INTEGRAL EQUATIONS ASSOCIATED WITH
HANKEL CONVOLUTIONS ()

BY
DEBORAH TEPPER HAIMO

CHAPTER 1. INTRODUCTION

1. Objectives. We denote by Vla,,---,a,] the number of variations of
sign of the sequence a,,---,a, of real numbers. Hence, for example,
V[-1,0,1]=1, V[1,0,1]=0, V[0,0,0]= —1. If f is a real function
defined for 0 < x < =, then V[f(x)]= Lu.b.V[f(x),---,f(x,)], taken over
allsets 0 <x; <% < -+ < w.

Let H be a real-valued function of L'(— », »), ¢ a real-valued, continu-
ous function of L°(— «, ) and let

) H x $(x) =wa(x—t)¢(t)dt, C e <x< .

H is said to be a variation diminishing *-kernel if and only if, for every
such ¢,

(2) VIH x¢(x)] < V[g(x)].
Let
1 = €
(3) G(t)=ZImE(;)'dS, — o <t< o,
where
(4) E(S) - ecs2+ibs k:Il<1 _ la_s:) eis/ak,

the a,’s being real, with > ;.,(1/a}) < «, and b and c real, with ¢ = 0.
In 1947, 1. J. Schoenberg proved that the kernel G defined by (3) is vari-
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ation diminishing and that, conversely, every variation diminishing kernel
is of the form (3); see [13].

The following analogous theory, generalizing the kernels of (3), was
developed by I. I. Hirschman, Jr. [5]:

Let v be a fixed positive number, and set

x21 +1
® O =G
Define
© F () = 27T 4 /D2, o),

where J,_,2(x) is the ordinary Bessel function of order y — 1/2. Replacing
the exponential factor of the integrand on the right of (3) by # (st), we set

© F(st)

(7 G(t) = £6) du(s), — o <t< ™,
where
@ 2
® B6) - (1+3),
k=1 a
the a,’s being real, ) ;~;(1/a}) < », and ¢ 2 0. Further, corresponding to
exp[tsx]exp[zsy]
®) Glx—y) = o [ SRRy,
we set
(10) Glx,y) = -Z%%?@@m,

and define, for ¢ in L(0, »),
(11) G# ¢(x) = J; G(x, ) ¢(t) du(t), 0<x< =,

A general definition of y # ¢(x) for any two functions ¢y and ¢ of
L'(0, =;du(x)) will be given in II, §2. Hirschman proved that a # -kernel
G is variation diminishing if and only if it has the form (7). We note that
in the special case where vy = 0, #(x) = cosx, and we have Schoenberg’s
theorem for an even kernel.

In 1955, I. I. Hirschman, Jr. and D. V. Widder showed that the x-
convolution transform f(x) = G *¢(x) can be inverted by the differential
operator E(D):
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N
ED) ) = lim 1] (1= 2) e?/2) = (2,
- k=1

where D stands for differentiation with respect to x. Further, they ob-
tained a corresponding representation theory, (10, pp. 120-169].

These results suggest that we may develop a parallel inversion theory
for the # -convolution of (11). Our primary goal will be to derive such a
theory under the least restrictive assumptions and to establish an analogous
representation theory. Our main inversion theorem will be the following:

Let ¢ be a function integrable on every finite interval and let

f = [ G ns0dud,  0<x<a,

where

® Ft) Fy)
(e 5)

k=1

G(x,y) = ———du(t),

the a,’s being real, 0 <@, < --- < =, with ) i ,(1/a}) < ». Then

mn (1-%) 10 = o0,
where Ah(x) = h”(x) + 2vh’(x)/x, if hm,._.ol/h S e (0) — ¢(x)]du(t) =0,
a condition which holds a.e.

Correspondingly, we prove that necessary and sufficient conditions for
a function f to be represented by f(x) = S G(x,¢t) dy(t) with ¢(t) T are
that f(x) EC*, 0=x< o, [[Mi(1—-A/ad)f(x) 20, 0Sx<o,1=N,
<N, < .-, f(x) =0(P(a;x)), x— =, where _P(a,x) is defined in III,
§3, (3).

Examples which serve to illustrate these results are given in the fol-
lowing table:

v | E@ G(x,y)

212 cosh rx cosh =y
cosh’rx + sinh’ry

0 | cosh(t/2) (2

sinh =t (x/2)1 coshxcoshy + 1
wt i (cosh x + coshy)?

(27)'? sinhrxsinhry
xy sinh’rx + cosh’ry

1 cosh(t/2)

sinh =t (x/2)' 2L sinhxsinhy
xt xy (coshx + cosh y)?
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Note that the Stieltjes transform
= $(t)
F(x) = —dt
(x) o x4+t
becomes, after exponential changes of variables,

AU

h(x) = . pr—
2cosh

dt,

where h(t) = F(e) e"%, y(t) = e"*d(e").
Hence, if ¢ is an even function, we have
1 (- 1 1
h(x) = - + v()dt
x—t

2 Jo x+t —
oshT coshT

*  cosh rx cosh =t
= _ . 2xt) dt,
2”,[; cosh’rx + cosh‘wt“ )

or

e cosh rx cosh =t

: — () dt,
cosh’rx + cosh‘rt‘"(t)

F(x) = (2/m)" ﬁ @

where f(x) = h(x)/x, ¢(x) = ¢(27x). Thus we find that the Stieltjes trans-
form for & satisfying ®(1/x) = x®(x) is the special case of the # -convolu-
tion illustrated by our first example above. The inversion theorem enables
us to conclude that, in this case,

S R e LR O]

see [10, p. 69].

2. Formal approach. Before proceeding to a rigorous development, let us,
by way of illustration, derive the inversion theorem formally. We consider
a real-valued function f defined on (0, ») and set

W ) = f T O del), 0<x<

so that, by inversion, as in the case of the Fourier transform, we have

@ Fx) = f " A0f O dult).

We define the linear differential operator A, by
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2
@) (Axf)x—[:2+27d]f()

x dx

By an application of Bessel's equation, we may show that, for t fixed,

4) A f(xt) = — 88 F(xt);

see [5, p. 317]. Note the analogy to the Fourier transform wherg the deriva-
tive operator D applied to the exponential gives D(e*) = ite’”. Next, let

5) E(s)=£]l[l+%],

where the a,’s are real and ) ;_,(1/a}) < ». Further, for a real-valued
function ¢ defined on (0, »), let

(©) f) = ﬁ "G5, )60) i), 0<x<

where G(x,y) is defined in §1, (10). It then follows formally that

F0 = )10, £ duty
= [ A [ 60,9601 et
- J; " 6() du(3) J; " A(xt)Glt,3) du®
- [0 22 duy

¢ @
E(x

v

Hence

° - t
f(x) = J; Faf @) du®) = f F(xt) ‘Z,((t)) du(?).

We thus find that
INI[I——] f( )—f{INI[ 1—2—%‘] /(xt)} ";3((0) du(t)

k=1 k=
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It, therefore, follows that

N °
tim ]| [1 —A%] flx) = f LU,
Noow p—} a; 0 I © ) tz
¢91h33+1[ +.af]

- ﬁ " (e @) duld)

= ¢(x),
which is the inversion we seek.

CHAPTER I1. DEFINITIONS AND PRELIMINARY RESULTS

1. Basic definitions. We begin by developing the theory of the Hankel
transform and by establishing some of the properties analogous to those
of the Fourier transform. For fixed v > 0, we define

d AN
(1) u(x) = m) X.

We denote by LP(0, »), 1 < p < =, the space of all real-valued, measurable
functions f defined on (0, ) with norm

® 1/p
® = [ 1reram]” <,
whereas L~(0, ») denotes the space of those functions f for which
3) I fll - = ess.Lu.b.|f(x)] < .

0<x<

Let A(x,y,2) be the area of a triangle with sides x,y,z if such a triangle
exists. Set

27 r(v + 1/2)

T(y)x"2 (xyz) " A(x, y,2) ]2

(4) D(x,y,2) =

if A exists and zero otherwise. We note that D(x,y,2) = 0 and that D(x,y,2)
is symmetric in x,y,z. Further, we have the following basic formula:

(5) f " F@D(x,y,2du(s) = Fxt) £o0),

(17, p. 411], from which it follows immediately, on setting ¢t = 0, that
® [ Dy 1.

Using (5), we may show that
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(7 | f(x)] £1, 0<x< =
see [5, p. 310].

2. Preliminary results. For each f in L'(0, »), it is clear, by §1, (7), that
the integral /7 #(xt)f(t) du(t) exists, so that we may define the Hankel
transform f of a function f in L'(0, ») by

(1) F(x) = ﬁ " 2O dut®).

LEMMA 2.1. Let f be a function of L0, ). Then f'(x) is bounded and
continuous for 0 £ x < .

Proof. Since

15 @) s ﬁ GO du® <l

we have
and the transform is clearly bounded.

Further, the continuity of f (x) for 0 < x < » may be established by
noting that, for any real x and A, 0 < x < «, we have

|f(x+h)] éj; | £((x+ B |f®)] du®).
Now | A(x+mo||f®O] = |f®)| and limy_o| F((x+h)t)| = | Flat)|,

0 =¢ < =, so that the Lebesgue convergence theorem may be applied and
the result follows.

LEMMA 2.2. Let f,f,f,, --- be a sequence of functions of L'(0, ») such that
lim,_.|f.— fli=0. Then lim,.ﬁ,f:f(x) =f(x), uniformly for 0 £ x < .

Proof. By Lemma 2.1, (2), we have
[fax) = F O] <N fa=fl

DEFINITION 2.3. The associated function f(x,y) corresponding to a func-
tion f(x) of L'(0, =) is given by

f(x,y) =£mf(u)D(x,y,u)du(u), 0<x,y< o.

The following lemma justifies the definition.

LEMMA 2.4. Let f be a function of L'(0, »). Then the integral

j; f(w)D(x,y, u) du(u)
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converges for almost all y for each fixed x, and, for x fixed, | f(x, )|, = | |
Proof. We have
I

ﬁ " W) D(x, y, u) du(w) | du ()

< f du(y) f "1 W) D, y, ) du(w)

- f "1 AW | du(w) f " Dixy, 1) du(y)
11l

and hence f(x,y) exists for almost all y, for each fixed x, and vice versa.
DEFINITION 2.5. Let f and g be any two functions of L0, »). Then

f# g(x)=£°f(x,y>g(y>dum, 0<x< o

We find that the properties of the # -convolution parallel those of the
x-convolution, as illustrated by the following lemmas.

LeEMMA 2.6. Let f and g be functions of L'(0, ») and let
f#gx)= j; f, e du(y), 0<x< .

Then the integral defining f # g(x) converges for almost all x, 0 < x < =, and
If# gl fllgl
Proof. We have

Lmlf# g(x)| du(x) = fomd,‘(x)

= fm du(x)
0

< [ duo [ 11 dut) [[17)] DGkt 0) dute)

ﬁ " Fx 08(0) dul)

ﬁ " g0 dul®) f " ) D(x, £, 1) du(w)

- f " 8() | du(t) ﬁ " Fw) | dutw) f " D(x,t,u) du().

The change in order of integration follows by Fubini’s theorem. It is thus
clear that

If# gl =1fldgl.
LeEMMA 2.7. If f and g are functions of L'(0, »), then
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f#8 D=fxg(x), 0<x< .
Proof. We have

(#8 @ = L " S (F # 90 dul)

- f " A du(® f " fit, wg() du(w)
0 0
= L c/(xt) du(t) J; mg(u) du(u) J; wf(v)D(t, u, v) dy(v)

=J;mg(u) du(u)J:f(v) dp(v)J:/(xt)D(t, u,v) du(t),

the change in order of integration follows by Fubini’s theorem. Thus, by
§1, (5), we have

(F#8) @ = f " A wg) duu) f " £ f®) duw)

=f (g ().

The following lemma may be found in [5, p. 315]. It enables us to establish
the commutativity and associativity of the # -convolution in L}(0, ).

LEMMA 2.8. Let f be a function of L'(0, =). Then
f@) =lim [ £ Ok £ du® ae,

where the k,(t), n=0,1,2, ..., are a sequence of functions such that

(1) k(1) 20,0 <x <

(i) S5 ka(®) du(®) =1,

(iii) lim,_ . S k.(t) du(t) = O for every &> 0,

(iv) k.(t) € LY(0, »),

(V) k, (x) = k().
An example of a sequence of functions k, satisfying the above properties is
given by

ka(x) = 2 V2p(y 4+ 1/2)nt e

1
r2y+1)

COROLLARY 2.9. Let f and g be functions of L'(0, ) such that f (x) = g (x),
0<x< «. Then f(t) =g(t) a.e.

CoROLLARY 2.10. Let f be such that f and [ belong to L0, »). Then
(f)(®) = f(x) a.e.

LEMMA 2.11. Let f, g and h all be functions of L'(0, ). Then (f # g)(x)
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=@g#/f)(x) a.e.and ((f#8) #h)(x)=(f# (g# h)(x) a.e.

Proof. We have (f# g) (x) = f (x)g"(x) =g (x)f (x) = (g # f) (x) and
hence, by Corollary 2.9, (f# g)(x) = (g # f)(x) a.e. and similarly for
associativity.

We conclude the section by including, without proof, the following general
theorem on the application of linear differential operators to integrals.

THEOREM 2.12. Let rp(x), m = 0,1, --., M be functions continuous in (a,b),
ry(x) > 0. Define the linear differential operator

M
Ly= ) rn(x)(d/dx)".

m=0
If f(x) = J7 Q(x,9)¢(y)du(y) converges for 0<x< o, and if q(x)

= Jo LulQ(x,5)]6(y) du(y) converges uniformly for 0 <x <A < = for
every real number A, then Ly[f(x)]= q(x).

CHAPTER II1. VARIATION DIMINISHING # -KERNELS

1. Introduction. In this chapter, we study properties of the variation
diminishing # -kernels G(x) and of their associated functions G(x,y) de-
fined by G(x) = So (7 (xt)/E(t)) du(t) and

Glx,3) = f " 6w D, y, 1) du(u).

We propose, first, to establish inequalities on E(x) in order to verify the
existence of basic integrals. We then construct the variation diminishing
kernels G(x) as convolutions of elementary, basic variation diminishing
kernels. We examine variation diminishing matrices and explore properties
of the associated functions G(x,y).

2. Inequalities for E(s).
LEMMA 2.1. Let 0 <a, <a; < --- < o, with ) 7.,(1/a}) < =, and let E(s)
=]1imi[1 + s%ai]. Then |E(o + in)| 2| E(in)|.

The proof follows immediately from the product representation of E(s).
Note that if a, = « for k=n+1,n+2,..., then E(s) becomes a poly-
nomial of degree 2n, but the result holds nonetheless.

THEOREM 2.2. Let E(s) be the function defined in the preceding lemma.
Then, for any positive numbers p and R. 1/|E(s + i7)| = 0(1/|¢|?), | o] — =,
uniformly for |r| < R.

The proof follows from the definition of E(s) and the preceding lemma.
Note that if E(s) is a polynomial of degree 2n, the theorem holds for p < 2n.

The following results will all be based on the assumption that E(s) is an
infinite product.
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3. Generation of variation diminishing kernels. We propose to show that
the kernels G(x) referred to in the Introduction may be generated from
an infinite number of # -convolutions of elementary basic variation dimin-
ishing kernels g,(x), a > 0, given by

(1) £u(x) = a®*! ¥ (ax),
where
(2 (%) = x"*TK, (%),

K. _,,2(x) being the Bessel function of the second kind. In our development
we also need the function

3) P(x) = 2"7°T(y + 1/2)x 2771,y p(x),
where I,_,,5(x) is the Bessel function of imaginary argument of order y — 1/2.
LEMMA 3.1. Let g.(x) be defined by (1). Then g,(x) =1/(1+ x*/d’).
Proof. See 17, p. 410].
LEMMA 3.2. Let _#(ax) and % (ax) be defined by (3) and (2) above. Then
(1-3) 19 = ~ e | * 7 0' Fi]
1 d d f(x) ]

7 a&® %(ax) dx dx %(ax) -

Proof. Each of the identities may be verified by straight computation of
the right-hand side, making use of Bessel’s equation.

[ x*( % (ax))®

LEMMA 3.3.
y—1,2
w@0d Py - 2t ey - LT+ 1/2
dx dx x2q?
Proof. See [17, pp. 79, 80].
LEMMA 3.4. Let
= Flxt) )
&y = ), L—/p— du(®).
1+ —
a
Then

&(x,y) = a®".F (ay) Flax), x=y,
=a?*"! ¥ (ax) Play), x2y.
Proof. See (17, p. 429].
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LEMMA 3.5. Let g,(x,y) be the function defined in Lemma 3.4 and let ¢(x)
be a continuous function of L=(0, »). Then

(1-2) [ 2601 du) = 0.

Proof. By Lemma 3.4, we have

ﬁ £a(%,9)6(3) du(y) = ﬁ 2%, 9)6(y) du(3) + f (%, 9)6() du(y)
_ a[ % (ax) f " 2(ay)6(y) du(3)

+ Plax) f " #@y)et) du(y)] .

Applying the operator (1 — A,/a®) to each side and using Leibniz’s rule,
we have, because of Bessel’s equations,

(1-%) f 2%, 9)6(3) du(?)

3 ¢(x) 21/2—7x27
a? 1

I" —
(7 + 2)

Hence the result follows by Lemma 3.3.

= 027+1

[ (ax) %(ax) %(ax) J’(ax)]

THEOREM 3.6. g,(x), a > 0, is a variation diminishing kernel.
Proof. See (5, p. 322].

LEMMA 3.7. Let g,(x),8:(x),---,8.,(x) be a sequence of variation dimin-
ishing kernels. Then, if

E(x) =@ # g# - #g)(2),
g(x) is variation diminishing.
Proof. See [5, p. 323].
THEOREM 3.8. Let

E(x)=f1(1+§),

k=1

where 0 <a,<a, < --- and Z,;’Ll(l/ai) < w, and let

Then
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- © 1

and G(t) is a variation diminishing # -kernel.

Proof. See [5, p. 323].

4. Matrix transformations.

DEFINITION 4.1. A real matrix A = |a;] (1Si<m;1=j<n) is called
totally non-negative if all its minors of any order are non-negative.

DEFINITION 4.2. Let A = |a;| (1 i< m;1 <j<n) be a real matrix of
order R. Then A is called minor definite if all the following of its minors

have the same sign:
(a) those which are of equal order r < R;
(b) those which are of order = R and which belong to the same combina-

tion of columns.

DEFINITION 4.3. A real matrix A = [a;](1 <i<m;1<j<n) is said to
be variation diminishing if and only if for any set of real numbers x,, - - -, x,,
it follows that

yl=zaijxjr i=1""’m9
Jj=1
implies that
V[yl’ * "’ym] é V[xl) ""xn]-

The associated function of a variation diminishing # -kernel will be re-
ferred to as variation diminishing. An approximation argument readily
shows that if G(x,y) is variation diminishing, so is the matrix [G(x;y;)]
1l=i=nl1=j=m).

THEOREM 4.4. [G(x;,Y))],<ij<n is totally non-negative.

Proof. Consider the quadratic form

2 Glx, x)te; = i tit; A &?@@u—) du(u)

=1 =1

f [ Ztt /(xu)/(x,u)] 3! )d“(u)

ij=1

=J;[§/ ,u)z] 0 )d,l(u)

= 0.
By a theorem on quadratic forms (see [2, Vol. I, p. 306]), it follows that
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det[G(x;, %) }ij=1,..n>0.Now let 0 S x, < x,< -+ <x,< 2 and 0 Sy, < ¥,
< ... <y, < o, and consider the set consisting of all the x’s and y/s.
Arrange these in increasing order, denoting the numbers of the combined
setby wj, j=1,-..,r, where 0 S w, <w, < -.- <w,, with n =r < 2n. Con-
sider the n X r matrix A = [G(x;,w)](i=1,...,n;j=1,...,r). By the re-
mark preceding the theorem, A is a variation diminishing matrix and hence,
by [10, p. 101] A is minor definite. Since A has rank n, all n X n minors
have ‘the same sign, and since det[G(x;x)]ij-1...n2 0, we also have
det[G(x;, y) ]i,j=1'...',, = 0.

THEOREM 4.5. G(x,y) > 0.

Proof. By the preceding theorem, with n = 1, it is clear that G(x,y) = 0.
Suppose G(x,y) = 0. Then we may appeal to IV, Theorem 3.2 (the proof
of which, though independent of the preceding results, is more conveniently
included in IV) to note that there exists a number y, > y such that G(x,y))
> 0. Similarly, since G(x,y) = G(y, x), there exists a number x, > x such
that G(x,,y) > 0. Now, applying the preceding theorem once more, with
n =2, we find that

G(x,y) G(x,y)

v
[=]

G(x,y) G(xy,y1)
or
- G(x)yl) G(xby) ; 0:
a contradiction.
5. Properties of Gn(x,y). Let
Ex = I (1+—2>,
aj

k=N+1
where 0 <a, <a, =< ..., with ZIZ;NH (1/a}) < =, and let Gy(x) be the vari-
ation diminishing kernel whose Hankel transform is the reciprocal of Ey(x),
and Gn(x,y) be the function associated with Gy(x). We write G(x) and
G(x,y) for Gy(x) and Gy(x,y), respectively.
The following theorems will be stated for G(x, y), though they hold equally
well for Gy(x,y) with N any integer.

THEOREM 5.1. If G(x,y) is the function associated with G(x), then

= Flxt) Fyt)

G(x,y) = EQ

du(t).

Proof. By definition, we have
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G(x,y) = ﬁ G(u)D(x,y, u) du(u)

e = £tu)
- ﬁ DG,y w) du(w) |, L du)

=, Ett) du(t) f S tu)D(x,y,u) du(u),

where the change in order of integration follows by Fubini’'s theorem.
Applying 11, §1, (5), we have the required result.
Note that G(x,0) = G(x).

COROLLARY 5.2. (3™*"/3x™3y") G(x,y), m,n =0,1,2, ---, is bounded and
continuous for 0 < x,y < .

THEOREM 5.3. Sf,"G(x,y)du(y) =1, 02 x < .
Proof. We have

ﬁ G(x,y) du(y) = ﬁ " du() f "GUD(x, y, 1 du(t)
_ ﬂ G() du(t) f "Dix,, 1) du()

- ]; "G dult) = 1.

THEOREM 5.4. Let G(x,y) be the function associated with G(x). Then, for
X fixed,

(@) S EG(x,t) du(t) = x*+ 2(2y + 1) A,,

(b) S5 t'G(x,8) du(t) = x* + 4x°(2y + 3) A, + 8(2y + 1) (2y + 3) (A3 — A)),

(© S (€ — 2)G(x,0) du(t) = 82°A, + 4(2y + 1) (2y + 3)(A} - A)),
where A, =73 i (1/a}), Ay=D r<ic;(1/a%?).

Proof. We have

1 f G, £yt du(t) = 20
"E(y)
The definitions of #(xy) and E(y) give us the following Taylor expansions:
(2 Flxy) =1— il 2+ *! .
| 2@y +1° 8+ D&+’
3) E(y) =14+ A+ Ay + ---.

Hence
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/(xy) _ [ x2 ] 2
2 T laa e tAY?
+[ x4 + x2 A A2 A] 4

82y +1(@2vy+3)  22y+1) et Az — Al Y+ -

Substituting (2) and (4) in (1), we find that

© 3 t2 ) t4 . B ]
L Gl 1) [1 TRV R Tomrs Yo EARRE Kol
_ 1 — [ x2 + A ] 2
= 2@y + 1 Y
+ [ x* + x
82y +1D(2y+3)  2(2vy+1)

Equating coefficients of y* and y*, we obtain (a) and (b), respectively,
whereas (c) is a direct result of (a), (b) and Theorem 5.3.

2

M+M—AJ¢+~~

COROLLARY 5.5.

ﬂ "EGy () du) = 227 +1) 3 () -

2
k=N+1 \Qi

COROLLARY 5.6. For any 6> 0,
lim f Gn(t) du(t) = 0.
Noow ]

Proof. We have, for fixed 5 > 0,

[ eawan s, | #eun aur

_22v+1) &1
8 ey R

and the result is immediate on letting N — «.

THEOREM 5.7. For x fixed, 0 < x < ,

b
grxLGN(x,y)du(y)ﬂ, 0Sa<x<bs
=0, 0fasb<x< o,
=0, 0<x<asgbs .

Proof. Suppose 0 <a <b<x< . Let b=x—45, 6> 0. Then we have
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b x—6
J: Gu(x, 3) du(y) < ﬁ Ga(x,y) du(y)
- f " du(y) f " Gu(w) D(x, y, u) du(u)
0 0
< f " du() f " G Di(x, y, u) du(u)
0 &
- f " Gw) du(w) ﬂ " Dix, y, 1) du(y)

- f " Guw) dutw).

The result we seek follows directly on letting N— «» and taking note of
Corollary 5.6. The proof for 0 < x <a <b < » is similar, and that for
0<a<x<bs » follows from the first two cases and Theorem 5.3.

Let us define a frequency function as any non-negative function ¢(f)
for which S ¢(t) du(t) = 1. The mean, m,, and the variance, V,, of the
frequency function ¢ are defined by

mj = ﬁ ) 2o (t) du(t),

V,= f " (= m)% () du(t).

We note that the associated functions Gn(x,y) are frequency functions,
and, by Theorem 5.4,

-1

mégy=x"+22v+1) ) =,

k=N+1 Gk
s w— 1
Voy=8x" 2 =
k=N+1 Qk

@ 2 ™
+4(27+1)(27+3)[< )y 1—2) - X i],

2.2

k=N+1 Gk N+1zi<j @iQ;
where x is fixed. It follows that as N — =, mg,—x and Vg, —0.
CHAPTER IV. CONVERGENCE OF THE CONVOLUTION TRANSFORM

1. Introduction. In this chapter, we develop asymptotic estimates for the
variation diminishing kernel and its associated function. This leads us to
the establishment of the convergence behavior of the # -convolution trans-
form. We find, in fact, that G # ¢(x) converges for all x > 0 if G # ¢(x)
converges for some x, > 0. Hence, we may refer to G # ¢ as convergent or
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divergent. In this respect, we note that G # ¢ behaves like the Stieltjes
transform.

2. Residues.

THEOREM 2.1. Let z=a,i be a 2ero of order m;+ 1 of E(z). Then the
residue R of

2 HY p(2y) f(2x)
E(2)

at z=ayl is

[(d%) 1{\p(a) f(ax)K,-m(ay)}] ,

a=a
where y(a,) = 0.
The proof, involving only direct computation, is omitted.
COROLLARY 2.2. With the notation of the theorem, for x fixed, 0 < x < o,
R~ CPx)y™ %™,  y— o,
where C, a constant independent of x and y, is positive.

Proof. By the theorem, we have

R=— [ <‘%>MI {¢(a) Pax)K,_,,(ay) }]

a=a)

On carrying out the differentiation, we note that the dominant term in y,
for fixed x, is of the form

Bﬂ(ax)ylev—l/Z—ml(aly)a B> 0.
Since, by [17, p. 202],

1,2 1
K"_l/z__ml(aly) = (2:‘)}) e"aly[l + O(;)] )
1

the result follows.

3. Asymptotic estimate for G(x,y).
LEmMMA 3.1.

/ (xt)
¢ E@

Glx,y) =y'*" £UHY (o) dt,

where C is the contour
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Proof. The definitions of #(2) and du(2) give
St du(t) = y 2 (o) dt,

and since
N ACO A
G(x’y) - ——m_ dﬂ(t)y
we have

(S
_ li2—y 1/2+4y
G(xyy) - y b E(t) =t J‘r l/Z(yt) dt

By (17, p. 75],

t
G(x, y) = yl/2—7 éztx) ) t1/2+~, [H,tl’ 1/2(yt) e(y l/2)ﬂH(l) 12 yteﬂ)]dt

© t1/2+~, (xt)
=y [ j; Eé HY,\5(xt) dt

— e(*r—l/Z)rif— " (te™) 2t L(xte ™) H,_,p(yt)e ™ dt]
0 E(te—ﬂ)

=y1/2_7[ = At HD u(y) Q4 f St HY | o(yt) dt]
0 - @

E(t) E@®

since # and E are even functions.

THEOREM 3.2. Under the assumptions of Theorem 2.1, with x fixed,
0<x< o,

G(x,y) = ce™"Py™~ _P(ax) [1 + 0(;)] , y— o,

where ¢ > 0.
Proof. Let a be such that a, < a < a;, and let C be the indicated contour:

c N
R-ai = - kil

and _

-R -r r

By the residue theorem, we have
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240 flaz) HY o(y2) { 2 fa) Hyaly2) }
J; 3 dz = 27i{ Res E@) e

We may apply III, Theorem 2.2 and routine estimates of Bessel func-
tions to get, on letting R— ~ and r—0,

2Lty /(xz) Hf,ll v2(¥2)
E(2)

f thit F(at)HY, o(x1)

EQ } v + S(x,y),

dt = 2x1 { Res

where |S(x,y)| = O(y "% ),y — . An appeal to Lemma 3.1 and Corol-
lary 2.2 leads to the desired result.

4. Convergence property.
THEOREM 4.1. Let ¢ be a function integrable in every finite interval, and let

© T
ﬁ G(x0, y)¢(y) duly) = ;‘_“l . G(x,y)9(y) du(y), 220,
converge conditionally. Then S~ G(x,y)¢(y)du(y) converges conditionally for

all x and uniformly for x in any finite interval.

Proof. Let 0 < s, <s and 0 =t, <t. Then, by III, Theorem 4.4, we have

that
G(si, t) G(sy,t)

G(s, t) G(s,0)
or, by III, Theorem 4.5, G(s,t)/G(s,t) = G(s,t,)/G(s},t;). Let

v

0,

G(x,y)
gly) = .
G(xO’ y)
Then, clearly, g(y) > 0, and if x,> x, g(y) |. Hence
G(x,0) G(x)

0<gly) =50 = G(x,,0) - G(xy) ’

and g(y) is uniformly bounded for all x < x,. On the other hand, if x, < x,
g£) 1 and, by Theorem 3.2, g(y) = G(x,y)/G(x0,y) ~ Plax)/ P(ax,),
y— «. Hence, in this case, g(y) is uniformly bounded for all x, xo < x < A,
for every real number A = x,.

Now

f Glx,)6(y) duly) = f g(("oy’ G0y )6() du(y)

- f £0) Gl ) 6(5) du(y).
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Using the second mean value theorem, we find that

7
[, 6300 duto)
1

< |g(T))| f, Gl 9)0(0) ()

’

I,
+18(T))| l f G0, Y)6 () ()

where T, < w < T). Since g(y) is uniformly bounded, and since, by hypoth-
esis, we know that given ¢ > 0, there is a T > 0 such that for T,,T,> T,
each of the integrals on the right is less than ¢, the theorem follows.

CHAPTER V. INVERSION FOR CONTINUOUS FUNCTIONS

1. Introduction. In this chapter, we derive the inversion theorem under
general hypotheses. Since the behavior of Gu(x,y)/G(x,y) and of Gn(x,y)
plays a significant role in the development, we give a detailed study of the
essential properties of these functions.

2. The changes of trend of Gu(x,y)/G(x,y).
LEMMA 2.1. Let A(s) = 1 — |s]| for|s| <1, As = 0, otherwise. Then

I'(y+1/2) A( f%s)

gu2rghvp

Ga(x,3) = lim f Gnls, y) dus).

Proof. We have

Iy + 1/2) A( x—;s)

I =ﬁ GN(S,)’) 21/2_7327h dﬂ(s)

()

x+h
- f " Guls, )~ ds.

Letting s = x — s’h, we get
1
1 =f Gy(x — s’h, y)A(s’) ds’.
-1
Now
lhim Gn(x — s’h,y) = Gulx, y),
—0

and
|Gr(x — s’h, y)A(s") | < |Gy «-

Hence, by Lebesgue’s limit theorem, it follows that
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1
limI = GN(x,y)f_lA(S') ds’ = Gu(x,Y).

h—0

LEMMA 2.2. Let

e _ E® 1 £
EN(t) - EN(t) - k=11 <1 + ai) )
and let
. ALY
G () = Ex) u(u).
Then

Glx,y) = f " Gnx, $) G5, ) du(s).
Proof. We have
ﬁ Gz, 9)GA(5, ) duls) = (Gx # GE( - 3)) (3).

But
(Gn # GX(-,5)) (x) = GN(x)GX( -, y) (%)

1 Ay fly) i
" En(x) E}(x)  E(x) =G(-,y) (x).

The lemma thus follows by inversion.

THEOREM 2.3. For any real number a, and x fixed, G(x,y) — aGn(x,y) has
at most two changes of sign for 0 Sy < .

Proof. By Lemmas 2.1 and 2.2, we have
G(x,y) — aGp(x,y)
al(y + 1/2)A<f—"—s)
h
CYERETYE ] du(s).

Since Gn(x,y) is a variation diminishing kernel, it follows that, for x fixed,

—lim [ Gy.s) [G}(}(x, 5 —
h—0 0

al(y + 1/2)A<x;s> }

” h
V[ J; G, ) {Gﬁ(x,S)— REETe dy(s)]

ar(y + 1/2)A<"—“—‘X

)
21; 2—7hy2)‘ ’

£ V[ Gix,y) —
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so that, by [10, p. 81], for x fixed,

al(y + 1/2)A(u

i)
21/2—1hy21 *

V[G(x,y) — aGn(x,y)] < lim i3f V[ Gi(x,y) —

h—0
Since, for all sufficiently small h, and x fixed,

alr(y + 1/2)A( ";—y)

2 1/2—-7hy21

GX(x,y) —

has at most two changes of sign, so does G(x,y) — aGn(x,y).
THEOREM 2.4. For x fixed, lim, .. Gy(x,y)/G(x,y) = 0.

Proof. Let a;i be a zero of order m,+ 1 of E(t). If m;+ 1> N, then
a,i is a zero of order m{ = m; + 1 — N of Ex(t). Hence by IV, Theorem 3.2,

Gn(x,y) ~ Cy Pla,x)e ?y™ N

so that Gy(x,y)/G(x,y) ~ Cyy™", and lim,_... Gy(x,¥)/G(x,y) = 0. If m, + 1
< N, then a,i is not a zero of E\(t), and, by the proof of IV, Theorem 3.2,
it follows that

Gn(x,y) =0(y™e™), a>a,.
Thus, using IV, Theorem 3.2 for G(x,y), we again find that

llm GN(x’y) -
Yo G(x:y)

THEOREM 2.5. For x fixed, Gn(x,y)/G(x,y) has at most one change of trend.

0.

Proof. Consider, for some real number a,

G(x,y) — aGu(x,y) = aG(x,y) [1 _ GN(x,y)] _
a Gy)
Since G(x,y) > 0, it follows that
— _ 1 _ GN(xyy)]
V[G(x,y) — aGn(x,y) | = v[a etk

If Gu(x,y)/G(x,y) were to have more than two changes of trend, there
would, necessarily, exist a real number a for which V[G(x,y) — aGn(x,y)]
> 2, contradicting Theorem 2.3. Suppose then that Gy(x,y)/G(x,y) has two
changes of trend. We have Gp(x,y)/G(x,y) > 0. Suppose Gn(x,y)/G(x,y)
is increasing in the neighborhood of the origin as in Figure a. If the quotient
had two changes of trend, it would have to decrease once and then increase
for all large values of y, contradicting. Theorem 2.4. Hence in this case,
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Gn(x,y)/G(x,y) must have exactly one change of trend. On the other hand,
suppose the quotient is decreasing in the neighborhood of the origin as in
Figure b. Then since lim, ... (Ga(x,y)/G(x,y)) = 0, if there were two changes
of trend, there would exist a real number a for which V[G(x,y) — aGn(x, )|
= 3, contradicting Theorem 2.3. Hence in this case Gn(x,y)/G(x,y) has no
change in trend.

I
|
I
|
l ' l i A -

x)  x=114 x=2h ¥ x+2%

|
|
|
| |
|
x=2h x  x+2A x+11A §N(x) (

FIGURE a FIGURE b

THEOREM 2.6. Let x be fixed and & any positive number. Then, for N suffi-
ciently large, Gy(x,y)/G(x,y) has exactly one change of trend in the interval
(x —68,x+9).

Proof. Let A be a number such that 0 < A < 1. We note first that there
must exist a y in the interval (x — §,x — 6/2) for which Gn(x,y)/G(x,y)
< A; for, otherwise, we have Gn(x,y)/G(x,y) 2 A for all y, x —6<y<x
—4/2. By III, Theorem 5.7, it then follows that

xX—6;2
_ lim f G, ) du()
N—= x--0
) V2 G, y)
= lim

Im | Gay G(x,y) du(y)

X—6,2
> A f G(x,y) du(y) > 0,
xX—6

a contradiction. Similarly, we may show that in the interval (x 4 6/2,x + é),
there must exist a y for which Guy(x,y)/G(x,y) < A. Finally, in the interval
(x —6/2,x + 6/2), there must exist a y for which Gy(x,y)/G(x,y) > A, for,
otherwise, we have Gy(x,y)/G(x,y) < A for all y in the interval. But then

xre X+6 2
lim Gn(x,y) du(y) = lim Gn(x,y)
2 Neow Jx—-62 G(x, y)

N—w Jx—3

G(x,y) du(y)

xX+06 2
< Af Glx,y) du(y) S A < 1.
x—06 2

On the other hand, I1I, Theorem 5.7, gives
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x+6,2
lim Gn(x,y) du(y) =1,

Noo Jx-4/2

a contradiction. This result in conjunction with Theorem 2.5, proves the
theorem.

THEOREM 2.7. For x fixed and & any positive number,

 Guxy)
m Gy Y

forO0Sys=x—6,x+0Sys .

Proof. By Theorem 2.6, we know that for N sufficiently large, Gy(x, y) /G(x,y)
has one change of trend in the interval (x — 6/2, x + /2). It therefore follows
that Gp(x,y)/G(x,y) T for 0 <y < x — 5/2. Hence

2 Gp(x, y) Gn(x,x —8) [*7%*
L—o G(x,y) () 2 G(x,x — o)

Further, G(x,y) > 0 so that 1/G(x,y) is bounded. Hence

¥ G(x, )
f Tlr,y) MO =

du(y).

x—4/2

x— 515952 82 G(x y) f GN(x’ y) dﬂ(y).

Thus
x—6/2
L e duo)

x—8/2 ’
=+ G(x,) f du()

Gn(x,x — 9) <
Gx,x—8) =

°. —
" ,:
u/\ c-'

-3

and by III, Theorem 5.7, we have limy_.(Gy(x,x — 8)/G(x,x — §)) = 0.
Similarly, we may show that limy_... (Gy(x,x + 8)/G(x,x + 8)) = 0, and the
theorem follows.

3. The change of trend of Gy(x,y).

THEOREM 3.1. Let

= 2 (xt% O 4, 05z y<e

and let
Gr(x,3) = f Ga(s, Dh(x9) duls), 057 y<

Then

llm GN,e(x: y)

—_— =1, 0=z~ < o,
—0  h(x,x) =6V
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Proof. We have
t t
h(x,y) = /—(237& du(t)

=2"""P(y + 1/2) (xy) ¥ f te~ 4 y(xt) o, _1,oyt) dt,

so that, by [17, p. 395,

Thus

2
]’( ey )
h(x,y) 2 —2p2-xd)4
= 5 e
h‘(x, x) ]<(2xl> ’

and, since _#(0) = 1, it follows that

lim h(x,y)
e—0 h((x, x)

=1, 0<zx, y< .

Now we have

GN,e(x;y) h (x 8)
“h(x,x) f Guls y) 2 du(s).

It is clear that

h(x,s)

h(x, x)

Further, for 0 < x < a, the inequalities 1 < # (x) < ¢* readily follow from
the power series expansion for . # (x). Hence

](‘LS)
- 1'2 e 22 -x2) 4
2

P2y - Xs?P—x%)/4

lim Gn(s, ) = Gn(s,y).

h.(x,s)
’ h(x, x)

<e
— e’z‘z‘ ze—sz(s—x)2,4 < ex'l,z,

where the last inequality holds for all s and for every ¢ < 1. Thus we may
apply Lebesgue’s limit theorem to get

li Gy, (x,y)
im ——————

o h(x,x) =j; Gn(s,y) du(s) = 1.
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THEOREM 3.2. For x fixed and a any real number,
V[GuMx,y) —a] = 2.
Proof. We have, by Lemma 2.1, and by the definition of Gy (x,y),
Gn(x,y) — aGn.(x,)

. v+ 1/2(55)
= tim [ 6vls, ) | g~ ah(x,9) | dute),

so that a proof entirely analogous to that of Theorem 2.3, leads to the con-
clusion that

V[Gn(x,y) — aGy,(x,y)] < 2.

Since x is fixed and a is arbitrary, we take a = a’/h.(x,x), a’ any real
number. Then

7 GN,((x’ y):l
V[GN(x,y) a ) <2

By Theorem 3.1 and [10, p. 84], it follows that

. G f(x,y)]
V(Gy(x,y) —a’] < _ g’ NAH T
[Gn(x,y) —a’] = llrfll‘)nf V[ Gn(x,y) —a hx )

IIA

2.

THEOREM 3.3. For x fixed, lim,_..Gn(x,y) = 0.
Proof. The conclusion is a direct result of IV, Theorem 3.2.

THEOREM 3.4. For x fixed, and for any 6 > 0, Gy(x,y) has a variation of
trend in (x — 8,x+ &) for N sufficiently large.

Proof. We proceed in a manner entirely similar to the proof of Theorem
2.6. Let A be a positive number such that 0 < A £*}%*du(y) < 1. Within
the interval (x — 8,x — 6/2), if N is large enough, there must exist a y for
which Gn(x,y) < A; for, if not, G,(x,y) 2 A for all y in the interval. But

then, applying III, Theorem 5.7, we find that

x—6/2

0 = lim Gn(x,y) du(y)

N-o JO
xX—b x—6,2
= lim Gn(x,y) du(y) + lim Gn(x,y) du(y)
Nowo JO N Jx—¢
x—6,2

= lim Gn(x,y) du(y)

N—o Jx-3

x—82
= Af du(y) >0,

—é
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a contradiction. Similarly, we may show that in the interval (x + 4/2,x + §),
there must exist a y for which Gy(x,y) < A.

Moreover, in the interval (x — 6/2,x 4 6/2), Gy(x,y) must exceed A at
some point y; for, otherwise, we have Gy(x,y) < A for all y in the interval.

But then

X+6;2 xX+6,2
lm [ Geho =4[ do <1,

N—owo Jx—5::

by the definition of A; whereas, using III, Theorem 5.7, we have
xX16,2

lim Gnx,y) du(y) =1,
N-owx x—6,2

a contradiction. It thus follows that for large N, Gy(x, y) has a change of
trend in the interval (x — 5, x + 4).

THEOREM 3.5. For x fixed and N sufficiently large, Gn(x,y) has exactly one
change of trend at ¢5(x), 0 < £y < ©, and [x — &n(x) | < c(sw)"? wherec is a
constant depending only on vy, and sy=;_ v, (1/a).

Proof. That Gu(x,y) has at least one change of trend for N sufficiently
large is proved in Theorem 3.4. That Gy(x,y) has at most one change of
trend follows from the proof of Theorem 2.5 on replacing G(x,y) by 1. Thus
it follows that for large N, Gy(x,y) has exactly one change of trend at some
point ¢{5(x), and it remains for us to establish the bound for its distance from
x. To this end, let
(1) A= (2(2y+ D)sy) ',

and consider
x+2A - 24 o

@ [ Gy du) =1 - [ ormydu - [ Gutx ) duto.
x—2A 0 x+24

Now

x—24 x--24 @
j; Gu(x,y) du(y) = ﬂ du(y) ﬁ Gn(w)D(x,y, u) du(u)
x—24 2x—24A
< f du() f Gu(w) D, y, u) du(u)
0 2A
2x--24 ©
< f G dutw) f D(x,, u) du(y)

1 2x--24 1
f uGy(u) du(u) = g

s —
= 442 Joa

where the change in order of integration is justified by Fubini’s theorem,
and the last inequality follows by III, Theorem 5.4 (a). Similarly,
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ﬁ:za Gn(x,y) du(y) =_£:2Ad#(y) J;: Gn(w)D

[April

(x,y,u) du(u)

1 ° o, 1
= wfm u*Gn(u) du(u) = g
Applying these inequalities to (2), we have
x+2A 1
® [ avandn 2],
-24 2
or

1 1 fxma (x,9)y""d
252Gy 4 1/2) Jaaa NIV

(x +24)*
< ' .u.b.
= 21—1/2P(‘Y + 1/2) 4A x—2.};1y1§)x+2.4 GN(x:y),
so that
r'(vy+1/2) 1
>
@ 3D OB 2 e — ey
Suppose now that |x — £y(x)| > 11A.
* 1
Gn(x, y) Gn(x, )
G(x,y) G(x,y)
1/8 1/8 /\J\ /
>y > ¥
FIGURE a FIGURE b

Then Gu(x,y) | within the interval (x — 24,x+ 11

A) if x < ¢pn(x), as in

Figure a, and Gn(x,y) | within the interval (x — 114, x + 24) if x > £5(x),
as in Figure b. It therefore follows that (4) holds for ¥ in (x + 24,x + 11A)

and (x — 11A4,x — 2A). Hence

ﬁ Ga(x,y) du()
x+11A

1 .
27_1121.,(7 + 1/2) J;-H’.A GN(x)y)y dy

v

v

1 [ r'(y+1/2) 1
24 (y 4+ 1/2) 21277 A(x 4+ 24)%

)

] (x+24)99A =

o |©
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a contradiction. Similarly,
ﬁ Gn(x,y) du(y)

Gn(x, y)y* dy

1 x—24
2 24P (y 4+ 1/2) J;—IIA

1 [ I'(y+1/2) 1
= 27—1/21-\(7 + 1/2) 21/2—7 A(x + 2A)2‘r

_g(::-uA)h
T8\ x+24)°

v

](x — 114)*9A

and
. © 9
lim inf Gn(x,y) du(y) = =,
N—w Jo 8
These contradictions imply that our assumption must be false, so that for

N sufficiently large, |x — £x(x)| < 114, and the theorem holds.

THEOREM 3.6. For N large and all x and y, Gy(x,y) = A(x)/(sy) "%, where
sn= D s-n+1(1/a}).
Proof. We have

= Fxt) Fyt)

, Enl) du(t)

_ 1 f‘ At f)
T2y +1/2) Jo En)

Gnl(x,y) =

to dt

J'y —172(xt) J~, —1200%)
EN(®)

+ 27V T (y + 1/2) (xy) "“j: tdt.

Now

© 2 @ w

Ev) = ]I <1+t—,) =1+ ( 2 1-,)t2 + < 2 %)tw
k=N-+1 aj k=N+1 @k N+l=j<k @jQk

where the coefficients of powers of ¢ are all positive. Hence En(f) = 1 + syt

Further, for 0 S u < o, | JFW)| =1, and the asymptotic form for J,(u),

see [17, p. 194], gives, for u >0, |J,-12(u)| <c¢/(u)"? where cis a con-

stant. Using these inequalities in the integrals defining G(x,y), we find that

Yoodt Tdt
< —_— -y
Gnlx,y) =klj; —wE + ky(xy) ﬁ —w:

dt < K(x,y)
14 spt* = (sy)'?

= lkl + kz(xy)."]j; ‘,
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For N large, if £y(x) is the maximum point of Gu(x,y), it follows that

K(x, £n(x)) A(x)
(sM"* (s ¥ R

the last inequality following by Theorem 3.5.

GN(x,y) é GN(x’ EN(x)) =<

4. Application of the differential operator.
LEMMA 4.1. For fixed y,
N

1 (1 ——) G(x,3) = Galx, ).

Proof. We have

= Flxt
Gx,y) = | /L;({Mdu(t)

and

AP
Gn(x,y) —j:) ——EW du(?).

Applying the operator [[i~,(1 — A./a}) to G(x,y) and noting that, by I,
§2, (4,

=

1 b Z

VS
—

Ay N t2\
- 5?) Flxt) = Lll (1 +¢E) Fat),
we find that

f1(1-5) oo =11, (1-3) [ 57" o

N
[I(1-=
- ﬁw [M <l ?E(t)/(“) /(yt)] du(t)
N t2
I1 ~
_ j;“’ k=1 (1 + akza(t)/(xt) /(yt) it

= fat) Fo) _
= . ——W)—-—dﬂ(t) = GN(x:y)’

where Theorem 2.12 of II justifies moving the operator under the integral
sign.
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THEOREM 4.2. Let ¢(x) be integrable in every finite interval, and let

fx) = f " Glx,1)60) du(3),

where the integral converges. Then
N Ax ©
1 (1-2) 0 = [ Guw 900 dutr.
k=1 ak 0

Proof. By Lemma 4.1,

N A,

11 (1-%) 66 = Gute),

2
k=1 k

and hence, by Theorem 2.12 of II, it is sufficient to show that

ﬁ " G(x,9)6() du()

converges uniformly for x in a finite interval. Now, Gy(x,y)/G(x,y) is posi-
tive, has one change in trend for N sufficiently large, and —0 as y— «.
Hence for y large enough, (Gn(x,y)/G(x,y)) | . By the second mean value
theorem, we have

T "3 Gu(x,y)
fT " Gulx,)80) duly) = f oy

_ GN(x’ Tl) Y
- [ 6 e0) )

Gu(x, TD 2
+ ST f Gz, 3)6() du(y),

G(x,5)¢() du(y)

where T, < w < T,. It then follows by Theorem 2.4 and by IV, Theorem
4.1, that
r
lim | *Gux,y)6() duy) =0,
T Tg—w JT}
uniformly for x in any finite interval, and hence the theorem is proved.

5. Inversion.
THEOREM 5.1. Let ¢(t) be a function integrable on every finite interval, and let

flx) = f TGy Do du(®), 0<x<

converge. If
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. 1 x+h
lim » f [6(2) — ¢(x)]du(t) =0,

then
T A,
lim £Il (1 - Ef) f(x) = ¢(x).
Proof. Let
W Iy= ﬁ " 6w ) [60) — 6(0)]du).
The proof will be complete if we can show that limsupy_..|Iy| =0. Let
y

@ 40) = [ 160 - 86 1auts,
so that
3) v (0)dy = [6(3) — ¢(x) |du().

From the hypothesis, it follows that for a given ¢> 0, there is a 4> 0
such that
Se|ly— x|,

y
@ o) | < f [60) — 6()|du®

for|y — x| < 4. With x and ¢ fixed, 6 < x/2, choose N so large that Gu(x,Y)
has its one change of trend at ¢£y(x) within the interval (x — 6/2, x + 4/2).
Now let

L= ([T 4[4+ ]) oM nle0) - o 1duts

=L+ 1,4+ I,

Since Gn(x,y) T in (0,x — ), we have, by the mean value theorem,

®)

L= f 7 G, [60) — 6(x) |du()

— Gl — 8 f T 60) — 6 |duy),

where 0 <y < x — 6. Hence, by Theorem 2.7,
(6) lim I, = 0.

Now

Also, using the mean value theorem again, we find that
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I;= j; 6G~(x,y) [6() — ¢(x)]du(y)

- Gn(x,y)
= J; GG G(x,5)¢(y) du(y) — o(x) f G, y) du(y)

_ Gn(x,x+9) f f
G(x x4+ 8) G(x, y)¢(y) dﬂ(y) ¢(x) GN(x y) dp(y)
where x + 6 < ¢ < ». By Theorem 2.7, and by III, Theorem 5.7, we have
@ lim I, = 0.

Now

Further,

L= [ 6t 160) — 90}

x+é
- [ v oy
= Gn(x, x + )Y(x + 6) — Gu(x,x — )Y (x — 9)
x+6 d
~ [ w05 Gtz d.
Hence, by Theorem 2.7,

x+6 d
[ I2) £0(1) +J:_6 v | ld—yGN(x,y) dy

as N— «». By (4),

xX+0 d
L <o(1) + f y=3l |4 Grte)

1+
§0(1)+ef (Jy — ev®) | + | En(x) — x]) GN(x,y)

xX+46
@  sow+ef [ —» L Guixdy

(x) d
e =l [ [ Zommnay

x+6 d
~fNH@G~(x y)dy] }

Now, on integrating by parts, we have, as N — o,



364 D. T. HAIMO [April

ﬁ ™ @ —y);;GN(x,y) dy

—é

x+é
=o0(1) +L_1s Gn(x,y) dy

r 1/2) * 1
= o + T [ 2 G ) dut)

9) (v +1/2)
o)+ g

r(y+1/2)
S o) + s

x+6
[ Gux duto)

=o(1) + K(x),
where the last inequality follows since 4 was chosen < x/2. Also,
od =+ d
Bl — Bl ,y)d
J; L yGN(x,y) dy ﬁN dyGN(x y)dy

10
(10) = 2Gn(x, Ex(®) +0(1), N— .

Applying (9) and (10) to (8), we find that
| I,] <0(1) + e{o(1) + K(x) + |em(x) — x| [2GM(x, En(x)) +0(1)]}, N— =.
By Theorems 3.5 and 3.6,

Lu.b. |&n(x) — x| Gn(x, £x(x)) = B(x)
N=0,1,---

is finite. If we select, for arbitrary ¢ > 0,

e/

K(x) + 2B(x) ’

€

A

it follows that
(11) lir;llsupIIzI <€,
and hence, combining (6), (7) and (11), we have limsupy_.|Iy| = ¢, and
the theorem follows.
CHAPTER VI. REPRESENTATION

1. Introduction. In this chapter, we develop a representation theory corre-
sponding to the inversion theory. We find that we must consider the
Stieltjes integral 4~ G(x,y)dy(y) rather than = G(x,y)é(y)du(y). Our
major preceding results, however, may be established equally well for the
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Stieltjes integral. In particular, if
® ) = [ 6.y vy

converges conditionally for any value of x, 0 < x < =, then it converges
for all such x and uniformly for x in any finite interval. Further, by the
Stieltjes form of V, Theorem 4.2, f(x) is infinitely differentiable for 0 < x
< » and

N Ax ®
(2)5(1—07)f<x>=j; GVt dp(), O0Sx<w N=0,1,....

Note that if y(y) T, since Gun(x,y) > 0,

N
Ay
@) g(l—a)f(x)go, 0£x<w, N=0,1,---.

It is our aim to show that necessary and sufficient conditions for a function
f to have the representation (1) with y(y) T are that f(x) be infinitely
differentiable for 0 < x < «, that (3) hold and that f(x) = o(_#(a,x)), x— w.

2. Behavior at infinity. If the *-convolution transform
) = [ 66— day

converges for some value of x, where G is a variation diminishing *-kernel,
it has been shown, [10, p. 147]that f(x) = 0(e*),x — ». We derive an anal-
ogous result for the # -convolution.

THEOREM 2.1. Let f(x) = 5~ G(x,t) dy(t),0 £ x < , converge. Then f(x)
=0(-7(alx)),x—-* ®,

Proof. Let s(y) = /" G(0,u)dy(u) and t(y) = G(x,y)/G(O, y). By hy-
pothesis, it follows that, for a given ¢ > 0, there exists a ¥, such that
[sO)| <&y 2 yo. Further, by III, Theorem 4.4, t(y) 1, and by IV, Theo-
rem 3.2, lim, . .t(y) = #(a,x). Now let f(x) = fi(x) + fo(x), where fi(x)
= S"G(x,y)dy(y) and fy(x) = S~ G(x,¥) dy(3). Since (G(x,¥)/G(0,y)) 1,
on applying the mean value theorem, we have

_ [ Gx,y)
fix) = . mG(O,y) dy(y)
- G(x; yO)
G(OsyO)

where 0 < » < ¥,. Then IV, Theorem 3.2 implies that, as x— «, f,(x) = o(1).
Further,

f "G(0,5) dy(3),
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* G(x,y)
)'0' G(O’ y)

- [ s

fo(x) =

G(0,y) dy(y)

= ty)s(y0) + L "s(y) d(y)

< et(yo) + ej;:dt(y) S e( Plan),

so that f(x) = o(#(a;x)),x— «.

3. A basic representation theorem. In this section we develop a funda-
mental representation theorem which will be needed to derive our major
result.

LEMMA 3.1. Let
= Flxt) Fyt)
Hi(x,y) =]; é—{;——du(t), 0=sx y< w.
1+ —
aj
Then

Hy(x,3) = 62Ty + 1/2) P(ax) Pay) f if xsy,

£ J( t) [
= a®" VP (y + 1/2) P(ax) f(ay)f W if x2y.

Proof. We have by 111, Lemma 3.3,
27O +1/2)

xha 2y—

) d
1) %(ax) ](ax) J(ax)d—x ¥ (ax) =
Dividing both sides by [ _#(ax)]* and integrating from y to », we have,
since lim,_ . (_ ¥(ax)/ #(ax)) =0,

@ Ky 27 r(y+1/2) (= dx
Flay) a¥! y 1 Plax) -

But, by III, Lemma 3.4,
H(x,y) = a” " ¥(ay) Plax), x=y,
=a""' ¥(ax) Play), zx2y.

Substituting (2) in (3), we have the desired result.

@)
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LEMMA 3.2. Let ®(t) be a function integrable in every finite interval and
non-negative for 0 < x < «. Then

. = g “
ﬁ H(x, ) () du(t) = f ;—[]—mdu ﬁ " _Plat) d(t) dt,

whenever either side is finite.
Proof. Since, clearly, H(x,y) = H(y, x), we have, on applying Lemma 3.1,

L " Hix, () du()
tidt
277 (y + 1/2)
t2dt
27 (y + 1/2)

., o = du
= ﬁ t*¢(t)a* P(ax) Pat) d‘]: u?[ Plauw) [

+ L Qﬁ*q»(t)az](ax) P(at) dt ‘m P ﬁzau) P

By Fubini’s theorem, the order of integration may be inverted to give the
desired result.

LeEMMA 3.3. Let f(x) € C%0 S x < »; f(x) = o( P(ax)),a > 0,x— «; f’(x)
2 0(P(ax)),x— ». Then f(x) = o( Plax)).

Proof. On integrating by parts, we may verify that for any real number 9,

vy fx+0) —flx) 1 (*° .
f(x)——0—+31: t—x—0)f"(t)dt.

= J;XH(t, x)®(t)

+ f " Hy(x, 0800

Since f”(x) 2 O( #(ax)), x— =, there exists a non-negative number A such
that

f/(x) 2 —A Plax), 0=x< o,
and hence
f(x) 2o(Plax)) + A0 P(a(x+0)), x—w, >0,
2 o( Plax)) + A8 P(ax), 1> o, §<0.
Since 6 may be chosen arbitrarily small, it follows that
f(x) =o(Flax)), x> =,

as was to be shown.
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LEMMA 3.4. Let
QD) = ¢.()D"+ () D" '+ ... +gy(x), 0<x< w,

be a linear differential operator of degree n with coefficients such that the
q%(x),j=0,1,---,i, i=0,1,-..,n are all bounded for X, < < o for any
Xo>0. If f)) EC", 0 £ x< »; f(x) =0( Alax)), a> 0,x— «; Q(D)f(x)
2 0( #ax)), x— «, then f*®(x) =o( Plax)), x— o, k=1,2,--,n — 1.

Proof. 1t is sufficient to prove the theorem for £ = 1. For, suppose the
theorem holds for & = 1, so that with the given hypotheses, we have f'(x)
=o0(HAax)), x— =. Let Q*(D) = qu(x)D* "'+ ... + q,(x). Then

Q*(D)D(f(x)) = @*(D)f (x)
= Q(D)f(x) — qo(x)f(x).

Since go(x) is bounded, this implies that @*(D)f (x) = O( -#(ax)), x— .
But, applying the theorem, which we assume holds for & = 1, to f'(x) and
the operator @*(D), it follows that f”(x) = o(_#(ax)), x— «. Proceeding
in this way, we may clearly conclude that f*(x) =o(_#(ax)), x— ,
k=2,...,n — 1. It thus remains for us to establish the theorem only for
k = 1. To this end, set

(1) F(x) = J;:(x — )" 'Q(D)f(¢) dt, x> 0.

On integrating by parts, we find that
F(x) = P,_y(x) + (n — 1)!gn(x) f(x)

(2) n x
£ (=0 [l - 0010 d,
k=0 X0
where P,_;(x) is a polynomial of degree n — 1. Since the ¢, j=0, ---,1,

i=0,-.-,n are bounded for x; < x < «» and since f(x) = o( #(ax)),x— o,
it follows from (2) that

(3) F(x) = o( P(ax)), X— .

Further, differentiating (1) twice, we have
() F@=0-10-2 [ w-0eosod,

and since Q(D)f(x) = O( F(ax)), we find that
(5) F7(x) 2 O( H(ax)), X— o,

F(x) thus satisfies the conditions of Lemma 3.2 and hence
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(6) F(x) = o( #lax)), x— o.
But, on differentiating (2), we find that
(7 F(x) = (n — D!gu(0)f (x) + o( Flax)), z— =,

and since q,(x) is bounded, it follows that f'(x) = o( #(ax)), x— «, and
the lemma is proved.

LEMMA 3.5. Let (a) f(x) EC* 0 x< », (b) f(x) =o( Flax)), x— .
Then

fx) = f ) %m_]‘ du ﬂ ut”’](alt)[ (1— —) ] f) dt.

Proof. Note that the assumption that [1 — A,/a}]f(0) is defined implies
that f/(0) = 0. By III, Lemma 3.2, we have

8 [1—2—%‘] flx) = afxz,}(alx)i[ | Fen g (J{:::x))]

Multiplying each side of (1) by aix*’ _#(a,x) and integrating with respect
to x from O to u, then dividing both sides by u*| P(au) | and integrating
with respect to u from 0 to x, we find that

@ f) = e {0 - | -u-% ) ut”’f(alt)[l—%] e ).

As a result of hypothesis (b), it is clear that

and hence
“4) f(x) = fm 7*5%% du f t"](alt)[ (1 —3—.;-) f(t)] dt

THEOREM 3.6. Let (a) f(x) EC*,0 £ x < », (b) f(x) = o( Hla}x)), x— =,
© JIN (1 — Av/ad) f(x) 20, 0<x< @, N=1,2,---. Then

) =famx,y)[hljll (1-2) o | ), 0sz<o N2,

where

G, )_f /(xt)/(yt)

dﬂ(t) 0§x,y<°°, N=1:29""
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Proof. We note that by Lemma 3.4,

(1) fP=x) =o(-#la1x)), x—w, k=1,2,...
Now if
N
Ay
@ fN(x)=kI=11(1—E) o, 0sx<a,
then clearly
(3) F) = ( 1- —) Frs(®).

Since, as a result of (1), fyv_,(x) satisfies the conditions of Lemma 3.5,
we have

_ " avFlayx) (N
fnoa(x) = J: m duNJ; t{ Plantn) falty) dty.

Now writing

firs) = (1= 222 ) fusto

and repeating the argument, we find that

= ajy_; Flan-v) y
) = [ BT [ Fantd o) i

p— ° aN l](aN 1x) N—1 2
_ﬁ uN l[j(aN WN- 1)] d ﬁ tN—l ](aN—ltN—]_) dtN—l

.‘["’ MMduNJ; Nt]‘f]"](aNtN)fN(tN) dtN.

-1 UK [ Flayun) ]2

Proceeding in this manner, we finally express f(x) in terms of 2N iterated
integrals

(" eiFlaw) f Uy f ° a; Plat)
fx) _J; ui[ Alaw) | du 0 i Flat) 4 l‘%[—ﬂ(azuz)]zdu2
“2 0, = a¥ Plantn-1) N oy
o e Tena [ S e e

i)

Condition (c) now enables us to apply Lemma 3.2 repeatedly with the
result that
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flx) = f " Hi(x, 1) du(t) f " Hy(ty ) du(ty - f " Hy st o) dultn)

(5) -ﬁmHN(tN—l’tN) [ﬁ ( — %)f(tn)] du(tn),

k=1

where
® t
© Hy(x,y) = ﬁ M du(t).

By V, Lemma 2.2, and Fubini’s theorem, it now follows that

@ o = [ Gtan [INI (1-2)r0] @,

k
where G}(x,t) is defined as above.
COROLLARY 3.7. Let (a) f(x) EC™, 0sx< o, N=1,2,--., (b) f(x)

=o(Hax)), 1—w, (0 [[Mi(-a/aDf®20, 0sx<w, 1=N,
<N;<....Then

© N;
f(x)=j; G}G‘.(x,y)ﬂ(l—j—;)f(y)dn(y), 0€x<w, 1=Ny<N; <--

k=1

Proof. With the weaker conditions of the corollary the proof of the theo-
rem may be followed to the point where f(x) is expressed by the iterated
integrals (4). Lemma 3.2, in this case however, can be applied only for those
values of N in the sequence Ny, N, --- and lence f(x) has the representa-
tion given above.

4. Representation.

LEMMA 4.1. Let G(x,y) be defined as in Theorem 3.6. Then limy_. . G}(x, y)
= G(x,y) uniformly for x fixed, 0 < x < «, and for y in any finite interval.

Proof. Consider
| GX(x,y) — G(x,y)|

® 1 1-
- (xt) £ - du(t)
S FTRE T
k=1 i k=1 ﬂf
“ 1 1
< f YA | a0
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Now
_ 1 =0,
N—ocn N ® tz
Il ( 2 (+3)
k= k=1
and, for =1 and all N = 2y + 1, we have
1 1 2
— <
N t2 © t2 -~ N t2
O(+g) ()| T+
k=1 k=1 k k=1 ai
2

< <
14t T 14ttt
¢ <0, so that Lebesgue’s limit theorem may be applied to obtain

lim a0,

Noow 0 N t2 © tl
II (1 + —2) II (1 + —2‘)
k=1 ai k=1 aj

whence the result.
Helly’s first and second theorems are proved in [11, Vol. I, pp. 222, 233].
We find it useful to combine and restate them in the following forms:

THEOREM 4.2. Let f(x) be a continuous function defined for 0 S x < =
and such that f(~) exists. Let g,(x) be a sequence of functions, defined on
0 < x < », which are uniformly bounded and which are of total variation
uniformly bounded by K. Then there exists a subsequence g,(x) of the sequence
&.(x) converging to a function g(x) at every point of continuity of g(x). g(x)
is of total variation bounded by K and

lim [ f(0) dgn) = [ 10 dg(@) +ef().

We are now in a position to derive our main representation theorem.

THEOREM 4.3. Necessary and sufficient conditions that

F(x) = f " Glx,0) dy o),

with y(t) 1 are that
(@) fl)eC",0=sx< =,
() [T, (1 — A/ad) f(x) 20, 0= x < », LS N <Ni< o,
(c) f(x) = o(FPlaw), x— =.

Proof. The necessity of conditions (a) and (b) have already been dealt
" with in the introduction to the chapter, and of condition (c) in Theorem
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2.1. It thus remains to establish the sufficiency of the conditions. By Cor-
ollary 3.7, we have

fx) = j; " G x, 0 [fll (1- —) f(t)] du(t)

)

GN( X, ) Ni A‘
Now let

Gi,(x, )
(2 an(x,t) = W
and
t N;
@ B ll) = f G1,0,1) [ 11 (1- —) f(t)] du(®).
Then (1) becomes
) fx) = f " anx, ) o (0.
0

Note that since the integrand defining gy(t) is non-negative, 8y(f) T and
[ om0 = ) = 10,
This implies that the gy(t) form a sequence of uniformly bounded func-

tions which are of uniformly bounded total variation. Further, if we set

G(x,t)
G(0,t)’

then, for each x, a(x,t) T by III, Theorem 4.4. Also, a(x,t) is a continu-
ous function of ¢ for each x, and

(6) a(x, ») = F(a).

The hypotheses of Theorem 4.2 are thus satisfied by a(x,f) and the 8x(?),
so that

(5) alx,t) =

) tim [ atx,0d8n, 0 = [ a(x,0ds) + ¢ Fla),
J 0

N, .'j—q ©
where

® BO) = lim By, (1)
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for every t which is a point of continuity of g(f). Clearly 8(t) = 0 and
B(t) 1. For N sufficiently large, the an/(x,f) are also continuous functions
of t, an(x,t) T for fixed x and ay(x, ») = #(a,x). Further, by Lemma 4.1,
we have that Emy_.an(x,?) = a(x,?) uniformly for x fixed and for ¢ in
every finite interval. Hence limy_.[an/(x,t) — a(x,t)|.=0 for each x.
Now consider

f(x) — J; Calx, 1) dBy, () = ﬁ w[aNi(x,t) — a(x, ) ]dbn,(8),
so that

7 — [, atnt w0 | 5 [ law (2. — a2, oy, (0

=\ aN,»j(x, t) — a(x, )| . f(0).
Thus

fx) = lim | alx,d) dsy, ),
N, 0 j

| >

or by (5), (7) and (8),

f) = f " a(x,8) d8(H) + ¢ Flarx)

- ﬁ mG(x,t) dy(t) + c Plawx),

where

|
v() =J; GO.w) ag(u).

Theorem 2.1 establishes the fact that
ﬁ G(x,0) dy() = o( Plax)), x> =,

and hypothesis (c), that f(x) = o(#(ax)), x— », whence ¢ =0, and we
have f(x) = £~ G(x,t) dy(t), with ¢(¢) T.
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