LIMITS OF POLYNOMIALS
WHOSE ZEROS LIE IN A RADIAL SET

BY
J.E.LANGE AND J. KOREVAAR()

1. Introduction. Let R be an unbounded closed set in the complex
plane. The polynomials whose zeros belong to R will be called R-
polynomials. We say that a sequence of functions is U-convergent when
it converges everywhere in the plane, and uniformly on every bounded
set. The object of study is the class C(R) of all functions not identically
zero which can be obtained as U-limits of R-polynomials. It is clear
that C(R) consists of entire functions whose zeros belong to R. A set R
such that C(R) consists of all entire functions not identically zero whose
zeros belong to R will be called regular. Descriptions of C(R) for a number
of special “singular” sets have been known for a long time; cf. Obrechkoff’s
monograph [6]. For a survey of more recent work, see [3].

Some years ago the second author set the problem of describing the
class C(R) for general sets R. He obtained a number of results in terms
of the asymptotic directions of R. It is convenient to define the asymptotic
directions as the rays argz = ¢ for which R contains a sequence of points
{2z,} which tends to infinity in such a way that argz,—#6. The set of the
asymptotic directions (rays) argz = 0 for R will be denoted by A(R), the
set of the corresponding rays argz = jo by A/(R) or A(R’). One can dis-
tinguish three kinds of sets R:

(i) R will be called a set of the first kind if no set A(R), j=1,2,---, be-
longs to a half-plane. Sets R of the first kind are regular [1].

Suppose now that we have a set R not of the first kind. For such a set,
let k be the smallest positive integer such that A*(R) belongs to a half-plane.

(i) R will be called a set of the second kind if the convex hull of A*(R)
is an angle < r. For a set of the second kind C(R) consists of the entire
functions of the form exp(cz®) - g(z), where g(2) is an entire function not
identically zero of genus < k — 1 whose zeros belong to R, and —¢ belongs
to the convex hull of A*(R) [1].

(iii) R will be called a set of the third kind if the convex hull of A*(R) is
a half-plane or a line. Some sets of the third kind are regular [1], some are
singular; no general results are known. Of the singular sets of the third
kind only special sets such as lines, strips and half-planes have been
investigated.
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In work of this sort it is convenient to introduce, besides the order and
the genus of an entire function f(z), a third number which we shall call
its index. This is the smallest positive integer ¢ such that f(z) can be
written in the form exp(cz?) - g(z), where g(z) is entire of genus =q — 1.
The order p (index q) of a set R or the class C(R) is defined as the least
upper bound of the orders (indices) of the entire functions in C(R). There
exist sets of all orders p, 1 <p £ . It is known that a set is singular if
and only if its order (or index) is finite [2]. For a singular set R the zero
free functions can be written in the form

Aexp(a;z + --- + a,29) (A #0).
Let us denote by K the set of all corresponding points
a=(a,---,a) = (Rea;,Ima,, ---,Rea,, Ima,)

in real 2g-dimensional space. It is known that K is a (closed) convex
cone: if aEK then \a&E K for all real A20, and if a,b & K then

La+b) EK [2]

2. Present results. In this paper we obtain a complete description of the
class C(R) for the case where R is any (closed) radial set, be it of the first,
second or third kind. For a radial set, that is, a set such that if z& R then
also 2 ER for all A =0, A(R) coincides with R. A radial set is regular
if and only if it is of the first kind, that is, if and only if no power R’ be-
longs to a half-plane.

For a singular radial set we determine the index in terms of the geometry.
The order is equal to the index, and attained by a zero free function. The
corresponding cone K is the product of 2-dimensional closed convex cones
K;: a€K if and only if a,€K;, j=1,-..,q. For j<iq the set K;
is the plane, for ;¢ <j < g the K; are either the plane, a half-plane, or a
line; K, is always an angle <= or a ray. (For certain nonradial sets, such
as the half-plane Rez = 1, the cone K cannot be decomposed in this
manner [1].)

In order to discuss our results for singular radial sets in more detail we
have to describe the geometry of R. Set R = R;, let k, be the smallest
positive integer such that R% belongs to a half-plane, and let S; be the
convex hull of R*. If S, is an angle < = the set R is of the second kind
and C(R) is known. If S, is a half-plane «; < argz <a;+ 7 or a line
argz = a;, a; + = we introduce an auxiliary set R,. The set R, will con-
sist of those rays argz =6 of R, for which k0 = a;(modx). That is, R,
consists of the rays of R, whose k;th powers fall along the boundary of S,.

In general, let k, be the smallest integer >k, ; (ko= 0) such that
R* belongs to a half-plane, and let S, be the convex hull of R*. IfS, is
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an angle <= we go no further. If S, is a half-plane «, < argz <a,+ =
or a line argz=a,, a,+ = we introduce an auxiliary set R,.,. The set
R,., will consist of those rays argz =6 of R, for which k,0 = a, (mod ).
In other words, R, ,, consists of the rays of R, whose k,th powers fall along
the boundary of S,.

The above process comes to an end in a finite number of steps since
RiDR;D---, and R} is just a ray. Let R, be the last set R, introduced
in the construction, and let k, be the smallest integer > k,_, such that
R* belongs to a half-plane. Then the convex hull S, of R* is an angle
< = or a ray. Note that since R*! is a ray for any » = 2, one has

(2.1) k, < 2k,
whenever v = 2.

THEOREM 2.1. Let R be a singular radial set. Then the zero free entire
functions in C(R) are the functions of the form

(2.2) Aexp(@iz + --- + ayz™ (A =0)
where N =k,
(2.3) a, €S, forv=1,--,0,

and the other a; are arbitrary. (Note that by (2.1) all a; with j< i N are
arbitrary.)

In (2.3), —§, denotes the set of all points —Zz with z€ES,.

THEOREM 2.2. The singular radial set R has index and order equal to
N = k,. The class C(R) consists of the entire functions which can be repre-
sented in the form

Az"exp(b;z 4 --- + byz")

(2.4)
J1 @ —2/z,)expe/z, + -+ + 2V /(N — 1)2YY)

where A #0, z,ER, Zp|zp|'N converges, b; is arbitrary for j=k,
v=1-.--, 0, b;,we -S,, and

2.5) bt M€, v=lw—1,
v p
in the sense that the series
. 1 .
(2.6) Im(bye™) + -2 Im(z; ")
vp

converges to a sum
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> 0if S, is the half-plane a, < argz < a, + ,
2.7 a, {

= 01if S, istheline argz = a,, a, + .
A somewhat less precise form of the above results was obtained by the
first author in his (unpublished) Ph.D. thesis [4]. The proofs in the present
paper are shorter and quite different. They depend on comparison of

C(R) with certain related classes of entire functions, a technique which
may be useful also in the study of nonradial sets.

3. The auxiliary classes C,(R). We begin by normalizing the functions
in C(R). If F(z) is any entire function not identically zero one can write
F(@) = Az™f (), with f(0) = 1. Furthermore, if F(z) is the U-limit of R-
polynomials F,(z), one can omit suitable factors from the F,(z) to obtain
R-polynomials f,(z) which are U-convergent to f(z). Thus f(z) € C(R).
We denote the subset of the functions f(z) € C(R) with f(0) = 1 by Cy(R).
Every function f(z) € Cy(R) is the U-limit of normalized R-polynomials

(3.1) f.) =111 ~z2/2z,), 2,ER.

More generally, if h is any integer = 0 we define C,(R) as the class of
U-limits of finite products of the form

(3.2)  faz;h) =11 —z/2,)exp@/zpp + -+ +2"/h2h), 2z, ER.
p

Note that for |z| < miny|z,,|,
(3.3) fo@; h) = exp(sppi12™' + Sappa2™ P4 --0)

where the s,; are given by the formula
1 ; .

(3.4) Spj = — _.Zz';l’ J= 132’ Tt
Jp

It is clear that the product of two functions in C,(R) is again in C,(R),
and likewise the limit of a U-convergent sequence of functions in C,(R).
If f(z) is the limit of a U-convergent sequence of finite products f,(z; h)
one can write, in a disc about 0 which is free of zeros of f(z2),

(3.5) f@) = exp(ap; 2" + app2" 24 --),
where
(3.6) a; = lims,;, j=h+1,h+2,....

n—o

The existence of the limits (3.6) by itself is not sufficient to imply U-
convergence of a sequence |f,(z;h)}. Something has to be added, as in
the following lemma.
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LEMMA 3.1 (cF. LINDWART AND POLYA [5]; OBRECHKOFF [6]). Let the
f.z;h),n=1,2, ... be finite products (3.2) such that the associated sequences
{84} (3.4) tend to limits ajas n— », j=h+ 1, h+ 2,....Suppose further-
more that there are an integer t > h and a number M such that

(3.7) Slewl =M, n=12-...
p

Then the sequence {f,(2; h) | is U-convergent to an entire function of index <t.
There are simple geometrical conditions which imply (3.7):

LeEMMA 3.2 (cF. LINDWART AND POLYA |5]; KOREVAAR [1)). If the kth
powers 2k, of the zeros of the f,(z; h) belong to a fixed angle with vertex 0 and
opening < =, and the numbers s, n=1,2,... form a bounded sequence,
then (3.7) holds with t = k and a suitable constant M. If the kth powers zf,,, all
belong to a fixed half-plane o < argz < a + =, and the numbers s,, and s, x,
n=1,2,-.., form bounded sequences, then there are constants A and B such that
(3.8) S |Im@ere®)| S A, Y |zm| * =B, n=12-..-.

p p

Here the requirement that the angle (<x or = r) have vertex 0 may
be dropped if it is known beforehand that the sequence {f,.(z;h)| is U-
convergent.

The following lemma helps one determine the zero free functions in Cy(R).

LEmMma 3.3. Let z,=r,e®™, where r,— o and 6,—06. Let A\>0, sa
positive integer, and let v, be the integral part of Asr;. Then as n— o,
(3.9) | (1 —z/z,)exp@/z,+ -+ +2°7/(s — Dz37") | — exp(— Ae™¥'z")
in the sense of U-convergence.

The preceding lemmas may be used to obtain results on the class
Ci(R) in terms of asymptotic directions (cf. §1). We omit the proofs

because they are very similar to those for the corresponding results on
C(R) (cf. Korevaar [1]).

THEOREM 3.4. Let R be a set whose asymptotic directions are such that
A"™Y(R),...,A*'(R) (where k=h+ 1) do not lie in a half-plane. We
denote the convex hull of A*(R) by S.

(i) Suppose that

(3.10) exp(an 2"t + - +adt + o)

represents a zero free entire function in Cy(R). Then a, € -8, and if S isan
angle < = moreover a;= 0 for all j > k. On the other hand, if a,& —S then

(3.11) exp(ans 12" + - + a2
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belongs to C,(R) for every choice of the complex numbers @y, -+, 1.

(i) Suppose that R* belongs to an angle < =. Then Cy(R) has index k,
that is, the maximum of the indices of the functions in Ci(R) is k. The class
C.(R) consists of the entire functions which can be written in the form

exp(bh12" + - + by2?)
JIQ —z/z)exple/z, + --- + 247/ (R — Dz,

P

(3.12)

where 2, E R, Y ,|z,| ~* converges, and b, & —S.

(iii) Suppose that R* belongs to the half-plane « < argz < a + =, but not
to an angle < =. Then C,(R) has index q with k < q < 2k. All functions in
C.(R) can be written in the form

exp(bpy1 2™+ oo+ bzt + -+ b2
1 —2/z)expe/z, + - +27Y/ (g — DY,

p
where z, E R, Y ,|z,| ~? converges, and

(3.13)

(3.14) bt 13 zte -5,
k™p
in the sense that the series
(3.15) Im(b,e”) + %Z Im(;*e™)
P
converges to a sum

20 ifSisthehalf-planea < argz < a + ,
(3.16) o {

=0 ifSisthelineargz =a, a+ .

4. Initial results on C(R) for radial sets R. Regular radial sets will be
disposed of in a few lines. With every singular radial set we associate the
sets R, and S, and the integers k, defined in §2. It will be shown that
C(R) contains the classes Cy (R,;1), p=1,---,0—1, and this result
is used to prove one direction of Theorems 2.1 and 2.2.

LEMMA 4.1. A radial set R is regular if and only if no power R’, j = 1,2, --.,
belongs to a half-plane.

Proof. (i) Suppose that no power R’ belongs to a half-plane. Then the
same is true for the sets A’(R) (= R’), hence by §1 (i) the set R is regular.
(That all zero free entire functions belong to C(R) could also be derived
from Theorem 3.4.)

(ii) Suppose that R* belongs to a half-plane. Since R* is a radial set
the half-plane will have the form o« < argz < a + ». It now follows from
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Theorem 3.4 that all functions in C(R) are of order < 2k, hence R cannot
be regular.

LEMMA 4.2. For singular radial sets R one has the following inclusion
relations:

(4.1) C(R) D Co(R) D Cy(R) D --- DGy _(R)).

Proof. It is clear from §3 that Co(R) C C(R,) = C(R). Now let h=Fk,_,
and k= k,, where 1 <y <0 — 1. We will show that

Ci(R) D Cu(R, 1.

Let f(z) € Ci(R,,)). Then f(2) is the limit of a U-convergent sequence
of finite products

(42) fuz;B) =1 —2/z)exp(— sz — -+ — sw2"), n=1,2,...,
p

where the z,, belong to R,,, and the s, are given by (3.4). Clearly
(4.3) fo2; k) = exp(— spp2™* — -+ — su2®) falzs h).

By its definition the point — 5, belongs to the convex hull of R},
However, by the definition of R,,, the set R!,, is a line through 0, the
boundary of S,. It follows that the point 5. also belongs to S,, hence
— sm € —S,. Applying the first part of Theorem 3.4 to R, one concludes that

k
exp(— Sppp12" ' — oo — su2%)

belongs to Cy(R,). Since 2,,E R,;;C R, it is clear that the function
faz;h) belongs to Cy(R,). Thus the products fu(z;k) (4.3) belong to
Ci(R), and likewise their U-limit f(2).

THEOREM 4.3. Suppose that R is a singular radial set.
(i) Let a,,---,ay, where N =k, be any N-tuple of complex numbers
such that

(4.9) aE-S, v=1,-0
Then the zero free entire function
(4.5) exp(a,;z + --- + ayz")

belongs to C(R).
(i) More generally, let f(z) be any entire function which can be written
in the form

(4.6) exp(bz + --- + by [T (1 —z/zp)expz/z, + -+ + 2"/ (N — 1)z;™Y)
p

where N=*k,, 2, ER, I ,|z,| ™" converges, byE _S,, and
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4.7) b,,”+i22p‘”ve _5, v=1,-0—1,
v P

in the sense explained in the statement of Theorem 2.2. Then f(z) € C(R).

Proof. (i) Theorem 3.4 shows that for v =1, --.,w the function
(4.8) exp(as,_ 21"+ - + a4 2%)

will belong to the corresponding class C, _,(R,). However, by Lemma 4.2,
the classes Cy,_,(R,) are part of C(R), hence the functions (4.8) all belong

to C(R). Forming their product one concludes that the function (4.5)
belongs to C(R).

(ii) Let us assume for definiteness that the product in (4.6) is infinite.
Then f(z) is the U-limit of the finite products

(4.9) ¢u(@) = exp(ciz + -+ + cnz™) [1 (1 = 2/2,),

psn
where
1 ; .
(4100  c¢i=ci(m)=b+->2°, j=1,---,N—1; cy=by.
J psn

Because of (4.7) the number ¢, will either belong to — § or be very
close to it. Indeed, set

(411)  dy=ocp + ie~l Y Im(zve™),  v=1,--,0—1

k, o>n
(compare the statement of Theorem 2.2). Then
(4.12) dy, — ¢, —0 as n— o,
and
die = p, + io,

where p, and ¢, are real and o, is the sum of the series (2.6). It thus
follows from (2.7) that

(4.13) -8, v=1,-0—1

Setting dj=c; for j=k, v=1,---,0—1 we will have dj—c;—0
asn— o for j=1,...,N, hence f(z) is also the U-limit of the modified
products

(4.14) ¥a2) = exp(diz + --- +dyz™ [T (1 — 2/2,).

psn
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Using (4.13) and the fact that dy = by E ——§w we obtain from part (i) of
the theorem that

exp(d,z + --- + dyz")

belongs to C(R). It follows that the functions y,(z), and hence their
U-limit f(z), belong to C(R).

5. First reduction theorem. Proof of Theorem 2.1. In this section we
complete our investigation of the zero free functions in C(R) for radial
sets R. The principal tool is a kind of converse to Lemma 4.2. It shows
that for every zero free entire function in C(R) certain related functions
belong to the classes Ci(R,1).

THEOREM 5.1 (FIRST REDUCTION THEOREM). Let R be a singular radial
set. Set h=~k, |, k=Fk, where 1 <u <w— 1, and suppose that

(5.1) f@) =exp(ap 2"+ - +ap2t+ -0)
is a zero free entire function in Cy(R,). Then

(5.2) 8@) = exp(ap 2 + a2t 4 .. 0)
is a zero free entire function in Cy(R,.,).

Proof. Write f(2) as the limit of a U-convergent sequence of finite
products f.(z; k) as in (3.2), with the z,, in R,. Since f(z) is free of zeros,

(5.3) r,= n}in |2ppl @ © a5 n— o,
The s,; (3.4) will tend to aj as n— o, j=h+1,h+2,... (3.6).
We next use the geometry of the set R, Writing «, = o it is known

that R} belongs to the half-plane « < argz < a + = (and not to an angle
< ). Setting 2,, = r,,exp(if,,) one observes that

t5.4) sin(kf,, — a) 2 0.
By Lemma 3.2 there are constants A and B such that
(6.5)  Yrutsin(kl, —a) <A, Y rp*<B, n=12,-...
p 3
We now rotate all zeros z,, of f.(2;h) to thg (or a) nearest ray of R,,,.
Their new positions w,, are given by
(5.6) Wyp = Iyp€xpli(a + sm)/kY,
where the integer s = s,, is chosen so as to minimize

|0np_ (Ct +3W)/k|,
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subject to the condition that argz = (a + sx)/k be a ray of R,.;.(When
there are two possibilities for w,, one makes an arbitrary choice.) In terms
of the w,, define

5.7) b= — 3w,
J p

and

gz k) = [1(1 = 2/w,,)expE/wy, + - -+ + 2"/ kwh,)
14

(5.8) _ k+1 k+2 _
= exp(tops12° 7 4 taps22" 4 -1, n=12....

Clearly g.(z; k) € Ci(R,;,). It will be shown that the g,(z;k) are U-
convergent to g(z), and thus g@) € Cy(R,,)).
We will need an estimate for ¢, — s,. Since for real x,

e — 1] < ||,

one has the initial inequality

1 . .. ..
|t = smil = 5 Yo ridlexpl — ij(a + spm) /R | — exp(— ij6n) ]
p
.1 ..
5.9 ézp:rnp’flexp[uto,.p— (a+ sgpm) /k}]— 1]
< > |0 — (e + s5m) /]
p
It will next be shown that there is a constant C (depending only on the set
R,) such that for all n and p
(5.10) [8np — (a + Snpm) /R| < Csin(ky, — ).

Note that the complement of R, is an open radial set. Let us look at the rays
of the special form argz = («+ sx)/k which belong to this complement.
There will be a positive number é < x/2k such that all rays within an angle
é of a special ray likewise belong to the complement of R,. Now consider the
rays argz = 9 of R, such that

min|0 — (« + s7)/k| <.

By the definition of 6 the minimizing rays argz = (a + sr)/k must belong to
R, and hence to R,.;. For the rays argz = ¢ considered,

min|kf — (a + sm)| <ké<im,

hence if argz = (« + s,7)/k is the ray of R,,, nearest argz =,
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|k0 — (e + s,,1r)| <3 rsin(kd — a).
For all other rays argz = 6 in R, one has

k6§min|k0— (a+S1r)| <im,

hence sin(kf — a) = sinks. It follows that for those rays argz =6 (again
denoting by argz = (a« + s;7)/k the nearest ray of R,,,),

|k0—(a+s,1r)| <kr =

kx| b
pr sin(kf — a).
This completes the proof of (5.10).

Combining (5.9) with (5.10), and using (5.5) and (5.3), one obtains the
estimate

|t,,j - S,,jl b CZr,,',,jsin(ko,.p — a)
p

(5.11) : ,
< CY rtirosin(ké,, — ) < ACrt jzk n=1,2,---.
p

Since the s,; tend to a; as n — « it immediately follows that
(5.12) t,.,~—>a,~ as n—'m,j=k+1,k+2,“'.

The second inequality (5.5) and (5.12) enable us to apply Lemma 3.1 to
the functions g,(z; k). The conclusion is that the g,(z; k) are U-convergent.
The limit function G(z) will have the form exp(by,,2*™ + byo2*2+ .- .).
Here b; = lim¢,;, hence by (5.12) b;=a; and thus G() = g(z). It follows
that g(z) € Cu(R, ,,).

We now have all the ingredients for the

Proof of Theorem 2.1. Let R be a singular radial set. Suppose that

(5.13) exp(a,z + az*+ --+)

represents a zero free entire function in C(R). Repeated application of
Theorem 5.1 then shows that for v =1, .-+, 0,

(5.14) exp(ay,_ 12" 4 dap et

represents a zero free entire function in C,_(R,). Thus by Theorem 3.4

(5.15) @€ -S, v=1-
For v = w the set S, is an angle < =, hence Theorem 3.4 shows in addition
that a; = 0 for all j > k,.

It follows that all zero free entire functions in C(R) have indeed the form

given by (2.2) and (2.3). The converse was obtained earlier as part (i) of
Theorem 4.3.
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6. Second reduction theorem. Proof of Theorem 2.2. Let R be a singular
radial set, and let ¢ be the index of C(R). Since R*! belongs to a half-plane,
g < 2k, (Theorem 3.4). On the other hand, by Theorem 4.3, ¢ = N =k,.
By Lemma 4.2 the classes C,,“(R,‘H) all have index =gq.

We will prove another reduction theorem, more general than the one in
§5, which shows that for every entire function in C(R) certain related
functions belong to the classes C, (R,;). We start by describing the
construction of these functions.

CoNnsTRUCTION 6.1. Let h=%k,_,, k=k, where 1=pu=<w—1, and
suppose that f(z) € Ci,(R,). Then f(z) can be written in the form

f @) = explep2™' + - +¢,29

6.1) J1 —z/2)exple/z,+ - +277/ (g — 1257,

P
where ¢ is the index of C(R), z, € R, and ) ,|z,| ¢ converges. One can
say a little more. The set R* belongs to the half-plane « < argz <a+ =
where « = a,. Thus by Theorem 3.4, writing z, = exp(if,), the series
(6.2) > tsin(kg, — o) =Y — Im(z; *e")

p p

of non-negative terms converges.

We now rotate all zeros z, of f(z) to the (or a) nearest ray of R,,,. Their
new positions w, are given by
(6.3 w, = ryexpli(a + s, ) /k|,
where the integer s, is chosen so as to minimize |8, — (¢ 4 s,7)/k|, sub-
ject to the condition that the ray argz = (a + s,«)/k belong to R,.,. For
some points z, there may be two candidates for w,. In this case we let the
choice of w, depend on a given sequence { f,(z; ) | which is U-convergent

tof (z), as explained in the proof of Theorem 6.2 below.
In terms of the numbers w, define

(6.4) d=c;— }.Z(w,;f -2, k<j<g d;=c,
p

The convergence of the series (6.2) and the argument used in the proof
of Theorem 5.1 show that the series in (6.4) are absolutely convergent
(cf. (6.9)-(5.11)).
Finally set
g() = exp(dp 12" + - + d,29

(6.5)
J1a —z/wyexp/w, + - -+ + 27/ (g — Dws™Y);
p

it is clear that ) ,|w,| ¢ converges.
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THEOREM 6.2 (SECOND REDUCTION THEOREM). Let f(z) € Cy(R,), and
let g(z) be the function associated with f(z) by Construction 6.1. Then g(z)
€ Cu(R,41). If f(2) has its index equal to q then so does g(z).

Proof. As in the proof of Theorem 5.1 we write f(2) as the limit of a U-
convergent sequence of functions f,(z;h) of the form (3.2), with the
2, ER,. For each fixed n the z,, will be numbered in such a way that
2p,—2, 8 N—®, p=1,2,.... Writing z,, = r,,exp(i6,,) one again has
(5.4) and (5.5). For the numbers s,; defined by (3.4) one will have, as n — «,

¢ for h<j<g,

1 .
(6.6) ¢ — EZz;" for j=gq,
p

Spj—
1 _ .
— =2z for j>q.
Jp

Next introduce numbers w,, as in the proof of Theorem 5.1. For every
p for which there was only one candidate w, in Construction 6.1 one will
have w,,— w, as n — ». However, for a p for which there were two candi-
dates w, and wj it is known only that every w,, (with n large) will be close
to either w} or wy. One can resolve this difficulty as follows. Pick a subse-
quence of n’s such that the corresponding sequence {w, | converges, and
denote the limit (which is either w;, or w1, or w{) by w,. Next pick a subse-
quence of the subsequence such that the corresponding sequence {wj,|
converges, etc. For the diagonal sequence of n’s, w,,— w, for every p. The
corresponding sequence of functions f,(z;h) will again be denoted by
CHORE

One finally defines numbers ¢,; and a sequence {g,(z; &)} of functions in
Cw(R,,)) as in the proof of Theorem 5.1. It will be shown that the g,(z; k)
(5.8) are U-convergent to g(2) (6.5), and thus g(z) € Ci(R,,,).

We first prove that for j > k

1 . . 1 . )
(6.7) bj— Su= — =2 (Wof — 23) — — =2 (W) — 2;)
Jp Jp

as n— «. Taking r # all r, it is clear that

2wy —2z)— 3 () —2;7)

"np <r 'y <r

as n— o. Furthermore, by the argument used in the proof of Theorem
5.1 (cf. (56.11)),

12 (W —2,)| S ACP, n=1,2,....

mpzr
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The same inequality holds with w,,, z,, and r,, replaced by w,, 2z, and
r,. Taking r large one obtains (6.7).
Combining (6.6) and (6.7) one finds that as n — =,

d; for k <j<gq,

(6.8) ty— )dg— -2 w,*  for j=gq,

1 : .
- =) w,’ for j > q,
Jp

where the d; are given by (6.4). By the second inequality (5.5)
(6.9 > |wn| * < B, n=12-....
P

Thus by Lemma 3.1 our functions g,(z;k) are U-convergent. For |z|
< minr, the limit function G(z) can be written in the form

k+1 k+2
exp(epr 12t + e 2" 4 ).

Here ¢;= lim¢,, hence by (6.8) and (6.5), G(z) =g(). It follows that
8@ € CR, ).

Finally, suppose that f(z) has its index equal to g, the index of C(R).
If ¢ >1 then either ¢, 0 or the series ) _,r, ‘"' diverges (or both). Hence
in that case g(z) also has its index equal to ¢. If ¢ = 1 there is nothing to
prove.

We can now give the

Proof of Theorem 2.2. Let R be a singular radial set, and let g be the
index of the class C(R). Repeated application of Theorem 6.2 shows that
the classes C, (R,.1) also have index g. However, R is contained in an
angle < =, hence by part (ii) of Theorem 3.4 the class C,, (R.) has index
k,. It follows that q=k,= N.

Suppose now that f(z) is any function in Cy(R). Then f(z) can be
written in the form

(6.10) exp(b,z + --- + by2™) [T (1 — 2/2)exple/z, + --- + 271/ (N — 1))~
P
where z, € R and ) ,|z,| ™" converges. Repeated application of Theorem
6.2 shows that C, (R, contains an entire function of the form
exp(by_ zh-11 4 ... 4+ by 2")
(6.11)
JI1A —z/20)expe/zy + - + 27/ (N = D24 V7Y,
14

where |2;'| = |z,|, and
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b(u) =1 _ Z ‘ lz(v) lz;:—uj—j} —_ ...

(6.12) = »——Z{[z‘”’ -2z, k_;<j<N,

by = by.

For v=1,...,0— 1 one can apply part (iii) of Theorem 3.4 to the
function in (6.11). Thus one finds that the series

(6.13) Im(by em) 4 = Zlm(lzm e)

converges to a sum ¢, which is =20 if S, is the half-plane «, < argz
<a+m and =0 if S, is the line argz = a,, o, + r. Combining (6.13)
and (6.12) (with j=k,) one concludes that the series

) 1 )
(6.14) Im(b,e*) + 73 Im@;*e™)
v p

also converges to the sum o,.
For v = w one uses part (ii) of Theorem 3.4 to show that by& — S
It follows that all functions in C(R) have indeed the form given in
Theorem 2.2. The converse was obtained earlier as part (ii) of Theorem 4.3.
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