ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS
OF AN nTH ORDER NONHOMOGENEOUS
ORDINARY DIFFERENTIAL EQUATION()

BY
THOMAS G. HALLAM

1. Introduction. The asymptotic behavior of the solutions of the nth order
nonhomogeneous differential equation

(ll) y(") +f(tsy’y(l)3"'sy("_l))=h(I)

will be considered. Conditions will be established in order that the solutions of (1.1)
essentially behave asymptotically as those of y™ = h(f). The part of the forcing
function h(t) which is dominant for large values of ¢ will be called the primary
part of the forcing term. The forcing functions considered here will, generally,
have primary part t"e", m and b real. Sufficient conditions on f and h in order to
guarantee the ex1stence of solutions of (1.1) for large values of ¢ will be tacitly
assumed.

In [1, §§3.7 and 3.11], Cesari discusses known asymptotic results for equation
(1.1) when the equation is linear and the primary part of h(?) is a constant. Recent
results on the asymptotic behavior of the solutions of a homogeneous equation
are given in [2]-[4], [6], [7].

§2 of this paper is concerned with integrable forcing terms; that is,
f®h()dt is finite. The results of the remainder of the paper are developed for
h(t) of the form

h(t) = H@t)t"e" + R(2),

where lim,_, ,H(f) = A # 0, and R(f) = o(f"e") as t approaches infinity. The main
results give sufficient and in some instances, also necessary conditions for the
solutions of the equation (1.1) to possess an asymptotic behavior of the type
y(®) /a(t) ~ k # 0, where a(?) is determined by a primitive of h(z).

The following theorem due to Viswanatham [5] as utilized by Waltman [6], [7]}
is useful here.

THEOREM 1.1. If y() S p+ [T f(s,y(s))ds, where f(t,y) is continuous and
monotonic increasing in y in the region R defined by [t— Tl <a; |y— pl <b
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where a and b are positive real numbers; then y(t) < z(t) where z(t) is the maximal
solution of the differential equation z' = f(t,z) through (T,p) for t = T.

An inequality which will be used in the following results is given in
LemMa 1.1. Let a;20, b;=0, r;>0, and r = max;r; where i=1,2,--.,n
If b;> 1 for some i, then

Zn: ab' < [Zn) ai] [i‘ bi]’.
i=1 i=1 i=1

2. Integrable forcing terms. The differential equation (1.1) is considered
subject to the following set of hypotheses.

n-1
(21) If(t’ ¥, y(l), ...,y(n—l)) I _S_ iEO g.‘(t) ly(i) |rt’

where (2.1.1) r,>0, i=0,1,---,n—1;
(2.1.2) gy(t) are continuous, i =0,1,---,n—1.

22) f w| h(t)| dt < .

The inequality in (2.1) need hold only for large values of t¢.

THEOREM 2.1. If conditions (2.1) and (2.2) above are satisfied, and
[2t=i"Dng(pdt < o0, i =0,1,---,n — 1, then there exist solutions y(t) of (1.1)
which have the asymptotic behavior y“(t)/t" "' ~a,#0, i=0,1,--,n—1.

Proof. It will be established that the asymptotic condition is applicable to a
given solution y(t) of (1.1) provided the initial conditions of the solution satisfy a
certain inequality.

Integrating (1.1) n — k times, yields for t =¢, =1,

}’(k)(t) = Op+0,t+ -+ gn_k_ltn-k-l

k-1
@3 J. ('(n Lol i 57H() ds

t — k-1
B J: g(t;—_‘;C)_—_l)—'- f(saY(s)"":y("-l) (S)) ds.

From this, the inequality

(")
0| 5 Ak B [ 156,50,y 0) | ds

may be obtained, where]
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— n—k—-17.k -n 1 ®
Ak = [00 + e 4 0,,_,,_1t0 ]t0+1 + m J:o Ih(S)l dS,

and
1

Be=m—e—or

From (2.1), we have

y¥ )

y(i)(s)
tn—k-1

sn-k" 1

(2.4)

t n—1
l SA+B, | X stithug)

to i=0

l "ds

for all k=0,1,:--,n — 1. Thus, using Lemma 1.1,

n-1 (k) t rn—-1 n—-1 [0)) r
AN U) |< J (n=i=1)r y06)
<A+8B ig 2
k=0 ln—k—l = + o i§0 s gl(s) 1=20 s"_i_l ds’
where
n—-1
A= 2 Ak’
k=0
n—1
B = 2 Bk’
k=0
and
r = max ri.
i

It should be observed that the above inequality does not hold if
'y(i)(t)/tn—i-ll <1

for all i=0,1,---,n — 1 and all large values of ¢t. However, if this is the case,
126 |y®(® /77| is bounded and this is the conclusion which is ultimately
desired.
Applying Theorem 1.1 to the above inequality, we obtain as the associated
differential equation

n-1
(25) 7! = Bigo t(”'i")"gi(t)z'.
The solutions of (2.5) are given by
t n-—-1 N
(2.6) z=Aexp f B X st i Drg(syds, r=1;
to i=0

t n—-1
Q.7 V=AY (1 -1 fB T stTitbng)ds, r#1.
to i=0

If 0 <r =1, then z(¢) is bounded independent of initial conditions since the
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integrals in (2.6) and (2.7) are convergent. If r > 1, any solution z(f) as given in
(2.7) will be bounded provided

© n—1
AT'>(r-1) J B X stitDrig(s) ds.
to i=0

Since z(t,) = A, this corresponds to an appropriate choice of initial conditions
for the solutions of (1.1). For such a choice of initial conditions, any solution
y(2) of (1.1) may be continued to all ¢ = ¢,. This follows from the fact that

| yR@ e £ 2(),
=0

where z(¢) is bounded.
From (2.3), with k =n — 1, we obtain the equation

YW =y + f "h(s) ds — ftf(s,y(S),-~-,y""“(s)) ds.

Noting that [ 2h(s) ds converges and that the integral [2f(s, y(s), -, ¥~ V(s))ds
is majorized by the integral [ XrZgs®™i" Vg (s) ds, it is clear that lim,_, ,y® ™"
is finite, say a,_,. Therefore, by L’Hospital’s Rule, lim,,,y®()/¢" !
exists for all i=0,1,:--,n — 1. It remains to show these limits may be chosen
different from zero. Clearly, it suffices to show a,_; may be chosen distinct from
zero.

Select A >0 and t, sufficiently large such that

ATT>(r-1) f B 2 sV g.(5) ds.

This condition on A guarantees that E{'=01| yP(t) /"~ | is bounded for all r.
Choose t; so that for 0 <e < A4,

[ [ moas =~ 16,509y as| <

The solution y(#) of (1.1) having the initial conditions
y(t) =y Pt) = - =y t) =0, Y TV(t,) = 4,

has the desired type of asymptotic behavior.

ReMARK 2.1. For 0 <r <1, the proof as given in the above theorem shows
all solutions y(t) of (1.1) have the asymptotic behavior y©(f)/t" '~ ~ a;. This
follows from the fact that z(t), a solution of (2.5), is always bounded independent
of initial conditions.

In the next theorem, a special case of equation (1.1) will be considered. The
differential equation which will be considered is
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n—1
(2.8) @+ Eo s YOOI = h().

Conditions (2.1.1) and (2.1.2) will still be imposed. Further restrictions which
will be imposed are

(29) r;=u;/w, where u; and w; are odd integers, i=0,1,---,n—1,

(2.10) If g(r) is not identically zero, then lim,, tPg(t)=c;#0
for some p; and all i=0,1,:--,n — 1. Furthermore, it is
required that the signs of the c; agree for all i =0,1,---,n — 1

where g (?) is not identically zero.

THEOREM 2.2. Let conditions (2.1.1), (2.1.2), (2.9), and (2.10) be satisfied.
A necessary and sufficient condition for some solution y(t) of (2.8) to have the
asymptotic behavior y(t) [£" "'~ a;# 0 is that p;>r(n—i—1)+ 1 for all
i=0,1,---,n — 1 where g,(t) is not identically zero.

Proof. Since (2.8) is a special case of the equation (1.1) of Theorem 2.1, the
sufficiency of the condition follows provided [®t®~i"Vrig(f) dt < oo. This
follows immediately from (2.10).

In order to prove the converse, suppose some solution y(f) of (2.8) has the
asymptotic behavior y(#) /1" "' ~ a, # 0, and for some j where g(f) is not
identically zero, p; < rj(n — j — 1) + 1. By hypothesis, r;is odd, i = 0,1,---,n — 1;
thus if y(f) is a solution of (2.8), — y(f) satisfies equation (2.8) with h(t) replaced
by h,(t) = — h(t). Since h,(f) is integrable if and only if h(f) is integrable, the
nature of the forcing term is similar with respect to the property of being inte-
grable. Thus, we may assume that y(¢) is eventually positive and consequently
a;>0,i=0,1,--, n— 1.

Select constants A and C in the following manner: 0< A4 <a; for all
i=0,1,-,n—1; 0<C<|c] for all i=0,1,---,n—1 such that g() is not
identically zero. Choose ¢ > 0 and satisfying the inequalities 0 < A < a; — ¢ and
0<C< Icil — ¢ with i as above. There exist T,, , and T, . such thatif t 2 T, ,
then

(2.11) YOO/ >a,—e> A4,  i=0,1,n—-1;
and if t 2 T, , then

12 | g(1)| > |e;] —e>C

for all i=0,1,---,n — 1 where g,(¢) is not identically zero.

From (2.8), for t 2 T=max(T,, ,, T,, ), consider

Z g0LPmT .

J

@13 37+ T a0bPor -ho | -
k
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‘The k-index set consists of those k whose associated p, have the property that
pe > ri(n—k—1)+ 1. The j-index set contains those j whose associated p;
satisfy the inequality p; <rjn—j— 1)+ 1. By assumption, the j-index set is
nonempty so that the right side of (2.13) is different from zero. In the X; sum,
the g,(f) may be assumed positive since they are all positive or all negative.
“Therefore,

|>ji gOLYOI"| = twg,(t)[ y (0] L= i= 1)1

i1
> CA™f 17Dk 50,

where ¢ is in the j-index set.
Using the above inequality in (2.13) yields the inequality

y®+ >k2 & PO — h(r) > 0.

Thus, y™+ Z,g() [YP(®)]* — h(t) is of one sign for all large t. Suppose it is
positive for ¢t = T, then

214 ¥+ Za@D®OI—hn) > CArmamD7re
k

Integration of (2.14) gives the inequality

9 t
YO = y*IT) + f' &) [y ®()]™ ds -f hs) ds
k JT T
(2.15)
> CA™ f s 71D Pegs,

T

For any k, ri(n—k—1)— p, < — 1, thus
( )
J; s""g (s) [ n—k( 2]": ri(n=k—1)— P dg
-]
<M f semk=D=re g < o0,
T

Therefore, the integrals on the left in (2.15) are finite as t approaches infinity
Now, if r(n—q—-1)—-p,> -1,

]
J sr.(n-q-l)-p ds
T

= [rq n—q-— 1) - Pq + 1]—l[trq(n—q—l)-p +1 _ Tr.,(n—q-l)-pq+1 ];

if r(n—q—=1)—-p,=-1,

(2.16)
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t
(2.17) f §ATDP gs=Int—InT.
T
Substitution of (2.16) or (2.17), the choice determined by the value of
r{n—q—1)—p, into (2.15) leads to lim,,,y® V(f) = co. However, this
contradicts the hypothesis that lim,_, oy~ 1(t) = a,_,.

If the expression y™+ X,g(t)[yP()]* — h(t) is negative for t= T, an
inequality similar to (2.14) is obtained. Proceeding with an analogous argument as
above leads to a similar contradiction and the theorem is proved.

REMARK 2.2. A simple example shows that the theorem cannot be proved,
even in the linear case, when the signs of the c; are different. The differential
equation

Y=y +17ly=0

has y(t) =t as a solution; however, the condition in the theorem is violated.

3. Forcing terms with primary part :™,m > —1. In this section, differential
equation (1.1) is considered with condition (2.1) imposed.Further hypotheses which
will be required are

(3.1) If g,(¢) is not identically zero then lim,_, t"g,(t) = c; # 0 for some p;.
3.2 h(t) = h(Dt™ + R,(1)

where (3.2.1) m> —1;
(3.2.2) h(?) is continuous for t = t,;
(3.2.3) lim,, h,(t)=Db, #0;
(3.24) R, ()=o(™) as t—> .
Again, the inequality in (2.1) need hold only for all large values of 7.

THEOREM 3.1. If conditions (2.1), (3.1), and (3.2) are satisfied; and for each
i=0,1,--,n—1, 1,21, p;>r{(m+ n—i)— m, then all solutions y(t) of (1.1)
have the asymptotic behavior y(f) [f"*" '~ a;#0, i=0,1,--,n—1. If r;>1
for some i, i=0,1,---,n—1, and the above conditions hold, then there exist
solutions y(t) of (1.1) which have the asymptotic behavior y(1)/"*" " ~ a; # 0,
for all i=0,1,---,n—1.

Proof. From (2.3), dividing by r™*" ¥, gives the equation

(K),
tu{l-nftk) = [00 + 0t 4+ On_k_lf‘_k—l]tk-m—"
-m=n '(t—s n-k=1
(3.3) + tk Jb((il—)—T-ﬁT h(S) ds
t (t - s)n—k—l

_ lk—m—n

t (n—':k——l—jT S (s, 3(5), 22, y("—”(s)) sd.
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If ;<1 for all i=0,1,---,n — 1, then it will be shown that y®(f)/™*" ¥ s
bounded. If r; > 1 for some i, it will be necessary to select proper initial conditions
for y(f) in order to show the existence of a bound for y®(f)/"*"~*

The first term on the right in (3.3) is bounded since m > — 1. L’Hospital’s Rule
for evaluating indeterminant forms may be applied n — k times to the second
term in (3.3); this yields the result

. t (t - S) n—k-1
mn ) m—k=1y
Thus, the second term on the right in (3.3) is bounded for all large t. Let C, > 0 be
an upper bound on the absolute value of these two terms in (3.3); suppose this
bound is valid for ¢ = T;. Note that the C, depend upon the initial conditions of
the particular solution in question. For ¢ > 0, by virtue of (3.1), there exists an L,
such that if t > L, then t*g,(t) < ¢, + € = dy. From (3.3), with T = max,(to, Ty, L,),
we have

b

(m+n—k;~-~(m+1) # 0.

h(s)ds[t"*""* =

ri

(k)
YD) ds,

t n—1
= < Ck+Bk 2 sn(m+n-i)—p.-m—l
tmtn—k| =

T i=0

| ¥

sm+n—i

where B, = X8 d;/(n—k—1)!, k=0,1,---,n — 1. Therefore,

n—1 (k). ¢t ra—1 -1 (i), r
y (‘)l < f [ rim+n—iy- -m~i] r y(s) ]
——-| <C+8B z " b p ds,
k=0 tm+n—k T Li=0 i=0 sm+n—1
with n—1
C = z Ck’
k=0
n—1
B = 2 Bk’
and k=0
r = max r.

i

Again, the above inequality need not hold if the inequality | y®(t)/f"*"~!| < 1
for all i =0,1,.--,n — 1; however, the objective is to show that

T |yt

is bounded and y(¢) which possess the above property clearly satisfy this condition.
The differential equation associated with the above integral inequality (see
Theorem 1.1) is
n—1

7' = B 2 tr,(m+n—i)—m—l-p¢ Z'.
i=0

The solutions of the above differential equation are given by
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t n-1
(3.4)A z(t) = Cexpf B z s'i(m+n-i)-m-l-plds’ r=1;

i=0

n-1

(3.5) 2 "=C'T"+ (1 - r)f B 2 gimn=h=m=i=pgs  r#1.

If r £ 1, then all solutions z(¢) as given in (3.4) or (3.5) are bounded since the
integrals in both expressions are convergent as ¢ approaches infinity. If r > 1, in
order to determine boundedness of the solutions as given by (3.5), C and t, must
be properly chosen in order to guarantee the boundedness of z(t). For such z(t),
it follows from Theorem 1.1 that

n—1
|yt sz <p.
i=0

1t remains to show that lim,_, ., y®(f) /f"*"~* = a, # 0 for all solutions y(z) of (1.1)
which satisfy the previous inequality. As remarked before, m > — 1 gives

(3.6) lim [0 + 0,¢ + -+ + 6,_, "~ 1] /™" = 0;
| Sad-o]
and
tep_ k-1
(3.7 lim (t=9) h(s) ds "% = b, 40

tvo JT(r—k—1)! (m+n—k)--(m+1)
To evaluate the limit of the third term in (3.3), consider

t k-1
| S (s, Ws) -,y () ds]

k=D
t ™! e ¢ y(i() ri(m+n= i
S et o E 550 | 2o "gemer-nor gy

trg(m+n—k)-pg+1 - Trk(m-'-n-k)-pgi-l
é zde;kt-M"i [ ]
K rm+n—k)—p.+1
+ X d; Dt '[Int—InT],
i
where the X, sum has as an index set those k such that p; # ry(m +n—k) + 1;
and the X; summation is summed over those j where p;=r(m+n—j) +1.

Using the hypotheses that p, > r(m +n — k) —m in the X, termand m > — 1
in the X; sum, we obtain

s sk—m—n t(t - s)n—k—l (L3 )) _
(3.8) tlﬂt —k=DT S (s, 9(5), +++, ¥~ (s))ds = 0.

Combining the results of (3.6), (3.7), and (3.8) in (3.3), yields
lim y®() /™" * = q, £ 0.

t= o
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This concludes the proof of the theorem.
In the following theorem a partial converse of Theorem 3.1 is given for the
differential equation (2.8).

THEOREM 3.2. Let the hypotheses (2.1.1), (2.1.2), (2.9), (2.10), and (3.2) be
satisfied. If any solution y(t) of (2.8) has the asymptotic behavior

y(l)(t) /tm+n-i ~a; # 0, i= o,l’ et — 1,
then p;Zzrm+n—i)—m for all i=0,1,-:-,n—1.

Proof. Suppose p; <rj(m+ n—j)—m for some j where j=0,1,-.,n—1.
Write (2.8) in the form

(39 o +Z a@bh®or™ - = - %‘ gOYO]"

In (3.9), the X, ( X;) sum ranges over those k (j) whose associated p, (p;) satisfy
the inequality p, = ri(m + n — k) —m (p; <rj(m + n — j) — m). By hypothesis,
the j-index set is nonempty.
Dividing (3.9) by ™ and taking the limit as ¢ approaches infinity yields the

equation

lim y™ /™ + Z 8y — by = — Z c;a/lim¢ Tm¥n=HTmopy

 Sud- ] =00
where

0 ifpp>r(im+n—k)y—m,
P = {

1 fpp=ri(im+n—-k)y—m.

Since p; <r;(m +n—j)—m, and c;a}’ are all of the same sign, lim,,,y™ /t"
= + co. This contradicts

a,_, = lim y®™ Y/t = lim y™[(m + 1)e™.

P t=oo0
ReMARK 3.1. The previous theorem may be improved slightly. Suppose for

some j’s, p; = ry(m + n — j) — m, where j is in the set 0,1,---,n — 1. From the
differential equation (2.8),

y® _ b Z Pra,(t) [ (k)(t)] T —

tm m gm+n—k

- 2 t”g,(t)[ (t)] grimEn=d=psmm,

tm+n—j

where the k-index set consists of those k such that p, > r,(m 4+ n — k) — m and
the j-index set consists of those j such that p; = r,(m + n — j) — m. Therefore,
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lim y®/t"=b,— X c;d},

t— o0 J
and necessarily
(3.10) Ap-y = limy®~ D+t = (b,,, - X cja;f) [(m + 1).
t— Jj
But,
ap = lim y()/t"*" = lim y®/(m +n)---(m + n — k + 1)m*"*
t— t— 0
therefore,

a=(m+n)---(m+n—k+ 1l)a,, k=0,1,---,n—1.
Using this result in (3.10), we obtain the equation
— e 2
G.11) m+n)(m+n—1)---(m+1)%a,
=b,— X c¢[(m+n)--(m+n—j+1)as]".
J

Equation (3.11) improves Theorem 3.2 for the case where p,=r(m+n—i)—m
for some i, i =0,1,---,n — 1, by placing an additional restriction on a,. For if a,
is not a root of (3.11), then a contradiction is obtained.

ReMARK 3.2. The example given in this remark shows that Remark 3.1 yields
the best possible result subject to our hypotheses. Consider the differential equation

3.12) & — T = bt
where ¢ # 0 and b,, # 0 are determined by the equation
(m+n)---(m+1)—c=b,.

Note y = t™*"is a solution of (3.12) having the desired asymptotic property.
ReMARK 3.3. An example which shows that the hypothesis concerning the
signs of the c; is necessary is

y =y +3t"y =6t

y=1t3 is a solution having the asymptotic property y(f)/t 3~ 1; however,
pizrim+n—i)—m is false for i =0,1.

ReEMARK 3.4. The motivation for the previous theorems is due to the reasoning
that if the coefficients of y, y })---, y®~1) approach zero sufficiently fast then the
solutions of (2.1) should behave like the solutions of the equation y" = h(f).
It is interesting to observe that if the nonlinearity, as determined by the r,’s, is
sufficiently small it is actually possible for the coefficients to have limit infinity
rather than zero.

REMARK 3.5. Proceeding under the hypotheses (2.1.1), (2.1.2), (2.9), (2.10),

and (3.2), we investigate other possible types of asymptotic behavior of solutions
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of (2.8). The kind of behavior discussed here is y(t) /t* '~ a; # 0, with p < m+n,
p#0,1,-.-,n—1, i=0,1,--.,n — 1. First, we establish the following result.
If p;<r(p—1i)—p-+n then no solution y(t) of (2.8) has the behavior

YO~ a;#0.
Since p#0,1,---,n— 1, then
@y-y = lim y®*" ([P = llm y""(t)/(p —n+ 17"

| Sad-]
provided the latter limit exists. Suppose y(f) is any solution of (2.8) which has
the asymptotic property y)(f)/t* '~ a; # 0. From (2.8),
(n)(t) h(t) "i tpi i(t) [y(‘()] ri(p—i)- p‘—p+n

to-n  to-n

Therefore, lim,_, ,y™(f)/t* "= + co. This is a contradiction and thus, if any
solution y(z) of (2.8) has the asymptotic property y)(£)/t* "' ~ a; # 0, then for all
i=0,1,--,n—1, p;>r{p—i)—p+n.

Consider (2.8) where the differential equation is linear, that is, ;=1 for all
i=0,1,.--,n — 1. Suppose some solution y(z) of (2.8) has the asymptotic behavior
YOO ' ~a;#0,p<m+n,i=0,1,---,n — 1. From Theorem 3.1, p; satisfies
the inequality

psn—i, i=0,1,---,n—1.

From the above result,
p>n—i, i=0,1,-.-,n —1.

Since these two statements are incompatible we have shown that for no p; can the
linear equation possess solutions which have the asymptotic behavior

Y@ [1° 7~ a; #0,
where p<m + n.

In the next remark investigation of the asymptotic behavior of solutions of (2.8),
under the hypotheses of Remark 3.5, is continued. In particular, the behavior

YW/ ~a,#0, p=0,1,--,n—1,i=0,1,--,n—1,

is discussed.

ReMARK 3.6. If some solution y(f) of (2.8) has the asymptotic behavior
yO#)/t* '~ a; £ 0 then for all i=0,1,--,n—1, p;=r(p—1)—m
Proof. From the differential equation (2.8),

y(n)(t) h(t) "El t?g (t)[ w(t)] fip=d=pi=m_

™ 4 te—i

Taking the limit as ¢ approaches infinity yields the equation
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n—1
lim y®™(t)/t" = b,, — 2 catt lim fe=d-bimm,
t— o0 =0 t— o
If pj<rip—j)—m for some j, lim,,t7/*? ?7?7"™=o0. This implies
lim,, ,y™(¢)/t™ = + oo, which yields a contradiction as previously observed.
This completes the proof of the remark.

We continue with the investigation of asymptotic behavior of the form
yO@) [t~ ~a; #£0; p,i =0,1,---,n — 1. Suppose y(t) is a solution of (2.8) having
the above given asymptotic behavior and p;=r(p—i)—m, i=0,1,---,n — 1.
From (2.8), we obtain

J’( 2,(1) [ (l)(t)] (=D =p;=m

tp—J

h(t) Z 1Pk k(t)[ (k)(t)] 'k(l’-k)-l’k-"”

where the j-index (k-index) set conmsists of those j (k) whose associated
>rip —j) — m (p, = r(p — k) — m). Taking the limit as ¢ approaches infinity,
yields the equation
lim y®/t" = b,, — 2 ca™=0.
t—

Therefore, it is necessary that the equation

by— X c¢a =0
k

be satisfied in order that y(f) [t *~ a, # 0.
For a special case of equation (2.8),

(3.13) ¥ + g(0)y" = h(n),

the above remark may be improved. We assume that lim,_, t’g(y) = ¢ # 0 for
some p; h(t) is as given by (3.2); r >0 and odd in the sense previously given.
ReMARK 3.7. If some solution y(¢) of (3.13) has the asymptotic behavior
y(t)/t"~a;é0 p=0,1,---,n—1, then p=pr—m. When p=pr—m the
asymptotic behavior can occur only if b, — ca”=0.
Proof. By Remark 3.6, p = pr — m. If p > pr — m, then lim,_, ,t*""™"?= 0. As
in the previous remark,
0 = lim y™(#)/t" = b,, # O.
t— o
Again, we have reached a contradiction and the first statement of the remark is
proved.
Suppose that p = pr — mand b,, — ca” # 0. From the differential equation (3.13),
0= limy®™/t™=b, —ca"#0.

t=* o0
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This completes the proof of the remark.

4. Forcing terms with primary part 1~ '. Asymptotic properties of the solutions

of (1.1) with the forcing term essentially behaving like t~' will be considered in
this section. The conditions (2.1) and (3.1) are assumed throughout the section.
The explicit hypothesis concerning the forcing term h(z) is given by

4.1) h(t)=h_;(O1" + R_,(D),

where (4.1.1) h(?) is continuous for ¢ = ¢,;
(4.1.2) lim,..mh..l(t) = b—l # 0;
(4.1.3) R_,(®) =o(t"") as t approaches infinity.

THEOREM 4.1 If (2.1), (3.1), and (4.1) are valid, [*¢"~D7P(Inf)"* 'dt< o,
and r;=1 for i=0,1,.--,n — 1, then all solutions of (1.1) have the asymptotic
behavior

YOO/ nt~a;#£0,  i=0,1,--,n—1.

If r;> 1 for some i and the above conditions hold, then there exist solutions y(t)
of (1.1) which have the asymptotic behavior y®(£)/"~*"'Int ~ a; # 0.

Proof. Consider (2.3) divided by " *"!In ¢,

y®A(1) =0, 40 0 n=k=11rpk=1n 11
iy Lo+ 0at + -+ Opp " T[T M 1]
t n—k-1
n—k—1 -1 [(@=35)
4.2) + [t In 1] L k=D h(s) ds

t _ o\n—k-1
—["* ' ] , %z—s—l)c—T)‘!f(s,y(S),---,y"'"’(s)) ds.

Clearly, the first term in (4.2) is bounded for all large ¢. Application of L’Hospital’s
Rule to the second term on the right in (4.2) gives the equation

t n—k—1
. n—k—-1 -1 (t_s) __ll-l_
@3  Im[Tm T | Gy (n—k=D)1"

Proceeding as in the proof of Theorem 3.1, let C, > 0 be an upper bound on the
absolute value of the first two terms valid for ¢t = T,. For & > 0, there exists an L,
such that if 1 = L, then ¢ P*g,(1) < ¢, + &€ = d;. From (4.2), we obtain

h(s) ds =—

T | pP0Ken )|
k=0

n-1

<C+ BJ.'( "il Sie=i=D=pypy s)n-l)(z y(s)

T\i=0 i=ol " =1ns

).

where
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n-1
C= Z Ck’
k=0
n—-1 n—1
B= X X djn—k-1),
k=0 i=0

r = maxr;
i

The differential equation associated with the above integral inequality is
n—1
z’=B X {1707 F(n g1,
i=0

‘The remainder of the argument proceeds as in Theorem 3.1, and for this reason
will be omitted.

THEOREM 4.2. Let conditions (2.1.1), (2.1.2), (2.9), (2.10), and (4.1) be satisfied.
A necessary and sufficient condition for some solution of (2.8) to have the asymp-
totic behavior y?(t)/t" """ 'Int~a;#0, i=0,1,---,n—1, is that

p>rn—i—-1)+1, i=0,1,--,n—1.
Proof. In order to show the condition is sufficient, let p;=r(n—i—1)+1+¢,
where ¢; is positive for all i =0,1,---,n — 1. Consider

] ©
J =i DR (1 t)"“‘dt<f iemimmpmallgy < oo

By Theorem 4.1, there exists a solution y(¢) of (2.8) such that
YOO /" n t~a,#0.
In order to prove the necessity of the condition, consider

@) P+t I aODPOI =t -t T gODLOT .

‘The k-index (j — index) set is composed of those k (j) whose associated p, (p;)
satisfy the inequality p,>r(n—k—-1)+1 (p;Srj(n—j—1)+1).
Notice that
lim y*~ () /In t = lim ty™(t) = a,_,

t—>o t—+o

provided the latter limit exists. Rewriting (4.8) leads to the equation

(n) Pk, .V(k)(t) k+1-n ™ Picri(n=k=1)=pr+1
oy + zk gy —ln_t_t (In )™

D, ry .
=th(t) — T tg(1) [—’lit—l——ft—)t’*“”] (In pyrpsr=i=D=pstt

J
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Taking the limit as ¢ approaches infinity gives lim,_, ,ty™(t) = + co. This is a
contradiction and completes the proof of the theorem.

ReMARK 4.1. If r £ 1, the condition of Theorem 4.2 is necessary and sufficient
for all solutions to have the asymptotic behavior y“(f)/¢" " 'In t ~ a; # 0.
This follows immediately from the first sentence in the statement of Theorem 4.1
and the result of Theorem 4.2.

A simple example in the linear case may be given to show that the signs of the
¢, must all be the same. Asymptotic behavior of the type y(f)/* In t ~ a; # 0,
i=0,1,---,n—1, will now be considered. The r; will be restricted such that
0<r;=1,i=0,1,---,n — 1. From Remark 4.1, the only p, which need be consid-
ered are the ones which satisfy the inequality p;<r(n—i—1)+ 1.

COROLLARY 4.1. Let (2.1.1), (2.1.2), (2.9), (2.10), and (4.1) be satisfied. If
p =n—1, then no solution y(t) of (2.8) has the asymptotic behavior

YD/ Int~a; #0.
Proof. Suppose p; < r;(p —j) + 1 for some j and some solution y(z) of (2.8)
has the asymptotic behavior y(f)/t” ‘In t ~ a; # 0. Write equation (2.8) as

(4.9) ™+t T gDPOI*=th@® -1t T g;ODLYO],
k J

where the k-index (j-index) set consists of those k (j) whose associated p, (p;}
satisfy the inequality p, > ri(p — k)+1 (p; = rj(p —j) + 1). Taking the limit as ¢
approaches infinity in (4.9) gives

limty® ()=b_; — X c;ay lim 7~ D7P i (Ing)s,
(4.10) - y () 1 ; J%Jj oo ( )
Since p; £ rj(p —j)+ 1, the limit on the right side of (4.10) is & co. This is a
contradiction and therefore p,>r(p—i)+1 for all i=0,1,.--,n—1. But,
since p=n-—1,

p>r(p—-D+1zr(n—-1-D+1
This result contradicts Remark 4.1 and the corollary is proved.

5. Forcing terms with primary part "¢”. In this section forcing functions
having primary part t"e™ will be considered. Specifically, the forcing term is to
satisfy the following properties.

5.1 h(t) = H(t))t"e™ + R(1),
where h(f) is continuous for ¢ = t,;

lim H(f) = A # 0;
11—

and ,
R(t) = o(t"e™) as t » 0.
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If b <0, h(?) is integrable and the forcing function is included in the class of
forcing terms of §2. If b = 0, the primary part of the forcing function is a power of 1.
§§2, 3, and 4 give results for forcing functions of this type. The purpose of this
section is to consider forcing terms with primary part ¢"e® where b > 0.

THEOREM 5.1. Let conditions (2.1), (3.1), and (5.1) be satisfied; b >0, 0 <r; =1
for all i=0,1,---,n—1; furthermore, if r;=1, it is required that n< p;.
Under these hypotheses, all solutions y(t) of (1.1) have the asymptotic behavior

YD)/t ~a;#0, i=0,1,---,n—1.

Proof. The argument proceeds as in the previous Theorems 2.1, 3.1, and 4.1;
for this reason it will only be sketched here. The form of equation (1.1) which is
used is

y®(0) O+ 0+ + 0y g1

tmebt - tmebt
(5.2) 4ty ‘:% h(s) ds
—eMrm t———(‘ 5y ) ds
o (n 1)' sV (S)s ey .

The boundedness of each term will be investigated. It is clear that the first two
terms on the right in (5.2) are bounded. Proceeding as before with T as previously
chosen and with the additional requirement that the function

X(t) = [tm—n+k+ leb -1
is decreasing for ¢t = T, we obtain
tn—-1

(k),
t —m—k—1— -
4 b(t)| =G+ B, T STkl petrimg(r= Dbs
tme T i=0

ONK

mghs ds.

If the sum 2"—1 | y P(8)/tme™| < 1 for all large 1, then clearly 770" | y(1)/t |
isbounded. If 725 | yO(1) /t"e™ "> 1, then X725 | yO(0)/1me™|"< X7 3,|y<'>(t)/t"' o,
Therefore,

n-l (k)(t)
=0 tmeb! I
n—-1 t n—1 @)
n—m—k=1-pi+rm (ri—1)bs y¥(s)
<TG+T b T s i z: 122 4
k=0 k=0 T i=0

Applying Theorem 1.1, we obtain the inequality
y®@)

tmebt

tn—1

n—1
< Cexp Y B Y srkiomopitrm,(n=1bs go
T k=0 i=0

n—1

k=0
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By hypothesis, the above integrals converge and thus, Z{';oll y®(1) /t"'e"'l is

bounded. Proceeding as in the previous proofs, the result
lim y@@) /t"e" =a,#0, i=0,1,---,n—1,
t—o
may be obtained.
REMARK 5.1. This theorem or theorems determining existence of solutions
having the above type of asymptotic behavior may not be demonstrated for
nonlinearity involving higher powers. Consider the following example:

YO+ =,

where p is arbitrary and r > 1. Suppose some solution y(#) has the asymptotic
behavior y(t)/e' ~a #0. If lim,,,y™/e' exists, necessarily, lim,.,y™ /e’ = a.
‘Thus, from the equation,

y(n)

r
pY -1t _q.
—z;—'l't e—‘—e =1;

we obtain lim,_, ,y™e ~*= + co. This is a contradiction and the desired asymptotic
behavior is impossible.
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