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We will here describe a new procedure for the calculation of the cohomology
H*(A) = Ext,(K,K) of a graded augmented connected (4, = K) algebra A of
finite type over a field K. Our procedure, which is developed in the first half of the
paper, involves the application of a spectral sequence defined for any DGA-
algebra U to the special case U= C(A), the cobar construction of A. In the second
half of the paper we define Massey products in U and relate them to the differen-
tials in the cited spectral sequence.

To motivate the construction, we recall that any basis for H,(4) =Tor{'.(K, K)
is in one-to-one correspondence with a minimal set of generators of 4 and any basis
for H,(A) is in one-to-one correspondence with a minimal defining set of relations
for A (see Wall [11, pp. 440-442]). Now the same result holds for bigraded aug-
mented connected algebras, and in particular for H*(A4). Thus knowledge of
H,(H*(A)) and H,(H*(A)) would essentially determine H*(A). We will prove the
following theorem.

THEOREM 1. There exists a spectral sequence {E'C(A)} of differential co-
algebras having the properties:

@) Ef,qC(A) = H, (H*(A)) as a graded K-module (where H*(A) is graded
with lower indices so that ¢ < 0: H¥(A), = H™(A4));

(i) E*C(A) = H,(H*(A)) as a coalgebra;

(iii) The differentials satisfy o,: E, ,C(A)—>E,_, ;+,-C(A);

(V) ER,C(4)=0if g # —p;

v) E;_,C(4)= (E° pA)*, where E %4 denotes the associated graded
algebra of A with respect to the augmentation ideal filtration F_,A = (1A)" if
p>0,F_,A=Aif p<O;

(vi) E®C(A) = (E°A)* as a coalgebra.

By (i), Ef’qC(A)=0 if p<0 or if p+g> 0. In principle, knowing H'(4)
and the relations in H?(4), we can calculate E? _ ,C(A) for all p. Calculation of
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the differentials defined on the Ej _,C(4) determines H (H*(4)) (the inde-
composable elements of H2(A)), and H,(H>(A4)) (the relations in H3(A4)). This
knowledge allows the computation of E,f,_,,_IC(A), and so forth. Thus an in-
ductive determination of H*(A) is possible. In practice, this procedure is a good
deal simpler than direct computation using the cobar construction. In the case
of Hopf algebras, the procedure seems slightly less workable than that described
by the author in [6].

The differentials 0,: E;,, ,C(A)— E{ ,,-,C(A) define cohomology operations
with values in the indecomposable elements of H*(A4). Even in cases where H*(A)
is computed primarily by other methods, these operations should be of value
as an auxiliary to the calculation and as a means of interpreting the results. This
is a particularly so, as these operations are not too unmanageable algebraically
and, as will be shown in Theorem 6, are closely related to Massey products [5].
The method of computation of the differentials (Lemma 4) will make clear how to
construct many other explicit operations satisfying the analog of Theorem 6.
This fact may be useful in the study of the Adams spectral sequence [1], since
corresponding stable homotopy operations can be defined. For example, the
homotopy analog of the Massey triple product is the Toda bracket [10], and the
convergence of Massey products to Toda brackets in the Adams spectral sequence
has been proven by M. Moss (Cambridge thesis). The homotopy analog of the
quadruple product has been studied by Mimura [7] and Oguchi [8], and ana-
logs of the higher operations have been defined by Gershenson [3].

The proof of Theorem 1 is quite simple, requiring only the algebraic machinery
developed in MacLane [4, pp. 301-315, 340-342]. To clarify the grading, we outline
the construction. Consider C(A4) as the dual of the reduced bar construction
B(A) = T(sIA), the tensor algebra on a copy of I4 in which all elements have
a homological degree of one. Bigrade C(4) by C,(4) =[B_, (A)]*, where t is
the degree induced by the grading of 4 and — q is the homological degree in B(A))
(so that g £0). C(A) = T(s~'(IA)*) as an algebra, and is a DGA-algebra with
differential 6: Cj(4) > C,* ,(A) defined on generators [x*], x* an element of a basis
for (IA)* dual to a given basis for 14, by

(1) S[x*]= X (= 1 [yx| ¥,

where ¢*(x*) = X,y¥ ® z¥, ¢p:A® A —> A being the product in 4. Now form
B(C(A4)) = T(sIC(A)). B(C(A)) is trigraded, with degrees t and g induced from
those of C(A) and with a new homological degree p. Regrade by the sum of the
degrees p and g, Bi(C(A))= @,4,-.B, (C(A)). Except in signs, we may now
safely ignore the degree t. B(C(A)), indeed B(U) where U is any
DGA-algebra (graded on the nonnegative or the nonpositive integers) is a
differential coalgebra with differential 0 = 0’ + 0" and coproduct ¥,
where
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p—1 .
(2) Olay|+]a,] = Z (= )"Lay | |awiy |- |a,],
i=1
p .
A3) o'[ay|-+]a,] = —.gl(—1)“‘-“[a,|--.]o‘u,.|-~|u,,],
and

Yla, | I”p] = Eo [a, l lai] ® [ai+, | ""“p]a

for a;e U and A(i)=deg[a, |- Ia,-].

We denote by DH*(U) the resulting homology of B(U). Filter B(U) by
F,B,(U)=Q:<,B;.,-i(U). The differential 9, in the resulting spectral sequence
{E"U} is induced by 0", and, using the Kiinneth theorem, it is easily verified that
E'U = B(H(U)) as a differential coalgebra, where H(U) denotes the homology
of U regarded as a complex. Since H(C(A4)) = H*(A), parts (i), (ii), and (iii) of
Theorem 1 follow immediately.

A is of finite type, so our spectral sequence converges to E °C(A)=E°DH ,(C(A)).
To compute this, we study the spectral sequence {£°C(4)} obtained from the
filtration of B(C(A)) defined by F,B,(C(A)=D;<,B.-;;(C(4)). Here 3y is
induced by 9’, hence E'C(A) = H,(C(A)), the homology of C(A)regarded as an
algebra. However, the homology of a tensor algebra is easily computed. We find
E} ,C(A) =0 except for the cases £jC(4) =K and Ef _;C(4) = (I4)* (with
typical elements [[x*]], x* € (I4)*). Necessarily £'C(4) = E*C(A), and therefore
DH*(C(A)) = A* as a K-module. We claim that this is true comultiplicatively.
To see this, we prove the dual statement.

LEMMA 2. DH"(C(A)) =0 if n # 0 and DH°(C(A)) = A as an algebra.

Proof. We already know that DH"(C(A)) = 0 if n 0 and that DH ‘(cA)y =4
as a K-module. Consider C(C(A4)); multiplicatively C(C(A)) = T(s™'IB(4)),
suitably graded. Observe that if x; € I4, then:

o*[[x, "'lexj+1]|[xj+2]|'"|[xn]]
= (= D, o x;] l [x;+4] I [x;+2] l l [x.]1]

+ (= )deETrs [[x, ‘"xj+1]|[xj+2] | | [x.]11.

Tt follows easily that every element of C(C(4) in degree p + g =0 is congruent
to an element of the form [[x,---x,]] and in particular that [[x,]|-|[x,]]
=(—-1)""[[x, - x,]]- We conclude that f(x)= —[[x]], xeIA, defines an
epimorphism of algebras 4 - DH°(C(A)). But f must then be an isomorphism.

A comparison of the filtration of B(C(A)) defining {E "C(A)} and of the filtration
of A defined in (v) of Theorem 1 now shows that E,C(A4) of the dual spectral
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sequence is isomorphic to L£°A as an algebra. Thus the proof of Theorem I is
complete.

REMARKS 3. By [4, pp. 312-313], if U is a commutative DGA-algebra, then
B(U) is a commutative DGA-algebra under the shufile product.

(5) [al l "'lam]*[am+1 l Iam+n] = Zn (— l)a(n)[an(l)l "'lan:(m+n)]a

where the sum is taken over all (m,n)-shuffles 7 and o(n) = Xdeg[a;]deg[a,,+ ;]
summed over all pairs (i, m + j) such that n(i) > n(m + j).

In fact, B(U) is then a differential Hopf algebra (in the sense that both the product
and coproduct commute with the differential). Also, by [4, p. 310] or the compa-
rison theorem for spectral sequences, if f: U—V is a homology isomorphism
of DGA-algebras, then {Ef} is an isomorphism of spectral sequences. Thus if
there exists a homology isomorphism of DGA-algebras C(A4)— U, where U is
commutative, then {E"C(4)} =~ {E'U} is a spectral sequence of differential Hopf
algebras. By [6], this is true if A is the universal enveloping algebra of a Lie
algebra or of a characteristic two restricted Lie algebra. If 4 is any Hopf algebra,
then H*(A) is commutative and therefore E'C(4) = B(H*(A)) is a differential
Hopf algebra, but {E"A} need not, I believe, be a spectral sequence of differential
algebras.

We now consider the differentials in the spectral sequence {E'U}, and show
that those differentials landing in E' .U might well be called generalized Massey
products. For generality, we assume from now on that U is a DGA-algebra
(with differential §) over a commutative ring A. {E"U} is defined exactly as above,
but of course E'U # B(H(U)) in general. If o;e H(U), the symbol [a, |- |a,]
will denote the image in E'U of o, ® - ® o, under the obvious (Kiinneth) map
®PH{U) - H@*U)=E,.U.

We will need the following lemma, which describes the method by which the
differentials in {E"U} are to be computed.

LEMMA 4. Let 0% 0€eE; U, r 21, and suppose that ¢, € B, (U) is a rep-
resentative chain for 0, in the sense that "¢, = 0 and {¢,} € E} ,U survives to 0.
Then there exist ¢;41€B,_; 42/(U), 1 Si<r—1, such that "¢y, + 0'¢; = 0,
and 8,0 is that element (possibly zero) to which {0'¢,} € Ep_, 44,—1U survives.

Proof. Note first that it suffices to prove the existence of the ¢;, for then
(Xi-,¢) =3¢, and by definition {0'¢,} € E'U survives to 9,0. If r =1, the
result is trivial. Assume the result for s<r,r> 1. Since {¢,} survives to 7, say, in
E""'U, there exist ¢;4;€B,_; ,+4(U), 1 £i < r—2,suchthat 0"¢;,; +'¢h; =0
and {0'¢,_,} € E'U survives to 9,_,;n=0. If {0'¢,_,} =0 in E'U, then clearly
there exists ¢, such that 0"¢, + d'¢,_, = 0. Suppose, on the other hand, that
{0'¢,_,}#0 in E'U. Then {0’¢,_,} must have been killed by some o4,
1 < s<r—1. Again by induction, there exist y;, 1 <i <s, such that 9", =0,
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Vv +0'Y; =0, and {0y} ={0'¢,_,} in EU. Let y;=¢;, 15i<r—s,
and x;=@; — Vit14s-m» r— S S i < r—1. Now either there exists y, such that
0"y, =0'(Y;— ¢p,_1) = — 0'x,—, in which case the y; satisfy the conclusion, or
else {0'y,-} must have been killed by some 9,4, 1 <t <s, in which case we
iterate the argument until the result is obtained.

We remark that the lemma (suitably rephrased) is actually valid for the first
spectral sequence of any bicomplex [3, p. 341].

We now recall the definition of Massey n-tuple products. In Definitions 5 and
10 and Example 12 below, if a € U the symbol @ will denote ( — 1) *4*2% g,

DEFINITION 5. Let ay,---,a,€ H(U). Suppose that a; ;€U is a representative
cycle for o; and suppose there exist chains a;; 1<i<j<n, j—i<n-1,
such that

j-1

5“;'.1 = X i) Oprq,j-
k=1

Observe that da, , = 0, where
n-1
Ay n= X G 4Oy y 0
k=1
Under these hypotheses, the Massey n-tuple product {a«,,--+,a,> is defined and
is the set of all homology classes {a, ,} so obtainable. ({a,,:-,a,> is said to be
strictly defined if {o;, -+, ;> = {0}, j —i<n—1)

THEOREM 6. Let o,,--,o,,., € H(U). Suppose that {o,:-,0,.1y is defined
and contains B and that [ocll---loz,ﬂ]eE‘U survives to a nonzero element
0€E'U. Then 9,0 is that element (possibly zero) of E'U to which [f]e E'U
survives.

Proof. Using Definition 5, we can easily define ¢;, 1 £ i <r, such that 0"¢, =0
and {¢,} = [a, I "‘l“r+1] €E'U, 0"¢isy +0'¢;=0, and {0'¢,} =[BleE'U.
The result now follows from Lemma 4.

DEFINITION 7. Suppose that {ay, -, ®,4,> is defined and let

¢ =[a, | ""ar+1]EE(U)9

where a; € U represents «;. We say that {a,,---,a,,,> is @ good Massey product if
there exist no elements y and ¥ in B(U) such that 0"y = ¢ — 3"y

Using Lemma 4 (inductively), it is easily verified that if {a,,--,0,) is a good
Massey product, then [a, |-+ |«,] is not killed by any 94, 1<s. Therefore
we have

COROLLARY 8. Let <{ay, -, 0,.,» be a good Massey product and let
Ba<ay, - a,4,>. Then [oa, |-~|oz,+,] survives to 6e E'U, 0+#0, and either
[B] € E' U survives to 8,0 # O or else 0 survives to a nonzero element of E*U.
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Reverting for a moment to the hypotheses of Theorem 1, we have

COROLLARY 9. Let ;e H¥(4), 12i=<r+ 1, gq; =1, and suppose at
least one q; > 1. Then if {ay, -, 0.4, is a good Massey product, every
element Be oy, %4,y is indecomposable (has nonzero image in QH*(A)
= IH*(A)/(IH*(A))?) and {oy,+**,0, 4y is well defined as an elemnt of QH*(A).
Further, if <{aj,---,00.,> is another good Massey product, r<s, then

X ZCHREN Py

Proof. As follows directly from the definition, any Massey product is well defined
as an element of QH*(4). Now since [o, | |oz,+1] survives to 0€ E; ,C(A),
where 0 # 0 and g < p, we must have 0,0 # 0. Therefore [f] must survive to a
nonzero element of E2 .C(4) = H,(H*(4)), hence B is indecomposable. The last
statement follows, since if § were in {af,-, 0/, ,), then [a} |-+ |a/s;] would
survive to a nonzero element of E*C(A).

We cite another explicit operation, due (in homotopy theory) to Barratt [2],
which satisfies an analog of Theorem 6.

DeriNiTION 10. Let o, f34, fi2, 71, 72 € H(U). Suppose that a, by, by, ¢;, c,€e U
are representative cycles and suppose there exist chains d,, d,, and e such that

5di= db], 6d2=db2, and 5e=5161 + i’zcz.
Observe that f = 0, where
f=dc, +d,c, + de.

Under these hypotheses, {a, ﬁ;;:;) is defined and is the set of all homology classes
{f} so obtainable.

ProposITION 11. Let o, B,, B2, 71, 72 € H(U). Suppose that (a,f;};) is defined
and contains ¢ and that [alﬂ,ly,] + [alﬂzl'yz]eE’U survives to a nonzero
element 0 E*U. Then 0,0 is that element (possibly zero) of E*U to which
[#] € E*U survives.

We can, of course, complete the analogy by defining ‘‘good’’ operations{a, ,‘,’;};
and proving analogs of Corollaries 8 and 9.

Lemma 4 leads to the definition of a multiplicity of new operations. We give
one example which shows that these operations need not be related in any obvious
way to Massey products ({a, ,‘,'2’,;,') can be regarded as a ‘‘matric’’ Massey triple
product).

ExaMmPLE 12. Let o;e H(U), 1 £i < 7. Suppose that q;e U is a representative
cycle for o; and suppose there exist chains b,, b,, ¢y, ¢, such that

5b1 = d2a3 + d4a5, 5b2 = dlaZ + 0-6(17,

déc, = dia, and dc, = d,a;.
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Observe that de = 0, where
e = dlbl +52a3+61a5+d602.

Under these hypotheses, we define &(o,:--,a;) to be the set of all homology
classes {e} so obtainable. Then &(xy, -+, ;) is related to 9,0, where

[oc1|oc2|oz3] + [oz1|oc4|cx5] + [a6|a7|a3]eE‘U

survives to 0, by an analog of Theorem 6. Defining ‘‘good’’ operations &(c;, -+, ;)
we can again obtain analogs of Corrollaries 8 and 9.

REMARKs 13. Stasheff [9] first noticed a similarity between Massey products
and the differentials in {E"U}. In an application to H-spaces, he called the dif-
ferentials 9,: E/., ,U—E} ,.,-,U ‘“Yessam’’ operations, and showed that
{E'"U} could be defined under weaker assumptions than associativity on the
product in U.
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