AN EXTENSION PROBLEM FOR CANCELLATIVE
SEMIGROUPS(")

BY
CHARLES V. HEUER(2) AND DONALD W. MILLER

1. Introduction and summary. If S is a cancellative semigroup with idempotent e
then e is necessarily the identity element of S, and the set G of all elements of S
having inverses with respect to e in S is the unique maximal subgroup of S.
Furthermore if S is not a group then the complement, T, of G in S is a maximal
proper ideal of S and is, in fact, the only maximal proper ideal of S.

Henceforth whenever we write S = G U T, where S is a cancellative semigroup
with idempotent, it will be assumed that S is not a group and that G and T denote
the unique maximal subgroup of S and the unique maximal proper ideal of S,
respectively.

These considerations suggest the following problems:

(I) Given a group G, under what conditions does there exist a cancellative
semigroup S =G U T for some cancellative semigroup T?

(II) Given a cancellative semigroup 7T without idempotent, under what con-
ditions does there exist a cancellative semigroup S = G U T for some nontrivial
group G?

(IIT) Given a group G and a cancellative semigroup T without idempotent,
under what conditions does there exist a cancellative semigroup S=GUT?

The restriction of Problem (II) to nontrivial groups is desirable since, given a
cancellative semigroup T without idempotent, the semigroup S obtained by
adjoining an identity element to T has trivial maximal subgroup and has T as
the complementary maximal ideal.

Each of these problems is readily seen to be equivalent to an extension problem
for cancellative semigroups(3). This is a consequence of the fact that a cancellative
semigroup S with idempotent is not a group if and only if S is an extension of the
cancellative semigroup T by the group with zero G° where G and T are as defined
above.
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It is shown in §2 that every group is the maximal subgroup of some can-
cellative semigroup which is not itself a group.

§3 is devoted to a consideration of commutative cancellative semigroups
which have a basis. It is shown that if T is a finite-dimensional commutative
cancellative semigroup without idempotent and G is a group, then there exists a
cancellative semigroup S which is an extension of T by G° if and onlyif G is com-
mutative of order dividing the dimension of T and T is a homomorph of one of
a class of specified finitely generated cancellative semigroups. An analogous
result is obtained if the assumption that T is finite-dimensional is replaced by the
hypothesis that T possesses a basis; in this case, however, we also assume that G is
finitely generated.

§4 is concerned with commutative cancellative semigroups which are not
assumed to possess a basis, and problem (II) is solved for such semigroups.
Specifically, if Tis a given commutative cancellative semigroup without idempotent
then a cancellative semigroup S = G U T exists for some nontrivial group G if
and only if there exist distinct elements x, y in T'such that xT= yT.

In the final section noncommutative cancellative semigroups which possess a
basis are considered. It is shown that given an arbitrary pair m,n of positive
integers there exists a cancellative semigroup S = G U T, where G has order n
and T has dimension m, if and only if n < m.

2. Preliminary remarks. As in [1] the cardinal of a set 4 will be denoted by
|A]. If B is a subset of a set A then A\B will denote the complement of B in 4.
The empty set will be denoted by . If S is a semigroup without identity then
S' will denote the semigroup obtained by adjoining an identity element, say 1,
to S.

Now let S be a cancellative semigroup with idempotent e. Then for all elements
x of S, xe? = xe which, by cancellativity, implies that xe = x. Similarly ex = x so e
is the identity element of S.

Let a,b be elements of S such that ab =e. Then bab = be =b = eb so, by
cancellativity, it follows that ba = e. Thus if x € S then any one-sided inverse of x
relative to e in S is necessarily a two-sided inverse. If an element x of S possesses
a (necessarily unique) inverse y relative to e in S we will write y = x~!. Then also
y~1=x,ie (x~1)"! = x whenever x ™! exists in S.

Denote by G the subset of S consisting of all elements of S which have an in-
verse relative to e in S. If ge G then gg~'=g " 'g=eso g 'eG, and if also
heG then (gh) (h "'g™")=e so gh is in G. Hence G is a subgroup of S, maximal
by definition since e is the only idempotent in S.

Assuming that S is not a group, let T= S\G. Suppose there exist a e T and
x€S such that axeG. Then, setting g = (ax)™!, a(xg) =e so aeG, a contra-
diction. Similarly xa e Tfor all ae Tand x€ S, so Tis an ideal of S.

Let A be any proper ideal of S. If ANG # & let geANG. Then
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G=Gg< GA< A,s0 ec A. Hence S = Se< A, a contradiction. Thus A NG = &
so A< T. Consequently T is a maximal proper ideal of S and is unique with this
property.

Thus we have established that a cancellative semigroup S which contains an
idempotent and is not a group must contain a unique maximal subgroup G and a
unique maximal proper ideal T. Furthermore G and T partition S.

The following two lemmas, the first of which was proved in §1, are stated for
later reference.

LEMMA 2.1. Let S be a cancellative semigroup. If S contains an element f
such that af = a or fa = a for some a in S, then f is an identity element for S.

LeMMA 2.2. Let S=GUT be a cancellative semigroup with idempotent.
Then T contains no idempotent.

Proof. An immediate consequence of Lemma 2.1 and the definitions of G
and T.
The next lemma provides a solution to problem (I).

LemMmA 2.3. If H is an arbitrary group then there exists a cancellative
semigroup S =G UT for some cancellative semigroup T without idempotent
such that G is isomorphic to H.

Proof. Let U be any cancellative semigroup without idempotent and let S be
the direct product of H and U. Then, writing S = G U T we see at once that G
and T are respectively isomorphic to H and H x U.

LEMMA 2.4. Let S be a cancellative semigroup and let I be an ideal of S.
If I is commutative then S is commutative.

Proof. Let s,,5,€S and t,,t,el. Then
(5152)(t1t2) = s1((s22)t) = 51(8,(5281)) = (5:2)(s,,)
= (S211)(5112) = 52(t:(5122)) = s2((s122)t1)
= (5281) (1211) = (5281) (t12,)

so, by cancellativity, s;s, =s,5;.

With respect to problem (III), it follows from Lemma 2.4 that if Tis commutative
then G must also be commutative and in fact that any cancellative semigroup
S = G VU T (if such exists) must be commutative.

3. Problem (III): the commutative case. A nonempty subset W of a semigroup
S is said to generate S if no proper subsemigroup of S contains W. Equivalently,
W generates S if and only if every element a of S is expressible as a finite product
a=w,w,-w,, where each w; is contained in W.
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A subset B of a semigroup S is called a basis for S if (i) B generates S and (ii) no
proper subset of B generates S.

LEMMA 3.1. A commutative cancellative semigroup S without idempotent
has at most one basis.

Proof. Let A={a,,a,,---} and B={b,b,,---} be bases for S(*). It is
sufficient to show that an arbitrary element, say a,, of A must also lie in B.

Since B is a basis for S there exist elements b,, b,,---, b, say, in B and positive
integers o,0a,,-:+,0 such that

G.1) a; = bb% - b,

Similarly since A4 is a basis for S there exist elements a,,a,,--+,q, in A and non-
negative integers f; (i=1,2,---,k; j=1,2,---,n) such that

(3.2) by=af"af? - ali  (i=1,2,-,k) (5.

Combining (3.1) and (3.2) we obtain

€n

(3.3) a, = ai'a;z e agn

where
k
e; = z ﬁijai (=1,2,,n).
i=1

From (3.3) and the fact that A is a basis for S it follows that e; > 0. However S
has no idempotent so, by Lemma 2.1, ¢, =1 and e¢; =0 for j = 2,--+,n.

Since ;>0 and B;; =0 for i=1,2,---,k, there must exist an integer m,
1 £ m £k, such that

Bmitm =1 and B;,a; =0 for all i # m.

Therefore B, = a,, = 1. It then follows from (3.1) that a; = b,y and from (3.2)
that b,,= a,z, where y and z are suitable elements of S*. Hence a, = b,,y = a,zy
so, by Lemma 2.1, z=y=1. Thus a, = b, e B, which completes the proof.

If S is a semigroup with a basis of n elements (where n is a positive integer)
and no basis of fewer than n elements, then n will be called the dimension of S.
S will then be called finite-dimensional or, more specifically, n-dimensional.

LemMMmA 3.2. Let S be a commutative cancellative semigroup with idempotent
and write S=GVUT. If T has a basis B then GB = B,

(4) The use of integral subscripts is solely for notational convenience; nowhere in the re-
mainder of the proof will it be assumed that 4 or B is countable.
(%) For any s in S, s0 will be interpreted as the identity element, 1, of S1. It is not an element

of S.
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Proof. Let B be a basis of T. It is clear that B < GB since, by Lemma 2.1, the
identity element e of G is an identity element for all of S. Hence we need only show
that GB< B.

Let b;eB and geG. If g = e then trivially gB < B so assume the contrary.
There must exist distinct elements by, b,,:--,b, of B and nonnegative integers
Fisrys-+,t, such that gb;, = b{*--b,~ If r, > 0 then, by cancellativity,
g=>b7""b% ... bl". But this implies that either ge T or g =1 (i.e. g is the
empty word), both of which are impossible. Hence r, =0, so

(3.4) gby = b7 b,

where we can assume without loss of generality that »; >0 for i =2,.--,n.
Now consider the element g~ 'b, =y of T. By (3.4),

b;b, = gg~'b;b, = (gb,) (g~ 'by) = b biy.
Since r, > 0 it follows that
by = b3 by,

Because the b; are distinct and B is a basis for T, we must have that y = zb, for
some z in T Furthermore, since T contains no idempotent, it follows from
Lemma 2.1 that b>~*... bl"z is the empty word. Hence r, =1 and n=2. We
conclude from (3.4) that gb, = b, € B. Consequently gB < B for all g in G, proving
the lemma.

LeMMA 3.3. Let S=GUT be a commutative cancellative semigroup with
idempotent. If T has a basis B then |G| < | B|. Furthermore if B is finite then
| G| divides | B|.

Proof. Let B be a basis of T and let b be an arbitrary but fixed element of B.
By Lemma 3.2 the mapping g — gb carries G into B. Furthermore the mapping is
one-to-one since S is cancellative. Hence |G| < |B.

Suppose now that B is finite. Define the binary relation p on B by

b,pb; if and only if Gb; = Gb,;, all b, b;eB.

Clearly p is an equivalence relation on B, so p induces a partition of B into equiv-
alence classes, say By,:-:,B,. For each i, 1 <i < n, let b; be an arbitrary but
fixed element of B; and consider the mapping ¢; of G defined by

¢;:g—>gb, all =G.

By the cancellativity of S, ¢, is one-to-one. Furthermore ¢; maps G onto B, since
for x,ye B, xpy if and only if gx =y for some ge G. Hence ]Gl =|Bi| for
i=1,--,n so |B] =n|G|.



504 C. V. HEUER AND D. W. MILLER [April

For use in a later theorem we will now construct a particular commutative
cancellative semigroup T.

Let ry, ry, -+, 1, be a set of integers such that r, = 1 and, fori =1,---,n,r; = 2.
Let X be the set of all vectors x = (x¢,%,,-,X,), Where 0 < x; <r; for i =0,1,
---,n, and let

n
m= IX' = l—I ri.
i=0
Let T be a commutative cancellative semigroup generated by X subject to the
following defining relations. For any x, y,u,v in X, we require that
3.5) Xy =uv

be a relation in T whenever we have for some integer i, 1 <i < n,

@ x;+ yi=u;+z; (mod ry)
and
(ii) x;=u;and y;=v,, all j=1,---,n such that j #i.

If w, =w, and w; =w, are relations in an arbitrary semigroup S then the
relation w,w; = w,w, will be called the product of the relations w, =w, and
W3 = Wy,

LeMMA 3.4. The cancellative semigroup T has dimension m.

Proof. By Lemma 3.1 it is sufficient to show that X is a basis of T. Since X
generates T we need only show that, for x e X, the relation x =[], .yy, where
Y < X\{x} and where the elements y of Y may appear any finite number of
times or not at all, is not a consequence of the generating relations (3.5).

Note that each of the relations (3.5) is of the form

(3.6) I x=1]»

x€Xy yeY,

where X, and Y, are subsets of X such that, for i =0,1,-.-,n,

(3.7) T x= X y(modr),
xeXy yeY,
and
| X:| =Y.

Furthermore any product of relations of the form (3.6) is again of the form (3.6),
as is any relation obtained from a relation of the form (3.6) by cancellation.
Consequently every relation which is a consequence of the relations (3.5) must
be of the form (3.6). Thus if the relation x =[],y y is a consequence of the relations
(3.5) then | Y| =1, i.e., the relation must be x = y for some y in X. To complete
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the proof we therefore need only show that the relation x = y is a consequence
of the relations (3.5) only if x; =y, for i =0,1,---,n.

Accordingly, suppose that the relation x = y, where x,y € X, is a consequence
of the relations (3.5). Then this relation must be of the form (3.6) with X, = {x}
and Y; = {y}. But then, since | X, | =| ¥, | = 1, the congruences (3.7) take the form

x;=y;(mod r), i=0,1,---,n,

from which it follows that x;=y;, i=0,1,---,n.

We now arrive at the principal theorem obtained for the case in which T is
commutative and finite-dimensional. This theorem states in effect that given a
group G and a finite-dimensional commutative cancellative semigroup T without
idempotent, there exists a cancellative semigroup S = G U T if and only if G is
finite and commutative and T is a homomorph of one of a specified class of
finitely generated cancellative semigroups.

THEOREM 3.5. Let T be a commutative cancellative semigroup without
idempotent; let T have finite dimension m and basis B, and let G be a group.
Then there exists a cancellative semigroup S = G U Tif and only if the following
three conditions are satisfied:

(C1) G is commutative;

(C2) ]Gl divides m;

(C3) Let G be the direct product of t cyclic groups of ordersr,,---,r,, and let X
be the set of all vectors (xg,%y,+**,X,) with integral components satisfying

0§x,-<r,- (i=0,1,""t),

where ro, = m/l GI. Then there is a one-to-one mapping, x — (X, X, -+, X,), of B
onto X such that xy = uv is a relation in T whenever there exists an integer i,
1 i<t such that

() x;+yi=u;+v; (mod r);

(i) x;=v;and y;=u;, all j=0,1,--,t;j #1i.

Proof. Suppose there exists a cancellative semigroup S = G U T. Conditions
(C1) and (C2) are then consequences of Lemmas 2.4 and 3.3, respectively. It re-
mains to establish (C3).

Let G have order n and suppose that G is the direct product of the ¢ cyclic
groups G,,--+,G,, where G; is generated by g; and has order r; (i =1,---,1). Let
X be the set of vectors defined in the statement of the theorem. Partition B into
subsets Bg, By,-:+,B;-,; by means of the equivalence relation p defined in the
proof of Lemma 3.3; thus k =r, =m/|G|. Choose an arbitrary element from
each B;, i=0,1,---,k — 1, and represent it by the vector (i,0,---,0). Let geG;
then g is uniquely representable in the form

g=g'ge &' O0=2x;<r, (=10
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Represent g(i,0,--+,0) by the vector (i,x,,: -, x,). By definition of p and cancel-
lativity in S, every element of B can be written uniquely in the form g(i,0,---,0)
for some ge G and some i, 1 <i < k — 1. Hence every element of B is represented
by exactly one vector of X.

Now suppose that for some integer i, 1 < i < t, there exist vectors x, y,u,vin X
whose components satisfy (i) and (ii) of condition (C3). It follows from the way in
which the elements of B are represented that

gi'x = gi'(g1' -+ &7 (%0, 0,++,0)
= (g7 gy'gl T Mgy - 87 (%0,0, 0+, 0)
= (X0s X155 Xim 15 Xy F+ O3y X 150075 Xy)
where the component x; + v; is reduced modulo r;. Similarly

X —
g&iv= (vo’vla"',v;—l’vi + X Ui+19"':vz)

where, again, the component v; + x; is reduced modulo r;. Hence, by (ii) of con-
dition (C3),

(8% = (g

Similarly
(&7)y = (g )u.
Hence
(g8 ")xy = (g7 uv.
But since g; has order r,, it follows from (i) that g“**' = g¥*” Hence xy = uv.

Conversely let T be a commutative cancellative semigroup without idempotent
and of finite dimension m and basis B, and let G be a group which satisfies con-
ditions (C1), (C2) and (C3). Assume that B is represented by the set X as described
in (C3). (That T can simultaneously have dimension m and satisfy the relations
given in (C3) is a consequence of Lemma 3.4.) Let g,,---, g, be a basis for the
group G, where g; has order r;for i = 1,---,1. Let S be the set-theoretic union of G
and T (with G and T assumed to be disjoint). The proof will be completed if we
extend the multiplications in G and T to S in such a way that S becomes a can-
cellative semigroup having G as its maximal subgroup. With this in mind we
define multiplication in S as follows:

(M1) Each two elements of G multiply in S as in the group G.

(M2) Each two elements of T multiply in S as in the cancellative semigroup T.

(M3) (g7~ gr")x = x(g7' - g/") = y, where yo =x, and, for 1 Si<n, y;=x,
+ ¢; (mod r;); here x is arbitrary in X.

(M4) g(t,xt,) = (t;xt,)g = (gx)(t,t,) for all ge G, all xe X, and all t;,t,e T'.
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It must be shown at this point that the definition of multiplication given in (M4)
is independent of the choice of x in representing the element ¢,x¢t, of T, and that
multiplication in S is well defined. We first establish

(3.8) Zj i; imply xy =uv, all x,y,u,veX, all geG.

Every element g of G is uniquely expressible in the form g = gi!--- g, where
0<e<r;(i=1,-,1). For each ge G define N(g) to be the number of positive
exponents ¢;, 1 < i <t, in this expression for g. The proof of (3.8) will be by
induction on N(g).

Suppose (g5)x = v and (gi)u = y for some x, y,u,vin X and some g, 1 S i ¢,
where 0 <e¢; <r;. By (M3),

x;+e=v;(mod r;)and x; =v;, allj#i
and
u;+e;=y,(modr)andu;=y; allj#i

Consequently x; + y; = u; + v; (mod r;). Therefore both (i) and (ii) of condition
(C3) of our hypothesis are satisfied. Hence it follows from (C3) that xy = uv.
This completes the proof of (3.8) for the case N(g) = 1.

Assume inductively that (3.8) holds for all g such that N(g) < p for some fixed
positive integer p. Let g be an element of G such that N(g) = p, say g = g5'--- g/,
and assume without loss of generality that e, > 0. Suppose gx =v and gu =y
Then, by (M3),

h(gi*x) = v and h(gf'u) = y,
where h = g§'--- gi*~' and N(h) = p — 1. Hence by the induction hypothesis

(3.9 (&7 x)y = (gr'w)o.
Let x’ = gi'x and u’ = g{'u. Then, since N(g°*)= 1, we can apply (3.7), obtaining
(3.10) xu' =ux'.
Also (3.9) can be written in the form
(3.11) x'y=u'v.

Since the elements x, y,u,v,x’, and u’ are elements of the commutative semigroup
T, multiplication of equations (3.10) and (3.11) yields

xyx'u’ = uvx'u’,
which, by the cancellativity of T, implies

Xy = uv.
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This proves (3.8). Note that (3.8) can be stated equivalently as
(3.12) x(gu) = (gx)u, all x,ueX, all geG.

Now let t,xt,uty € T, where t,,t,,t; € T and x, u € X. Then by the commutativity
of T, together with (3.12),

(gx)t tauty = (gx)ut tyts = x(gu)t t,ts = (gu)t xt,ts.

Hence (M4) is independent of the generator used.

To show that multiplication in S is well defined, suppose g =g’ and xt = yt’,
where g, g’ € G and xt, yt' € T. Since there is only one expression for g = g’ of the
form g;'--- g all that need be shown is that g(xt) = g(yt’).

Let ze X. Then (gz)(xt) = (gz)(yt'). But from (M4),

(g2) (x1) = g(zx1) = (gx)(z1) = ((§x)1)z = (g(x1))z.
Similarly
(g2)(yt') = g(zyt’) = (gy)(zt') = ((gy)t)z = (g(yt'))z.
Hence (g(xt))z = (g(yt'))z so, by cancellativity in T, g(xt) = g(yt’).

To complete the proof of the theorem it remains to establish that multiplication
in S is associative and cancellative. Because of the commutativity of S and the
associativity of G and T, we need to consider only the following two cases to
establish the associativity of S:

() gtt’' (geG;t,t’'eT);

(i) gg’t (g.8'€G;teT).

Case (i). Let t = xt,, where xe X and t, € T'. Then

(gDt’ = (gx)tt’ by (M4)
= (gx)(t,t") by associativity in T!
= g(xt,t") by (M4)
= g(tt").

Case (ii). LetxeX.letg=gf-.-gfand g’ = gJ'--- g/* be arbitrary elements
of G. Then it is clear from (M3) that
(3.13) (gg')x =y = g(g'x),
where y;=x;+ e;+f; (mod r)) for i=1,---,¢, and yy, = x,. Now let 1 = xt" be
an arbitrary element of T\B. Then

(gg")t = ((gg")0)t' by (M4)
= (g(g'x)t’ by (3.13)
= g((g'x)t") by Case (i)
= g(g'(xt")) by (M4)

= g(g't).
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Hence S is a semigroup.

To verify that S is cancellative the following four cases must be considered
(for g,g'€G; t,t’'eT):

(i) gt=g't;

(i) gt=1t't;

(iii) gt=gt’;

(iv) gt=gg"

Case (i). Suppose gt = g’t, and write t = xt,, where xe X and t, € T'. Then
(gx)t, = (g'x)t, so, by cancellativity in T', gx = g’x, or equivalently g " 'g’x = x.
Let g~ g’ = g§'--- g It follows from (M3) that x; = x; + ¢;(mod r;) for i = 1,---,t.
But 0 < e; < r; for each i, so ¢;=0 for i = 1,---,¢. Hence g~ 'g’ = e, the identity
element of G, so g=g'.

Case (ii). Suppose gt =t't. Then t = (g~ 't’)t which by Lemma 2.1 implies
that g~ ¢’ is idempotent. But g~'t’ € GT = T, contrary to the assumption that T
contains no idempotent. Hence Case (ii) cannot occur.

Case (iii). Suppose gt =gt’. Theng 'gt =g 'gt’sot =1

Case (iv). This case cannot occur since, by (M3) and (M4), gte T while
g8’ €G.

Hence S is a cancellative semigroup. 1t is apparent that G is the maximal subgroup
of S and that T'is an ideal of S. This completes the proof of the theorem.

We may now state a theorem very similar to Theorem 3.5 but without the
restriction that T is finite-dimensional. It is assumed, however, that T has a basis
and that G is finitely generated. The proof differs from that of Theorem 3.5 in
only minor details, and will be omitted.

THEOREM 3.6. Let T be a commutative cancellative semigroup without
idempotent and with basis B, and let G be a finitely generated group. Then
there exists a cancellative semigroup S =G VUT if and only if the following
three conditions are satisfied:

(C1) G is commutative;

© |6]s]B];

(C3) Let G be the direct product of t cyclic groups of orders ry,---,r, (any
number of which may be infinite), and let X be the set of all vectors (xg,X1,"**,X,)
with integral components satisfying

0= x;<r;, if r;is finite,
— 00 <Xx;< 00 ifr;isinfinite,
Xg €A,

where A is an indexing set of cardinality such that ]X| = |B| Then there is a
one-to-one mapping x — (X, -+, X,) of B onto X such that xy = uv is a relation
in T whenever there exists an integer i, 1 < i<t, such that
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@ { X+ yi=u; +v; (mod r,), if r; is finite,
i

Xty =u;+v, if r; is infinite;
(ii) xj=v;and y;=u;forall j=0,1,--,t; j#i.

4. Problems (LI) and (III): the commutative case. Using a somewhat different
approach we obtain necessary and sufficient conditions for the existence of a
cancellative semigroup S = G U T given a commutative cancellative semigroup T
without idempotent and a finitely generated commutative group G. The theorems
apply to a larger class of cancellative semigroups T than do those of the preceding
section since it is not assumed that T has a basis.

LeEMMA 4.1. Let T be a commutative cancellative semigroup without idem-
potent and let Q be its group of quotients. Let G be a group. If there exists a
cancellative semigroup S = G U T then S is imbeddable in Q. Conversely if T is
identified with its natural isomorph in Q and if G is any subgroup of Q such
that GT = T then there exists a cancellative semigroup S=GUT.

Proof. Recall that Q is the set of all pairs (a, b) of elements a and b of T, with
equality defined by

(ay, b)) =(ay,b,) if and only if a,b, = a,b,.

Multiplication in Q is componentwise and (a,a) is the identity element of Q for
every element a of T. If ¢ is an arbitrary but fixed element of T then the mapping

¢d:x—(xt,1), all xe T,

is called the natural isomorphism of T into Q; clearly ¢ is independent of the
choice of ¢t in T.

Suppose there exists a cancellative semigroup S = G U T. Define the mapping
o of S into Q by

@.1 o:s— (sa,a), all seS,

where a is an arbitrary but fixed element of T. Then by (4.1) and the definitions
of multiplication and equality in Q,

(s,0) (5,0) = (51a,a)(s,a,a) = (slszaz, az) = (545,a,a) = (s;5))

for all s;,5,€S, so « is a homomorphism. Furthermore if s,a = s,2, i.e., if
(s,a,a) = (s,a,a), then s,a® = s,a’ so s, =s,. Thus « is an isomorphism.

The converse is immediate if one observes that GT = T implies G N T = .
Indeed if ge GN T then e =g~ 'ge GT < T, which contradicts the assumption
that T contains no idempotent. Hence the subset S = G U T of Q is the required
cancellative semigroup. This completes the proof of the lemma.
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LEMMA 4.2. Let T be a commutative cancellative semigroup without idempo-
tent. Let G be the finite cyclic group of order m. Then there exists a cancellative
semigroup S =G UT if and only if there exists a pair of elements a,b in T
such that

(i) m is the least positive integer for which a™= b", and

(i) aT=bT.

Proof. Suppose there exists a cancellative semigroup S =G U T, which, by
Lemma 2.4, is necessarily commutative. Let a be an arbitrary element of T and
let b =ga, where g is a generator of the cyclic group G. Then

bm=(ga)m=gmam=eam=am’

where e is the identity element of G. Furthermore if a"= b" for some positive
integer n then a" = b" = g"a". Hence g" = e so m divides n, proving (i).

Let te T. Then at =agg™ 't =bg 'tebT, so aT < bT. Also bt = agteaT so
bT < aT. This proves (ii).

Conversely suppose there exists a pair of elements a,b in T which satisfy (i)
and (ii). Consider the element (a,b) of the group of quotients Q of T. Since
(a,b)" = (a", b") is the identity element of Q if and only if a" = b", it follows from
(i) that (a, b) has order m in Q. Let G’ denote the cyclic subgroup of Q generated
by (a,b) and let T’ be the natural isomorph of Tin Q. By Lemma 4.1 the proof
will be complete if we show that G'T’' < T'.

Suppose then that (zt,t) is an arbitrary element of T’, where z,te T. By (ii)
there exists an element w in T such that az = bw. Hence (a, b)(zt,t) = (azt, bt)
= (bwt,bt)e T’, so (a,b)T' < T'. By induction (a,b)"T’ = T’ for every positive
integer n, so G'T' <= T'.

We next prove the infinite analogue of Lemma 4.2.

LeMMA 4.3. Let T be a commutative cancellative semigroup without idempo-
tent and let G be the infinite cyclic group. Then there exists a cancellative
semigroup S =G U T if and only if there exists a pair of elements a,b in T
such that

(i) a" # b" for every positive integer n, and
(ii) aT=bT.

Proof. Suppose there exists a (necessarily commutative) cancellative semigroup
S =G UT. Let a be an arbitrary element of T and let b = ga, where g is a gener-
ator of G. If a" = b" for some positive integer n then a" = b" = g"a" so g"=e,
a contradiction. This proves (i), while (ii) is proved as in Lemma 4.2.

Conversely suppose T contains elements a, b which satisfy (i) and (ii). Let Q be
the group of quotients of T and consider the element (a, b) of Q. By (i), (a, b) has
infinite order in Q. Let G’ be the cyclic subgroup of Q generated by (a, b) and let T’
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be the natural isomorph of Tin Q. Again we need only show that G'T' = T’, and
this follows just as in the proof of Lemma 4.2.

By applying the two preceding lemmas we can now give a solution to Problem
(1) in the commutative case.

THEOREM 4.4. Let T be a commutative cancellative semigroup without
idempotent. Then a necessary and sufficent condition for the existence of a
cancellative semigroup S = G U T, where G is nontrivial, is that there exist a
pair of distinct elements x,y in T such that xT= yT.

Proof. Suppose that S =G UT exists for some nontrivial group G. Let
heG, h # e, and let H be the cyclic subgroup of G generated by h. Let S'=H U T
be the subsemigroup of S defined by the set-theoretic union of H and T. We note
that S’ is cancellative, H is the maximal subgroup of S’, and T=S’\H is the
maximal proper ideal of S'.

If H is finite it follows from Lemma 4.2 that there exist distinct elements a and b
of T such that aT = bT. The same conclusion follows from Lemma 4.3 if H is
infinite.

Conversely if xT = yT for distinct elements x, y of T then condition (ii) of Lem-
mas 4.2 and 4.3 is valid. Since x # y, either x"# y" for every positive integer n,
in which case there exists a cancellative semigroup S = G U T with G the infinite
cyclic group, or there exists a least positive integer m, m > 1, such that
x™=y™ in which case there exists a cancellative semigroup S =G U T with G
cyclic of order m.

We next give a solution to the commutative case of Problem (III).

THEOREM 4.5. Let T be a commutative cancellative semigroup without
idempotent and let G be a commutative group. Then there exists a cancellative
semigroup S = G U T if and only if there is a homomorphism o of G into Q, the
group of quotients of T, such that for ge G,

g = (a,b)
implies
(i) a"=b" (n a positive integer) if and only if the order of g is finite and
divides n, and
(ii) aT=bT.

Proof. Suppose there exists a cancellative semigroup S = G U T. Let b be an
arbitrary but fixed element of T, and define the mapping « of G into Q by
a:g—(gb,b), all geG.

Then (g,@) (2,%) = (gD, b) (g2b,b) = (g182b%,b*) = (818:b,b) = (8:82), 50 ais a
homomorphism. Furthermore (gb)" = b" if and only if g"b" = b" if and only if
g" = e(the identity element of G) if and only if the order of g is finite and divides n,
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Moreover, for any t in T, (gb)t = (bg)t = b(gt)e bT and bt = (bg)(g” ') e gbT.
Hence (i) and (ii) are satisfied.

Conversely suppose that there exists a homomorphism « of G into Q which
satisfies (i) and (ii). Suppose g,,g,€ G, with g,a =(a,,b;) and g,a = (a,,b,).
If ga = (a, a), the identity element of Q, then, by (i), g= e. Thus a is an isomorphism,

By Lemma 4.1 the proof will be complete if we establish that G'T’ = T', where
G’ = Go and where T is the natural isomorph of Tin Q. Let (¢,x, x) be an arbitrary
element of T’ and let (a,b) be an arbitrary element of G’. By (ii) there exists an
element ¢, in T such that

4.2) at, = bt,.
Thus, by (4.2),

(a,b)(t,x,x) = (at,x, bx) = (bt,x, bx) = (t,bx, bx),
which is in T’. Hence G'T’ < T’, proving the theorem.

5. Noncommutative cancellative semigroups. We recall from Lemma 3.3 that
if T'is a finite-dimensional commutative cancellative semigroup without idempotent
and G is a group then a necessary condition for the existence of a cancellative
semigroup S =G U T is that lGl divide the dimension of T. If T is not com-
mutative this condition is no longer necessary for the existence of S=GUT;
however it is still necessary that |G| not exceed the dimension of T.

THEOREM S5.1. Let m and n be positive integers. Then there exists a cancellative
semigroup S = G U T, where T has dimension m and G has order n, if and only
if m=n.

Proof. Let S=G UT be a cancellative semigroup such that G has order n
and T has dimension m, and let B be a basis for T such that |B| = m. To show
that m = n it is sufficient to show that Gb < B for some b € B since, by cancel-
lativity, |Gb| =|G|.

Suppose by way of contradiction that this is not the case for any b in B, i.e.,

6.0 Gb ¢ B, all beB.

Let b, be an arbitrary but fixed element of B. By (5.1) there exists g € G such that
gb, = w,u,, where u, € B and w, € T. Again by (5.1), there exists g, € G such that
g.u; ¢ B. Hence g,u; =wyu,, where w,eT and u,eB. Then gb, =wu,
=w,g; 'gu; =w, gy 'whu,. Setting w, g7 'w = w,, we have

gby = wyuy = wyu,,
where w, is a left divisor of w, in T. Repetition of this process yields

(5.2) gby =wuy =wauy = = wy,,
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where u;€ B and w;e T for i =1,2,-.-,m. Furthermore if 1 <i <j < m then w,
is a left divisor of w; in T.

If b, =u, for some integer k, 1 < k < m, then gb, = wu, = w,b,. By can-
cellativity in S it follows that g = w, e T, contradicting that G N T= &. Hence
b, #u; for i =1,2,---,m. Therefore, since |B| = m, there must exist integers r
and s, with 1 < r <s < m, such that u, = u. It then follows from (5.2) that w, = w_.
Since r < s we also have that w, = w,w for some w in T. Hence w, = w,w, which by
Lemma 2.1 implies that w is an identity element for T. This contradicts the as-
sumption that T contains no idempotent, so necessarily Gb = B for some b in B,
It follows that m = n.

To prove the converse we will sketch the construction, corresponding to an
arbitrary pair of positive integers m and n such that m = n, of a cancellative
semigroup'S = G U T where G is the cyclic group of order n and T'is a cancel-
lative semigroup of dimension m without idempotent.

Let m,n be fixed integers with m = n > 0. Let o be the permutation (1,2,---,n)
and, for each positive integer k, define permutations B, and j, by

Br=(m+k*—k+1,n+k*—k+2,--,n+k?,
and
Bi=(n+Kk*+1,n+k>+2,-,n+ k> + k).

These expressions for B, and By, in which the first integer which appears is the
smallest integer in that cycle, will be called canonical forms for ; and B,.Assuming
B = (by,---,by) and B, = (b,,---,b,) to be in canonical form, define, for each
positive integer k,

Ve =(€1,€25 75 €20,

where ¢y, =b; and cy;=byy,_; (i=1,---,k), with each subscript of the
components of y, reduced to its least positive residue modulo k. Define

53) ao=at ([ BB) (k=011

and, for each positive integer k,

_ o _(k=Dk (k= Dk k(k + 1)
8 = (——2——1, - —2——2,---,——2—).

Finally define

o'k=( ﬁ 6,) (ﬁ yi) (k=nn+1,-.-;m-1).

i=1;i#k i=1

Let T be the multiplicative semigroup generated by the set {aq,0;,**,0,,-,}.
Then it can be verified that
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(5.4 0,00,=06; ifnsis<m-—1;
(5.5) T is a cancellative semigroup without idempotent and of dimension m.

Thus if G denotes the cyclic group of order n generated by «, it follows from (5.3)
that

as; = 0,0 = 0; for0sisn-—1,
where j is the least positive residue of i + 1 modulo n. Furthermore, by (5.4),
oo, = 06,6,0, and o =0y0,0, fornsi<m.

Hence Tis an ideal of S = G U T. Clearly G is the maximal subgroup of S, and S,
being a subsemigroup of a group, is cancellative. Furthermore T has dimension m
and G has order n, so the proof of the theorem is complete.
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