ON THE CHARACTERIZATION
OF SPECTRAL OPERATORS(")

BY
SHMUEL KANTOROVITZ

Introduction. This paper is mainly concerned with the characterization problem
for bounded spectral operators (see [5]). We restrict the discussion to scalar type
operators with real spectrum, which we call pseudo-hermitian operators (p. h.).

The criteria are given in terms of certain properties of the exponential group
generated by the operator. The simplest criterion of this kind is for Hilbert space:
a bounded linear operator S is p.h. if and onlyif | ¢"*| < M < oo for all real t.
This statement is false for Banach spaces, and even for reflexive Banach spaces.
In the latter case, we give additional necessary conditions on the group ¢'*S,
which together with its uniform boundedness are both necessary and sufficient
for S to be p.h.

Another useful criterion is the following: a bounded linear operator S on a
reflexive Banach space is p.h. if and only if for every f in L;(R) (R the real line),
we have | [rf(e™’dt| £ M| f|., where the norm on the left is the operator
norm, £ is the Fourier transform of f and |- |, is the sup norm.

Unlike the general theorems in [5] about the spectrality of an operator, the
characterizations obtained in this paper are easily applied to analytically given
operators on concrete Banach spaces. An example is discussed in §4. Applications
are discussed at the end of §5. §2 deals with an improvement of a theorem of
Foguel [7] about the resolutions of the identity of sums and products of com-
muting spectral operators. §1 contains preliminaries. The characterization prob-
lem for spectral operators is discussed in §§3 and 5.

1. Preliminaries. The term “operator” is used for bounded linear operators
on X into X, where X is some fixed Banach space. We refer to [5] for definitions
and properties of spectral operators. If A is a Banach algebra with unit and
xeA, then a(x), p(x), r(x) and R(4;x) denote respectively the spectrum,
the resolvent set, the spectral radius, and the resolvent of x. We write
r*(x) =sup(ReA;Aea(x)) and s*(x)=sup(Imi;ieo(x)). Similarly, r-(x)
and s~ (x) are defined with inf instead of sup. Complementation is denoted by a
prime. The commutativity of x,y € 4 is expressed by the symbolx_y.
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DEFINITION 1. A pseudo-hermitian operator is a spectral operator of scalar
type with real spectrum.

The terminology is motivated by the fact that a pseudo-hermitian operator
S on a Hilbert space is similar to a hermitian operator. This follows from a well-
known result of Mackey’s [11] stating the existence of a nonsingular operator Q
such that the resolution of the identity E(-) of S satisfies the equation
E(6) = QF(6)Q™ " for each Borel set 6 of the complex plane, where F(-) is a self-
adjoint spectral measure.

For arbitrary Banach spaces, the pseudo-hermitian operators play, among
the spectral operators of scalar type, the same role as the hermitian operators
among the normal operators in Hilbert spaces. This is shownin the following

THEOREM 1. Let S be a spectral operator of scalar type and let E(-) be its
resolution of the identity. Then there exists a unique pair (A,B) of pseudo-
hermitian operators such that S=A + iB and

(1) A _B and any operator which commutes with S commutes with A and B.

(2) o(A) = Reo(S) and o(B) = Ima(S).

(3) E(-) is the product measure E, x Eg, where E, and E g are the spectral
measures induced on the real axis by the resolutions of the identity of A and B
respectively.

Proof. Let # and %, denote the Borel fields of the complex plane and of the
real line R respectively. We define on %, two operator-valued functions E, and
Epby

E (8) = E(6 x R) and E x(6) = E(R x J)

for each 6 € #,.

The following properties are immediate:

(a) E, and E g are spectral measures on R;

(b) they are uniformly bounded on %,, and their uniform bounds are less
than or equal to the uniform bound of E;

(c) they are countably additive on £, in the strong operator topology;

(d) their support lies in [ ~(S),7" (S)] and in [s 7(S),s*(S)] respectively.

Define now

A= [ edE,@and B= [ ndesn
R
A and B are well-defined operators. Since we have
(*) A= f Re AdE(A) and B = Jlm AdE(2)

(where the integration is over the complex plane), A and B are the functions of S
corresponding to the continuous functions Re 4 and Im A (respectively) in the
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operational calculus for scalar operators. Therefore, (1) follows, and further-
more A and B are scalar operators by Lemma 6 in [4]. Using (), we also have

A+iB= f (Re A+ iIm A)dE(3) = f AdE()) = S.

We prove (2) by applying Theorem 16 in [4] (with the function f(1) = Re A).
We have

o(4) =({Red;5e B, E() =1}.
But E(a(S)) = I by Theorem 1 in [4]. Hence
d(A) = Rea(S) = Rea(S).

Similarly ¢(B) = Ima(S).

Now, since A _ B, we have a(S) < 6(A4) + io(B); but o(4) and a(B) are real
(see above); therefore Rea(S) = 0(4) and Imo(S) = 6(B). This completes the
proof of (2).

Next, let §, and J, be in %,. We have:

E (6,)E p(0;) = E(6; X R)E(R x §,) = E((0; X R) N (R X 8,)) = E(6; x 8,).

Thus E is the product measure E, x E g (proving (3)).
To prove the uniqueness, suppose that S =A, + iB;, where A, and B, are
pseudo-hermitian operators satisfying (1)-(3). For é € #,, we obtain from (3):

E(5 X R) = EAl(é)Eﬂl(R)‘
Since o(B;) = R by (2), we have E (R) = I, and therefore
E,(0) = E(0 x R) = E 4(6) for each 6 € &,.

It follows that A, = A; similarly B; = B. This proves the uniqueness. Q.E.D.
Let S, A, and B be as in Thecrem 1; 4 and B will be called the real part and the
imaginary part of S (respectively). We also use the notation:

A=ReS, B=1ImS, S=A—iB.

Obviously, the operators S, S, Re S, and Im S commute and are in the second
commutant of S. The operator S is pseudo-hermitian if and only if S = S.

Given two scalar operators S; and S,, the operator Re(S; + S,) is not neces-
sarily defined, since S; + S, may fail to be spectral, even when S; _ S, (see [9]).
Nevertheless, under sufficiently strong conditions, Re(S; + S,), Im(S, + S,),
Re(S,S,), etc., are all defined and satisfy the same computational rules as for
the complex analog. More precisely, we have (for weakly complete Banach
spaces):

THEOREM 2. Let S, and S, be two commuting scalar operators. Suppose that



1964] ON THE CHARACTERIZATION OF SPECTRAL OPERATORS 155

the Boolean algebra of projections generated by the resolutions of the identity
of S; and S, is uniformly bounded. Then

RC(SI-*-SZ) = ReSl'l'ReSz; Im(Sl+Sz)=ImSI+ImSZ;
S;+S;, = 85, +58,; Re(S;S,)=ReS, ReS, —ImS,-ImS,;
Im(S,S,) = ReS,-ImS, + ReS,-ImS; and §,;S, =S, S,.

Proof. Under the conditions of the theorem, it is well known [7] that S, + S,
and S,S, are spectral of scalar type. Therefore, Re(S; + S,), Im(S, +5,), etc.,
are meaningful, according to Theorem 1.

Let A=Re(S; + S,), 4; =Re(S)) (i = 1,2), B =Im(S; + S;), B; = ImS§;
(i=1,2). We have S, +S,=A4+iB; S, =A,+iB, (k=1,2). Thus A+iB
=(A; +A4,)+ i(B; + B,)(®) or A — (4, + 4,) = i(B; + B, — B). The spectrum
of the operator on the left-hand side is real, while that of the operator on the
right-hand side is pure imaginary. Therefore

o(A —[4, + 4;]) = o(B - [B, + B,]) = {0}.

Now, by Theorem 17in [4], the full algebra &7 generated by the scalar operators
S, and S, and by their resolution of the identity is equivalent to the algebra
C(#) of all continuous complex-valued functions on the maximal ideal space
M of o/. Therefore &7 is semi-simple, and it follows that 4 = 4, + 4, and
B = B, + B,. The other relations are proved in the same way.

We shall see in the sequel (§3) that the pseudo-hermitian operators can be
characterized in a ‘‘closed’’ analytic way. This fact motivates the interest in this
special class of spectral operators, since the known characterizations for the whole
class of spectral operators (see [5]) are very difficult to apply to concrete prob-
lems. Furthermore, by Theorem 8 in [4] and Theorem 1 above, the knowledge of
the class of pseudo-hermitian operators implies a global knowledge of the class
of spectral operators. More precisely, the class of spectral operators is the sub-
class of {4+ iB+ N; A,B pseudo-hermitian and N generalized nilpotent},
for which A4, B, and N commute, and the Boolean algebra of projections generated
by the resolutions of theidentity of A and Bis uniformly bounded.

Before going into the characterization problem for pseudo-hermitian operators
we apply Theorems 1 and 2 toimprove a result of Foguel’s [7].

2. Convolutive properties of the resolution of the identity(3). The following
theorem was proved by S. R. Foguel [7], Theorem 7, for weakly complete Banach
spaces.

Let Ty and T, be two commuting spectral operators on the Banach space X.
Suppose that the Boolean algebra of projections generated by their resulotions

() The uniqueness claim of Theorem 1 does not apply directly, because we do not know

a priori that 4; + A, and B; + B, satisfy condition (3) in Theorem 1.
(® Inthissection Xis a weakly complete Banach space.
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of the identity, E,(-) and E,(-), is uniformly bounded. Then T; + T, and T, T, are
spectral operators, and their resolutions of the identity G,(-) and G,(-) satisfy:

(1) Gy(6)x = f E4(6 — DAE(A)x
and
9 G(0)x = f E(8/DdE,(D)x

for each Borel set 6 of the complex plane and for each x in X for which
€) G(96)x =0 (i=1,2),

where 06 denotes the boundary of 4.

We show (Theorem 3) that the identities (1) and (2) are valid without the
restriction (3).

In particular, it then follows that Theorems 1 and 2 in [7] are corollaries of
Theorem 3 in this section.

We consider only the case of a sum; the corresponding theorem for a product
of spectral operators is proved in an analogous way.

THEOREM 3. Let Ty and T, be two commuting spectral operators on the
Banach space X. Suppose that the Boolean algebra of projections generated
by their resolutions of the identity, E,(*) and E,(*), is uniformly bounded
(thus implying that T = T, + T, is spectral, by Theorem 7 in [7]). Let E(-)
be the resolution of the identity of T. Then E(-) is the convolution of E,(*) and
E,(*)(i.e., E(8)= [E,(6 —A)dE () in the strong operator topology, for each € %).

The statement of the corresponding theorem for a product is obtained by
replacing the + and — signs in Theorem 3 by ““-*’> and *‘:*’ respectively.
Proof. The theorem is an immediate corollary of the following lemmas.

LEMMA 1. Let the hypothesis be as in Theorem 3. Define
F(6)x = sz(é — DdE,(A)x

for each 6€ % and x€ X. Then F(-) is a uniformly bounded spectral measure
on %, countably additive in the strong operator topology and commuting with T.
Furthermore, the support of the restriction F/E(6)X of F to E(8)X is in the
closure & of 6 (for each § € ).

LEMMA 2. Let E and F be two spectral measures which are weakly (and
hence strongly) countably additive. Suppose that

Support {F(-) E(6)} < &
foreachde%. Then E=F.
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Proof of Lemma 1. F(5) is well defined in the strong operator topology.
A direct check shows that it is a spectral measure on #. Since

Fo)x = f f s OAEOAE(D)x,

where c;_, is the characteristic function of § — 4, it follows that F(-) is countably
additive in the strong operator topology and uniformly bounded on % if the
product measure E, x E; is uniformly bounded on # x #; but this follows
from the assumption that the Boolean algebra of projections generated by E,(*)
and E,(-) is uniformly bounded. The commutativity of F and T is trivial. Hence,
F(0) « E(¢) for all 3, e€ &, and F [E(é)X is meaningful. The statement support
{F|E(8)X} = § will now be proved.

Let S, S, be the scalar parts of T, T, respectively (k = 1,2). For each e %,
we denote:

X,=E@®)X; S;=S|E@®X; Si=S5]EOX.

Since T, _ T,, also S, _S and therefore S, _ E(5). Hence S; and S,; are well-
defined elements of B(X;), and S;=S,; + S,s. These operators are spectral, and
their resolution of the identity are the restrictions Ey(-) and E,4(*) of E(-) and
E.(-)to X,

By the definition of spectral operators, a(S;) = 6. Therefore, if [, is a finite
union of simple Jordan contours which contains § in its interior, then

1
(1) 2;' J‘r‘, R(ﬂaSa)dﬂ - 16,
where I, is the restriction of the identity operator I to X . It follows that
2) E(%) = —l—f R(p; S;)du- E(8) (for all de %),
2ni Jr,

the equality being nowbetween elements of B(X).
Since S; = S;; + S,; where S;; _ S5, we have:

©)] R(u;S5) = R(p — 4;825)dE  4(A),

o(S106)
for p ¢ 6(S,5) + 0(S,;) (see remark following Corollary 7 in [10]).

Case 1. S, and S, are pseudo-hermitian. In this case, S, S; and S;; (k= 1,2)
have real spectrum, and, therefore, (3) is valid for all nonreal u.

Let § be an interval (open, closed or half-closed) on R: say ¢ = (&,,¢,). Then,
for any ¢>0, I'; may be chosen as the rectangle with vertices ¢, + ¢ + ie,
&, —e+ig, & — e —ie, and &, + ¢ — ic (in this order). The representation (3) is
valid for all the points on T, except perhaps for ¢, — ¢ and £, + ¢. Denote by
Ty the open contour I'y =T, — {¢, —¢,&, +¢}. Since R(u;S;) is continuous
on I';, we have:
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1 1
i roR(ll,S.s)d# = 5 L_a_ R(u:S;)du

1
" Imi f T J;(SIG)R(” = 4;52,)dE (A)dp

1 1
- L — _dE,(WdE,(Dd
27” J;.; L(Sw) J;(S“) u— ). —y 26( ) 16( ) 11

J;(Slo){ f o(S24) (515_[ r; %)dﬁ:zo@)}d&,&).

But
(Lifd+ve (& —e & +9),
1 dy 1,
2—71:ifr; =G+ S ifd+v=2_ —¢ or {hte
0 if A+ve¢[E —e & +e]
Hence
1
4) LPT f R(p; Ss)dp = j E (¢, —&,&, +6) — DdE ;) + 0
b JTs a(S16)
where

® 0= [ Bl o= 2+ EallEs +o~ IDHELD

(the integrals are understood in the strong operator topology). The first operator
on the right of (4) is a projection G in X (this is shown by checking directly that
G?=G). Using (1), Q =I, — G; hence Q is a projection in X, i.e., Q> = Q.
Starting from (5), we compute directly Q2, and we obtain Q?> = Q. Hence Q = 0
on X, and we conclude from (2) and (4) that

©) E(3)x = f Exs((&: — 6,8, + 6) — DAE (D E@)x

a(S16)

for 6 = (¢,,¢&,) or (€,,&,], etc., and x € X. Equivalently,
(M E(@®)x = L E((¢y — &8, +¢) — DAE(A) E(O)x.

Case 2. The general case. By Theorem 1, we have S=A4+iB and
S, = A, + iB, (k = 1,2), where A, A;, B and B, are commuting pseudo-hermitian
operators. By Theorem 2, A=A, + A, and B= B, + B,. Let § =(&,,&,) or
(&1, &,], ete., 0 = (n4,15) or (111,15, etc., e >0 and ¢, > 0.

Then, by commutativity and (3) in Theorem 1, we obtain from (7):
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E(6 x 0)x = E_()E g(0)x

=[] B -ato - 0B - st a) -0
d(By, % Eg)(Em)EG X 0)x
- f Ey((5 x 0)° — ))dE,(2) - E(5 x 0)x,

where (8 x 0)° is any open rectangle including § x o. The integration is on any
Borel set including o(S;). Equivalently, we have proved that for any rectangle 6,
and any open rectangle 6° including 3, the following relation holds:

(8) E(3) = F(6°) E(9).

Now, if 1¢9, let a = dist {1;8} (a #0), and let ¥ be the open square with
center 1 and diameter a. Then V is included in 69 — 69, where 6¢ and &9 are the
open rectangles concentric with §, with diameters diam(6) + 2a and diam (9) + a/4
respectively. By (8), E(8) = F(SY)E@S) = F(8S)E(S), and therefore,
F(60 — 89 E(8) = 0; hence, also F(V)E(d) =0. This shows that 1 is not in the
support of F() E(6), proving that

9) support {F(-)E(8)} < &

for any rectangle 9.

Next, let § be any Borel set in the plane. If ¢35, we may choose an open
square V centered at 4 and a covering of § by disjoint rectangles §,(k =1,2,---,n)
such that (i) 6 < U,f.'= 1 0; and (ii) ¥V and U,':= 1 O, are separated.

We obtain:

F(V)E(0)=F(V)E() F(V)E (U 6k) = F(V)E(d)- X F(V)E(S)).
k=1 k=1
The rectangles V and 6, (k=1,2,-.-,n) are separated; hence, by (9),

F(V)E(5,) =0, and we conclude that F(V) E(6) = 0. Thus A is notin the support
of F(-)E(d). This proves that (9) is valid for any Borel set § in #. Equivalently,

support {F|E(8)X} < 4. Q.E.D.
Proof of Lemma 2. By the assumption on support,
(10) F(3,)E(d,) =0

whenever 8y, 6, € # are separated (i.e., 6, and J, lie in two disjoint open sets).
Let 6% and 6, = 6 + 2™ "¢ where ¢ is the open unit disk. We have §,,, =4,
and lim, 6, = (o~ 6, = 6.
Now each 4§, is separated from 4, so that, by (10), F(6) E(5;) = 0. Since E is
countably additive in the strong operator topology, we obtain:

F(8)E((8))x = F(5)E(]i’r'n o)x = lian F(6)E(6,)x =0 for all xe X.
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Thus F(8)E((5)") = 0, so that
(1) F(5)E(6) = F(3)E(95 N &)

(where 86 denotes the boundary of 6; € #). Next, let 6,={Aed;dist{A:6'} 227"}.
We have: lim, 6, = U,‘f’:l 0, = interior (6). Again, 6, and ¢’ are separated, so
that F(6') E(J,) = 0 by (10), and therefore

F(0")E(intd)x = F(6") E(lim §,)x = lim F(6") - E(4,)x = 0.
Hence ' '
12) F(6")E(6) = F(6")E(06 N 9).
Now, we use the evident identity:
(13) F(6) — E(0) =F(6)E(6") — F(6")E(d) (for all & %).
We obtain, by (11), (12), and (13),
(14) F(0) —E(0) = F(0)E(06 N d") — F(6")E(06 N ).
By the same argument as above, we reduce (14) to:
(15) F(0) —E(6) =F(00 N S)E(06 N ") — F(36 N 6") E(36 N b).

Now, if § is open, then 06 N § = &, and therefore, (15) implies F(6) = E(J).
If § is closed, then 06 N §’ = &, and we obtain again F(0) = E(5). By strong
g-additivity, the equality extends to any Borel set of the complex plane. Q.E.D.

3. Characterization of pseudo-hermitian operators. If S is a pseudo-hermitian
operator, then e” 2™¢5(¢ real) is the Fourier-Stieltjes transform of the resolution
of the identity E of S (considered as an operator-valued measure on the Borel sets
of the real line). Formally, E is thus the inverse Fourier-Stieltjes transform (IFST)
of e~2™%S, But this operator-valued function is defined for any bounded linear
operator S, by means of the operational calculus for analytic functions. This
suggests the possibility of characterizing the pseudo-hermitian operators as those
operators for which the IFST of e 2"® exists in a certain sense. This is the
underlying idea in the following discussion. The connection thus obtained between
spectral theory and Fourier analysis shows the importance of the specialization
to the study of pseudo-hermitian operators.

The considerations above are made rigorous by means of Theorem 2.1.3in [2].

Let X be a reflexive Banach space; let B(X) be the Banach algebra of bounded
linear operators of X into X. We denote by C(R) the space of all bounded con-
tinuous complex-valued functions on the real line R, normed by the supremum
of the absolute value of the functions.

For N>0,e=0,n€eR and S e B(X), define:
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exp { - [ (%)2 +2¢|&| —2i¢n ] n’ e 2MSgE.

This is a well-defined B(X)-valued function of #; we consider N and ¢ as para-
meters varying in the ranges indicated above. The operator S is fixed in our
discussion.

G = |

R

THEOREM 4. S is a pseudo-hermitian if and only if the conditions (a)-(c) hold.

(a) | e *™*|| =M < oo forall £inR.

(b) For eachye C(R) and €20, [,y(n) Gp(n;e)dn converges (when N — o)
in the weak operator topology to an element B(y; ¢) of B(X), and
| B(y;e) | £ K| 7] (K >0 may depend on ¢, but not on y).

(c) As a function of ¢ (¢ 2 0), B(e”2™";¢) is continuous from the right at
e =0, in the weak operator topology (for each real v).

The present section is devoted to the proof of Theorem 4.

We first consider Fourier transforms of functions in L, ® A4, where A4 is now
an arbitrary Banach space. L,® A denotes the Banach space of (the equivalence
classes of)(*) A-valued strongly measurable functions f(¢), éeR, for which
Jr|lf(®)]|?d¢ < 0, with the norm I£] = Cfe|f(&)]2ae)!2.

On the other hand, we consider the integral
. e— 2rmign 1
(1) Fon = | St s

It converges in the strong topology of A, and defines an A-valued function.
Suppose now that F(n) is a.e. weakly differentiable, and let f"(3) be its weak
derivative (defined a.e.).

We have:
—2mign __ 1

() = o = [ e

for a.e. nin R.
But the last expression is equal (a.e.) to x*(f)"(y) (see [16, p. 250]). Thus:

0] X*(f7(m) = x*(f)"(n) a.e.

This motivates the following
DEFINITION 2. Let fe L, ® A. We say that f has an L,-Fourier transform if
there exists an A4-valued function f “(n) (defined a.e. on R) such that equation (2)
is satisfied for all x* in a determining set I' = A* (see [8, p.34]) and a.e. n on R.
The L,-Fourier transform of f is the (uniquely determined a.e.) A-valued
function f ~, whenever it exists.

(4) Two functions are in the same equivalence class if they differ only on a set of Lebesgue
measure 0.
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The difficulty involved in the generalization of the concept of L,-Fourier
transforms to functions in L, ® A is related with the fact that the Parseval and
Plancherel theorems are not valid in general when A is not the complex field
(see remark following Lemma 4 below).

We do notintend to go deeply into such problems. Definition 2 is a ‘‘working
definition.”” Neither do we try to prove general ‘‘existence theorem’’ for L,-
Fourier transforms of functions in L, ® A. We just note that the discussion
preceding Definition 2 shows that the weak differentiablity a.e. of F(n) (defined
by Equation (1)) is a sufficient conditicn for the existence of the L,-Fourier
transform of f. Furthermore, in this case, f "is a.e. equal to the weak derivative
of F. In particular, if A is weakly complete, we conclude from the differentiability
of x*(F(n)) (see |16, pp.248-250]) that F(n) is weakly differentiable and hence
that every function in L, ® 4 has an L,-Fourier transform, which is given by the
weak derivative of F (a.e.).

The lemma below gives another sufficient condition for the existence of L,-
Fourier transforms of functions in L, ® A (this is all that we need in the szquel).

LEMMA 3. Let fe L, ® A, and suppose that the integral

[Cemmed @>0
converges weakly to an element of A for a.e. ne R, when w— . Then f has an
L,-Fourier transform, which is equal a.e. to the weak limit of the integral above.

The proofis straightforward and is therefore omitted.

LEMMA 4. Let A be a Banach algebra with unit. Let x c A be such that either
s¥(x) <0ors™(x)>0. Then (1/2ni)R(¢:x) is in L, ® A, its L,-Fourier trans-
form exists and is given a.e. by

0 for n<0
{ ifs+(x) <0
L _e-Zninx for n 20
and by
e~ 2™ for n<0
{ if s7(x)>0.
0 for n=0

Proof. If either s*(x) <0 or s (x) >0, the real line lies in p(x). There-
fore (1/2mi)R(¢; x) is continuous on R and its norm is O(|¢|™") for
| .§| — 00 ; hence this functionisin L, ® 4.

For w > 0, let I’} be the boundary of the rectangle with vertices w, w + i,
— w + iw and —  (in this order), with the base omitted. Let I, be the reflection
of I’} in the real axis, with positive direction.
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If s*(x) < 0, we may choose w large enough (say @ > w,) so that a(x) is in
the interior of the contour I', U[ — w,w]. By Cauchy’s Theorem and the opera-
tional calculus in 4, we have:

@ 1 1 i
—2nidn, -~ . = —=2riln .
f—m e 5 R(&;x)dé i J;:) e R(A;x)dh (B <w < ©)

1

= 2minx
= —e + 53
27i

fr' e TTMMR(A;x)dA (wg < W)
Estimating the integrals over I'; and I',, we find that their strong limit for
o — o is 0 for n < 0 and n > O respectively.

It follows that the integral [,e”2"*"-(1/2mi)R(&;x)d¢ converges strongly
(for @ — ) to 0 for y <0 and to — e”2*** for # > 0. Using Lemma 3 we get
the first part of Lemma 4; the second part is proved in the same way.

REMARKS. (1) If either r*(x) <0 or r™(x) > 0, a similar result holds for the
function (1/27) R (i¢; x). Its L,-Fourier transform exists, and is a.e. given by

e—Zm'nx n <0
{ if r*(x) <0.

0 nz0.

An analogous formula is true for r "(x) > 0.
(2) The Parseval equality is not valid in general in L, ® 4. Consider for example
the Banach algebra of 2 x 2 matrices over the complex field, with norm

T = X [x;-

(! 0)
-1 )

so that r*(x) < 0. Taking f(£) = (1/2n) R (i€; x), we have | (&) | = (9/4 + 4/m)'?,
while

Let

13

= () i

(the norms are the L, ® 4 norms).
LeMMA 5. Condition (b) holds, for € > 0, for any S € B(X) with real spectrum.

Proof. Given ¢ > 0 and Se B(X) with real spectrum, we detine:
1 . .
) F() = (RS + iel) = RE&:S — ieD)} (éR).

Since o(S¥iel) = o(S)T ie and a(S) is real, the real line is in the resolvent set
of Stiel, and therefore F,(¢) is a well-defined B(X)-valued function. It is
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obviously in L, ® B(X) and according to Lemma 4, its L,-Fourier transform
exists and is given a.e. by:

e—2niq(S+iz!) fOI' '1<0,

F:('l) = g 2mn(S—iel) g0 n=0.

(Notice that s (S + ie]) =<0 and s*(S — ie]) = — ¢ < 0.) Equivalently,
@ Fl(n) = e 2™eint - g 2minS,

Now, F (&) =¢/aR(¢ —ig;S)R(E + ig; S), by the ‘“First Resolvent Equation”
[8, p. 126].

Therefore |[F(&)| is O(¢™?) for [&|— oo, and it follows that F(&) is
in L, ® B(X) (as well as in L, ® B(X)). Thus, for xe X, x*eX*,
x*F(&)x € L;(R) N\ L,(R), and therefore, the L,-Fourier transform of x*F(£)x
coincides a.e. with the usual L,-Fourier transform. According to Definition 2,
we conclude that e~ 2!l . x*¢~2%S js the usual L,-Fourier transform of
x*F(&)x € Ly(R).

By Theorem 2.1.3 in [2], it follows that the integral

fx exp ( -z [(%)2 —2ién ]) (e 2Bl L xwe = 2mSyy g

converges in L,;-norm to x*F,(n)x when N — co.

Equivalently:
3) limy_, , x*Gp(n;€)x = x*F,(n)x in L,-norm.
Hence:
@ iim [ y0Gyn:hdn = [ o) P
N-o R R

in the weak operator topology, for each y e C(R) and & > 0. We write
© BO:9 = [ s Fopar.

We have B(y;e)eB(X), and |B(y;e)| < ||F.|:-||7], where |F,|, is the
L, ® B(X) norm of F, (i.e., [g || Fi(n)| dn), which is nite for &> 0. Q.E.D.

REMARK. Let S be an operator with real spectrum. Let ¢ > 0. Now, for v real,
take p(£) = e~ 2™ in (5). We obtain from (2) that

B(e-Zuivé; 8) = F:(V) = e—luelvl.e - 2nivS .
Therefore:

llm B(e—Zniv{. 8) = e-ZnivS
b
=0+
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in the uniform operator topology. We conclude that if condition (b) holds, then
condition (c) holds if and only if B(e™>™"; 0)=¢~ ™5,

In the next lemma, we give formulas for the computation of s*(x) and s “(x)
for an element x of a Banach algebra.

LEMMA 6. Let A be a Banach algebra with unit e. Let x € A. Then:

. log| e |
t(x)= 1 bt - A
s7(x) "irg 2
d
: o tim Bl
‘ no—oo 2mn

meaning that the limits exist, and their values are s* (x) and s-(x) when n — o
and n - — oo respectively(®).

Proof. For ¢ >0and £eR,let
H (&) = 2—17E{R(§;x —i[s7(x) —¢e]e) — R(&;x — i[s* (x) + €] e)}.

Since s~(x — i[s”(x) —&]e) =& > 0and s *(x — i[s *(x) + €]e) = — & < 0, we may
apply Lemma 4 and conclude that H,(¢) is in L, ® 4 and has an L,-Fourier
transform, which is given a.e. by

@ H (n) = e ¢,
where
e~ 2an(s~ (x)—¢) , <0,
@ o) = 1
e—21m( +(x)+e) , N ; 0.

Now, as in the proof of Lemma 5, we check, by means of the ‘‘First Resolvent
Equation,” that H({) is alsoin L, ® A, and it follows that

e g () = .L e 2"l (£)dE;

hence

[e7*™ )b < | [ HLD]dE = K < 0.

Taking logarithms and dividing by 2n5, we obtain (using (2)):
(1) Forn<O:

= 2minx "

log| e
27n

logK

=s (x)—¢+ 2

hence

(5) Equivalently s*(x) = logr(e~x) and s—(x) = — log r(ex).
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] — 2minx _
lim inf o8 " ¢ “ =2s (x)—e
- 2nn
This being true for each & > 0, we obtain
. . lOg " e—Zm‘qx" B
ikl I
3) lt,T _u:)f T =s (x).

(ii) For n > 0: we obtain by the same method:

—2ninx
4) lim sup ]—cing—m——l <57 (x).

n-+o

Now, for A varying in o(x), e~ >*"* varies in o(e”2""") (by the Spectral Mapping

Theorem), and therefore |e™2"™| < |le 2" ; hence:

©) 2nn-Im A < log || e 2.

Thus, for 1 <0, we have ImA 2 log| e™ 2" ||/2zn; this being true for each
A € o(x) and each n < 0, we obtain:

— 2zinx
s~(x) = inf Im A = lim sup lo_g"_g_n_"_ﬂ 2 liminf ——

Aea(x) n—= - oo n-*—o0

l e —2minx _
el 2 0 Gy,
Thus we have equality everywhere, proving the existence of

hm Iog "e —Zm'iyx"

n=—co 2mn |
and showing that its value is s—(x). Similarly, we get from (5) and (4) (for n > 0):

+ “ - Znh,x" g " leqx" +
s'(x)=sup ImA £ liminf < limsup <s (x).
A€ealx) n— 0 77.'11 n—* "
Hence the limit exists and lim,, , log || e *™"™ ||/2an = s *(x). Q.E.D

REMARK. Since r+(x) = s+(ix) and r—(x) = s—(ix), it follows from Lemma 6
that the limits of log || e ~**"*|/2nn, when 5 — co or 1 — — 00, exist, and are equal
to r*(x) and r~ (x) respectively.

COROLLARY 1. o(x) is real if and only if

- 21rinx
fiming 200 - = 0(%).

In]=
Proof. o(x) is real if and onlyif s* (x) = s (x) = 0.
COROLLARY 2. If |e ™2™ | < M < o for all n€R, then o(x) is real.
Proof. Apply Corollary 1.
(6) Equivalently, o(x) is real if and only if r(et) = r(e=#*) = 1.
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LEMMA 7. Let X be a reflexive Banach space, and suppose that S e B(X)
satisfies condition (b) for ¢ = 0. Then there exists a unique uniformly bounded
operator-valued function F(-) on the Borel sets of the real line such that:

(1) F(-) is finitely additive;

(ii)) F(-)x is countably additive for each x in X; and

(iii) B(y;0)x = [xy(£)dF (&)x for each x in X.

Proof. We notice first that Gy(n;¢) is meaningful for any &= 0. Indeed, it
follows from Lemma 6 that, given é > 0, there exists &, = £,(0) > O such that

ORI 25| < ORI . E> ¢,
and
e2n(s_(S)+6){ < “ e—2m‘{S” < eZn(s-(S)—JM fOI' 6 < — §0~

It follows that the integral defining Gy(n:¢) converges in the uniform operator
topology.

Next, the integral [ y(n) Gy(n;¢)dn exists (in the uniform operator topology)
for each y € C(R).

Therefore

x* f YD) G )i = f V)G 6)xdn
R R

for each xe X and x* € X*. Hence
x*B(y;0)x = lim | y(7)x*Gy(n;0) xdn.
N—-w JR

It follows that

X*B(ayyy + 03725 0)x = a;x*B(y,; 0)x + a,x*B(y,: 0)x
for all y;, y, € C(R) and all «,, «, complex numbers. Condition (b) implies also:
€] |x*BO:0)x| = (K| x ] [ ** )] 7.

We conclude that x*B(y;0)x is a bounded linear functional on C(R). By the
Riesz Representation Theorem, there exists a unique finite regular complex
Borel measure u(- ;x,x*) on the Borel field &, of R such that

@) x*B(y;0)x = L y(m) dp(n;x, x*),
and
3) [x*BC 500 || = || u(- 5 x,%%) |

for every y € C(R) with compact support; in equation (3), the norm on the left
is the norm of x*B(- ;0)x as a bounded linear functional on C(R); the norm on the
right is the total variation of u. By (1) and (3), we obtain for each § € &,
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|55 < [ 5x,x9] = 2B 0%

= sup |80 | < K x| ]

“

We conclude from (4), (2) and the uniqueness of the Riesz representation that
u(d;-,-)is a bounded bilinear form on X x X* for each fixed é € &,. The space X
being reflexive, it follows that there exists a unique bounded linear operator
F(6) € B(X) such that

®) u(0;x,x*) = x*F(d)x

foreach 6e4%,, xe X and x*e X*. From (4) and (5) it follows that F(:) is a
uniformly bounded finitely additive B(X)-valued measure on %,. By (5), x*F()x
is countably additive on #%,; therefore F(-) is countably additive in the strong
operator topology (see [8, p. 75]).

Thus, the integral [ry(n)dF(n) is meaningful in the the strong operator
topology. We have:

x* f Yo dF (n)x = f () dia(; %, x%) = x*B(y; 0)x,
R R

for each x in X, x* in X* and y in C(R) with compact support. Hence
B(y;0) = [ry(n)dF (1) for each y in C(R) with compact support; this equation
extends to all y in C(R) because F(-) is uniformly bounded. The uniqueness of
F(-) with the properties (i)-(iii) follows from the uniqueness of the Riesz rep-
resentation. Q.E.D.

COROLLARY 3. Let Se B(X) have real spectrum and suppose that condition (b)
holds for ¢ =0 (by Lemma 5, condition (b) holds for ¢ >0 since S has real
spectrum; thus condition (b) holds for ¢ =2 0). Let F(-) be the measure defined
in Lemma 7. Then the Fourier-Stieltjes transform of F(-) ise™*"*S if and only if
condition (c) holds.

Proof. We have noted already that the hypothesis of the corollary implies that
condition (b) holds. Therefore, by the remark following Lemma 5, condition (c)
holds if and only if B(e”2""%;0) = ¢ "5, But, by Lemma 7, B(e” >""*;0) is the
Fourier-Stieljes transform of F(-). Q.E.D.

LEMMA 8. Let S and F(-) be as in Corollary 3. Suppose furthermore that
condition (c) holds. Then F(-) is a spectral measure on %,.

Proof. By Lemma 7, all we have to prove is that F(R) =1I and that
F(6, N 6,) = F(6,) F(8,) for all 4, and §, in &,.
By Corollary 3, we have:

(1) f e—Zniv{dF(é)x — e—zmsx
R

for all vin R and x in X.
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Taking v = 0, we obtain F(R) = 1.
Next, if v; and v, are real numbers, we have:

f e—21i(v;+vz)€ dF(f)x — e-2ni(\'1+vz)sx — e—21u'\'|S.e—2m'vzsx
R

= J e” S dF(g)- f e 2" dF(&)x.
R R

Using this relation, we obtain

fR V@O dF (©)x = f v1(8) dF (8) f REGLIGE

for functions y, and y, in C(R) of the form X2, aye™ """, where ay, -, a, are
complex and v,, ---, v, are real numbers.

By the uniform boundedness of F(:), it follows therefore that the map
y— [py(©)dF (£) is multiplicative over the uniformly closed linear subspace
A of C(R) generated by the set {e ~**"%;ve R}. Since 4 is closed under complex
conjugation, we apply the Stone-Weierstrass Theorem, and using again the uniform
boundedness of F(-) and the bounded convergence theorem for integrals, we
conclude that the map is also multiplicative over the class of functions which
are (pointwise) limits of uniformly bounded sequences of functions in C(R).
In particular, this is true for characteristic functions of intervals. It follows that
F(ay) F(a,) = F(ay N ay) for intervals; since F(-) is countably additive in the
strong operator topology, this relation extends to all «; and «, in #,. Q.E.D.

Proof of Theorem 4. (1) Necessity. Let E(-) be the resolution of the identity
of the pseudo-hermitian operator S, and let F(-) be the restriction of E(-) to
4#,. Then

e—annS =j e—ZnintdF(é).
R

Hence | e”*""*| < K and condition (a) holds.

Since o(S) is real, condition (b) holds for ¢ >0 by Lemma 5. We prove that
condition (b) holds also for e=0. For each x in X and x* in X*,
x*e” 2" is the Fourier-Stieltjes transform of the countably additive complex
measure x*F(-)x with finite total variation. By Theorem 2.1.3 in [2], it follows
that the indefinite integral of x*Gy(n;0)x is ‘‘Bernoulli-convergent” to x*F(-)x
when N - 0, i.e., its total variationis uniformly bounded for N > 0 and

N— o0

lim fx Y)x*Gy(n; O)xdn = L () dx*F(n)x

for all y in C(R). Equivalently, the integral [,7(n)Gy(n;0)dn converges (when
N - ) to [ry(m)dF(n) = B(y;0) in the weak operator topology. We also have
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1800 = | [ vondrn] < K I,

and condition (b) is proved.
By the remark following Lemma 5, condition (c) holds if and only if

B(e™ 2", 0) = ¢~ 2"S for v real.
But this follows from the facts that
B(y;0) = f FG and ¢33 = [ &=,
R R

This completes the proof of the necessity.

(2) Sufficiency. By Corollary 2, condition (a) implies that the spectrum of S
is real. Then, by Lemmas 7 and 8, using conditions (b) and (c), we conclude that
there exists a unique uniformly bounded spectral measure F(-) on 2,, countably
additive in the strong operator topology, such that

(1) B(;0) = f WOAF(E)

for all y in C(R). Furthermore, by Corollary 3, the Fourier-Stieltjes transform
of F(-)is e 2™,

2 e S = f e~ 2MedF(¢) for all real v.
R

Thus, F(+) commutes with e~ **S for all real v. Since
lim ( - 2niv)" (e~ —I)=§
v=+0

(in the uniform operator topology), it follows that F(-) commutes with S. There-
fore, the Banach algebra generated by {F(d); d€ %,} and S is commutative and
has an identity (since I = F(R)). Let # be its maximal ideal space. Since F(-) is
a spectral measure, the support of F(-)(m) is either void or consists of a single
point ¢, on R (for each fixed m in ). Thus, by (2),

e— 2uivS(m) = f e 2niv¢ d(F({) (m)) = e— 2xive .
R

in the second case and O in the first. But

= 2S(m) = z- 2rivS(m)

for all real v; it follows that only the second case is possible and S(m) = ¢
By Lemma 2 in [4], we obtain (for each J in £,):

m*
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{S(m);me A, F(5)(m) =1}
{ésme M ,F(S)(m) = 1}.

& o(S|F(5)X)

If ¢, is not in §, then F(8)(m)=0. Thus ¢,€6 for each me.# such that
F(6)(m) = 1. Hence, by (3), we conclude that

(S| F(§)X) < 5.

If we extend now the measure F(-)! to the Borel sets of the complex plane by
defining E(6) = F(d N R) for each Borel set § of the plane, we then obtain a re-
solution of the identity E(-) for S. This shows that S is a spectral operator with
real spectrum. Thus, by Theorem 1 in [4], the support of E(-) (or F(+)) is a(S).
Therefore, by (2), we have:

(=2niv) (e S - 1) = J (= 2miv)~ Y (e” 2" — 1)dF(¢).
a(S)

The expression on the left-hand side converges to S (when v— 0) in the uniform

operator topology. Since 6(S) is compact. the integral on the right-hand side

converges to [, EdF(£) in the strong operator topology. We conclude that

S = [4s5 EdF(£). This completes the proof of Theorem 4.

ReMARKsS. In applying Theorem 4 to concrete problems, we may use the fol-
lowing facts in order to simplify the verification of the conditions (a)—(c).

(1) Condition (a) may be replaced by the condition
(@) liminf (27¢) " 'log | e'z"i”" =0,

18]=
which is equivalent to the condition that o(S) be real (see Corollary 1).

(2) Condition (b) for ¢ > 0 follows from condition (a) (or (a’)). This is a con-
sequence of Lemma 5 and Corollaries 1 and 2. Therefore, if (a) or (a’) hold, we
only have to check condition (b) for ¢ = 0.

(3) Once we have obtained B(y;0) (by checking condition (b) for ¢=0), con-
dition (c) can be verified by showing that

B(e™2™";0) = ¢~ 2" for real v.

(4) In Hilbert space, condition (a) alone is sufficient for S to be p.h. This is false
in general (see §5).

4. Examples. (a) We apply Theorem 4 to a concrete example. For 1 < p < cc,
let S be the operator defined on L,[0,1] by:

M (SN = x7() + f T = Df (.

For € e R, we find that
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) (€25 (x) = e~ 2485 (x) + fo " K, 130 ()dr,

where

2mi —-2ri§x x— —2ai
K(x,t;¢8) = —21”_6-6:—1— (e 2risngx—t _ g~ 2michy

We then obtain the estimate
3) | e=2™S || < e + 2 for all real ¢.

Next, we show that S satisfies condition (b) in Theorem 4. According to the remark
following the proof of Theorem 4, we have only to check condition (b) for ¢ = 0.
Let ye C(R), fe L,[0,1] and x €[0,1]. By (2), we have:

[ [ v(n)Gn(n;O)dnf](X)
= [ s [ emmemramsogzany o

+ jo { L » ) fR e M2 (2 E)dEd | f(1)dt

= JN() + J3(x).

Now
i) = f Y1 + X)Ne " dy 7).
R

Therefore, by Theorem 1.1.1 in [2], Jy converges to yf in the weak topology of
L,[0,1].
Next

@ = [ | [ v | emmemramn . T gan | eyoar

[ [ e emmemrennen gy ) s,

We write 2ri&/(2nif — 1) =1 —1/(1 — 2zi&) and observe that 1/(1 — 2=i&) is the
Fourier transform of the function in L;(R) defined by:

e" forn=0,
h(")‘{o for n>0.

Therefore, using Theorem 2.1.3 in [2], we obtain:
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tim 3 = [ 069 = [ 900+ 0tdmer-a = [ (50

N-w

- j Y + t)h(rl)dn)f(t)dt
R

in the weak topology of L,[0,1], and we conclude that

@  lim ( f v(n)GN(n;O)dnf) () = 9(0)f () + f "L 139)f (t)dt

Nooo
where

5) Lx,159) =3~ 30 = [ 0t
Hence:

(6) }lvigiw . Y(m)Gy(n;0)dn = B(y; 0)

in the weak operator topology (over L,[0,1]), where

@) [B(y;0)f 1(x) = y(x)f (x) + J: L(x,t;7)f (t)dt, feL,[0,1].

Finally, we find the estimate::
| B(z;0)|| < 2e+ D] 7|

According to the remark following the proof of Theorem 4, we check condition (c)
by showing that

B(e™ 2% ;0) = ¢ ™5 for all real v.
But this follows at once from (7), (2) and the identity
L(x,t;e” vy — K(x,t;v).

We conclude that S satisfies conditions (a)-(c) in Theorem 4. Therefore S is
pseudo-hermitian. In particular, as an operator over L,[0,1],S is similar to a
hermitian operator.

For completeness, we determine also the resolution of the identity F of S.
Using Lemma 7 and (7), we obtain:

[ j v(é)dF(é)f](x)= f WO (TF) (x) —f YO Ocro,fOE,
R R R

where u,(-) is the measure defined on the Borel sets of R by

1 if xed,
”"(‘S)”{o if x¢d
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and T is the (nonsingular) operator defined on L,[0,1] by

X

®) (TH)() =) + f I (t)dt.

0

It follows that

® [F(&)f 1(x) = n()(TS)(x) — f o (TH)(d¢

for each Borel set 6 on R, f in L [0,1] and x in [0,1]. Equations (8) and (9)
define the resolution of the identity F(-) of the pseudo-hermitian operator S.
Now we have:

(SHE) = ( [ ch(c)f) () = x(Tf)(x) — fo E(TF) ()dE.

Since T is nonsingular, every f in L,[0, 1] can be written as T~ ' g with ge L,[0,1];
hence:

(ST1g) (x) = xg(x) — f Eg(&)de.

Applying T on both sides of the equation, we obtain
(TST'g)(x) = xg(x),

proving that S is similar to the “‘multiplication by x’* operator on L,[0,1] (for
1 < p < ). We notice that the same holds for p =1 (direct check!). Further-
more, the similarity mapping is performed by means of the operator T defined
in (8).

(b) The Spectral Theorem for hermitian operators in Hilbert space follows
from Theorem 4. Indeed, conditions (a)-(c) are satisfied if S is hermitian: first
e~ ™% is unitary, and therefore ||e”?""| = 1; i.e., condition (a) is satisfied.
Next, let xe X; let ay,:--,a, be complex and #,---,n, be real numbers (n = 1).
Then

n

(e_ 2mi(ni—n;)S X, x)ai&j
j=1

n
2 2 (aie—mesx’aje-'Znianx)

i,j=1

n . 2
” Y o 2nimS xH >0;
i=1

i.e., the function f,(n) = (¢~ *""% x,x) is positive definite; hence it is the Fourier

transform of a positive measure y,, by Bochner’s Theorem. We have

1) | e | = var p, =£,(0) = || x ||%.

—2ninS

Now the function (e X,y) is the Fourier transform of the complex measure
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1 . .
Hyey = "‘(”x+y T Hemy t Uiy — lux‘ly)'
4

For a fixed Borel set 6 on R, p,(d) is a complex bilinear form such that
Uer(8) = 1,(6) = 0. Therefore, by Schwartz inequality and (1):

@) | 1 (®)| £ D)2 1) < | x| | |-

There exists therefore an operator-valued set function F(5) such that
Pxy(6) = (F(6)x,y). This equation shows furthermore that F(-) is countably
additive in the strong operator topology. Now, by Theorem 2.1.3 in [2], the in-

tegral ( [ry(MGn(n;0)dnx,y) converges (when N - o0) to [ry(md(F(m)x,y);
ie.,

lim f  90Gy(r:0n = f  0dF@) = B0

N-ow

in the weak operator topology. Furthermore, by (2),

|B:0x) = | [ s0duo@ [< 171151151,
ie.,
| BG;0)| = ]7].

Finally, condition (c) follows from:

(B(e—Zniv!,‘; O)x,y) = fR e Znivéd‘uxy(é) = (e —2mvS x’y).

5. Other characterizations of pseudo-hermitian operators. The characterization
of pseudo-hermitian operators given in Theorem 4 has a ‘‘constructive’’ meaning.
Indeed, B(y;0) is the operator y(S) defined in the operational calculus for scalar
operators; it is constructed by a limiting process, using the group {e'z’"u; & real}.
The existence of B(y;0) is the essential part of conditions (b) and (c); in other
words, pseudo-hermitian operators are characterized in Theorem 4 by means
of their operational calculus, which is furthermore obtained without knowing the
resolution of the identity for S (and not even its existence). Since the knowledge
of B(y;0) = y(S) for all ye C(R) is equivalent to the knowledge of the resolution
of the identity for S, we might say that the latter is also given constructively
through Theorem 4 (see example 1 in §4).

In this section, some nonconstructive characterizations of pseudo-hermitian
operators are given. Their merit lies in their simplicity.

The first result is for Hilbert spaces.

THEOREM 5. A bounded linear operator S on the Hilbert space X is
pseudo-hermitian (i.e., similar 1o a hermitian operator) if and only if the group
{e™ ™85, ¢ real} is uniformly bounded (i.e.,]| " ***|| £ M < 0 for all { € R).
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Proof. We have only to prove the sufficiency. By a theorem of B. Sz.-Nagy [13],
the uniform boundedness of the group {e*%; £ e R} implies the existence of a
nonsingular operator Q such that {Q ~'e “S0; e R} is a group of unitary opera-
tors. By Stone’s Theorem, the latter group has an infinitesimal generator iA,
where A is selfadjoint. Now A is obviously equal to Q~'SQ, and is therefore
bounded. Hence A is hermitian and S = QAQ ™! is similar to a hermitian operator,
i.e., Sis p.h.

REMARK. Wermer’s result [15] on sums and products of commuting spectral
operators in Hilbert space is an immediate corollary of Theorem 5 (for the case
of real spectrum). Indeed, we may restrict our attention to the scalar parts, i.e., to
p-h. operators. For the sum, this follows from the inequality

" eit(S+T) ” =I| eitseltT" é " eits " " eirT ”’

using then Theorem 5. For the product, we write 28T = (S 4+ T)? — §? — T2, and
since the square of a spectral operator is spectral, the result follows from the
corresponding result for the sum.

Since Wermer’s Theorem is false in Banach space (even if the space is reflexive,
see [9] and [12]), it follows that Theorem 5 is not true in that situation, i.e.,
condition (a) in Theorem 4 is not sufficient by itself, even in reflexive Banach
space. In the latter case, Theorem 4 gives additional necessary conditions which,
together with condition (a) (or the weaker condition (a’)), are both necessary and
sufficient for S to be p.h.

Notice that if the condition in Theorem 5 is satisfied with M =1, then S is
hermitian (and conversely). This follows at once from Sz.-Nagy’s proof in [13].

Our next characterizations for pseudo-hermitian operators in reflexive Banach
spaces are derived from the Bochner-Schoenberg Theorem [3; 14].

THEOREM 6. Let S be a bounded linear operator on a reflexive(’) Banach
space X. The following statements are equivalent:

(1) S is pseudo-hermitian.

(2) For every fe L,(R), we have

| [ r@e e s mi ..

where the norm on the left is the operator norm, f is the Fourier transform
of f and || ||00 is the sup norm.

(3) For every real vector (&,,---,&,) and every complex vector (cy,---,c,),
n=1,2,..-,we have

.

n
il Y ce S | <M sup
i k=1 teR

L .
E cke' 2nidit
=1

k

(7) From now till the end of the paper, the space is assumed to be reflexive.



1964] ON THE CHARACTERIZATION OF SPECTRAL OPERATORS 177
(4) For every xe X and x*eX* with wunit norm, the integral
Jr|x*{R(& —ie;S) — R(¢ + ie; S)} x|d¢ is uniformly bounded as ¢—0 +.

Proof. The implications (1) = (2) and (1) = (3) are immediate.

(2) = (1). We first notice that the integral [pf(£)e ~2™*%d¢ converges in the
uniform operator topology. Indeed, if m > n are integers and fe L,(R), let
Sam(&) =f(&) for n £ ¢ < m and f, (&) = 0 otherwise. Then

| [reesmstag) <| [ g0

< M|f

|-
n,mj|jc0 =

n,m—aw

We conclude that (2) is equivalent to

[ s@eee e | s x| £].

for all fe L, (R), xe X and x* e X*. By Schoenberg’s Theorem, this implies the
existence of a measure u(-;x,x*) on the Borel sets of R such that || u(-;x,x*)|
S M| x| ||x*|| and x*e™2"5x = [ e >""du(n;x, x*)for all xe X and x*e X*.

It follows (as in Lemma 7) that there exists a unique uniformly bounded (by M)
operator-valued function F(-) on %, such that (i) F(-) is finitely additive;
(ii) F(-)x is countably additive and (iii) e”2"*Sx = [e™2**" dF(n)x for all x € X.

We conclude (as in Lemma 8) that F(-) is a spectral measure on &.. The proof
is then completed as that of Theorem 4 (sufficiency part from equation (2) to the
end).

(3) =(1). The proof is analogous to that of the implication (2) = (1), using
Bochner’s Theorem [3].

(1) = (4). Let E be the resolution of the identity for S. Let v(- ;x,x*) be the
variation of the complex measure x*E( - )x. For x € X and x* € X* with unit norm,
we have v(R : x, x*) £ 4M where M is the uniform bound of E, and therefore:

f |x*{R(¢ — ie, S) — R( + ie; S))x | dé
R

o] 1L 5

s (E—n)?+e?
2sd§ ek R

8nM

IIA

(4) =(1). We first notice that the reality of ¢(S) is implicitly required by
statement (4).
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The Fourier transform of x*{R(¢ — ig; S) — R(¢ + ig; S)}x is

= 2ne|é€) —-2m'¢sx

2nie x*e

(see proof of Lemma 5). Using Fubini’s Theorem, we obtain for all f € L (R):

f f(f)e—znelélx*e-—zniés xd{ — 2%[ x*{R({—-ia;S) —R(§+i8;S)}xf(§)d€.
R R

By Lebesgue Convergence Theorem and condition 4, the left-hand side converges
to x* [pf(&)e”*"**d¢x when £— 0+, while the right-hand side is uniformly
bounded (as ¢ » 0 +) by M | f||., (for all x X, x* € X* with unit norm). Hence
(4) = (2) and therefore (4) = (1). Q.E.D.

REMARK. Let L{(R) denote the space L,(R) normed with the spectral norm,
I7]ls = | /]l Let T be the linear operator defined by Tf = [ f(t)e"dt. Then
statement 2 is equivalent to the statement: T is a bounded linear operator on
L7(R) into B(X). The operator norm of T will be called the pseudo-variation
of S, and will be denoted by po(S). Thus: pu(S) =sup || [xf(f)e%dt |, where the
sup is taken over all f in L,(R) with ||f |, = 1. Notice that pu(S) is defined for
any S in B(X), and we have 0 < pu(S) £ 00; pu(S) is finite if and only if S is
pseudo-hermitian.

We also denote b(S) = sup,.x | e
pseudo-variation are listed below.

“%|. Some elementary properties of the

LEMMA 9. The pseudo-variation is invariant under real translation and
dilation: pv(S + rI) = pv(S) for all real r, and pv(rS) = pu(S) for all real r # 0.

We have 1 < b(S) £ o if b(S) < 0, then b(S) < pu(S), so that 1 < pv(S) £ .
In particular, if pu(S) is finite (i.e., if S is p.h.), then 1 < b(S) £ pv(S) < 0.

Proof. The map f —f,, where f(t) =f (H)e'™, is an isometry of L, { (R) onto itself.
Hence:

pu(S + rl)

sup | [ 706"t | (e L. [f =1

sup || L g(t)e"5dt “ (g€ Ly(R),|

g||s= 1)

= pv(S).

The invariance of the pseudo-variations under real dilation is proved in a similar
way.

The inequality 1 < b(S) follows at once from the group property of 'S,
Suppose now that b(S) < 0, and for ¢ > 0, let t, be such that || ' || = b(S) —&.
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Using the Hahn-Banach Theorem, we choose a unit vector u* € B(X)* such that
u*e''oS = || "5 ||. Since ||f||, < ||| for fe Ly(R), we have

{fe Li(R); “f"l S 1} c{feLiR); lf"s§ 1}.

Denoting the former set by 4 and the latter set by B and using the isometry of
L} and L, we obtain:

b(S) — é ” eitos " = u*eitos é suplu*eitS‘
teR

= sup ‘ J; F(Ou* e"Sdt [ < sup il L f(eSdt “

Sed feA
< sup “ L f(f)eSdt ||= po(S). Q.E.D.

THEOREM 7. Let S, be a net of operators converging strongly to the oper-
ator S. Suppose that the pseudo-variations of S, are uniformly bounded. Then
S (as well as all S,) is pseudo-hermitian.

Proof. Using the Uniform Boundedness Theorem (see, e.g., Hille-Phillips
[8, Theorem 2.5.5]), we check easily that exp(itS,) converges pointwise to e*'* in
the strong operator topology.

Let K =sup,po(S,). By Lemma 9, we have |exp(itS,)| < K for all real 1.
Now, for feL{(R) and A>0, let f,(1)=f() for — ASt<A and f,()=0
otherwise. Using the Lebesgue Dominated Convergence Theorem for nets (see,
e.g., Dunford-Schwartz [6, p. 124, Theorem 7]), we obtain:

ffA(t)e“sxdt=lima ffA(t)exp(itSa)xdt

(in the strong topology of X, for all x € X).
But
| [rawestsoxaij < K| 7))

Hence || [f(t)e"®dt|| S K| f,]
we get finally:

«> and since f, - f in L;-norm when A4 — oo,

" f f()e"%dt il S K| £ forallfeL,(R).

By Theorem 6, this shows that S is p.h. (and also that pv(S) < sup,pu(S,)).
REMARK. Let S be p.h. and let E be its resolution of the identity. Write
M =sup (|| E(8)||; 6 € %,). Then it is easily seen that

M < pu(S) £ 4M.
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This implies that the hypothesis of uniform boundedness of the pseudo-variations
of S, is equivalent to that of uniform boundedness of the resolutions of the
identity for S,. This means that our Theorem 7 is equivalent to Theorem 2.3
in Bade [1] (for the case of real spectrum). However, our statement has the
advantage of being entirely given in terms of ‘‘analytic’’ conditions on the S,
themselves, without any allusion to the generally unknown resolutions of the
identity.

We consider now the relation between f(S) and f(S,) for bounded Borel func-
tions f on R.

Using essentially the notations of §4, we write:

Gu(t,S) =f exp( — n(u/N)? + 2nitu)e™ " du,
R

A straightforward application of Theorem 1.1.1 in [2] and of the Lebesgue
Dominated Convergence Theorem gives:

LeMMA 10. Let S be p.h. and let E be its resolution of the identity. Let f be
a bounded Borel function on R with set of discontinuities K. Then for each
x € X such that E(K)x =0, we have:

f(S)x = lim f f(OGp(t,S)xdt (strongly).
R

N-w

In particular, if E(R) =0, then f(S) is the strong limit of [gf()Ga(t,S)dt
(as N - ). Furthermore, if S, and S are as in Theorem 7 and E(K) =0, then

f(S,) = lim J(OGN(1,S,)dt  uniformly in a.
N-w© R

Notice the following

COROLLARY. For S and E as above and 6 € #,, we have:

E@®)x = lim | e ™™™, (w)e*™S xdu,
N-w JR
provided that E(08)x =0 (¢; and 05 are the characteristic function and the
boundary of d respectively). .

The following theorem is easily proved by using Lemma 10 (the proof is
omitted):

THEOREM 8. Let S, be a net of operators converging strongly to the operator S.
Suppose that the pseudo-variations of S, are uniformly bounded. Let then E,
and E be the resolutions of the identity for S, and S respectively. Then for every
bounded Borel function f on R, f(S,))x converges strongly to f(S)x provided
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that E(K)x = 0, where K is the set of discontinuities of f. In particular, E(8)x
converges strongly to E(8)x if E(d6)x = 0.

According to the last remark, Theorem 8 is equivalent to Theorem 2.6
in Bade [1].
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