OUTER PRODUCT RINGS

BY
DAVID LISSNER(})

1. Introduction. Let R be a commutative ring with identity, V an n-dimen-
sional free R-module and A(V) the exterior algebra on V; as is customary we
identify V with A’(V). In this paper we investigate the question of decom-
posability of vectors in A""!(V); in particular we would like to know, for
certain classes of rings, whether all (n — 1)-vectors are decomposable. Of
course A"~ (V) is isomorphic to V, and if this isomorphism is properly chosen
the exterior product v; A--- Av,_; corresponds to the usual outer product
[vy, -+, vs_1] in V, so we are in effect asking whether all vectors in V can
be expressed as outer products. Rings having this property will be called OP-
rings. A well-known theorem of Hermite [2], originally proved for the
integers, is valid in all such rings; we will describe the relation between these
two properties more precisely in §2. Also in §2 we develop the basic properties
of the outer product and use these to show that principal ideal domains are
OP-rings. In §3 we give some examples of rings which are not OP-rings,
including one to show that this property is not equivalent to the one studied
by Hermite. Finally, in an appendix we show that all Dedekind domains are
OP-rings.

2. Conventions and elementary properties. Let W= R"= R® ...® R and
let {ej, - - -, €,} be the standard basis for W, i.e., eache; = (0, --+,0,1,0, ---,0),
with the 1 occurring in the ith place. R,x» will denote the set of n X m
matrices with entries in R, and if A € R,«, we use | A| for the determinant
of A. For wy,---,w, E W we will use col(w,, ---,w,) to denote the kX n
matrix whose rows are the w/’s; i.e., if wi= (ay,---,a;) for each i then

Qy -+ Qi
COI(wl) ct %y wk) =

Ay » Qpn

Again for vectors w;E W, [w, -+, w,_,] will denote the usual outer prod-
uct (see, e.g., Graeub [1] for a discussion); that is, [wi,---,w,_1] is the
vector in W whose ith component is (— 1)'*' times the determinant of
the matrix obtained by deleting the ith column from the matrix
col(w,, ---,w,_1). Finally, we have the usual inner product in W: if
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w= (ab "’:an) and II)’ = (bh "’:bn) then
(w,w') = ayby + - -+ + a,b,.

Now let V be any n-dimensional free R-module and let {ay,---,a,} be
a basis for V. As mentioned before we will identify V with the subspace
AYV) of A(V); then the vectors

Bi= (—1)i+la1/\'“ ANaiyAaipi A+ Aag

for i=1,-.-,n form a basis for A""}(V), and y =a; A --- Aa, is a basis
for AY(V). For each v=>Yaia;EV let v =(ay,---,6,) €W and for
w=(b,---,b)) EW let ¢(w) =2 b;s; € A" (V); then the maps v—v’
and ¢ are isomorphisms of V with W and W with A*"'(V) respectively,
and the following identities hold for all v,;€ V:

(1) U /\¢(U£) = <vi’vé)7’

2 vyA---Abtp_r=9¢[vf,---,vr_1], and

(3) vl/\ e /\un = |001(v{,°”,v,’.)")’ = le¢[v£”"’v:l] = (vi’[véy "':%])7*

Two remarks are worth making. First, according to (2) the isomorphism
¢ sends outer products in W into exterior products in A" '(V), as men-
tioned in the introduction; hence a given vector w can be expressed as
an outer product if and only if ¢(w) is decomposable. Second, by (3) (or
simply by the Laplace expansion) we have

| col(wy, - -+, Wa) | = (wy, [wy, -+ -, wn));

we will often wish to express the determinant in this way.

If A€ R,x, we will use A* to denote the cofactor matrix of A, that
is, the n X n matrix whose i,j entry is the cofactor of the i,j entry of A.
In terms of the outer product this can be described very simply: if A
= col(wy, ---, w,) then A* is the n X n matrix whose ith row is (— 1)**!

[wyy -y Wiy, Wity -+ -, wy]. If |A| is a unit in R then A is invertible and
its inverse is given by the familiar formula:
A#)T
A= ( ;
|A]

in particular, if |A| =1 then A* = (A™)" 50 (A*)* = A and all the rows
of A are outer products of the rows of A*. As a consequence we have

ProPOSITION 2.1. Let wo,w, & W and (wo,w,) = 1. Then w, is an outer
product if and only if w, is.

Proof. Suppose wy= [wy, -+, w,] and let A = col(w;,ws, :--,w,). Then
|Al = (wy, [wﬁ’ v "wn]) = (w, wo) =1,

so all the rows of A are outer products, and in particular this is true of w;.
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Of course the proposition has an equivalent formulation in terms of
exterior products: if ue,u; € A" (V) and (¢ '(uo), ¢ '(uy)) = 1 then u, is
decomposable if and only if u, is.

Let w= (a;,---,a,) € W. The ideal in R generated by the a;/s will be
denoted by I(a,,---,a,) or I(w), and w will be called unimodular if I(w)
=R. For vE V or u € A* (V) we define I(v) and I(u) to be I(v') and
I(¢7'(u)), respectively, and again v or u is unimodular if the corresponding
ideal is R.

COROLLARY. Let w be a unimodular vector in W. Then ¢(w) is decom-
posable if and only if there are w,, ---,w, & W such that

| col(w,wg, - -+, w,) | = 1.

Proof. Suppose such w’s exist and let w,= [w,, ---,w,]. Then ¢(wy) is
decomposable, and (w,w,) = |col(w,w,, ---,w,)| =1, so ¢(w) is decom-
posable also. Conversely suppose ¢(w) is decomposable. Since w is uni-
modular there is a wo € W such that (w,w,) =1, and then ¢(w,) is also
decomposable so w, is an outer product; say wy= [w,,---,w,]. Then
|col(w,w,, - --,w,) | = (w,wp) =1, as desired.

In 1849 Hermite [2] showed that if R is the ring of integers and w is
unimodular then there always do exist vectors w;, --.,w, satisfying
|col(w,wy, ---,w,)| =1; we will refer to rings with this property as H-
rings. It is easy to show (see, e.g., [4, §2] for a proof) that this holds for
any ring for which all finitely generated projective modules are free, and
by the previous corollary it certainly also holds for OP-rings; in fact the
relation between H-rings and OP-rings can now be easily described: R
is an H-ring if all unimodular (n — 1)-vectors are decomposable and an
OP-ring if all (n — 1)-vectors are decomposable. Hence one would expect
that there are H-rings which are not OP-rings, and this is indeed the case;-
we will give an example of such a ring in the next section.

Now let f be an R-module endomorphism of V; then f induces an endo-
morphism f* of A* (V) defined by

AN Avac)) = (fo) A=+ A(foay)

for all v; € V. Let P be the matrix for F with respect to the basis {aj,::-,a,};
then [f(v)] = ()P for all vE V, and the matrix for f* with respect to
the basis {8, ---,8,} is P* so we also have

f* (@) = ¢(wP*)
for all wE W. Applying this to the defining equation for f* gives
o([vf, ---,va_1]P*) = ¢[v{P, .-, v;_,P]
for all v;E V, or, equivalently,
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(4) [wl’ e '»wn—l]P# = [wlP» L) w,.-;P]

for all w;E W.

Let % denote the set of all vectors in W which can be expressed as
outer products. Then

() (a,---,a,) € % implies (da,,---,da,_1,a,) € % for all dER,

(6) if P is invertible then w & % if and only if wPE %, and

(7 if d€I(ay,---,a,_,) then (a,,---,a,) € % if and only if

(@00, +d) € 7.

Proofs. (5) is a special case of (4) since diag(d, - - -,d, 1) = [diag(1, ---,1,d) ]*.
In (6) we have P= (P )'=|P|((P™)"?, and if wE % it again fol-
lows from (4) that w((P™)?* € %, and hence that wPE %, since %
is certainly closed under scalar multiplication. Finally if d=a;b, +
«e4a,_1b,_; then (7) is the special case of (6) obtained by taking

1 b,
0

P=| o . :
.1 i’n—l

0--.- 01

Now let V, be the submodule of V generated by {aj,---,a,_1} and W,
the corresponding submodule of W. The vectors (— 1)'*'a; A -+ Aai_y
AaiziA -+ Aan_, form a basis for A" %(V,), and just as before an ele-
ment of A*"%(V,) will be decomposable in A(V,) if and only if its co-
ordinates with respect to this basis form an outer product in W, Let
Vo= D2 74ai(—=1)"* ey A oo A aisy A aigr A ++- A an_y; be such a vector.
Then since v, is decomposable ¢(ay, ---,a,_1,0) = vy A a, is decomposable
also; this proves

(8) if (ay,-:-,a,_;) is an outer product in W, then (ay,---,a,_,,0) is
an outer product in W.

Now we are ready for

THEOREM 2.2. Principal ideal domains are OP-rings.

Proof. Let R be a principal ideal domain, n an integer = 2 and V an
n-dimensional free R-module. We wish to show that every u & A" (V)
is decomposable, and this is trivial if n = 2 so we may do an induction on
n. Let u = ¢(w) where w= (a,,---,a,) € W, and let I(a,,---,a,_,) = I(d).
Then each a; = db; and by (5) it will be sufficient to show that (b, -- -, b,_;,a,)
€ %. But I(b;,---,b,_;) = R so by (7) it will actually be sufficient to
show that (b, :--,b,_1,0) € %, and this of course follows from (8) and
the induction hypothesis.

CoROLLARY. Let R be a principal ideal domain, n an integer 2 2, w & R”
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and d & I(w). Then there are vectors w,, ---,w, & R" such that
| col(w, wy, - - -, w,) | =d.

(This is the result actually obtained by Hermite in (2], but we prefer to
reserve the title of H-ring for rings satisfying the somewhat more restricted
condition described previously.)

Proof. By the hypothesis on d there is a wy, € R" such that (w,w,) =d,
and by the theorem w, = [w,, ---,w,] for some w; € R". Then

ICOI(w; Wa, - - ’awu) l = d)
as desired. ‘

3. Counterexamples. In this section we give some examples of rings in
which the various properties under discussion fail. Specifically, we give
rings which are not OP-rings, i.e., do not satisfy Theorem 2.2, rings which
do not satisfy the corollary to Theorem 2.2, rings which are H-rings but
not OP-rings, and finally rings which are not even H-rings. The last ex-
ample raises an interesting question; we close with a discussion of this
problem.

The examples we wish to consider first are polynomial rings over fields,
and we will make use of the theory of ideals in such rings, in particular
of their primary decomposition and properties relating to their dimension.
As usual, if I and J are two ideals in R we use I: J to denote { x € R|xJ C I}.

We begin with rings which are not OP-rings.

THEOREM 3.1. Let F be a field, R = F[x,, ---,x] and vE R", where k2 n
> 3, and suppose dimI(v) =k —n. Then v& 7.

Proof. Let v= (a,, ---,a,); for each i=1,-..,n we will use I(---8;--.)
to denote the ideal I(ay,---,@i_1,@isy, -+, @s). In general if J is an ideal
of dimension r and a is any polynomial in R then it follows (Lang [3, p. 36,
Theorem 11]) that dim(J,a) is either r, r — 1, or — 1; hence if (J,a) # R
we have dim(J,a) < dimJ <dim(J,a) +1. In our case dimI(v) =k
—nz—1 since k2n, so Iv) #R and so dimI(---8;-..) =dimI(v)
4+1=k—(n—1). But I(.--8;---) is generated by n —1 elements, so
it follows by a theorem of Macaulay (van der Waerden [10, p. 70]) that
I(---@;--.) is in fact an unmixed (k — n + 1)-dimensional ideal; that is,
all the prime ideals belonging to I(---4;-.-) have dimension k—n+1.
For the same reason, of course, I(v) is an unmixed (k — n)-dimensional
ideal. Now let Py, - - -, P, be the distinct prime ideals belonging to I(---@;---);
that is

I(---8;--)=aiN---Na,

where each q; is p-primary, and the p/s are all distinct. Suppose that
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for some j we have a;E p;. Then I(v) C p;, and p; is a prime ideal, so
p; contains one of the prime ideals belonging to I(v). But the prime ideals
belonging to I(v) all have dimension k — n and the dimension of p;is &k — n
+ 1, so this is not possible. Thus a; & p; for any j, so

IG--8;--):I(a) = I(---8;---)

(for a proof of this see Northcott [6, p. 23, Theorem 6]) and this of course
holds for all i=1,.--,n.
Now suppose v = [vy,---,0,_;]. Then for any k=1,...,n — 1 we have

(Va 0) = (Vb [01, - -+, Un1]) = | cOlUR, 01, -+, 0s) | = 0,

since the matrix in question has two equal rows; hence if v, = (b, -:-,b,)
thena;b, + --- +a,b,=0andso b, I(---8;---):I(a) = I(---8;---) CI(v)
for each i. Thus I(v) C I(v) for all k, and since v = [v;,---,v,_,] implies
that I(v) C]]I(v) it follows that I(v) C I(v)*'C I(v)? and hence that
I(v) = I(v)%. But this is impossible, since the only idempotent ideals in
Flx,, -+, x,] are (0) and (1), both of which are precluded by the restric-
tion on the dimension.

Now let v,w € R". Then (v,w) is a vector in R* and I(v,w) the ideal
in R generated by its components, i.e., I(v,w) is the ideal generated by
the components of v and the components of w. With this understanding
we can state

THEOREM 3.2. Let F be a field, R = Flx,,---,x;] and v,w E R, where
n=3 and k= 2n, and suppose dimI(v,w) =k — 2n. Then there do not
exist vectors v, ---v, & R" such that

|col(v, vy, - -+, 0,) | = (v, w),
although certainly (v,w) € I(v).

Proof. We have dim I(v,w)  — 1 since k — 2n = 0, so I(v,w) # R. Then
it follows from the dimension theorem, just as in the previous proof, that
dim I(v) < dim I(v,w) + n = k — n. From this it follows, again by the same
sort of argument, that dim I(v) = k — n.

Now suppose there do exist v, ---,0, & R" such that

ICOI(U’ UZ’ ”':Un)l = (U’ w)’

and let u = [vy, ---,0,]. Then (v,u) = |col(v, vy, - -+, v,) | = (v, w) 80 (v, u — w)
=0, and dimI(v) = k — n so we can apply the argument used in the pre-
vious theorem to conclude from this that the coordinates of u — w must
all be in I(v). Then I(v,u) = I(v,w), so dimI(v,u) =k — 2n and it fol-
lows as before that dim I(x) = k — n. But then u & # by the previous
theorem, and this is a contradiction.
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Next let F be a field and R = F|[[x,y,2, ---]], the ring of formal power
series in k variables, k finite and = 3. Then R is of course a local ring, and
it is well known that finitely generated projective modules over such rings
are free, so R is an H-ring. But we claim that R is not an OP-ring.

Proof. Let v=(x,y,2) €R? and suppose v=[a,b], a= (a,,0a3aj),
b = (b,,b;,b3), and a;,b;E R for all i. Then (a,v)= (b,v) =0, ie.,

ax+ay+azz=0
and
blx + b2y+ baz =0.

Computing the linear terms in x, y, and z in these expressions shows that
the a’s and bs must all have 0 constant terms. Hence a,b; — b,a; can
have no linear term, so the equation

X = azbs - bzaa

cannot be satisfied and v cannot be an outer product.

Finally, Kaplansky has given examples of rings which are not H-rings
(see Swan [9, §4, Example 1] for a discussion); we will describe one of
them here because it leads to an interesting question. Let F be a subfield
of the real numbers, p the polynomial x*+y*+2°—1 in F[x,y,2],
R=F|[x,y,2]/(p), and a—a the natural map of F[x,y,z] onto R.
Then we claim that Hermite’s theorem is false for R; in particular there
does not exist a 3 X 3 matrix over R with first row (%,,2) and determinant
1, although certainly 1€ I(x,5,2).

Proof. Suppose such a matrix does exist, say

xy z
El h—g 63 =1,
b, b, b,

where a;,b;E F[x,y,2z], and let v = [(x,¥,2), (a;,a5a53)]. Then
xy z
a; a; az| =1+pq
b, by, by

for some ¢ € F[x,y,2], and the coordinates of v are polynomials in x, y,
and z so v is a continuous function of the vector (x,y,2), and of course v is
orthogonal to (x,y,2). If (x,y,2) €S? (the unit sphere in R%) then p=0
so (v, (b, b3, b3)) =1 and so v 0. Hence the existence -of such a matrix
would imply the existence of a nonvanishing tangent field on S? contrary
to the well-known theorem.



1965) OUTER PRODUCT RINGS 533

This raises the following question. Let @ be the rational numbers and
R =Q][x,y,z]; do there exist polynomials ¢; R such that

1€l(x+ qp,y+ @p,z+ q3p),

where p is the polynomial given in the above example? Suppose such poly-
nomials do exist, and let v = (x + q:p,y + ¢2p,2 + ¢sp) € R®. If Hermite’s
theorem is true for R there will be vectors v;,v3 € R® such that | col(v, vz, vs) |
=1, and then reducing modp yields a matrix over Q[x,y,z]/(p) with
first row (%,y,2) and determinant 1, which we have just shown is not
possible. Hence the existence of the ¢’s would imply that Hermite’s theo-
rem does not hold for Q[x,y,z2], which would answer a well-known question
raised by Serre in [7].

Appendix. We will show here that Dedekind domains are OP-rings; this
generalizes slightly a classical result of Steinitz, who proved in 1912 [8]
that Dedekind domains are H-rings. (Of course Steinitz stated his theorem
for the ring of integers in an algebraic number field, but his proof is valid
in any Dedekind domain.)

Let D be a Dedekind domain and a an element of D which is neither 0
nor a unit. Then D/ (a) is a principal ideal ring, and in fact a finite direct
sum of local rings R, whose radicals are principal ideals generated by nil-
potent elements. (For a proof of this and a discussion of Dedekind domains
in general see [11, Chapter 5].) Hermite’s theorem for the R,’s is clear
(since I (ay, ---,a,) = R, only if one of the a;/'s is a unit) and the theorem
carries over immediately to direct sums; hence D/(a) is an H-ring.

We will use some standard terminology from matrix theory. Specifically,
SL.(R,) will denote the group of n X n matrices of determinant 1 over
R;, I the n X n identity matrix and {e;|i,j =1,-..,n} the usual basis for
R.xn. For i #j and any A\ER

Bi;(\) = I+ xe;,

and for a transposition (i j) € &, (the symmetric group on n objects)
P;j, is the matrix obtained by performing the permutation (i j) on the
rows of I. Finally for any A & R let D;(A) = diag(1,---,1,A,1,---,1), with
the A occurring in the ith place (i.e., D;(\) = I + (A — 1)e;). The matrices
B;j(\) are certainly in SL,(R,); we define EL,(R,) to be the subgroup
generated by all these matrices, and we note that since D;(— 1)Py;
= B;i(1) B;(— 1) B;i(1) this group contains matrices equal to the Pgj)’s
to within a minus sign.

Now if x and y are any two elements of R, then either x divides y or
y divides x; using this and the fact that EL,(R)) contains matrices which
act like the P )’s one shows by a very standard argument (see, for example,
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MacDuffee [5, the proof of Theorem 22.4]) that for any A € SL,(R)) there
is a P€ EL,(R)) such that PA is a diagonal matrix. But if i #j and u is
a unit in R then

D;(u) Dj(u™") = B;j(u — u®) Bi( — u™") B;j(u — 1) B;(1),

and it follows from this (provided n = 2) that all diagonal matrices of
determinant 1 are in EL,(R:); hence PA& EL,(Ry). Then A € EL,(R)
also, and A was any matrix of determinant 1, so SL,(R;) = EL,(R,) for
all n = 2. Now the obvious inclusion of SL,(R;) into SL,(D/(a)), namely
A—-I+ ...+ I+ A+ 1+ ---+ I,sends the B;(A\) matrices into matrices
of the same form, and hence sends EL,(R,) into EL,(D/(a)) for each k.
Since SL.(D/(a)) = 2_+® SLu(Ry) = 2.4® EL,(R) it then follows that
SL.(D/(a)) = EL,(D/(a)), and hence that the map of SL,(D) into
SL,(D/(a)) induced by the natural map of D onto D/(a) is actually
onto, since the range of this map certainly contains EL,(D/(a)). With
this established we are now ready to prove

THEOREM. Dedekind domains are OP-rings.

Proof. (We wish to thank the referee for the following simplification
of the author’s original proof.) Let (a,,-.-,a,) € D", we must show that
(@, ---,a,) € %. If all the a/’s are 0 this is certainly true, and if one of
them is a unit it follows immediately from the corollary to Proposition
2.1. Hence we may assume that some a; is neither 0 nor a unit, and we
may of course take this to be a;. Let D = D/(a) and a —a be the natural
map of D onto D. Since D is a principal ideal ring there is a b€ D with
I(ay,---,a,) =I1(}); let a;=~,b (vi€ D) for each i. It follows from the
representation D = > @ R, that the v,’s can be chosen so that I (v, ---,7v,)
= D; we will suppose that this has been done. We may of course further
suppose that n = 3, the theorem being trivial if n = 2. Then since D is
an H-ring there is a matrix in SL,_;(D) with first row (vz,---,7.), and
by the previous discussion this lifts to a matrix M,& SL,_,(D); let
(cz -+ -,¢,) be the first row of M, Then v, =c; for each i so @; =c;b;
hence for each i =2,...,n there is a d;€ D such that

a; = d;a; + c;b.
Let

1dy, .-- d,

M= 0 5

M,
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then M&SL,(D) and (a,,b,0,.--,0) M = (a,,a,,---,a,), so by (6) of §2
(ay,---,a,) € % if and only if (a,,b,0,.--,0) € %¥. Since the theorem
always holds for n = 2 this last statement follows immediately from (8),
or for that matter one can easily write down vectors whose outer product
is (a;,b,0,.-.,0).
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