+kf||m|lzdt+.ll s

(3.6) J, = —2Re f k(t — 1) (A0, 0)dt,

(3.7) J2 =2 Ref(‘!)‘ + 9?21\0),%1 A(D)dt

(all integrals are over [0,7]). We note that &, = #%, #7 = — #,, and

3.8) _2Re f Kt = 1) (o, @)t = k j lo|?d.

It will be assumed now that D(A) = D(A*) and that A* — A is bounded on D(A).
Then A* — A may be extended to a bounded operator on H denoted by the same
symbol. Since ZA = AZ it follows that B*A* c A*#* (see e.g. [23]); therefore
A*#*e is well defined. Similarly A*# @ = [(A* — A) + A]#f o is defined since
® € D(A). We define now the operator on D(A)

(3.9 T, = A*t, -\ = % {(A* — A)oF + H*(A — A%}

and extend it to H by continuity (note A < A and A*#* = H#*A* on
D(A)). Then

(3.10) Jy=k f (t - 7) (o, Tym)dt,

G il skfc-nlal|Tia|d sk, [lo)

Turning now to J, we note first (see [8])
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cg(mmo,m) = lim { (—“’(1-’51)—"—“’(—‘),/\*%:‘ e +h))

h=0 h
(3.12)
+ (A(o(t), #* ( ol +h) - ”h) ‘_“‘_(E))) }
(3.13) %( H 1 A0,0) = (0, A*F,0) + (Ao, 0,)

(note in general @, ¢ D(A)). From this it follows that

(3.14) 2Ref(o),,9i"1Ac))dt = f(w,, T,0)dt

defining T, = #;A — A*5#°;. We display T, as a bounded operator by writing
(3.15) T, = %{%*(A — A%) — (A* = A)#}.

Now J, may be written

(3.16) J, = f (o, + A0, T,o)dt + j (Ae,Ty0)dt,
(3.17) Ts = (1, — H )N+ H#,T, =T, + #,T5,
(3.18) T, = %(%*x’ — HHDA.

We want to find conditions under which T, (defined on D (A)) will be a bounded
operator. For example if the a; are normal operators then T, = 0. First however
we summarize the preceding.

PROPOSITION 2. Assume I defined as above with ®(0)= o(r) =0,
D(A) = D(A*), and A* — A bounded. ThenT, and T, are bounded and the equa-

tions (3.10), (3.11), (3.16) hold.

Now as stated earlier the 1,(a) are given as the norm convergent Cauchy integrals
of absolutely convergent multiple power series 4;(z), 4,(z) analytic on say
U®; hence the A(a) are represented by absolutely convergent power series in
the a; (see [2; 6; 13; 22; 30]). Thus set a = ag -~ a,-; and A(a) = Xcia"
(n = (nO’ "t nm-l)); then li*= zé:a*ﬁ (ﬁ = (nm—la ) nO)) and

(3.19) Ty= Af A — A4 = Zéich(a*"a* — a*a*")

(see [13, p. 100]); the series (3.19) are absolutely convergent. The expressions
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T,A will determine the behavior of T,; we observe that the constant term in T,
is zero as well as any term involving one of the a* or a*" a constant. Set now
G; 4 = a*"a* — d*a*"; then

m=1 m—1
(3.20) Giy= X a"(a*" —a™a*"a* + T a*a*"'(a" — a*")a"™"

1=0 1=0
where i’ = (n,,—1,+*, My41), A" = (-, -+, ng). Note next that A may be carried
to the leftinin G; ;A asfollows: a*"'a*A = a*"' Ad* = a*"" (A — A%)a* + A*a*" o,
We note that in carrying A to the left we start with G ,A defined on D(A). Thus
everything is well defined up to and including the term

a*"'a* A = a* (A — A¥)a* + A*a*"a*

(recall ZA c AZ and Z*A* c A*%*). However we do not know whether
a*”a*u e D(A) for ueD(A) and thus a priori a further decomposition
A*a™""a* = Aa*"'a* + (A* — A)a*""a* is meaningless. Suppose we only make
assumptions which insure that AA is bounded on D(A) where A = a*™ — g™;
then AA is extendable to H. Let u € D(A); then a*u e D(A), v = a*"a*u € D(A*),
and AA*v is defined. On D(A) we have AA* = AA + A(A* — A) = Q bounded
and extendable to H. We want to check whether the extended Q agrees with AA* on
D(A*). Let ve D(A*) and u,—>v, u,€D(A); then Qu,= AA*u,—»w by the
continuity of Q. However there is no assurance that w = AA*v (unless say 4 is
invertible). Therefore we write

m-—1 m—1 _,
GiiA= X aa* (a" — a*)Aa" + X a"(a*" — a™)A*a*"a*
(3.21) i=0 1=0
m-1 -, .
+ X a"(@*™ —a™a*"(A — A*)a~.
1=0

If (@*" — a™ )A is bounded on D(A) and (a*™ — a™)A* is bounded on D(A*),
then the terms in the series for T;A are all bounded operators (extend G; ;A to H
by continuity); however there is no a priori guarantee that the resulting series
converges. If however X¢ici(G,A) = X(g%,A) converges absolutely to an ope-
rator S, then for u € D(A)

Su =1lim( Xgt A)u = lim( X(g5 Auw))=lim( Xgt )Au = TAu.

Hence S=T,A on D (A) and we define T; A on H to equal S. Moreover since
Z(H) is a Banach space, if T(gs x\) converges absolutely, then there exists
S e Z(H) to which it converges.

In order to find conditions for convergence we remark that

s—1
(3.22) (a* — a)A = X af(af- a)Aa}™*"!
k=0
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and thus if (a¥ — a;) A is bounded so is (a** — a;) A. Moreover for s large
l(a* = abA | = s|ai] * | (a - a)A|
S @ +8 a7 (aF - a)A|.
Therefore if | (a* — a)A || £ ¢| a;], then
(3.24) [(@F —a)A | S c[(1 +8)]a:]T.

Similarly (a** — a})A* = — (a} — a})A* = — X Zaak(a; — af)A*a}* " 'and we
want to make an assumption || (a* — a)A* | £ ¢| a;|| on D(A*). We examine now
the terms G; ;A and see that the last term in (3.21) may be bounded by
2em[]| a;] "** and the first two by em[J[(1 +&)]a;[|]™** (c represents
various constants at different times). Hence if ¢ > dmax || a;| and the 1(z) are
analytic on U® it follows that X(g; ,A) converges absolutely. This proves (since
é > 0 is arbitrary)

PROPOSITION 3. Assume ||(af —a)A|Sc|a| on D(A), |(af-a)A*|=c|al
on D(A*), and that the A(z), analytic on U®, define A(a). Then T, is a bounded
operator.

COROLLARY. The conclusion holds if only | (af — a)A*|| S c|a;| on D(A®).

Proof. Let u € D(A) then

[ (a*= a)Au| £ [ (a* — a)(A — A®)u| + | (a* - a)A*u|
<2 af Jul + cllaif [ u]. QED

ReMARK 3. The estimates for the T,;show that (and in fact are based upon the
fact that) the individual terms in the T; are bounded, e.g., T;A. This remark will be
used later when the 4, are no longer assumed distinct.

From (3.16) the following estimates now hold if we assume 3¢, is invertible
on its range.

(3:25) Ao | sc.l| #iAo| L {]|#1A0 —k(t - Do| + |k —Deo|},

IAES- {T/}E j @, + 2,7 o 2dt +/k f ||m||2dt}

(3.23)

(3.26)
+2(2; 100 ke—valarJk [|ofat+ic [ ol ar

(note [ABdt < 1/2 [[A*/e*dt + [o?B*df] and set o= k'*). Choosing k
large we make first ¢/\/k <1 and c,/\/k < 1; then from (3.5) (see also (3.11))

Iz 4 f lo, + #,00]%t + J' | %1A0 — k(t - 7)o |t

+ (k _ keep _ c\ék - cz\z/k — ktey ) f | @] 2de.

(3.27)

2
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Choose now 7 small enough so that (¢, + ¢,/2) < 1/3; then make klarger if neces-
sary so that 4(c, + ¢)/k < k/3 (i.e., \/k > 3(c +¢3)). Then

Iz %f"m, + A0 |2dt + %f]l#lAw—k(t—r)(o"zdt

k
+ 5 [lofar

Next from (3.25) for k, < k, k, fixed,

(3.28)

k k kykt?
(3.29) 7;- | #1A0 — k(t — D ||?dt = 4k;% f | Ao ||?dt — ‘—2— f | o |2t

If 7 is now chosen smaller if necessary until k,7%/2 < 1/6, then
(3.30) Iz 8—f|]Am||2dt + X (o]
) =k 6

The estimate (3.30) holds then for k large (v may now be fixed). This proves

PROPOSITION 4. Assume the hypotheses of Propositions 2 and 3 and suppose
'y is invertible. Then (3.30) holds.

If now y is a solution of the Cauchy problem (3.3); dy/dt + £ Ay = 0, y(0) =0,
let g C'[0,0), ¢ =1 for t < 1/2, ¢ =0 for t = 1, and set ¢y = v. Then v satis-
fies v(0)=v(r) =0 and

(3.31) V, + AV = dyy.

Therefore defining I as before

(3.32) I< f expk(t — 1)2¢}? | y||?dt < c‘f:zexpk(t — 7)%dt,
where ¢ depends on ¢ and y. Using (3.30) we obtain in particular
(3.33) % J:exp k(t—1)*||v|*dt< ¢ J;; exp k(t — 7)2dt.

This can hold (for k arbitrarily large) only if v=0 on [0,7/2] (see [17; 19], and
note that the above development follows [17] quite closely). Therefore

THEOREM 1. Under the hypotheses of Proposition 4, if y is a solution of the
Cauchy problem y, + # Ay = 0, y(0) = 0, then y=0 in a neighborhood of t =0,

Suppose o =0 (this will be called a hyperbolic case); then J, =0 and we
have the estimates

(3.34) 12 k(1 - ;) f |o]2d.

Therefore it is easily seen that the following theorem holds, if 5, = 0.
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THEOREM 2. Under the hypotheses of Proposition 2, if y is a solution of
y. + #Ay =0, y(0) =0, then y=0 in a neighborhood of t =0 (#; =0).

4. In this section the factorization (2.2) will be used for the case of multiple
roots following [19]. Assume v?(0) =v'’(t)=0 (0 < i < m — 1) and set
o= exp(k/2)(t —1)*. Then writing again Y = exp(k/2)(t — 1)* consider a
factor (d/dt + A;A)v.

4.1) o, — k(t — D)o + LAw = Y(v, + LAv).

We write A,=4+4, with 1, =34+ 1), A =44 — 4f), and define
I;= [y?|v, + A;Av|*dt. Then

@2 1, = f los + Ah0|2dt + f | 1Aw — k(t — o | 2ds
+kf lo|2dt + 74 + 14, |

(4.3) Ji = —2Re J k(t — 1) (A;Aw,w)dt,

(4.4) Ji = 2Re f (@, + LAo, L Aw)dt.

It follows from the preceding analysis that under the hypotheses D(A) = D(A*),
A* — A bounded, || (a} — a)A*|| < c| a;|, A(2) analytic on U*, and 4, invertible,
that (3.30) holds with I replaced by I;. (Since there are only a finite number of
roots we may suppose that &k, in (3.30) do not depend on j.) Now we iterate
this procedure, taking as a new v the function ¥ = v, + 4 ;Av; then #(0) = #(z) = 0,
and setting ¢ = min(g, 1/6),

| (4 d 2
f"’zll (ﬂ + A ) (d—t +/1,.A)v|| dt
(4.5) gc{kfwzuu, +AAv|%dt + —,%f-pz | Av, + A,Av)||2dt}
;CZ‘ 2 f v2 o)t +2 j v Aolar + f ]|sz||2dt}.
PROPOSITION 5. Assume D(A) < D(A*), A* — A bounded, ||(a® — a)A*| £

c| a | in D(A*), A{(z) analytic on U* and 1; invertible. Then (for either mul-
tiple or distinct roots 4,a))

(4.6) f V2| Po|2dt 2 ""',Z‘m:o (m’”_ l )k""" f V2| Alo|2de

whenever t » A" v P e &°(H) and v'?(0) =v'X(1) =0for0Sism— 1.
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Proof. The inequality (4.6) is obtained by m iterations of the procedure
indicated in (4.5). QED

Suppose now that u is a solution of Pu =0 witk u?(0)=0 (0<i<m—1).
Let ¢ eC"[0,0) with ¢ =0for 1=t and ¢ =1 for 0 <t < 1/2. Set pu=v and
then v satisfies the requirements of Proposition 5. Also there results

(4.7) Pv = P(¢u) = pP(u) + ® = O,
where the support of ® lies in [7/2,7]. Hence

’ 2 2 i 2 2 ’ 2
(4.8) fo Y2 || Po| dtgf‘/z.p @] dt§cft/2¢ dt

where ¢ depends only on ¢ and u. As before we may conclude

THEOREM 3. Assume the hypotheses of Proposition 5 and that Pu =0 with
u0)=0for0<i<m— 1. Then u=0 in a neighborhood of t = 0.

ReMARK 4. The above result in uniqueness holds even if only a bound
J V| Po|dt <c X8 [ y*| A'v|?dt + ¢ [, ¢%dt issomehow obtained where
p is the largest integer I such that m — 21 > 0. For example if

[Pulse = | Aul?

this situation will occur since then
[6Pu + 0|2 <26 | Pul? + @] s 2| @ + 20 ] o2

If now 1; =0 then as in (3.34) we have an estimate I; ¢k [ ||| dt. Simi-
larly if ; is invertible a simpler estimate for I; is given by I, >(k/6) | w|dt
(see (3.30)). Hence if the ; are either zero or invertible we obtain by iteration

4.9) f V2| Po |Pdt 2 k" f W2 o |dr.

This implies, arguing as before,

THEOREM 4. Assume D(A) = D(A*), A* — A bounded, and A (z) analytic on
U if Z;#0 for some j assume 1; is invertible and suppose
(@ —a)A*| S c|a;|. Then if Pu=0 with u’0)=0 for 0<i<m—1 it
Jollows that u=0 in a neighborhood of t = 0.

5. We will discuss the case m=2 briefly in this section and give some examples.
When m = 2, q(4,2) = 2% — z; A + qo(2o) With qo(2o) = go + 4120 + 4,z 2. Thus
a complete expression for 4; is

z 1
(5.1) A= -21— * -2—J(Zf— dqo — 44120 — 44,25).
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The discriminant D(z) = z;2— 4q, — 44,2, — 4q,z¢ vanishes in general on a
somewhat nontrivial set in C? even in this simplest of cases. When A is self-
adjoint positive the spectrum of X lies in the region z, real, 0 < zo < | =], and
contains zero. Now ¢ = a(4,,X; %) is the set of points {(Z(¢),d,(¢))} (a, = A4));
hence if the spectrum of A, is purely real or imaginary we can plot 0(4,,2;8)
in R2. The case represented by z, purely imaginary occurs, e.g., when A + A
=0;in this case somewhat stronger uniqueness results can be obtained by the meth-
ods of [16] (see in particular p. 151). We remark however that no general result
seems to have been obtained by such methods for uniqueness without a bounded-
ness condition on the Hermitian part of 4, (this would correspond here to a
condition of the form (4; + 4*)A bounded). Therefore we will consider here
the case z, real and show that uniqueness results can be obtained by the methods
of this paper. It is seen thereby that although the use of characteristic roots(at
least of the kind considered here), and thus a distinction of ‘‘type,’’ seems to
impose definite limitations on the theory, still it appears to give new resultsin some
cases. A study of this matter is in progress.

For simplicity we assume g, =0 and set p=q7— 4q0q, = — 44042
(p plays a role in classification in the general case). The discriminant is now
D(z) =z} + plg, — 4g,2% =22 — 4q, — 4q,2z¢ and curves D(z)=0 are easily
plotted. These show what kind of norm conditions on £ and A, will provide
well-determined analytic 4,(z) on o as wellasdistinct 4, in the cases considered.

We assume o lies within a region where the radical in (5.1) can be defined as a
single-valued analytic function. For g4 > 0, D(z) < 0 at the origin and for g, <0,
D(z) > 0. Thus when D(z) > 0 on ¢ from (5.1) we write

62 A =g+ AD £ 3 V- @) + V- @)

If D(z) <0 on o then a sign change occurs in taking conjugates and we have

(53) A+ =5+ A £ 1 V@@ D) - Ja®- A1)

Thus if 4, = A,*for example then in (5.3) 1, =44, and J; invertible means 4,
invertible. In the case of (5.2) and 4, =A% we have 21, = 4, +/(47 —q,(2));
invertibility for this case involves more complicated criteria. The reader is invited
to carry out similar calculations when the spectrum of A is purely imaginary and
for the most general cases.

As a final example consider the case m=2with 4;=p(A),po(A)=aA*+ bA+c,
p(A)=idA +e, p,(A) = 1. This leads to g,(Z) =1, q,(X) =id + eZ,
do(Z) = a + Tb + cX2. Then q(7) is given by

(5.4) q(A) = A* = A(id + €Z) + (a + bZ + cX?).
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We have written id above to relate this example to situations in different
equations, e.g., A= — 9%/0x2. Thus q(, z) = A2 — A(id + ez) + (a + bz +cz?)
and the discriminant is D(z) = — (d* +4a) + z(2ide — 4b) + z2(e* — 4¢)with
Ai(2) given by A(z) = 3(id + ez) + 3./ D(z). If a is real and d is not pure imaginary
then D(z) %0 and D(0) # 0; hence if | X| is small enough the roots of D(z) lie
outside some U®. Some criteria in this direction can be found in [18]. It is in-
teresting to plot again some diagrams indicating the position of the zeros of
D(z) as the constants a, b, c,d, e vary.
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