CLASSIFICATION OF OPERATORS BY MEANS
OF THEIR OPERATIONAL CALCULUS

BY
SHMUEL KANTOROVITZ ()

Introduction. It was realized recently that a natural starting point for
spectral theory is the operational calculus (see [7] and [15]). Instead of
postulating the existence of a resolution of the identity (as in [4]) one
postulates the existence of an operational calculus, which is an extension
of the usual analytic operational calculus for bounded operators.

For us, an ¥-operational calculus is a continuous representation T'(.)
with compact support of a topological algebra ¥ of complex-valued func-
tions on the complex plane, in the Banach algebra B(X) of all bounded
operators on a given Banach space X. It is convenient for our purposes to
make some restrictions on ¥ and on T'(-) (see details in §2). An operator
T is “of class A if there exists an A-operational calculus 7'(-) such that
T() =T.

We are concerned with the classification of bounded operators by means
of their operational calculus, and with the characterization of certain special
classes. We deal mainly with “real operators” (i.e., operators with spectrum
on the real line). In this case, we have the following

CLASSIFICATION THEOREM. If T is a real operator of class ¥ for a homo-
geneous Banach algebra ¥ (cf. Definition 2.17), then T is of class C" for some n.

This allows us to restrict our study to ‘“‘operators of finite class” (i.e.,
operators which are of class C" for some n), as long as ¥ has a Banach
algebra structure.

Spectral operators of finite type (cf. [4]) are operators of finite class.
The simplest necessary and sufficient condition for 7" to be a real operator
of finite class is that ||¢*"|| = O(|¢|*) for some & (¢ real). In fact, the latter
condition implies that T is of class C*™% It follows in particular that sums
and products of commuting real operators of finite class are of finite class.
This shows that these operators are not necessarily spectral (cf. [9] and
[14]). However, it is true that operators of class C are spectral if X is
weakly complete. This is false in general with C* (k= 1) instead of C,
evenif X is reflexive. In the latter case, we could prove only that ‘“‘singular”
real operators of class C* are spectral of type k (cf. §3).
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In §4, we derive various characterizations for operators of class C* (for
given k), using either the group e*” or the resolvent. These results generalize
Theorems 4 and 6 in [10].

THEOREM. A real operator T is of class C* if and only if there exists a posi-
tive number M and a closed finite interval A such that

ff(t)e‘”dt

for all fE L, (the notations are defined in §4).

For an arbitrary real operator T, for f € C¢ (i.e., f € C* and has compact
support), and for u = 0, we define a sequence T,(f;u) of bounded opera-
tors (m = 1,2, --.). We then have the following “constructive’” characteriza-
tion:

< M| flia

THEOREM. T is of class C* if and only if, for every € Ct, T.(f;u) con-
verge weakly to a bounded operator T(f;u), uniformly with respect to u (u = 0),

and | T(f;uw)| = M| fl|rs (w=0) for some M >0 and some finite closed
interval A.

In this case, the C*-operational calculus for T is given by T'(f) = T(f,; 0),
f € C*, where f, is any element of C¢ which coincides with f on A.

Limits and sums of operators of class C* are studied in §5. Results of
Bade’s [1] and Foguel’s [6] are generalized.

1. The general operational calculus.

1.1. DEFINITION. A general operational calculus (g.o.c.) is an ordered
pair (¥ ,T(.)) which consists of

(i) a topological algebra N of complex-valued functions on a subset A of
the complex plane, with the ordinary pointwise operations, which contains
the restrictions to A of polynomials; and of

(ii) a continuous representation T(-) of ¥ in B(X), such that T(1) =1
(= the identity operator).

1.2. DEFINITION. An operator(®) T is of class ¥ if there exists a g.o.c.
(A, T(-)) such that T(2) = T; any T(-) with this property will be called
an A-operational calculus for T. The symbol T & (¥) stands for the state-
ment “T is of class A.” If T & (A), the symbol T'(-) will be reserved for
any ¥d-operational calculus for T.

REMARKS. 1. The condition T'(1) = I is merely a normalization, since,
in any case, T'(1) is a projection, and Y = T'(1) X is an invariant subspace
for the representation 7T'(-). The restriction of T(-) to Y defines a g.o.c.
satisfying T'(1) = I when X is replaced by Y.

(%) The term “operator” is used for “bounded linear operator on X into itself.”
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2. Given a g.o.c. (%, T(-)), the operator T'(2) is of class .

1.3. ExaMpLES. (a) Let ¥ = H(A) be the algebra of all complex-valued
functions which are locally holomorphic in the open set A, with the topology
of uniform convergence on every compact subset of A.

An operator T is of class H(A) if and only if its spectrum ¢(T) is con-
tained in A. In this case, the representation T'(-) is uniquely given by

T(f) =%J;f(2)(z— T)™' dz, fEH(),

where T is an oriented envelope of o(7T) with respect to f (cf. [8], Theo-
rem 5.2.5]).

(b) For a compact A, let C(A) be the Banach algebra of all continuous
complex-valued functions on A with the supremum norm. If X is a Hilbert
space, an operator T is of class C(4) if and only if it is similar to a normal
operator:

T=QNQ', NN*= N*N.
In this case, the C(A)-operational calculus is uniquely given by
T(f) = QN(f)Q~,

where f— N(f) is the usual operational calculus for normal operators.
More generally, if X is a weakly complete Banach space, (C(A)) coin-
cides with the family of spectral operators of scalar type with spectrum in
A (cf. §3).
(c) Take A= [0,1], A=C"(a), X=LP(A) 1=p=< ) and TE B(X)
defined by:

1
T0@ =w@ + [ o0d,  sEX, zEn
We claim that T & (). Indeed, an -operational calculus for T is given by:
1
[T(f)¢](x) = f(x)p(x) + j: fe@®d, feU s€X, x€A.

This can be checked by a straightforward calculation.

2. Special operational calculus. In order to get interesting results, we need
some restrictions on ¥ and T'(-) (cf. Definition 1.1).

For a compact subset K of the complex plane, H(K) will denote the
algebra of all complex-valued functions which are locally holomorphic in
an open neighborhood of K, with the usual topology.

ConprtioN 1. If f& H(K) for a compact K # @, then there exists f, € U
such that f, = f on 2N A, for some neighborhood 2 of K. Roughly speaking,
analytic functions belong locally to 2.
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From now on, Condition 1 will replace the assumption that ¥ contains
the restrictions to A of polynomials, and A will be either the complex plane
C or the real line R, unless otherwise stated. We assume also that the set
¥, of all functions in ¥ with compact support is dense in .

Fix f € ¥Y,. Suppose g € H(Sptf), where Sptf denotes the support of f.
By Condition 1, there exists g,& A such that g, = g in a neighborhood of
Sptf. Define a map

M;: HSptf)—-¥
by

Mg = fg,, g& H(Sptf).

M; is well defined. Indeed, if g, € ¥ is such that g, = g in a neighborhood
of Sptf, then obviously fg,=fg, on Sptf, and fg,= fg,=0 on [Sptf],
so that fg,= fg, everywhere (the prime denotes set theoretical comple-
mentation).

We can state now

ConpITION 2. The map M;: H(Sptf) — ¥ is continuous (for every f € U,).

The next restrictions are on the representation T'(-).

ConprTioN 3. T(.) has compact support (which we denote by =, or =
when distinction is needed).

2 is the smallest compact K with the property that if f& ¥, has its
support in K’, then T'(f) = 0.

Iff,E€ ¥ and f = g in a neighborhood of =, then T(f) = T'(g); in other
words, T'(f) depends only on the restriction of f to an arbitrary neighbor-
hood of =.

Let f& H(z). By Condition 1, there exists f,& % such that f,=f in a
neighborhood of =. Write Ty(f) = T'(f,). The map Ty: H(Z) — B(X) is
well defined; it is obviously a representation; we call it the restriction of
T(-) to H(Z). We can (and will) omit the subscript H in T.

ConpITiON 4. The restriction of T(-) to H(Z) is continuous.

2.1. DEFINITION. An operational calculus (o.c.) is a g.o.c. (¥, T(-)) which
satisfies Conditions 1-4.

If A is a topological algebra satisfying Conditions 1-2, an operator T is
of class ¥ if there exists an o.c. (U, T(-)) such that T(z) = T.

An algebra ¥ satisfying Conditions 1-2 is called a basic algebra (cf. [15]).

2.2. LEMMA. Let T be an operator of class U for a basic . Then
o(T) = 2,

where = denotes the support of any U-operational calculus for T.

REMARK. Lemma 2.2 does not depend on Condition 4. The following
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proof uses an argument of Foiag [7, Proposition 1].
Proof. If 2 ¢ =, there exists f, € A such that f,(\) = (z— ) ! in a neigh-
borhood of =. Hence:

T()RI-T)=T(f)Te—N=TQ1) =1,
showing that z is in the resolvent set p(7T) of T. Thus
o(T) Cz=.

In order to prove the reversed inclusion, we must show that if fE ¥, has
its support in p(7T), then T(f) = 0.

For such a function f and for zg-Sptf, the function M;g, is in %
(&.€ H(Sptf) is defined by g.(\) = (z—A)"!). As a function of z from
[Sptf] into ¥, Mg, is analytic by Condition 2. Therefore T(M;g,) is an
analytic operator-valued function of z on [Sptf].

Let g,0€ ¥ be such that g, =g, in a neighborhood of Sptf. We have:

@I — T)T(M;g) = T(z — N T(fg.0) = T(f(z — Ng.o) = T(f),

because (z — M\)g,o =1 in a neighborhood of Sptf, so that f(z — \)g.,=f.
Thus T(M;g,) = (2 — T)'T(f) on p(T), and therefore T(M;g) can be
analytically continuated in p(7) D Spt f. We conclude that T'(M,g,) is entire.
Now, for z2— o,

T(M;g) = (2l — T)'T(f) -0

in the uniform operator topology. Therefore, by Liouville’s Theorem,
T(M;g,) = 0 for all z, and hence T'(f) = 0.

2.3. LEMMA. Let T € (¥) for a basic ¥, and let T(-) be an U-operational
calculus for T (cf. Definition 2.1). Then the restriction of T(-) to H(Z) coin-
cides with the analytic operational calculus for T.

Proof. By Lemma 2.2, T} is a representation of H(s(T)) in B(X). Since
Ty(2) = T, Ty coincides with the analytic operational calculus for T when
restricted to rational functions with poles outside o(7). These functions
are dense in H(s(T)) by Walsh’s Theorem [19, p. 16]. The lemma follows
now by Condition 4.

2.4. An important example of a basic algebra ¥ is the algebra C* of all
complex-valued functions on the complex plane with continuous partial
derivatives up to the order n, and with the topology of uniform convergence
on every compact of all partial derivatives of order < n. Here n stands for
non-negative integers or for . Notice that for C", Condition 4 is auto-
matically satisfied by any continuous representation 7'(-) with compact
support.

We need some elementary facts about operators of class C".
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2.5. LEMMA. Let T € (C") and let T(-) be a C"-operational calculus for T.
Then T(f) € (C") for every f€ C", and a C"-operational calculus for T(f)
is given by [T(f)](®) = T(gof), where gof denotes the function (gof)(x)
=g(f(x)), g€ C".

Proof. For f& C" fixed, the map g— T(gof) of C" into B(X) is well
defined (because C"of C C"). It is clearly a representation of C" in B(X),
which takes 1 onto I and z onto T'(f). Its continuity follows from the con-
tinuity of the map g—gof of C" into itself. Finally, its support is con-
tained in f(Z), and is therefore compact (X denotes the support of T'(.)).

2.6. For fEC" (n < ») and A compact, A C C, we write

| flna= 2 sup|D'f|,
lilsn &
where j = (j1,j2) is an ordered pair of non-negative integers, |j| = j, + J,
j! =j1!j2!, and

1 9l

T J! axa(iy) "

In case A CR, it will be always understood that j, = 0.
For A compact, C"(A) will denote the algebra of restrictions to A of func-
tions in C", with the topology induced by the norm | - ||, ..

2.7. LEMMA. If T € (C") and A is any compact neighborhood of o(T), then
T & (C*(a)) in the sense of Definition 1.2. If n=0, T & (C*(s(T))). Con-
versely, if T € (C*(a)), then TE (C") and o(T) C A.

Proof. Let T€ (C") and let A be a compact neighborhood of (7). Let
fE€ C*(a) and let f, & C" coincide with f on A. If T(-) is a C™o.c. for T,
define T,(f) = T(f,). By Lemma 2.2, T.(-) is well defined. It is continu-
ous by [17, p. 91], and it follows that T'E€ (C"(a)).

The case n = 0 is well known.

Conversely, if T & (C"(4)) and T,(-) is a C*(a)-o.c. for T, a C™o.c. for
T is defined by T'(f) = T.(f/A), where f/A denotes the restriction of f to
A. The claim o(T) C A is checked by noting that f,(w) = (z — w) ' € C*(a)
ifzc A,

For real operators (i.e., operators with spectrum on the real line), the
C™o.c. is unique whenever it exists. This follows from the next lemma. For
real operators, C* will mean C"(R).

2.8. LEMMA. Let T be a real operator of class C*, n < . Let A be a compact
interval containing o(T) in its interior. Then the C*(a)-o.c. for T is unique.

In particular, if A= [a,b] and if X is reflexive, then there exists a unique
uniformly bounded operator-valued finitely additive set function F(.) on the
Borel subsets of [a, b], which is countably additive in the strong operator topology,
such that

J
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n—1 £4J) b
1H = 0 (- ayt [ ares,
=0 J: a

f € C*(A). The integral is understood in the strong operator topology.

Proof. By Lemma 2.7, T € (C"(a)). Its C*(A)-operational calculus T4(-)
is uniquely given on polynomials, which are dense in C"(A) for a compact
interval A. Since T',(-) is continuous on C"(4), the first part of the lemma
is proved.

For x& X and x* in the adjoint X* of X, the map f—x*T,(f)x is a
continuous linear functional on C*(a). Thus, if A= [a,b], it is uniquely
representable in the form:

n—1 b
(1) Ty x= 3 ¢ x%) fa) + f F9(s) duls | %, x),
=0 a

where c;(x, x*) € C and 4 is a regular Borel measure on [a, b] (cf. [5, p. 344]).
Taking f;(t) = (t — a)’/j!, we obtain

(2) cj(x,x*) = ]—1' x*(T — a)’x.

Now, for fE€Ci(a) ={f€C(a)|fY@) =0, 0=j=n—1}, we have
x*To(f)x = ff‘"’(S) du(s|x, x*).

When f ranges in C3(A), g = f ranges in the entire space C(A). Therefore

j; bg () du

= sup {Ix* (x|, fEe C3(a), mfxlf("” = 1} .

varu = sup { , 8€ C(a), mf\xlgl = 1}

But for f € Cj(a) such that max,|f"™| =1, we have

é(t;,“) (@stsb),

lf(n—i)(t)l — -(LTII—)TL (t — s)"Yf ™(s) ds

so that || fll.. = (1+ b — a)"/n!. Hence
) lu(|x,x*) | = K|l x| | x*|

for all Borel subsets & of A, where K= ((1+b—a)"/n!)|Ts(-)|] and
| Ts(-) || is the norm of T,(-) as a continuous map of C"(A) into B(X).
Using (3) and the uniqueness of the representation (1), we conclude that
u(8]x, x*) is a bounded bilinear form on X X X*. Since X is reflexive, there
exists a unique operator F(3§) such that x*F(8)x = u(3|x,x*) for all 4, x
and x*. F(.) is finitely additive and uniformly bounded by K; it is s-additive
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in the weak (and hence in the strong) operator topology. Thus /°f ™ (s) dF(s)
makes sense, and the lemma follows (using (1) and (2)).

2.9. LEMMA. Let T be an operator for which there exists an integer k = 0
such that

| 7" = O(|n|*) for integersn, |n|— =.

Then T is of class C**2 and its spectrum lies on the unit circle. Conversely,
if TE (C* and o(T) lies on the unit circle, then | T"| = O(|n|*).

Proof. If f& C*** and t ER, the function ¢(t) = f(e") is periodic (period
2x) and k + 2 times continuously differentiable. Therefore ¢* has an ab-
solutely convergent Fourier series

6P (t) =D c.e™,

and

(1) Z'cnl < 4(m€x|¢tk)| + mkax|¢(k+2)|>.

If ¢(t) = >_d.e™, then |d,| = |c,|/|n|* (n=x1,+2,---). Define

(2) T(f)= 2 d,T", [fEC*™
We have:
3) |d.T"| < Const|n|*|d,! < Const|c,]|.

Since )_|¢c,| < =, the series defining T(f) converges “absolutely’” in the
uniform operator topology. Thus T'(f) is well defined. Obviously, the sup-
port of T'(-) lies on the unit circle; furthermore, T(1) = I and T'(2) = T.
A direct check shows that the map f— T'(f) is a homomorphism of the
algebra C*** into B(X); its continuity follows from (1) and (3):

I T(f)|| <Const)_|c,| < Const| f|isza

where A denotes the unit circle.
We conclude that T'€ (C*™) and = C A. Since £ = ¢(7) by Lemma 2.2,
the first part of the lemma is proved. The converse follows from Lemma 2.7.

2.10. COROLLARY. Let T, and T, be commuting operators with spectrum on
the unit circle. Suppose T,€ (C*) and T.€ (C). Then T\T,E (C***?).

Proof. Applying the “converse” part of Lemma 2.9, we obtain:
HTTY™ = | TH) I T2) = O(|n|*™),

and the corollary follows by using the first part of the same lemma.
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2.11. LEMMA. Let T be an operator for which there exists an integer k = 0
such that

@) e = O(|t]"), tER, |t| > .

Then T is of class C**% and its spectrum lies on the real line. Conversely, if T
is a real operator of class C*, then (1) holds.

Proof. ¢(T) is real by (1) and Corollary 1 in [10, p. 166]. For f € C;™(R),
define T(f) = S f(t)e*"dt, where f is the Fourier transform of f, f(t)
= (1/2x) S e *f(s) ds. It follows from (1) that the integral defining T'(f)
converges absolutely and | T(f)| < Const (b — a)(max|f| + max|f**?]),
where (a, b) is an interval containing Sptf. Hence f— T(f) is a continuous
linear map of C¢*%(R) into B(X). A straightforward calculation shows
that it is multiplicative.

By Equation (2) in [10, p. 164],

@ T(f) = lim o= f £0) [R(t — is; T) — R(t+ is; T)|dt.

—0+ 27l
Suppose ¢(T) C(— N,N) and f=0 on (— N,N). Then T(f) = 0 because
R(t—1is;T) — R(t+is; T) -0 when s—0+ for ¢t not in (— N,N). Now
if fE€ C**R) and f, € C:"%(R) coincides with f on (— N, N), define T(f)
= T(f)). The preceding remark shows that the map f— T(f) of C**%(R)
into B(X) is well defined. It is a continuous representation of C***(R) on
X, and it follows readily from (2) that T(1) = I and T'(t) = T.
The converse follows from Lemma 2.7.

2.12. COROLLARY. Let T, and T, be commuting real operators of class C*
and C' respectively. Then T, + T, is of class C**'*? and T.T, is of class
C™ for m = 2k + 2l + 6.

Proof. Using Lemma 2.11, we obtain:
le“THRY < e T e = O(|¢|**);

hence T, + T, € (C**'*?) by the first part of Lemma 2.11.

By Lemma 2.5, if T € (C"), also T* and tT (t € C) are of class C". Writing
T,T,= $[(T,+ T»)*— T? — T%] and using the result about sums, we con-
clude that T\ T, € (C™) form = [(k+1+2) + k+ 2]+ 1+ 2 =2k + 2]l + 6.

2.13. DEFINITION. An operator is said to be of finite class if it is of class
C* for some non-negative integer k. In other words, T € U,.,(C".

Lemmas 2.9 and 2.11 give simple characterizations of operators of finite
class, when the spectrum is either on the unit circle or on the real line.
We paraphrase these results.

2.14. THEOREM. Consider the following statements about an operator T:
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1. T is of finite class and o(T) lies on the unit circle.

2. For some integer k2 0, | T"| = O(|n|*) for integers n, |n| — .

1’. T is of finite class and o(T) lies on the real line.

2’. For some integer k= 0, ||*T|| = O(|t|*) for t real, |t| — .
Then 1 <=>2 and 1/ <> 2'.

We paraphrase also Corollaries 2.10 and 2.12:

2.15. COROLLARY. Sums and products of commuting real operators of finite
class are operators of finite class. Products of commuting operators of finite
class with spectrum on the unit circle are operators of finite class.

2.16. REMARKS. Operators which satisfy Condition 2 in Theorem 2.14
have been studied by several authors. E. R. Lorch [13]and B. Sz.-Nagy
[16] deal with the special case k£ = 0 in reflexive Banach spaces or in Hilbert
space. Lorch calls such operators “weakly almost periodic transformations,”
while Sz.-Nagy calls them ‘“uniformly bounded transformations.” F. Wolf
[21] has a result which is equivalent to Lemma 2.9 when X is reflexive.
G. K. Leaf [12]studies the class of operators satisfying | T"| = o(|n|).

If T is such that [|[¢*"| = O(1) for real ¢, Lemma 2.11 asserts that T is
of class C% In Hilbert space, this assertion can be improved, namely, C*
can be replaced by C (see Theorem 5 in [10]). Such an improvement cannot
be achieved in general Banach spaces, and even not in arbitrary reflexive
Banach spaces. Indeed, in the latter case, operators of class C are spectral
operators of scalar type (cf. §3). If it were true that ||¢“"| = O(1) implies
T & (C), then it would follow that sums (and products) of commuting
spectral operators of scalar type (with real spectrum) are spectral; but
this is false in general, even in reflexive Banach spaces (see Kakutani [9]
and McCarthy [14]).

We see therefore that C**? cannot be replaced by C* (in general) in the
first statement of Lemma 2.11, and similarly in Lemma 2.9. (Such an im-
provement is impossible already for £ = 0.) We conjecture that this refine-
ment is possible in Hilbert space (the case £ = 0 is verified, as we have
remarked above). We are also inclined to think that, at least if X is weakly
complete, C*** may be replaced by C**'.

We come back to the study of operators of class ¥ in the sense of
Definition 2.1, restricting our attention to real operators. In this case,
it is convenient to take A = R. Notice that Z is now defined with respect to R.

It is natural to restrict the generality of ¥ in such a way that if T € (¥),
also tT € (¥) for t € R. An ¥-operational calculus for ¢tT which is consistent
with the analytic o.c. may be defined by f— (tT)(f), fE ¥, where (tT)(f)
= T(f) and f(x) = f(tx) (¢, x ER), provided that ;€ ¥ whenever f€ ¥
and that the map f—f, of ¥ into itself is continuous.
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2.17. DEFINITION. Let ¥ be a basic algebra. We say that U is homogeneous
if fEYU implies /,E YA (where f(x) = f(tx); t,x ER) and the map f—f
of A into itself is continuous.

If ¥ is a Banach algebra whose norm topology is not weaker than the
topology of pointwise convergence, then the condition “f€ ¥ => f, &€ U”
implies that the map f — f, is automatically continuous. This is an immediate
consequence of the Closed Graph Theorem. The same remark is valid if
U is a semi-simple Banach algebra. Indeed, the map f—f, is an algebraic
representation of U into itself. The closure of its image is semi-simple, as a
subalgebra of a commutative semi-simple Banach algebra. Therefore the
representation is continuous (see L. H. Loomis, An introduction to abstract
harmonic analysis, Van Nostrand, New York, 1953, p. 76).

The following result shows that we may restrict our attention to a very
concrete case.

2.18. THEOREM. Let T be a real operator of class U, for a homogeneous
Banach algebra ¥. Then T is of finite class.

Proof. The main argument of the following proof is adapted from
Katznelson’s proof of Theorem 5.1 in [11]. Denote by M, and || T(-)|,
respectively, the norms of the continuous maps f—f, of ¥ into itself and
f—T(f) of A into B(X). For n=0,+ 1,4+ 2,-.-, we have:

e =1 TE™ )| = 1T | ™) < M T | ™|
Define

T
F(t)=sgpuwgm‘|:l, tcR.

We have 0 < F(¢) < M,| T(-)||. As the limit of a sequence of continuous
functions of t, F(t) belongs to the first class of Baire, and therefore, it has
points of continuity. If ¢, is such a point, then for some § > 0, there exists
a constant H = H(t,8) such that F(t) < H for all ¢ in |t —¢| <. For
such ¢, we have:

lexplin — &) TI| < Je"7) e~
S F@)F(ty) " e"”‘" "e—mx“ < HF(to)M—lll etnx" 2
= Const " e " 2

Without loss of generality, we may assume ¢, = 0 (otherwise, replace t by
t — t, in what follows). Thus, for |t| <, there exists a constant @ = Q(3)
such that

le™™l = Q@ le™I* |t <.

For u € R, choose n to be the smallest integer = 0 such that
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t2"=u and |t| <4.
We obtain:
le“T| = lexp(i2'tT) | = Q(®) || exp(i2x) |*
< QO (M| e*|)*
Since n < (log|u|/log2) + const, we have:

log| u|

log? logM2) = const|u|".

2 < const exp(

Thus | e“T|| = O(|u|®) for k = [h]+ 1, and the theorem follows from Theo-
rem 2.14. Q.E.D.

Notice that T'€ (C™), where m = [2log,M,] + 2.

Consider the chain

ocehHcweyc.--.

Theorem 2.18 states that this chain exhausts all real operators which are
of class A for some homogeneous Banach algebra U. We have therefore a
kind of general “classification theorem.”

Notice that Example 1.3(c) exhibits an operator in (C') — (C). Indeed,
we have

[e*"0] (x) = e“(x) + it f e“¢(s) ds,

so that || = 0(1).
Theorem 2.18 motivates a more detailed study of operators of finite class.
This will be done in the following sections.

3. Operators of finite class and spectral operators. We first paraphrase
a well-known fact.

3.1. PROPOSITION. Spectral operators of finite type are operators of finite
class. More precisely, if T is spectral of type m, then T is of class C* for n = m.

Proof. Let T=S + N (S scalar, N"*' = 0) be the canonical decomposi-
tion of the spectral operator T. Let f—S(f) be the C-operational calculus
for S:

S(f) = f fVAEN, feEC,

where E(-) is the resolution of the identity for 7. Define
m Nj )
T(f) =2 7 S, fecn

=0 J:

where
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1/0 . d
=-(L£_;2 >
L 2<ax lay) and n=m.
The map f— T'(f) is a continuous linear map of C" into B(X) (if n = m)
with the properties

TA)=1, T@ =T and SptT(.) = (7).

Let f,g& C"* let j,h,l denote non-negative integers and, finally, let «,f8
denote ordered pairs of such number. Using Leibnitz’s rule, we obtain:

T =Y Y ¥ SIHSWe

 9j A
jsm 2 la|+|8])

Nh—q-t
=2 2 o 2 2 SISy

hsmizm la| sh |B] sl

=T(f)T(g). Q.E.D.

Since sums of commuting spectral operators of finite type are not neces-
sarily spectral (cf. [9] and [14]), it follows from Corollary 2.15 and Prop-
osition 3.1 that the converse of Proposition 3.1 is false in general, even
for real operators on a reflexive Banach space. However, the converse is
true for m = 0 and X weakly complete.

3.2. THEOREM. In a weakly complete Banach space, an operator is of class
C if and only if it is spectral of scalar type.

Proof (for the “only if” part). By Lemma 2.7, T € (C(a)) for A = ¢(T),
in the sense of Definition 1.2. Let T'(-) be a C(A)-operational calculus for
T. For x& X and x* € X* fixed, x*T'(-)x is a continuous linear functional
on C(a). The Riesz Representation Theorem states the existence of a regular
Borel measure u = u(-|x,x*) on A such that

(1) £ T(f)x = f FQuldel 5,2,  fECW),
and
(2) Jx*TC) x| = flul-|x,x*)|

(the norms are understood in the usual way).

Let & be a fixed Borel subset of A. The uniqueness of the Riesz repre-
sentation implies that u(é|x,x*) is a bilinear form on X X X*, which is
bounded according to (2):

|eGlx, x| < ul-|x29) | = 12*TCx| < ITON Il §=*1,

where | T(-)| is the norm of the continuous map T(-): C(a) — B(X).
Let c; be the characteristic function of 4, and let f,&€ C(4), 0<f, =1,
fa ] cs. It follows from the uniform boundedness of u(-|x,x*) and from the
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Lebesgue Dominated Convergence Theorem that {x*T(f,)x} is a Cauchy
sequence for every x € X and x* € X *. Since X is weakly complete, | T'(f,) |
converges in the weak operator topology to a bounded operator, which we
denote by T'(c;) or F(3). A standard check shows that F(5) does not depend
on the particular sequence {f,}, ie., F(5) is well defined. Also | F(3)|
= | T(-)||. The multiplicativity of T(-) on C(A) implies its multiplicativity
on characteristic functions. Hence, for Borel subsets 6 and ¢ of A,

F@) F(e) = T(c;) T(c) = T(csc) = T(csnd = FGNe).

We also have x*F(8)x = u(5| x,x*). Therefore F(-) is finitely additive on
the Borel subsets of A, F(#) = 0 and F(¢(T)) = T(1) = I. The o-additivity
of x*F(-)x implies the strong ¢-additivity of F(.), so that the integral
Jmf(A) dF()) makes sense in the strong operator topology, and is equal
to T(f) according to (1). In particular, T'= T(2) = [ (n2zdF(z), and it
follows that T is specfral of scalar type by Lemma 6 in [3].

ReEMARK. Without the weak completeness hypothesis, the same proof
shows that if T is of class C, then T* is a scalar type spectral operator of
class X (cf. Theorem 18 in [3]).

3.3. CoroLLARY. In Hilbert space, an operator is of class C if and only if
it is similar to a normal operator (cf. [20]).

3.4. THEOREM. In Hilbert space, an operator is of class C with norm-
decreasing C(o(T))-operational calculus if and only if it is normal (cf.
Lemma 2.7).

Proof. It is well known that the operational calculus for normal opera-
tors is norm-decreasing as a map of C(s(T)) into B(X). Therefore, we have
only to prove the “only if’ part of the theorem.

Let T€ (C) and let T(-) be a norm-decreasing C(s(T))-operational cal-
culus for T (cf. Lemma 2.7). Thus

1) ITHI =1, FE€C6(T).

For t ER, let f,(2) = exp(itRez).

We consider the group of operators T'(f), t&R. By (1), |T(f)] =1,
and therefore | T(f)|| =1 because T(f) is a group. Using Sz.-Nagy’s
argument in [16], we conclude that T'(f) is a group of unitary operators.
Its infinitesimal generator is therefore of the form iH, with H selfadjoint.
Since f— T(f) is continuous, we obtain:

eitRez -1
iH = limt™'[T(f) — I] = lim T(————)
t—0 t—0 t

= T(iRe2) = iT(Re2).

Hence T'(Rez) is hermitian.
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Considering the group T(g) with g,(2) = exp(itImz), we show in the
same way that T(Imz) is hermitian. Since T(Rez) commutes with T(Im 2)
and T= T(2) = T(Rez) + iT(Imz), we conclude that T is normal.

We proceed now to prove a partial converse of Proposition 3.1 for m = 1.
This will be achieved in a series of lemmas.

3.5. We consider now operators of class C" for n = 1. Since Rez and Imz
are in C", we can write T'(2) = T'(Rez2) + iT(Imz2). Now T(Rez) and T(Im2)
are commuting operators of class C" with real spectrum (cf. Lemma 2.5).
This shows that any operator of class C" is of the form A + iB, where A
and B are commuting real operators of class C". We may therefore restrict
our study to real operators of finite class. We recall the convention (cf.
§2.16) that, whenever real operators are involved, C" stands for C"(R)
and 2 is defined with respect to R.

If ¢ is a continuous linear functional with compact support on C", then
it has a representation of the form:

(1) o(f) =22 | V(0 dui(t) luil £ loll, (0=j=n),

Jsn
where u; are regular finite Borel measures on R with supports in a neigh-
borhood of Spt¢ (cf. Theorem XXVII in [17, p. 91]). In general, ¢ has
many representations of this form. Uniqueness can be obtained by restricting
in some ways the kinds of measures entering in (1).

3.6. DEFINITION. A continuous linear functional ¢ on C" with compact
support is singular if it has at least one representation (1) in which all the
measures g, j 2 1, are singular with respect to Lebesgue measure. Such a
representation will be called a singular representation of ¢.

3.7. LEMMA. If ¢ is a singular continuous linear functional on C" with
compact support, then it has a unique singular representation.

Proof. Using the notations of [17], we have to show that if D 1 ou!’ = 0
and p; are singular for j=1, then u;j=0 for j=0,.-..,n. We have
Q_r-in ™) = — o, i.e., the distribution Y_/_,u{’~" is a primitive of a meas-
ure. By Theorem 11, p. 54 in [17], this distribution is a function of bounded
variation g,.

Next, if n = 2, we have (Q_/_ou/™?)’ = — u, + g. Thus, as a primitive
of a measure, ) " ,u\’"? is a function of bounded variation g,. Continuing
this process, we get finally:

(*) ”"Il = — HKn-1 +gn——17

so that g, is a function of bounded variation g,. But gy, is singular; hence
8.=0 a.e. and u,=0. Going back to (*), we get u,_1=g,_; if n =2,
un—1 is singular, and it follows as before that u,_, = 0. The same argument
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is used to show that u,=0 for j =1, and hence also po=0, since g,
+uit o+ u=0.

3.8. DEFINITION. Let F(-) be an operator-valued additive set function
on the Borel subsets of R, which is countably additive in the weak opera-
tor topology. Consider the Borel measures x*F(.)x for x € X and x* € X*.
If all these numerical measures are singular with respect to Lebesgue meas-
ure, we say that F(.) is singular.

3.9. DEFINITION. Let T be a real operator of class C". For x € X and
x* € X* fixed, x*T'(-) x is a continuous linear functional on C" with compact
support. We say that T is singular if x*T(-)x is singular (cf. Definition 3.6)
for every x,x*.

3.10. LEMMA. Let T be a singular real operator of class C" on a reflexive
Banach space. Then there exists a unique ordered set of n + 1 operator-valued
additive set functions { F(-),---,Fu(-)}, such that:

(1) F;(-) are uniformly bounded and strongly o-additive on the Borel sets
of R j=0,---,n).

(2) F;(-) have compact support contained in an arbitrary neighborhood of Z.

(3) For jz 1, Fi(-) are singular.

4) T(f) =270 S fV(t) dF;(t) in the strong operator topology.

Proof. We have
>T(f)x=Y | FV@®) dut|x,x*), fEC",
i=0

where u; are regular Borel measures on R with compact support (contained
in some compact neighborhood A of =) such that u; are singular for j = 1.
The bilinearity of x*T'(f)x in x and x* and the uniqueness of the singular
representation for x*7'(-)x (cf. Lemma 3.7) imply that p;(é|x,x*) is a bi-
linear form in x and x*, for each fixed Borel set 5 and fixed j. Furthermore,
lwiGlx, x| = w229 | = Ja*TCxl = | T =) f=*] ¢). Since X
is reflexive, there exists a unique operator F;(3) with bound = |T(.)|,
such that u;(5|x,x*) = x*F;(3)x (0 =j = n). The lemma follows.

3.11.LEMMA. Let y;and v; (j= 0, ---,n) be Borel measures on R such that
u; and v; are singular for j = 1. Suppose that

D)) = G5, tER.
j=0 j=0

Then p;=v; (j=0,---,n). (i denotes the Fourier-Stieltjes transform of p.)

Proof. Let f.(s) = ¢* (s,t €R). The Fourier transform ¢ of a continuous
linear functional ¢ on C" with compact support is defined by ¢(f) = ¢(f.).

(3) | T(-)| denotes the norm of the C"(a)-o.c. for T (cf. Lemma 2.7).
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Ifo =D " on ") is a representation of ¢, then ¢(t) = > o (it)7i;(t). The map
¢— ¢ is 1-1. Indeed, if fE L, .(R) (ie., tf(t) € Li(R) for 0 <j < n), then
its Fourier transform f is in C" and ‘

o(f) = ﬁ F06) dt.

Therefore, if ¢ = 0, also ¢(f) = 0 for all fE L,,, and since L,, is dense in
C", we have ¢ = 0. In particular, if ¢ is singular and ¢ = 21-0 ¥ is its
singular representation, then ¢ =0 implies u;=0 for j=0,...,n. This
proves the lemma.

3.12. LEMMA. Let T be a real singular operator of class C", and let Fj(-)
be as in Lemma 3.10. Write E;(-) = j'F;(-) and E(t) = S ¢“dE;(s) (tER).
Then:

E(OE (w) = E.(t+u), l+r=n,
=0, l+r>n
tueR; Lr=0,---,n).
Proof. Taking f,(s) = ¢* in Lemma 3.10 (4), we obtain:
er=3 W'py
im0 J!
Thus, for any pair (¢;,t;) of pure imaginary numbers,

U tT — z z’: Ly~

tNJWf&WwM
Jj=01=0 -

Z; f "1t dE, , (s)

lll 121 Z fells dEl(s)elzT.

I=

Thus:

n n— l n
it [fevera, [1 EH,] ->df e'lfd.[l, Be],
1=0 r=0T 1=0 Al

where d.u stands for du(s). For x€ X, x* &€ X* and ¢, fixed, the measures

1224
a3 E s

are singular for | = 1, because each measure x*E,,.x is singular for [ = 1,
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r=0 (cf. Lemma 3.10(3)). Similarly, the measures (1/1!)x*E,(-)e?'x are
singular for [ = 1. Therefore, by Lemma 3.11,

n—l 4r
t -
etzsdJZ ;Zl EH—" = dsEle‘ZI’ l = 0’ (RN (B
r=0"-

Multiply both sides by e* (¢t R) and integrate with respect to s over R
(integrals are understood in the strong operator topology):

n—l t . - m LA A ¢
S & [ ererabi 0 = e = 3 & [ esd[E0EG].
—or! r=07"-

For x, x*, | and t fixed, the measures
*E/()E,(-)x = {[E/(t) *x*}E,(-)x

are singular for r =21 (cf. Lemma 3.10 (3)). Similarly, the measures
e“dx*E,,,(s)x are singular for r=1 (I=0,-.-,n; r =n — ). Therefore,
by Lemma 3.11 (with ¢, variable), we obtain:

edel+r(s) = E[A(t)dE,.(S), r= 0) ceey, R — l’
and
E/(®)dE.(s) =0, n—-l<rzn,

(=0,-.--,n).
Multiplying these equations by e“ (1 ER) and integrating with re-
spect to s over R, we obtain the identities of the lemma.

3.13. THEOREM. A real operator on a reflexive Banach space is singular of
class C* (n = 1) if and only if it is spectral of type n and its nilpotent part N
and resolution of the identity E(-) are such that NE(-) is singular.

Proof. If T is a real spectral operator of type n, then its C"operational
calculus is given by

() = 20 f*ﬂ(s)d[lji!’E(s)], fec.

Thus the functional x*T(.)x has a representation D on with
= p;(-|x,x*) = x*(N’/j")E(-)x. For j=1, we write

1 .
wi(:) == (V') "x*INEC) .
Therefore u; are singular for j = 1 if NE(.) is singular. This proves the

“if”’ part of the theorem.
Suppose now that T is a singular real operator of class C".
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Taking [=r=0 in Lemma 3.12, we see that
E(t+u) = E;()E;(w), tu€ER.

This implies that the map S(.): f— S f(t) dEy() is multiplicative over
the algebra of functions f of the form f(s) =) ’_c;exp(it;s) (c;EC,t;ER).
Since this algebra is dense in C(¢(7)) and since E(-) is uniformly bounded,
S(-) is multiplicative on C(¢(7)). Taking f=1 in Lemma 3.10 (4), we
see that S(1) = Eo(R) = T (1) = I. We conclude that S(-) is a C-operational
calculus, and the operator S = S(t) = S tdE(t) is of class C. By Theorem
3.2, S is a spectral operator of scalar type (its resolution of the identity
is Eo(-)).

Next, we write N = E,(R).

For1<j=<n,takel=j—1and r=1 in Lemma 3.12:

Et+u) =E_,()E (w), 1=<j=n.

For u = 0, this gives E;(t) = E,_,({) N. Hence

E(®) =E,() N’, 0=j=n.
Interchanging the roles of [ and r, we obtain also

E(t) =NE;), O0<j=<n.
Equivalently, for 0 <j<n and tER,

E[(t) = [Es(-)N'] (t) = [N'Eo(-) ] ®).

Since the Fourier-Stieltjes transform is 1-1, it follows that
1) Ej(:) =Ey(-)N’=N’Ey(-), O0=j=n.

Next,wetakel=n,r=1,t=u =0 in Lemma 3.12. We obtain E,(R) E;(R)
= 0; using (1) and remembering that E,(R) = I and E,(R) = N, we con-
clude that N**! = 0. We rewrite now equation (4) in Lemma 3.10, using
(1) and recalling that E;(-) = j! F;(-) (write also E for E):

T =3 S oo, rec
Taking in particular f(s) = s, we get:
T = T(s) =fsdE(s) +N=S+N.
Since S is spectral of scalar type, N"*' =0 and N commutes with S by

(1), it follows that T is spectral of type n. Furthermore, NE(.) is singular,
since NE(-) = E,(-) by (1) (cf. Lemma 3.10 (3)). Q.E.D.

4. Characterizations of real operators of finite class. A simple characteriza-
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tion of real operators of finite class is given in Theorem 2.14 in terms of a
growth condition on the group e¢*”, t € R. Our purpose in this section is to
characterize a given class (C") of real operators. In this case, the necessary
condition |e*T|| = O(|t|") and the sufficient condition [e“T|| = O(|t|*"%)
(for n = 2) do not match together (cf. Lemma 2.11 and Remarks 2.16).

We look first for criteria given in terms of the group e¢*’. One way of
getting such criteria is to consider dense subalgebras of C" on which there

is a natural definition of T'(f).
Forn=0,1, ..., we denote by L,, the subspace of L,(R) consisting of

those f & L,(R) for which t/f(t) € L,(R) for 0 <j < n. Clearly, if fEL,,,
then its Fourier transform f is in C".
We recall that if A is a compact subset of R, and f& C”,

n

1

[Floa= 3 = suplfU.
j=0J: &

4.1. THEOREM. The following statements are equivalent for a real operator T

(1) T is of class C".

(2) There exists a positive number M and a closed finite interval A such that

" f fHe"dt

(3) There exists a positive number M and a closed finite interval A such
that, for every real vector (t,,---,t,) and every complex vector (cy,---,cpn),
m=1,2,..., the following inequality holds:

< M|flns forall f€ Ly,

=< M ch exp(lt,t)
=1

na

> c;exp(it;T)
Jj=1

When (2) or (3) hold, we have o(T).C A.

Proof. (1) = (2). The C"-operational calculus for T is an extension of
the analytic o.c., so that e*"= T(¢,), where ¢(s) =e* (s,t ER). Since
le*T = O(J¢t|™), the integral J f(t)e""dt converges in the uniform opera-
tor topology for f € L, ,. The continuity of the map T'(.) implies that

[ roema~ [ rore -1 ( [ rood) =70,
and (2) follows.

(2) = (1). Let L,, denote the subalgebra of C" consisting of the Fourier
transforms of functions in L,,. We define a map 7(-): L,,— B(X) by

T(o) = f f(O)eTdt,  where fE€ Ly, = 6.
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Condition (2) shows that T'(¢) is well defined as a convergent integral in
the uniform operator topology. Since L,, is dense in C"(a), we extend the
definition of 7'(-) to C*(A) by continuity; this is possible in view of (2),
and we have

ITE) | = M| f)as forall fE CYa).

The map T'(-): C*(A) — B(X) is linear and continuous. In order to prove
its multiplicativity, it is enough to check that T(¢¥) = T(¢) T(¥) for
¢, YEL,, Let f,g€L,, be such that f=¢ and 2= V. Then ¢¥
= (f+g)’, and by Fubini’s theorem:

T(s%) = f (f+g) (e“Tdt = f f £(t — 5)g(s) dse*Tdt

=ff(t)e“"dt-fg(s)e"Tds = T(¢) T(¥).
The use of Fubini’s theorem is justified, since (2) implies that |||
= 0(|¢|"). Indeed, as we have already remarked, (2) implies the conver-
gence of the integral s f(t)e“Tdt in the uniform operator topology (for
f€ L,,). Therefore, for unit vectors x and x*, we have:

f FO)x*eTxdt | < M| flos < M1 flim

where | f|li.= 2 ollt’f®]. and | -|; is the Li-norm. Thus the map

f— S f(®)x*e*"xdt is a bounded linear functional on the Banach space L, ,

(normed by || -||1,), with bound < M. This implies that ||e*”|| = O(|¢|").
In order to show that T(1) = I and T(s) = T, it is sufficient to check

the identity:

(%) T(¢) = €'T for ¢,(s) =e*  (t,sER).

The wanted result then follows by expanding both sides of equation (*) in
powers of t.

Choose a sequence f,,E L,, such that |fn.|,=1 and f,.— ¢, in C"(a).
Then f,, converge to the delta measure 4, concentrated at ¢, in the weak-
star topology of measures. We have:

2*T(¢p)x = lim [ fn.(s)x*e*Txds

= fx*e‘s"xda,(s) = x*e"Tx.

We conclude that T is of class C"(A); hence T'& (C") (cf. Lemma 2.7).
The equivalence (1) <= (3) is proved in a similar way.
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REMARKS. We may look at Conditions (2) and (3) as growth conditions
on averages of ¢"T (compare with Theorem 2.14). For n = 0 and X reflexive,
Theorem 4.1 reduces to Theorem 6 in [10].

Other criteria of the same kind may be obtained by considering other
dense subalgebras of C"(A). For example, we have the following criterion:
A real operator T is of class C" if and only if there exists a positive number
M and a finite closed interval A such that |p(T)|| < |p(®)|.. for every
polynomial p(t).

4.2. We give now a characterization of real operators of class C* which
is “constructive” in the sense that it exhibits the C"-operational calculus
in an explicit form.

Let C; be the subalgebra of C" consisting of all functions in C" which
have compact support.

For u20; t,tvER and m=1,2,.-., let

K,(tu,v) = 2lexp — [w/m)* + u|v| + ivt]
w
and
G.(t,u) = LK,,,(t, u,v)e*Tdv,

where T is an arbitrary real operator. The integral defining G, converges
in the uniform operator topology.
If fE C3, let

Tof; w) = j; G wdt Wz 0 m=1,2, ).

We can state now a criterion for 7€ (C") in terms of the sequence of
maps Tm: 03 X [O’ °°) -"B(X)-

4.3. THEOREM. A real operator T is of class C" if and only if, for every
f& Ci, the sequence T,(f;u) converges weakly to an operator T(f;u) (when
m— «), uniformly with respect to u (u = 0), and, for some positive constant
M and some compact interval A, | T(f;u)| < M| fll.s (u=0).

In this case, the C™operational calculus for T is given by T(f) = T(f,; 0),
f&€ C", where f, € Cj is such that f,= f on A.

Proof. Sufficiency. For u 2 0, we have the identity 7'(f; u) = T(g; u) when-
ever f,g € C are such that f =g on A. This follows from the inequality
I T(f;u)| < M|f]|.s We may therefore extend the definition of T(f;u)
to C" by setting

(1) T(fiuw) = T(fsw), feC,
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where f, € (5 is such that fo=/f on A.
Let f,(s) = e* (s,t ER). For u > 0, we have the identity

) T(f;u) =e“e'T,  tER

(cf. Lemma 5 in [10] and the following remark there).

Now, for f€ C§ fixed, and m = 1,2, ..., T,(f;u) is a continuous func-
tion of u in the uniform operator topology. Since x*T,,(f; u)x— x*T(f; u)x
uniformly with respect to u (u = 0), it follows that T(f;u) is weakly right
continuous at u = 0. According to the convention made at the beginning
of the proof, this is true for f& C" as well. In particular, taking f = f,, we
get T(f;; 0) = lim,_o, T(f;; u) = "7 (by (2)).

We check now that T satisfies Condition (3) in Theorem 4.1. Since the
map f — T'(f; 0) isobviously linear, we have (forc; € Candt,ER;j =1, ...,N):

I2ee™l = 1X6T(f 0l = | T cify; Ol = MIXcifyllna:

Necessity. Let A be a compact interval containing = in its interior. Fix
x€ X and x* € X*. We have:

*T(f)x=)Y | fP$) dus|x,x*), feC,
=0

where u; are regular Borel measures with supports in A and

il = HTC Dl )

(cf. footnote 3).
In particular,

e Tx =3 (it)jfe“‘dp,«(slx,x*),
Jj=0

sothat

*Gult,u)x =Y. f fK,,,(t, u, v) (iv)‘e™ dv du;(s| x, x*)
i=0

=3 [ Lnr 8Os — Hduiis]x, ),
=0

where L,,(t) = (2x)"“2me~™* and g, is the measure on R defined as follows:
foru = 0, g, = & (the delta measure at the origin); for u > 0, g, is absolutely
continuous with density function (u/(u®+ t?))/x. Notice that varg, =1
foru = 0.

Now, for fE C}, we obtain by integrating by parts:
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*Ta(fu)x =2 f ff(”(t) (Ln*gJ) (s — t) dtdui(s|x, x*)
j=0

= Z% (L *fO(t)d(g, * ) (2).
Jj=
Since f has compact support and f & C", Theorem 1.1.1 in [2] implies that

L+ fO—f9 uniform}y on R (for m— o; j=0,---,n). Since varg, = 1 and
varg; < | TC) | | x| §x*||, we obtain:

*To(f;u)x — Z fO)dg, *n) (t)l
=0
<3 |Ln*fO — f9] . - var(g, *w)
j=0

=S VIO R EINEN Z;) ILn*f? — ). —0
p

when m — «, uniformly in « (u = 0).
But

3 ') U = - Dy .
) f fO0dE )0 =3 f (f9r) du,

= zo (f*8)" duj = x*T(f +8)%.
iz

Hence T,(f; u) converges to T(fxg,) in the weak operator topology, uni-
formly with respect to u, u = 0. Therefore T'(f;u) = T(f*g,). Since varg,
=1, we have | f*gullns = || f||na so that

1Tl = 1T *g)l = N TC U *8ulna S N T Nl

Finally, T(f;0) = T(f*8) = T(f) for f& Cj, and the proof is complete.
4.4. ExampLE. Let T be as in Example 1.3 (c). We find that

1
(€TF) (x) = €“F(x) + it f ¢F(s) ds,

fELP0,1),0 <x <1. Let ¢ € C;. A straightforward calculation leads to
the identity:

(T3 00 (x) = @;1)— f o( + x)me="* duf (x)

1 1
+ [PRLL L fcp'(u + s)me“"‘“’zduf(s) ds.
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Applying Theorem 1.1.1 in [2], we obtain:
[T(6;0)f](x) = liﬁn[T,,,(¢;0)f](x)

=¢wﬂn+£¢wvwa.

This is precisely the o.c. proposed without justification in §1.3.

4.5. THEOREM (CHARACTERIZATION IN TERMS OF THE RESOLVENT, CASE
n =0). A real operator T is of class C if and only if the integral

(%) J(s|x,x*) = flx*[R(t —is;T) — R(t+ is; T) | x| dt

is uniformly bounded when s— 0, for unit vectors x and x*.

REMARK. This is a generalization to nonreflexive Banach spaces of the
last part of Theorem 6 in [10].

Proof. Necessity. For s > 0 and u,t € R, the functions (¢ — u = is) ', con-
sidered as functions of u, are in C, and R(t+ is; T) = T, ((t — u & is) %),
where the subscript u of T'(-) indicates that (¢t —u + is) ' is considered
as a function of u. Thus:

2is
*
ﬁ(a—uV+§)x

du(u|x,x*) |dt

J(s|x,x*) = dt

:f

_2ff(t sdt d|p|(u|x x*) < 2xvaru(-|x,x*)

u):+
2= Tl h=x*l,

where u(-|x,x*) is the measure corresponding to x*T(-)x as a continuous
linear functional on C(¢(T)) and || T(-)| is the norm of the C(s(T))-o.c.
for T.

Sufficiency. Let A be a compact interval containing ¢(7) in its interior.
For s >0 and u €R, we have:

S
—u)2+82

e ulghT = 211f e“[R(t — is; T) — R(t+ is; T) ] dt

———f + 0:(9),

where | O,(s) | < Consts (the constant depends on A and T, but not on u)
and all the integrals are taken in the uniform operator topology. Applying

(1)
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Condition (), we conclude that ¢“” is uniformly bounded for u € R. There-
fore the integral

@ f fweMedu,  fE Ly(R),

exists in the uniform operator topology, and (by (1) and Fubini’s theorem)
is equal to

1 . .
® o [0 1RG5 T) — R+ is; T )de+ 0,9,
where || O:(s) | = Const| f||,s. Hence, for unit vectors x and x*,

) 1
x*ff(u)e‘“'“‘e‘“rdux << J(s|x,x*) - sup|f| + || 09) || -

Since €“T is uniformly bounded, the left-hand side converges to

x*ff(u)ei“Tdux

when s -0+ (by Lebesgue’s Dominated Convergence Theorem). Condi-
tion (») implies therefore that | /" f(u)e“"du| < M sup,|f| (2xrM is a uni-
form bound for J(s|x,x*) when s—0); hence T€ (C) by Theorem 4.1.

4.6. REMARKS. If T is a real operator of class C, then T(f) = S f(t)e*Tdt
for fE€ Li(R) (cf. proof of Theorem 4.1). Thus:

T(f) = lim [ f(t)e*"le*Tdt

s—04

1 . .

= lim —.ff(t) [R(t—is; T) — R(t+ is; T) |dt
s—0+ 2‘!"

in the uniform operator topology. The last integral is over any (finite or

infinite) interval containing o(7T) in its interior. Since L,(R) is dense in

C(a) for any compact interval A, Condition (*) implies that

@) T(f) = lim - f F0)[RG — is; T) — Rt + is; T) |dt

for all f& C (remember that = = o(T)), the limit being now in the weak
operator topology. This is an explicit representation of the C-operational
calculus for T (for real T € (C)), which is well known for the special case
of hermitian operators in Hilbert space. Compare with Theorem 2 in [18].
The representation (4), as well as Theorem 4.5, are easily generalized to
the case n> 0 (cf. [18]).
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5. Limits and sums of real operators of finite class. Let T, be a net of
operators converging strongly to the operator T. If each T, is a real opera-
tor of finite class, then || exp(itT,) || = O(|¢|") for some non-negative integer
n,. Suppose that there exists an integer n = 0 and a constant M > 0, both
not depending upon a, such that

lexpGitTo) | = M|t|", tER.
Then, by the Uniform Boundedness Theorem, we have also | ¢| = M|t|",

and therefore T'is of finite class (in fact, it is of class C"™% cf. Lemma 2.11).
In particular, if T, are all of the same class C”, the condition

sup [t] "l exp(itTy) || < «

is sufficient for T' € (C"*?). This is quite unsatisfactory, because we cannot
conclude by this argument that 7 is in the same class C" as all the T,. A
more precise result may be obtained by applying Theorem 4.1.

5.1. DEFINITION. Let T€ B(X) and let A be a compact interval. The
nth variation of T over A is defined by

f f(H)e'Tdt
R

where the sup is taken over all f& L,, for which |f],,= 1(*).
In general, v,(T;A) = ». Theorem 4.1 states that v,(T;4A) < « if and
only if T is a real operator of class C" (in this case, ¢(T) C 4).
Furthermore, since T(¢) = S f(t)e*Tdt for ¢ = f and f€ L,,, and since
L, is dense in C*(a), we have:

vu(T;A) = sup(| T@)||; 6 E Liny |6lns=1
=sup(| T(®) ||; ¢ € C" (D), |¢llna=1)
=T,

where T(-) is the C"(A)-operational calculus for 7€ C" (cf. Lemma 2.7)
and || T(-)| is the norm of T'(-) as a continuous linear map of C"(a) into
B(X).

U,(T; A) = sup

b

5.2. THEOREM. Let T, be a net of operators converging strongly to the opera-
tor T. Suppose that, for some fixed integer n = 0 and compact interval A, the
nth variations of T, over A are uniformly bounded. Then T (as well as all T.)
is of class C" with spectrum in A, and T(f) = lim T,(f) in the strong opera-
tor topology for all fE C".

(*) We set 0,(T; &) = o if the integral does not converge in the uniform operator topology
for some f € Ly, with | fljns = 1.



1965] CLASSIFICATION OF OPERATORS 221

Proof. By Theorem 4.1, T, € (C") and ¢(T,) C A. It follows in particular
that

lexp(itTo) | = | Tae®) | = I Tal-) | €*]na
S ua(To; 8) 2 |t
j=0

There exists therefore a constant K > 0 which does not depend on a such
that || exp(itT,) || < K(|t|"+ 1). If f&€ L,(R) vanishes outside some finite
interval (— A,A) (so that, in particular, f€ L,,), then, by Lebesgue
Dominated Convergence Theorem for nets (cf. [5], p. 124),

‘ f f(t)e'" dtx | f f()eTadtx

where M = sup,v,(T,;A) < ». Now if fEL,, there is a sequence f;
& L,;(R) such that (i) each f, vanishes outside some finite interval, and
@ SIt)’|f® — fu®)|dt—0 when k— « (0=j=n). By (i, fi—f in
C*(4). Since |e*T|| = K(|t|"+ 1), we have:

" f f(t)e*Tdt — f fu®)e'Tdt

(k— ). Therefore:
||ff(t)e“7'dt ‘ = lizn “ffk(t)e‘”dt
= M| f|| na forall fEL,,.

By Theorem 4.1, T € (C"). The identity T(¢) = lim T,(¢) is valid (in the
strong operator topology) for ¢ € L, ,, and therefore for every ¢ & C", since
L;, is dense in C*(4) and = = o(T) S A (cf. [5, p. 55, Theorem 18]).

Theorem 5.2 generalizes Theorem 7 in [10] and Theorems 2.3 and 2.6
in[1].

5.3. Sums of operators of finite class. According to Corollary 2.15, sums
and products of commuting real operators of finite class are of finite class.
In general, this statement is no longer true if we replace ‘““finite class” by
“class C” for some fixed n, not even for n = 0 and X reflexive (cf. [9] and
[14]). Consider the special case of a sum T + S, where T commutes with S,
T is real of class C" and S is real of class C. By Corollary 2.12, T+ S is of
class C"*% In order to conclude that T+ S is of class C", we need a certain
boundedness condition, which is automatically satisfied in Hilbert space
We state first an elementary result.

5.4. LEMMA. Let E; (j=1,---,N) be projections such that E,E,= 0 for

= lim = M|l flna

<K [ (147 + D170 - 10 | dt—0

< Mlimsup] fil .
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for j#k and ZE;=I. Let T be a real operator of class C" which commutes
withE;(j=1,---,N). Finally,let L= T+ ) _,.;<na;Ej, a;ER. Then L is of
class C", and its C"-operational calculus is given by

N
@ L(f) =2 T(f,)E, feC

j=1

where f,(t) = f(t+a), t,acR.

Proof. Define L(f) by (1). The map f— L(f) is a continuous linear
map of C" into B(X). We have L(1) =) T(1)E;j=) E;=1 and L(})
=ZT(t+GJ)EJ=Z(T+ a,-I)Ej= L. If f,geC", then

L(fg) =X T(fgl.)E; = X T(f.) T(g:) E;
= Z ; T(faj) T(ga,,)EjEk = L(f)L(g)

We have used here the commutativity of T with E;, which, in turn, implies
the commutativity of T'(f) with E; for every f& C" and j=1,---,N (this
is obvious if f is a polynomial; since polynomials are dense in C*(a) for a
compact interval A, the result follows). Finally, L(-) has the compact sup-
port UY, (= + a)).

5.5. THEOREM. Let T and S be commuting real operators. Suppose

i TecC.

(ii) S is spectral of scalar type.

(iii) Sup||21§j§NT(faj)E(0j) | <=,
where E(-) is the resolution of the identity for S, and the sup is taken over
dll finite partitions {ay,---,0n} of o(S) into disjoint Borel sets, with arbi-
trary choice of a;E a;, and over all f& C" with | f||l,.=1 (A is some fixed
compact interval).

Then T+ S is of class C", and its C"-operational calculus is given by

(+) (T+S)(f)=fT(f0dE(t), fec

(the integral exists in the strong operator topology).

Proof. Denote » ={o;,a;| j=1,---,N}, where o; are disjoint Borel
subsets of ¢(S), ¢(S) = Us; and a;E s;. Let

N
L, =T + Za,-E(aj).
j=1

We have im L, = T+ S in the usual sense. By Lemma 5.4, each L, is of
class C" and its C™-operational calculus is given by
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N
L.(f)= Z‘i T(fs) E(q)).

iz
Condition (iii) means that the nth variations of L, over A are uniformly
bounded. Therefore, by Theorem 5.2, T+ S is of class C*; furthermore
lim L,(f) exists in the strong operator topology, and gives us the C"-opera-
tional calculus for T+ S. On the other hand, limL,(f) is by definition
the “strong” integral J T(f)dE(t).

5.6. COROLLARY. Let T and S be commuting real operators in Hilbert space,
which are respectively of class C" and of class C. Then T + S is of class C"
and equation (*) in Theorem 5.5 gives its o.c.

Proof. By Lemma 4 in [3], there exists a constant M depending only on
S such that

N
Y. T(f,) E(s)

Jj=1

=M sup | T(f,)|

for any collection o; (1 <j < N) of disjoint Borel sets. Let A be a compact
interval containing A+ ¢(S), where A, is a compact interval containing
o(T) in its interior. Let K be the norm of the C*(A,)-o.c. for T. Taking
0;C o(S) and a; € 5;, we have:

“ T(faj) “ = K" faj“ nag = K"f“ n,89+8; = K“f“n.A'

We conclude that condition (iii) in Theorem 5.5 is satisfied, and the corol-
lary follows.

Theorem 5.5 generalizes Theorem 7 in [6] about sums of commuting
spectral operators (for the case of real spectrum). The uniform boundedness
of the Boolean algebra of projections generated by the resolutions of the
identity E, and E, of T and S respectively (7" and S scalar) implies condi-
tion (iii) in Theorem 5.5.
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