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Introduction. The main aim of the present paper is to determine the essen-
tial spectrum and index of a class of elliptic differential operators in L”(R,)
(see Definition 1.3). By a well-known theorem of perturbation theory, the
essential spectrum and index of an operator A are unchanged under addition
of an operator B, which is compact relative to A (see Definition 1.1). §1 con-
tains without proof the definitions and main theorems of this theory.

In §3 we consider the case of an elliptic differential operator P, with con-
stant coefficients in L?(R,) perturbed by lower-order terms. The spectrum of
the constant coefficient operator is given in Theorem 3.5. Then we determine
arather large class of operators, which are compact with respect to P,. Theo-
rem 3.9 contains the main result on the essential spectrum and index of the
perturbed constant coefficient operator.

The preliminary work leading to the compactness conditions is done in
§2. The graph norm of the elliptic constant coefficient operator is equivalent
to the W§-norm (Definition 2.2). Therefore, the problem of finding compact-
ness conditions is essentially reduced to the problem of finding conditions in
order that the embedding of W{(R,) in L?(R,,b) with a weight function b
be compact. The main result in this direction is stated in Lemmas 2.11 and
2.15.

1. Perturbation of operators in Banach spaces.

1.1. DEFINITION. Let 8 be a Banach space with the norm || - ||, and let A
be a closed, densely defined, linear operator in 8. For x € D(A), the A-norm
| x|l 4 is defined by

lxlha= Nxl + |Ax].

D(A) provided with the A-norm is a Banach space. Let B be a linear opera-
tor with D(B) D D(A). Then B is said to be A-defined. If B|D(A) is a
bounded operator from D(A) with the A-norm into B, B is called A-
bounded with the A-norm || B|| 4. B is said to be A-e-bounded if there exists,
for every ¢ > 0, a number K(¢) > 0 such that

(*) | Bx|| < | Ax| + K() | x| forx € D(A).
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If B|D(A) is a compact operator from D(A) with the A-norm into B, B is
called A-compact.

1.2. LEMMA. If there exists ¢ <1 such that Definition 1.1, () holds, then
A + Bisclosed, and the A-norm and the (A + B)-norm are equivalent on D(A).
C is A-compact if and only if C is (A + B)-compact.

Furthermore, if A is essentially self-adjoint, and B is symmetric, then A + B
is essentially self-adjoint.

1.3. DeFINITION. The Fredholm domain ®(A) is the set of complex num-
bers, ), such that the null space M(A — 1) of A — X is of finite dimension
a,(A), and the range R(A — \) of A — ) is closed and of finite codimension
B\(A). The essential spectrum o.(A) is the complement of #(A). ®,(A) is the
set of A such that R(A — )) is closed, a,(4) < » and B,(A) = =. &_(A)
is the set of A such that R(A — ) is closed, a\(A) = = and £,(A) < o.
o,(A) is the complement of ®(A) U ®,(A) U &_(A). For A € #(A) the index
I, (A) is a\(A) — B,(A). The spectrum of A is denoted by ¢(A) and the re-
solvent set by p(A).

1.4. THEOREM. ®(A), &,(A) and ®_(A) are open sets. In each component of
®(A), I,(A) is constant, and a,(A) is constant except possibly in a discrete set,
where it is larger. In each component of ®,(A) and &_(A) the same holds for
a,(A) and B\(A), respectively.

If B is closed and A-compact, (A + B) = #(A), ,.(A + B) = ¢,(A) and
®_(A+ B) =d_(A).

For \€ 3(A), I,(A + B) = I,(A).

For & ®(A) (®,(A), ®_(A)) there exists ¢(\) > 0, such that \ € #(A + B)
(@,(A+ B), ®_(A+ B)) for | Blas <e(N).

If A is a self-adjoint operator in a Hilbert space, and B is A-compact, then
the resolvent sets of A and A + B are equal except for at most a discrete set of
points S = {\;}. Any real number \; of S is an eigenvalue of A with a,(A) < «
or an eigenvalue of A + B and (A + B)* with «, (A + B) = o, (A + B)* < »
(possibly both); any nonreal number X\; of S is an eigenvalue of A + B with
ay(A + B) < =, while ); is an eigenvalue of (A + B)*, with ay(A + B)*
=a,(A + B).

Proof. We refer to [8], [10] and [14].

1.5. DEFINITION. A singular sequence for the operator A is a sequence,
{¢.} C D(A), such that

0 l¢al <K,

(ii) {¢,} is noncompact,

(iii) A¢,— 0.

1.6. LEMMA. X\ € o,(A) U ®_(A) if and only if there exists a singular sequence
for A — .
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Proof. This is proved for Hilbert spaces in [14]. For Banach spaces in
general it will be proved in [16].

1.7. LEMMA. Let A be a cloged, densely defined operator in a Banach space
B and let A* be its adjoint in B*. Then A has closed range if and only if A*
has closed range.

Proof. We refer to [10].

2. Embedding operators in function spaces.
2.1. NotaTioNs. We use the following notatigns:

R, is n-dimensional euclidean space.

. 0
Di=i"'—.
/ l axj
Ifa = (ay, - -+, a,) is any n-tuple of non-negative integers, then

n
la| = 2 @
Jj=1
n .
D =[] D}
j=1

In the following, all functions are complex-valued, measurable functions
on R,. If C is the space of these functions (where two functions are identified
if they are equal almost everywhere), then all function spaces considered are
subspaces of C, and we shall omit explicit reference to R, in our notations.

2.2. DEFINITION. Let p be a real number, 1 <p < », k a non-negative
integer. Then W% is the set of functions u, in L?, for which all derivatives
D?u of order|8| < k belong to L”. W} is a Banach space under the Wf{-norm,

1/p
ulip = { & 100wz}
181k
2.3. DEFINITION. Let b, € C. Then B, is the operator in L” defined by

D(B,,) = {u€ L?| b,D’u e L?}
and

B, u=b,Du foru& D(By,).

We set By, = B,.

2.4. DEFINITION. Let T be the embedding operator of Wf into L?, Tu = u.

Then B;, is said to be Wj-bounded if D(B;,) D T(W}), and By, T
is a bounded operator from W% into L?. We set | B,,_p||wg‘ = | B, T}

B;, is Wt-c-bounded if D(B;,) 2 T(W}), and if there exists, for every
¢> 0, a constant K(e) such that

1By ull» = fl%;kllD"ullp-F K@ |ul,, ue Wk
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B;, is Wi-compact if D(B;,) D T(Wf) and B,,T is a compact operator
from WY into L”.
2.5. CLASSES OF FUNCTIONS. We set

S, ={yER||x—y|l =r},
Sx=sx,ls
S = leRn||x| = 1’-

We introduce the following subspaces of C (2.1), 1 < p < .

W - {r| firorray < k@),

©) L= | flIf(»)| < K(x) fora.e.y €S,},

@ w-{r|firory<korer),

w  w={rew|[1m1rd—0asis— o,

®) Q.= {f foV(y)I"Ix—yl"‘“"+°dy<Kforx€R,.},

®  Ri={reat|[ /o - yredy—oas js— <
1 r+1

(7 Ul.= {f “; f(o, ) |Pp™ " **dp <K,f |f(p,w)|"dp < K,

rz 1,w€S'} ,

r+1
(8) VB.= {fe Uy, f |f(p,w)|?dp— 0 as r — «, uniformly
foerS’} ,
1 r+l
9) Yi= {f U; If(p,w)l“p"_ldp<K,f |f(p,w)|Pdp < K,

rz l,wES'} ,

r+1
(10) Zh = {fe Y? f |f(p,w)|"dp — 0 as r — , uniformly

fOthS'} .



1965] SPECTRUM OF ELLIPTIC DIFFERENTIAL OPERATORS 197

(11) The set of almost radial functions

AR = {f

sup |f(r,w)| = Cinf|f(r,w)| for0 <r < oo} .
wES wES

2.6. LEMMA. The classes of functions defined in 2.5 satisfy the following rela-
tions:

(a) Q. C MP; R, C NP Ufpo= Y5 Vi,o= 25

Forpl —n+a 20, Q%= M, R, = NP

(b) If pl — n < 0, then, for every ¢ < 0, there exists a < 0 such that Qf. N N°?
C R‘I,,a; :

(c) YoC MP; Z5 C N».

Proof. (a) is obvious, and (c) is easy to prove. For the proof of (b), let
fEQ.NNP. For 1/py+ 1/9o =1 we have, by Holder’s inequality,

[ o171 = iy

< { farora) ™ { [z yioeroa )™,

We choose g, <1+ ¢/(pl —n). Let

1)

_¢c—(g@-1(pl-n)
9o )

Qo

Then a, < 0, and (1) gives, for this choice of g, and a = a,:
[ 1171 = y1s-nway

T s faors)™ { Lo -]

From (2) follows, since fE€ Q7. N N?,

® [t e =siprimdy 0 as 1l - o,
so that f & Ri,,.
2.7. DEFINITION. xp is the characteristic function of Sy, i.e.,
1 for |x|] £ R,
0 for |x| > R,
|x| > R}.

xr(x) = {

TR = {x e Rn
For a real, set
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D(R, l, a) = sup L Ib(y) |Pix _ ylpl—n+ady’

|x{>R

|x] >R

E(R) = sup fs|b<y>|"dy,
r+

1
F(R) = sup supf |6(p, w)|Pdp.

wES rzR

A, r is the operator B, of 2.3 corresponding to the function bxg, and B, s
is the operator corresponding to b(1 — xg).
I, r is B, corresponding to the function xz.

2.8. LEMMA. Criteria for W§-e-boundedness of B,.
(a) k =n/p. (1) If there exists a <0 such that D(R, k, a) < =, then Byp,,
is W§-bounded, and

I Bp.R+1||€V'i < K(a)D(R,k,a),

where K (a) is independent of R.
(2) If there exists a < 0 such that b € @, then B, is W}-e-bounded.
(3) If B, is Wh-bounded, then b€ Q% for every a > 0.
(b) k> n/p. (1) If E(R) < =, then By gy, is Wi-bounded, and

||Bp.R+1||;{ < KE(R).

(2) It is necessary in order that B, be W§-bounded and sufficient in order that
B, be W%-e-bounded, that b & M".
(a2) is essentially contained in [5, Lemma 16].

Proof. (a) k < n/p. Since Cg is dense in W3, it suffices to consider u € Cg".

(1) We make use of the following inequality, proved in [5, (5.2), p.86] (the
proof is valid for any k):

For any r,>0 and — 1 <a <0, there exists K(a) >0 such that, for
O0<r=sry,uecCg,

lu(®)|” = K(a) {r'“ﬁ lx — y| e ( > |D"u(y)|P) dy + -
x,r |af =k
1)
J;” |x — yl”""’""lu(y)l"dy} .
We can obviously assume that — 1 <a < 0 in the given inequality,
D(R: k’a) < oo,

Setting r = r, = 1, multiplying (1’) by |b(x)|?, integrating with respect to
x over Ty, and interchanging the order of integration, we arrive at

R EG -
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Busnuls = [, 1bue1ds
R+1

< K(a) ﬁ‘x{ Lylb(x)l"lx - y|"""‘+"dx}

@) { Z 10w + 1w 17} ay
< K@D(E o) [, | T 1D uO) P+ 1w 7] dy

< K@D(R, k,a) Jullzp

Therefore, B, z;+1 is Wi-bounded, and || B, z4.1||? = K(a) D(R, k,a).
(2) Proceeding as in (1), choosing r,= 1, and integrating over R,, we
obtain, for 0 <r < 1:

1Bulz = [, |Burds

sk@r [ { [, priz-srrad{ 5 0o e

la| =k

3) + K(a)r"Pkwﬁn{ fsy’r |b(x)|?|x — ylph—n+a} lu(») |7 dy
s K(a){ ysgl;e: Ly|b(x)|p|x _ y'pk—-n+ady}

) {"-a 2 | Du(y)|Pdy+r?° Rnlu(y)|”dy} .

Rn o=k
Choosing r sufficiently small, we arrive at an inequality of the form
IBoullf < e 2 | D"ulls+ K9 |uls,

lal =k

from which the desired inequality follows, and B, is W}-e-bounded.
(3) Let ¢ € C5(R,) be a function such that

¢(x) =1 for|x| =1.
Fora > 0, x € R,, we set
for(9) = |x = y|* "7 g(x — y).
It is easy to check that f,. € W%, and the set
Fo={fu:l xER.}
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is a bounded subset of W3,
Using the boundedness of B, on the set F,, we obtain, for x € R,:

JL b7tz = 3127 dy < UBfd® 5 1B g onlig <K,

so that b € Q%..
(b) For k> n/p, M? = Q%._s, and E(R) = D(R,k,n — kp), hence (b)
follows from (a).

- 2.9. LEMMA. Let 1 <p <r < =, and let g be a function on Syr. We define
the operator G,, by

D(G,,) = {fE L' (Sor)| &f € LP(Sop) }
and
G, f=gf forfe D(G,,).
Then G, is a bounded operator from L'(Sog) into LP(Syr), if

L Ig(x)lp/(l—p/r)dx < .,
0,R

Proof. By Holder’s inequality,

L}ﬁlg(x) 1) 7dx < § st,ng<x> [ { LM feoirdx)

hence

1/p—=1jr
l&fl < { J;o Rl g(x)lp/u-p/r)dx} 1A o,

P(So,p

2.10. LEMMA. The operator A, is Wi-compact, if b satisfies one of the fol-

lowing conditions.
(a) For k < n/p: There exists a > 0, such that

j; Ib(x) | (n/kH—adx < o,
0,R

(b) For n/jp <k <njp+ 1. There exists a > 0, such that

f |b(x) |P+dx < .
So,R

(¢) For k>n/p+ 1:

f |b(x)|Pdx < w.
So,R



1965] SPECTRUM OF ELLIPTIC DIFFERENTIAL OPERATORS 201

Proof. For the basic Sobolev-type embedding theorems we refer to [6,
Lemma 6] or [7, Vol. II]. From these the proof is as follows:

(a) k = n/p. The operator I,.(2.7) is W§-compact, if there exists a >0
such that

p
1—p/r

=n/k+a,

and Lemma 2.9 applies.

(b) n/p <k =< n/p+ 1. The operator I, is Wi-compact for every r < .
It follows from the assumption on b by Lemma 2.9, that the operator G,
(2.9) corresponding to the function b = g is bounded for r sufficiently large.
Therefore, A, r is W§-compact.

(c) k> n/p + 1. The operator u— xzu is compact from W% into W§_,.
Furthermore, W§_,(So ) is contained in C%(Syz), the space of continuous
functions on So r and the embedding of W_,(Sy ) in CO(S(, r) is a bounded
operator. Then the operator u— xzu is compact from W% into C*(Sy),
and A, p is W{-compact.

2.11. LEMMA. Criteria for W§-compactness of B,.
(a) k <n/p. B, is Wi-compact, if
(i) For every R > 0 there exists a(R) > 0 such that

Lklb(x)l(n/k)+a(k)dx < o,

(ii) There exists a < 0, such that
bE RE,.
If B, is W§-compact, then
bE R}, foreverya> 0.

(b) n/p <k =n/p+1. B, is Wi-compact, if
(i) For every R > 0 there exists a(R) > 0 such that

f |b(x) |PH P dx < o.
So,R

(ii) b € N*.
If B, is W§-compact, then b & N”.
(c) k> n/p + 1. B, is Wi-compact if and only if b & NP.

Proof. (a) kp — n < 0. Suppose that b satisfies (i) and (ii). It follows from
(i) by Lemma 2.10 (a), that the operators A, are W§-compact for every
R > 0 (Definition 2.7). By Lemma 2.8 (a2), it follows from (ii) that B, is
W2-bounded, and, by Lemma 2.8 (al),
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1By — Aprllug = IBprlyg—0 asR— o,

therefore, B, is W}-compact.

Suppose, on the other hand, that B, is W§-compact. By Lemma 2.8 (a3),
it follows that b € @, for every a > 0. Assume that b & R%, for some a > 0.
Then there exists a sequence of points x,&ER,, m=1,2,.-., such that

|xm| — ® asm-— o«
and
fs 1b(»)|?)x — y|*~"**dy > K > 0.

Let £, x,, = fn be the functions defined in the proof of Lemma 2.8 (a3). We
can assume that the supports of f, and f; are disjoint for k > I. Then {fn}n-,
is a bounded sequence in W%,

Bf.(y) —0, as m — =, for every y € R,,

and
| Bfmll 5 2 J; [6(y)|”|x — y|*~"**dy > K > 0.

This contradicts the assumption that B, was W§-compact; therefore, b € R},.

(b) n/p <k =n/p+ 1.1t follows as in (a) by Lemmas 2.10 (b) and 2.8 (b)
that B, is W}-compact, if b satisfies (i) and (ii). Since N* = R}, for a > 0,
it follows from (a) that b & N?, if B, is W§-compact.

(c) k> n/p+ 1. We prove as in (b) by Lemmas 2.10 (c) and 2.8 (b) that
B, is Wi-compact, if b & NP. The necessity follows as in (b).

2.12. REMARK. As noticed in Lemma 2.6 (b) the function b satisfies con-
dition (ii) of Lemma 2.11 (a), if there exists ¢ < 0 such that b€ Q. N N”.
This implies a result of Birman [3, Theorem 2.2].

2.13. LEMMA. (a) If R= 1, and F(R) < » (Definition 2.7), then B,g is
Wt-bounded, and

IBxllip < KF(R),

where K is independent of R.
(b) Let k < n/p, and suppose that b satisfies the conditions
(i) There exist 6 >> 0 and a < 0 such that

le(y)lplx —y|®"dy <K for |x| <.

(ii) F(5) < . Then B, is W§-e-bounded.
(c) Let k> n/p, and suppose that b € Y5, then B, is W¥-e-bounded.
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Proof. (a) By a slight adjustment of the proof of Lemma 2.8 (a) forn =1,
k=1, we arrive at the inequality

f lb(r)f(r)l‘”drS{ Sup. f mlb(p)l”dp}
(0))] - -
-{e f If (o) |Pdp + K(e) f |f(p)|Pdp}

valid for all R =2 0, bGLfm[O ), and fEL"[O ), f’ELP[O oo) A proof
of this is also found in [1], Lemma 4.

Let f€ WE, R = 1. We apply (1) to the function f(r,«)r® V", for fixed
wE S’, and obtain

® r+1
LIb(r,w)l"lf(r,w)|’r""dré{ sup f Ib(p,w)l"dp}v

) Rsr<o
? ' { ‘ﬁ d

Since

’ dr+ K(e J: |f(l',w)|pd"}-

& (firwro-vrr) = L ooy LD Ly oo
T p

we obtain, from (2),

® r+1
J;lb(r,w)|‘°|f(r,w)|"r"“drg{ sup f |b(p,w)|pdp}

Rsr<o
{ f
R

Integrating (3) with respect to » over S’ we arrive at

3
aftr,w) |”
ar

r"ldr 4 K(e) J; |f(r, w)|"dr} )

r+1
ﬁﬂ|b(x)|"|f(x)|"dx < { sup supf |b(r,w)|"dp}

wES r2R

g

From this (a) immediately follows.

(b) k < n/p. Suppose, for simplicity, that 5 = 1; the proof in the general
case is similar.

Let B, = A, + B, (Definition 2.7).

4
F) p
a—f dx+ K(e)fTRV(x) |de} .
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From (4) of the proof of (a) and assumption (ii), it follows that B,, is
Wi-e-bounded. From Lemma 2.8 (a2) and assumption (i), it follows that A,,
is W%-e-bounded. Therefore, B, = A, + B, is W}-e-bounded.

(c) k> n/p. This follows from Lemmas 2.8 (b2) and 2.6 (c).

2.14. LEMMA. For b € AR we obtain the following criteria for W%-e-bounded-
ness:

(a) k < n/p. B, is Wi-e-bounded if b satisfies the conditions:

(i) There exists 6 > 0 such that

inf |b(r,w)| = inf |b(ry,w)| for0O<r,<ry <.
wES’ wES

(ii) There exists a < 0 such that b € U},.

If B, is W§-bounded, then b € U}, for every a > 0.

(b) k> n/p. It is necessary in order that B, be W§-bounded and sufficient in
order that B, be W§-e-bounded that b € Y5.

Proof. (a) £ < n/p. Suppose that b satisfies (i) and (ii). Since b, by assump-
tion (ii), satisfies (ii) of Lemma 2.13 (b), we need only prove that b satisfies
(i) of Lemma 2.13 (b) for 6 = 1. By assumption (ii),

1
I,= J;o|b(y)|".y|"""'+“dy= fs {J; |b(r,w)|”r"‘”"+“dr} do < .

Set
Us={yESIyl = 1z -y},
Vi={yE€Si|lx -yl <v}.
Since U, C S,,

@) L [b(y) |P|x — y|#~"*dy < L |6 |Ply]*~"**dy < L.

Let y& V, and let y’ be the point symmetric to y with respect to the
hyperplane {z| |2| = |z — x|}, Vi={y'| yE€ V.}. Then |y'| = |y — x| < |y|
<2, and, since b is of class AR and satisfies (i), we have

160)1 5 sup 1b(ely))] = K inf[baly))] = K inf 6ol )| 5 KI6G).
weS wES’

wES’

Therefore,

4) fv [b()|P|x — y|*"*dy < Kfv' [6(y)|?|y’ | *~"*dy’ < KI,.

From (3) and (4) we obtain
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j; b |°|x — y|*"**dy <K for |x| £1,

so that b satisfies 2.13 (b), (i) for 6 = 1. By Lemma 2.13 (b), B, is Wi§-¢-
bounded.

Suppose next that B, is Wi-bounded. It is sufficient to prove our state-
ment for a radial function b(r).
Let

¢ € Cs(R) and ¢(t) =1 for0=sts1,
() = o(r—p)p"?,  0sr<e

Then {g,}15,<- is a W§-bounded set.
Applying the Wi-boundedness of B, on this set, we obtain

rt+1
f |b(r)|”(r/p)"'dr < | B,g,|5< K forl<p< o.

From this it follows easily that

pt+1
f |b(r)|Pdr< K forl<p< o.

Since the function f, defined for 0 <r < =,
f( r) = rk—(/p)+/p) o(r) ,

belongs to W? for every a > 0, we conclude that

1
j; |b(r)|Pr*~'**dr < «» foreverya > 0,

so that b &€ U3, for every a > 0.

(b) k> n/p. By Lemma 2.13 (c) the operator B, is W%-e-bounded if
b€ Y5. Suppose next that B, is Wi-bounded. We can assume that b is a
radial function b(r). Then, by Lemma 2.8 (b),

1
f [b(r)|Pr*~tdr < o.
0

This, together with (a), shows that b & Y?5.

2.15. LEMMA. This is a generalization of a result by Birman (cf.[3]). The
method of the proof is the same as far as the condition at « goes.

(a) k <n/p. B, is W§-compact if:

(i) There exists a > 0 such that b € Z%, ) 10

(ii) For every R > 1 there exists a(R) > 0 and K(R) such that
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R
J: |b(r,w)| @R+ ®dr < K(R) forwES'.

If B, is W§-compact and b & AR, then
b&E VR, foreverya > 0.

(b) n/p <k = (n/p) + 1. B is W§-compact if:
(i) There exists a > 0 such that bE Z3 ..
(ii) For every R > 1 there exists a(R) > 0 and K(R) such that

R
f|b(r,w)|”+‘“"’dr<K(R) foro ES’.
1

If B, is W§-compact and b € AR, then b & Z5.
(c) k> (n/p) + 1. B, is W§-compact if b & Z5.
If B, is W}-compact and b € AR, then

be Zk.

Proof. (1) Sufficiency. In each case it follows, from the corresponding part
of Lemma 2.10, that the operators A, z are W}-compact for 0 < R < «. From
Lemma 2.13, it follows that B, is W}-bounded, and that

“BP'R“wf —0 asR— .

Therefore B, is W5-compact.
(2) Necessity when b € AR. In view of Lemma 2.14 we only have to prove
that

r+1

f |b(p,w)|Pdp—0 asr— « uniformly forw € S’.

This is proved indirectly using the functions g, of the proof of Lemma 2.14
(a), proceeding as in the proof of the necessity part of Lemma 2.11 (a).

2.16. REMARK. We obtain sufficient conditions for W} -e-boundedness and
WE-compactness of the operators B;, by substitution of k£ — |8| for k in
the conditions of Lemmas 2.8, 2.11, 2.13, 2.14 and 2.15. We need only notice
that the mapping f — D°f defines a bounded operator from W% into W§_,,
and the same mapping defines a W§-e-bounded operator from W% into L”.
The first is obvious, the second is well known (cf. [5]).

3. Differential operators.
3.1. DEFINITION. Let P(¢,, ---,£,) be a polynomial of degree k=1 in n
real variables ¢, - -+, £, 0 2 1,

P(§) = P(gy, -+ 8 = D Gt~

la| sk
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P(D,, ---, D,) is the formal differential operator with constant coefficients
obtained by substitution of Dy, ..., D, for &, ---,£, on P(%).

P(D,, ---,D,) is elliptic if there exists « > 0 such that the principal part
Q(¢) of P(¢) satisfies the inequality

|1Q(®)| = «lt]*, EER.,.

The formal adjoint operator of P(D,, -.-, D,), denoted by P’(D,, ---,D,),
is the operator corresponding to the polynomial

P,(E) = P/(El, "')en) = Z (— l)ialaafa-
lal sk :
The set of points ¢ € R, such that P(¢) = 0 is denoted by 3(P). The set of
values assumed by P(¢) for ¢ € R, is denoted by R(P), and its complement
in the complex plane by C R(P).
3.2. DEFINITION. Let 1 < p < «. The maximal differential operator P,
in L” associated with P(D,, ---, D,) is defined by

D(P,) = {f€ L?| P(Dy,---,D,)f € L}
and
pr=P(Dly"‘:Dn)f fOl'fED(Pp).

Here P(D,, ---, D,)f is taken in the sense of distributions.

The minimal operator Py is the closure of the restriction of P, to Cy.

Any closed extension of P, is denoted by P,..

For 1 < p < « the adjoint operator Pj of P, is the usual Banach-space
adjoint in LY where 1/p+1/g=1 for p>1 and ¢= « for p=1, i.e,
D(P}) consists of those elements fE& L? for which there exists a g& L*
such that

(%) ﬁ"f~13c¢dx= ﬁng-¢dx, ¢ € D(Py),

and Pjf =g for f€ D(P}).

The adjoint P% in L' of P... is the operator defined for those elements f
in L* for which there exists a g in L' such that (*) holds, for all ¢ € D(P...),
by P*.f = g. P*.is uniquely defined because D(P..) is total on L' (cf. [12]).

3.3. LEMMA.

() Ph=Pifor1sps=s

(i) P=Pyfor1<p= o,

(iii) P 2D P,

Proof. By the definition of distribution derivatives, (*) holds for all ¢ € C¢
and f€ D(P;), g=P;f, 1 £p £ «. Thus, P; is the adjoint in L? of the
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restriction of P, to Cg. Therefore, P,, exists, P; = P}, and, for 1 <p < ,
- Pjy= Py (cf.[12]).1t is clear that P¥D P, but, in general, equality does
not hold (cf. [12]).

3.4. LEMMA. For p = 2 and, when P(D,, ..., D,) is elliptic, for 1 <p < o,
the minimal and the maximal operators coincide: P, = P,

Proof. We refer to [6, Theorem 1.11].

3.5. THEOREM. For 1 < p < «, let P, be any closed extension of P, and let
P_. be a closed extension of P} (Definition 3.2).

Then the following holds:

(i) If B(P) =@, the range, R(P,.), of P, is not closed.

(i) If P(D,---,D,) is elliptic and 3(P) = @, then P, has a bounded in-
verse on LP which can be represented as convolution with a function in L'

(iii) If P(D,, --., D,) is elliptic,

0(Pp) = 0(Py) = a(Py) = R(P),
p(Py) = #(P,) = CR(P).

Proof. Let § be the Fourier transformation applied to tempered distribu-
tions and let * denote convolution.

(i) Suppose that B(P) =@ and let 1 <p <2; then § maps L? into L,
1/p+1/g=1.

It is then clear that there is no solution in L? of the homogeneous equa-
tion

P(Dly M ':Dn)f= 07

so that P, has an inverse P, (cf. [13]). We shall show that P, has non-
closed range and, consequently, that P, is unbounded.

Let f be a function in L? such that $f has compact support S disjoint from
B(P). We prove that f& R(P,). Let ¢(¢) be a function in C; such that

W) = { c1> izf.:;s(p).
Set
}_’% for £¢ B(P),
XO= 10 forsc 3(P).
Then

T HBfE) - x(8) = f*T 7 'x.
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Since x € C¢, it is clear that § 'xE L.
Hence,
y=f§'xe€ L’
and
P(Dlr * “:Dn)y = f’
so that f€ R(P,).
Let & be a point of R, such that the closed ball with center ¢ and radius

ro has exactly one point, £, in common with 3(P), and |& — &| = - To.
Define the function fi(r) € C*0, «) such that

1 for0 <r = ry/3,
fir) = {(ro—n)** for2ro/3<r=r,
0 forro<r.

Let g, € C*(R,) be defined by
&(&) = fi(|E — &l ).
It is clear that

aEgheC" forl<i<n,

and, consequently, that there exists k&, such that
& g€ L.
Define the functions a, for non-negative integers s by

o) = [ [POT86® forle— sl <r
) {0 for |£ — &| 2 ro.

Then § 'ap= § '8y E L?, while, for s sufficiently large, a,& L¢ and,
hence, § 'a, ¢ L*. Let s, = 0 be the largest integer such that

1) 8 'a,E L*.
Then

ey & LA,
and

P(Dh . ’yDn) 8_las0+l = %-laso-
Therefore,
§ o, & R(P).
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We choose a sequence ¢, — &, such that each of the closed balls with center
¢ and radius ro does not intersect 3(P).
Let

Aom = Aso(§ + &0 — £n).
Then
&' agn(x) = exp(i(Em — £) - x) F'ay(2),
and it is clear that

(2 § 'agm — & 'ag, inLP.

Since each function a, .(¢) has compact support disjoint from 3(P),
(3) § layn € R(P,).

From (1), (2) and (3), it follows that m(Pp) is not closed.

Suppose next that 2 < g < « and that P(¢) = 0. Then P’'(— ¢) = 0, and,
consequently, P, has nonclosed range for 1 < p < 2. It follows, by Lemma
1.7, that (P;) * has nonclosed range. Hence, by Lemma 3.3, P, has nonclosed
range for 2 < g < «, and (P{)* has nonclosed range. This implies that
P, has nonclosed range for every operator P, with

P,CP,CP, for2<qg< o
and
(P)*CP..CP..

In particular, all the operators P, have nonclosed range for 2 < ¢ £ «. By
Lemmas 1.7 and 3.3, the operators P, and, consequently, all the operators
P, have nonclosed range for 1 < p < 2. This concludes the proof of the first
part of the theorem.

(ii) Suppose, next, that P(D,, ---, D,) is elliptic, and that 3(P) = @. For
n > 2, the first assumption implies that & is even. For n = 2, it is easy to see
that both assumptions together imply that k& > 2. For the simple case n = k&
= 1 and for a different treatment of the case n = 1 in general, we refer to [1].
Therefore, we can assume that k& = 2.

It is clear that the homogeneous equation

P(Dy, ---,D,)y =0
has no nontrivial tempered solution. Therefore P,, has an inverse, for 1 < p

< «, given by
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We shall show that §~'1/P(¢) € L, from which it follows that P, i
an everywhere defined, bounded operator in L?, for 1 < p < «. The proof
extends an argument used in [6] in the proof of Lemma 8.

A simple calculation shows that, in view of the ellipticity, there exists
¢ > 0 such that

@ 1 —kr
=
7 | <ete ™ otz
while
6’ 1
3% PO <c for || <1.
It follows that
ar 1 l
6_571’(5) eL' forr>n—k.

Therefore, for r>n — k,

g~ <P(s)) =)
From (1), for r=n — k 4+ 1, follows

@ L) %-‘(%9)

Using (1), for r > n, we obtain

® Jors| 3 (5i5) @

By (2) and (3), §~'(1/P(¥) € L.

(iii) The statement concerning the spectrum of an elliptic operator P, in
L?,1 £ p £ o, follows immediately by application of (i) and (ii) to the oper-
ators P, — \.

3.6. LEMMA. Let P, be the operator defined in 3.2, for 1 < p < =, associated

with an elliptic differential operator P(D,,---,D,). Let B, be the maximal
operator in LP associated with the differential expression

By = D by(x)D%y.

18] <k

1) |x|" <K forxER,.

dx < o,

dx <

Suppose that the functions b, satisfy the following conditions.
(a) For |B| <k —n/p, bs& M, (in particular, if b,& Y?).
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(b) For |B| =2k — n/p, b,E Q}_ .« for some a <0, or b, satisfies the con-
ditions (i) and (ii) of 2.13 (b) with k — |B| substituted for k (in particular, if
bs € AR and satisfies the conditions (i) and (ii) of 2.14 (a) with k — |B| sub-
stituted for k).

Then B, is P,-¢e-bounded.

Proof. It is well known (cf. [5, 2.3] and [6]), that D(P,) C W3, and, for
f&€ D(Py),

@ Iflye < ELIFlo + 1 Pofll o)

From (1), Lemmas 2.8 (a2) and (b2), 2.13 (b) and (c), 2.14 (a) and Remark
2.16, the lemma follows.

3.7. THEOREM. Let P, and B, be the operators of Lemma 3.6 and let C, be the
maximal operator in L* associated with the differential expression
Cy=> c(x)Dy.
Il <k
Suppose that the functions c, satisfy the following conditions.
(a) For |y| <k — (n/p) — 1, ¢, € NP (in particular, if c,E Z}).
(b) For k— (n/p) — 1= || <k — (n/p),

c, satisfies the conditions (i) and (ii) of 2.11 (b)
or
c, satisfies the conditions (i) and (ii) of 2.15 (b).
(c) For |y| 2k — (n/p),
¢, satisfies the conditions (i) and (ii) of 2.11 (a)
or
c, satisfies the conditions (i) and (ii) of 2.15 (a).
Then C, is (P, + B,)-compact.
Proof. By Lemmas 1.2 and 3.6, P, + B, is closed, and, for f & D(P, + B,),

oy Iflug = K{UAlo+ 1P+ Bolfll)-

Then the theorem follows from Lemmas 2.11 and 2.15 and Remark 2.16.

3.8. REMARK. The necessary conditions of Lemmas 2.8 and 2.14 in order
that B, , be Wi-bounded are also necessary in order that B, be P,-bounded.
The necessary conditions of Lemmas 2.11 and 2.15 in order that By, be Wi-
compact are also necessary in order that B, , be (P, + B,)-compact when B,
satisfies the conditions of Lemma 3.6.

Proof. The first statement follows immediately from Lemmas 2.8 and 2.14
and the inequality
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o Ifle,= Klflwg for f& D(Pp).

The second half follows from Lemmas 2.11 and 2.15 together with (1)
when B, = 0; the general case follows from this by Lemmas 1.2 and 3.6.

3.9. THEOREM. Let P, and C, be defined as in Theorem 3.7. Then
o Py + Cp) = R(P),
®(P,+ C,) = CR(P),
L(P,+C) =0 forxea(P,+ C,).

If the coefficients of P(t) are real, so that P, is self-adjoint, the additional
conclusion of Theorem 1.4 holds.

Proof. This is an immediate application of Theorems 1.4, 3.5 and 3.7, for
B,=0.

3.10. REMARK. The perturbation in Theorem 3.7 includes, in particular,
a lower-order operator whose coefficients are bounded functions converging
to 0 at «. This case is treated in [5, Theorem 28]. It also includes bounded
functions in L?, first considered in [15] for P = A, p = 2, n = 3. An investi-
gation of the case p = 2 is found in [ 3] (cf. 2.12 and 2.15).

Certain singularities are allowed at finite points. We illustrate this in the
case where the unperturbed operator is — A in L? and the perturbing oper-
ator has powers of r as coefficients. The operator

n
d _ .
-A+z cir—l+£i 8—;+c°r 2+(0’ (i>07 l=0, 1;"')""
=1 i

satisfies the conditions of 3.9 for n = 4. For n = 3, the function r=2* is to be
replaced by r=32+<,

3.11. REMARK. The results of 3.6-3.8 remain valid if the top-order coeffici-
ents of P, are replaced by uniformly continuous, bounded functions a.(x),
|a] = k, provided that the unperturbed operator is uniformly elliptic. This
follows immediately from the fact that the inequalities 3.6(1), 3.7(1) and
3.8(1) still hold (cf. [5] and [6]).

Concerning a perturbation of P, by top-order terms we can at least obtain
the following result:

Let a.(x) be continuous functions on R, converging to 0 at «, |a| = k.
Suppose that the differential operator,

P(D,,---,D,) + sz a.(x) D,
is elliptic.
Let A, be the corresponding maximal operator in L”. Then

®(A, + C,) U (A, + C) = #(A) U, (A,) =CR(P).
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Proof. By Theorems 1.4, 3.5 and 3.7 and Remark 3.11 it suffices to prove
that ®(A,) U ®,(A,) = ®(P,) U ®.,.(P,) = ®(P,). Let wg be a function in C*
such that

wgp(x) =0 for|x| =R+1,
wr(x) =1 for|x| 2 R+ 2.

Then it is easy to show that, if {¢,} is a singular sequence for P, (or 4,),
then {w¢,} is also a singular sequence for P, (respectively, A,). Let P,
and A,  denote the minimal operators in L?(R, — S, ) associated with the
same differential expressions. We can consider P, and A, as restrictions
of P,and A,.

Suppose that A € &(P,) U &, (P,). Then there exists ¢(A) such that

ANE®P,+B)U®.(P,+ B) for|Bj pyr < e(N).

It is clear that then also A €& ®(P,+ B)rU ¢, ((P,+ B)g), since (P, + B)g
is a closed restriction of P, + B.
Choose R so large that | Dyl , | <e(A), where D, corresponds to the
differential expression P
> aJx)D-.
lal =k
Then A € ®(A,z) U®,(A,r), and, by Lemma 1.6, A,z — A does not have
a singular sequence. Then A, — X does not have a singular sequence {¢,},
because then {wg,} would be a singular sequence for A,z — \. By Lemma 1.6,
ANE (A, Ud,(A,).
Reversing the argument, we show that ®(A4,) U ¢, (A,) C ®(P,) U &.(P,)
and the proof is complete.

3.12. LEMMA. Let T, be a differential operator of order 2s in L? which satisfies
the conditions:

(i) T is a closed operator with D(T,) C WZ N W, 0,

(i) Jullyz < K(lulo+ | Toulo) for u€ DTy,

(iii) for every R >0, u € D(Ty),

bz, sop = Krllulzg, + 1T2ull,)-

Let B, be the maximal operator in L? associated with the differential expression

By= D, byx)D’y.
18] <2s
Suppose that the coefficients b, satisfy the following conditions for some R > 0:
(a) The functions b x g satisfy the conditions of Lemma 3.6 for k = 2s, p = 2,
0= 8] <2s,
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(b) the functions bs(1 — xg) satisfy the conditions of Lemma 3.6 for k =s,
p=2)0§ lﬂ' ss-—-1,

(c) byxg=0 for s < || <25 — 1.

Then B, is Ty-e-bounded.

Proof. Let B, = A,z + B, as in Definition 2.7.

Then A,y is Te-e-bounded by (iii), (a) and Lemmas 2.8 (a2) and (b2),
2.13 (b) and (c), 2.14 (a) and Remark 2.16 for k = 2s, p = 2.

B, ris Tre-bounded by (i), (b) and the same lemmas and remark for
k=s,p=2.

Therefore, B, is T»-e-bounded.

3.13. THEOREM. Let T, and B, be defined as in 3.12. Let C, be the maximal

operator in L* associated with the differential expression
Cy= 3 c (x)D.
Ivl<2s

Suppose that the coefficients c, satisfy the following conditions:

(a) The conditions of Theorem 3.7 for k = 2s, p = 2,

(d) fle,(»|*dy—0 as |x| -« for 0= |y| <s—n/2(inparticular,
if 7 e (p,w)|?dp—0 as r— o uniformly for v € S’),

(© Sl |*|x—y|* "W "*dy—0 as |x| - for some a <0, or
S e (p,w)|?do—0 as r— o uniformly for «€S’,s—n/2=|y|<s,

(d) ess supjy>glc,(x)| 20 as R— o, |y| =s,

(e) ¢,(x) =0 for |x| > K for some K, s+ 1 <|vy| < 2s.

Then C, is T, + By-compact.

Proof. By Lemmas 1.2 and 3.12 it suffices to prove that C, is T,-compact.

Let C, = Ay r+ C,r as in Definition 2.7.

From (a) and 3.12 (iii) it follows, by Lemmas 2.11 and 2.15, Remark 2.16
and Theorem 1.4, that the operators A, are Ty-compact for 0 < R < .
From (a)-(e) and 3.12 (ii) it follows, by Lemmas 2.8 and 2.13 that the
operator C, is To-bounded, and that

|iC2,R||T2 —0 asR— o.

Therefore, C, is T,-compact.
3.14. REMARK. The conditions (i)-(iii) of 3.12 on the operator T, have been

established in the following papers, mainly in connection with conditions
for essential self-adjointness: [5, Theorem 24], [9, Lemmas 3 and 5], [11]
and, for n =1, [4].

The conditions are either directly verified or can be established under
obvious additional assumptions.

3.15. REMARK. The perturbation results can be generalized to the case
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where R, is replaced by any open subset of R, with a sufficiently smooth
boundary, and the differential operators are defined by regular boundary
conditions. A discussion of this more general situation is found in [2].

The results can also be extended to the case p = 1 with certain modifica-
tions.
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Added in proof. There exists a <0, such that for R246>0,k=1
D(R,k,a) < K- F(R) (Definition 2.7).

Hence Lemma 2.13 (a) follows from 2.8 (al). Also 2.13 (b), (i) and (ii) imply
that there exists a < 0, such that b € @, hence 2.13 (b) follows from 2.8 (a2).
Likewise 2.15 (a), (i) and (ii) imply 2.11 (a), (i) and (ii), and 2.15 (b), (i) and
(ii) imply 2.11(b), (i) and (ii), hence the sufficiency part of Lemma 2.15
follows from the sufficiency part of Lemma 2.11.

The results of the present work have for p = 2 been improved recently
by P. A. Rejto [ 18] and the author [17]. Among other things, it is shown
that B, is W§-compact if there exists a <0, such that b€ R§,, so that
assumption (ai) in Lemma 2.11 is superfluous. Accordingly, Theorems 3.7,
3.9 and 3.13 hold without the corresponding assumption. It is likely that the
same holds for general p.
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