LIMIT THEOREMS FOR SEMI-MARKOV
PROCESSES())

BY
JAMES YACKEL

1. Summary. For us a semi-Markov process is a separable process {X,, 1 = 0}
with denumerable state space I such that if

v t if X,=X, forall 0ss=1t,

' t—sup[s:0<s=t X,#X,] otherwise,
then the two dimensional process {(X,,Y,); t =0} is a strong Markov process
with stationary Borel measurable transition probabilities. In this paper we are
concerned with the limiting distributions of X, and Y,.

In [8], Smith has shown that if the distributions which determine the time
between jumps of the X process (we refer to them as the waiting time distributions)
have a finite first moment, then X, has a limiting distribution. His techniques
depend on renewal theory results and are applicable to our processes. We extend
the results for limiting distributions to include the possibility of instantaneous
states. By showing that the joint limiting distribution of X, defines an
invariant probability measure on the state space of the two dimensional Markov
process we are able to find a limiting distribution for ¥,.

If the waiting time distributions fail to have a finite first moment we find con-
ditions in §4 which insure the existence of limit distributions for the X process.
Conversely, if limit distributions exist we find necessary conditions for the waiting
time distributions. In §5 the waiting time distributions are assumed to be in the
domain of attraction of a stable law (c.f. [3]) in which case the conditions on
the waiting time distributions, found in §4, are shown to be both necessary and
sufficient. Here, using results of Lamperti [6], we are able to find a joint limiting
distribution for X,, Y,.

We conclude with an application to the construction of nonnormal Markov
chains.

2. Notation and preliminaries. Denote the stationary Borel measurable tran-

sition probabilities by p,(i,y;S) where t > 0, (i, y) is an element of the two di-
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mensional state space of the (X, Y;) process and S is a Borel subset of that state

space, i.e. p(i,y;S) is a version of the conditional probability of the event

[(X,, Y,) € S] given the initial state was (i, y). For each point of the two dimensional

state space I x [0,00), p.(i,y;S) determines a measure on the events in the

Borel field generated by {(X,, Y;),t = 0}. We will denote that measure by P ,[ - ].
Let

inf[s:s2t,X,#X,] ifX,=X,forall 0Zuc=t,

t

inf[s:s21t,X,% X,] —sup[s:s<t,X,# Xt] otherwise.
W, is a random variable for each ¢t = 0 and we define for each i€ [,
Fi(t) =P o)[Wo = 1]

the waiting time distribution function of the state i.
If lim, .o+ Fi(t) = 1 we will say i is an instantaneous state. For all noninstanta-
neous states j (denote this set by J) we let

0(j,1) = inf[t: t > 0,(X,, ¥,) = (j,0)]
and

0(j,k) = inf[t: t > 0G,k — 1),(X,, ¥,)=(j,0)] for k > 1.
Then we let Gj(t) = P;,0)[0(j,1) £t] and form the iterated convolutions
G0 = Gy,

t
G = f Gt — 5)dG (), k> 1,
0

for i = j we define

0if t <O,
GH(t) = {
1ift=0.

As a regularity condition on the sample functions we ask that X, =Jj a.s.
(almost surely). Then the random variables 6(j, k), k =1,2,3,--- are Markov
times of the process, see for instance [7]. Because the process has stationary
transition probabilities and satisfies the strong Markov property, 0(j, k +1)—0(j, k)
for k=1,2,3,--- are a sequence of independent identically distributed random
variables, each having the distribution G;;( - ).

The following is an immediate consequence of this observation.

LeMMA 2.1. Py o)[0(j, k) < 1] = GX(D), k=1,2,3,--.
We now let N(j,t) =sup[k: 6(j,k) < t] and hence:
THEOREM 2.1. X% 0P 0)[N(j,t) =k] =1 for all jeJ and any i€l.
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Proof. Since 0(j,k + 1) — 0(j, k), k =1,2,3,--- are nonnegative, independent
and identically distributed random variables whose sum

£ [0G,k + 1) — 6G, )] + 6, 1) = 6Gi,n + 1)
k=1

and since N(j,t) = k if and only if 0(j, k) < ¢, it will suffice to demonstrate that the
summands 0(j,k + 1) — 6(j, k) are not zero with probability 1.

From the definition of G;;( -) it is clear that G;;( - ) < F;(*) and hence, jeJ
implies that the first moment of G;;( -) is strictly positive. But G;;(*) is the
distribution of the summands.

Hence
o0

X [0G,k+1)—0(,k)] = o
k=1
with probability 1.
Given a t = 0, for almost all w there exists an integer K(w) so that
K(w)

T [0,k + 1) — 0(j, k)] > ¢
k=1

which implies that 0(j,K(w)) >t and hence N(j,t) = K(w). This completes the

proof.
We let
[+ o]
Hyt) = X GO, i#],
k=1
and
o]

Then H;; is a monotone increasing function, finite for each ¢. In what follows we
will always assume that J # ¢ and that lim, ., , G;;(t) = 1 for all pairs i,je I.
We now find the distribution of X,,

LEmMMA 2.2.
t
PaolXe=:NG,) = K] = [ [1 = Fft = 91dGH)
fork=1,2,3,---and jeJ.

Proof. [ X, =j,N(j,t) = k] =[X,=j, W, + 0(j,k,) = t = 0(j, k)] a.s. by the defi-
nition of the quantities involved.
Now the strong Markov property of the process tells us that

P(i,o)[W}(,-,k) = ul(Xs’ Y);s £ 6(j, k)] = P(j,O)[Wo(j,k) = “] = Fj(u)-

Hence Wy(; «, and 6(j,k) are independent random variables. Thus the distri-
bution of the sum of 6(j,k) and Wy; i, is given by the convolution of their dis-
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tribution functions, which is in this case, according to Lemma 2.1 and the above,
given by

J; [1—Fit— s)]dG}"j"'(S) = Pu,o)l X =J,N(j,1) = k]

as asserted.
THEOREM 2.2.

]
PaolX,=i] = [ [1=F0=90dits), e
Proof. According to Theorem 2.1,
PyolX:=7] =k§ P ol X, =Jj,N(j,1) = k].

Lemma 2.2 gives each of these summands as f; [1 —Fj(t—s)]dG,f‘}"(s) and
summing on k yields the result.

3. Finite expected waiting times. = We assume here that the first moment of
the waiting time distribution is finite and that the distributions G;; are nonarith-
metic, that is, there does not exist an h > 0 so that X%, G;;(kh) = G;;(0). We
also assume that for each instantaneous state i, lim,.q+P o)[X,=i]=1. If
& sdF (s) = pjand [§ sdG;i(s) = p;; then Smith [8]has shown that for allje J,

lim P(i,O)[Xt =j] = —Il"‘" .
1> 00 Hijj

His proof applies to this more general semi-Markov process but we extend the
result to include instantaneous states.

THEOREM 3.1. If j is an instantaneous state then lim, ., P o[ X, =] exists
and is independent of i.

Proof. Let ke J, then
Pio[X: =j] = Py,o)[Xe =", N(k, ) 2 1] + P 0)[X, = j, N(k,t) = 0].
Since there is only one recurrent class,
Pioy[X:=j,N(k,t)=0] <1 - Gu() >0 as t— 0.

We treat the other term as follows,

t
Po.o[ X, =, NG, ) 2 1] = f Pl X, =00 Deds]

¢
= J; P(k.O)[Xt—s =j]P(:,o)[0(k, l)eds]

using the strong Markov property for 6(k, 1).
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By definition this is

t
J; P(k,O)[Xt-s =j]dGik(S)~

We now wish to show that for k € J, lim, , , P.,)[ X, = j] exists for all instanta-
neous states j.
According to Theorem 2.1 we have

a0
Pg,olX,=j] = ?1 Py, o[ X, = j, N(k,t) = m]

0 t
2 P(k,O)[Xt =j, H(k, m)Gds, N(k, t) = m].
0

m=1

But using the strong Markov property for 0(k, m) we have

t

0
2 P(k,O)[Xt =j, O(k, m)EdS, N(k, t) = nl]
]

m=1

t

0
?l A Py, o)l Xi-s = Jj,N(k,t — s) = 0]P o)[0(k, m) € ds]

0 t
gl 0 P(k,O)[Xt—s = Jj, N(k’t - S) = O:IdG’:;Cm(S)

t
= j Pao[Xeey = JsN(kyt — ) = 0]dHu(s).

~If we can show that Py o)[ X, =j, N(k,1) = 0] is a Riemann integrable function
satisfying the condition

-]
z sup IP(k,O)[Xt =.I9N(k’t) =0]| < ©
k=0 kStsk+1
then an application of Blackwell’s Renewal Theorem [1] to the convolution will
give us the desired limit.
Note first that

t—

if not P o)[N(k,t)>0]=6>0 for all t>0. Since we are assuming that
lim,,o+P;,0)[ X, =j] = 1 and because N(k,t) >0 means that N(k,s)>0 for all
s 2 t, if P o)[N(k,) > 0] = 6 for all ¢ > 0 then G;(t) = 5 for all ¢ =0 and thus
from the representation of Theorem 2.2

81— F0") _

P;olX,=k] 2 5
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for all sufficiently small ¢, this contradicts the fact that lim,_ ¢+ P; o)[ X, =j] = 1.
Thus we see that

P o[ Xi 44 =4, N(k,t + h) = 0]
g P(k,O)[Xt =j, N(k, t) = O]P(j,o)[Xh =j, N(k, h) = 0]-

Hence, from this and from (1) above, given any ¢ > 0 there exists a § > Oand for
all hsuchthat 0 < h <0,

Pg, oy [ Xe+n =J,N(k,t + h) = 0] = Ps,0)[ X, = j, N(k, 1) = 0] (1 —¢).
Now Py 0)[ X, = Jj, N(k,t) = 0] is a nonnegative function and
Py, o[ X: =, N(k, 1) = 0] £ 1 = Gu()

where 1 — G, is integrable, so if we can show that the discontinuities of the function
are at most denumerable, Py [ X, =j, N(k,t) = 0] will satisfy the conditions
for the Renewal Theorem.

We state the following lemma without proof.

LeMMA. If f(x) is a nonnegative bounded function such that for any ¢ > 0
there exists an H > 0 independent of x so that for all 0Sh<H, f(x+h) =
Sf(x)(1 = ¢), then f(x) has at most denumerably many discontinuities.

This shows the existence of the limit and proves Theorem 3.1.
We also state the result

THEOREM 3.2. For jeJ

— Fj(s)]ds

B
Lo

lim P(g,o)[xt =j’ Yt = ﬁ] = :
o oo Hij

This theorem was known to Smith [8].
To show the existence of a limit distribution for Y, we must be able to perform
an interchange of limits, i.e. we have the existence of

Y lim P(,"o)[Xz =J, Yt = ﬁ]

jel t-»

but we want to show the existence of
lim Pyo[Y, < B] =1lim X Py olX, =j, Y, < B].
t— 00 t—o0 jel
In order to justify the interchange of limits we will first show that we have a

natural invariant measure which is a probability measure. That will yield the
uniformity which allows the interchange of limits.



408 JAMES YACKEL [June

The invariant measure is the measure induced on the state space by the joint
limiting distribution of X,, Y,. We define the measure n
(i) foriel,i¢J,let

alix[0, B]] =l£n:° Pyl X = i];

(i1) for je J,let

0

[0 Fnas
RLjx[0, 1] = .

Cleary n( - )is a well defined measure.
We will let Z denote the state space of {(X,, Y)),t = 0}.

Lemma 3.1. n(Z) £ 1.

Proof. Clearly
.ZI P(k,O)[Xt =f] =1
je

and by Fatou’s lemma

1 =lim inf 2 P(k’o)[X| =j] g 2 lim P(k.o)[X, =j]
I

t200 je jel t—-

= T «(ix[0, ) = n(2),

this completes the proof.

LEMMA 3.2. m is an invariant measure.

Proof. The Chapman-Kolmogorov equation for the process has the form:

P(k,O)[(Xt+sa Y,;,)eB] = fz P(z)[(Xn Y)e B]P(k,O)[(Xs’ Y)edz],

where z€ Z and Be B,(Z) the Borel field of measurable Z sets, and 0 < s, t. For
Be B,(Z), we will use the notation B; = [(j,1):(j, )€ B].

P(k,O)[(Xu Y)e B] = 12’ P(k,O)[(Xta Y)e Bj]

hence by Fatou

lim inf Py o)[(X,, Y)eB]Z X lim Py o)[(X,, Y) €B;]
t—+ jel t=o0

= X n(B;) = n(B).
jel
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Thus since any bounded, nonnegative measurable function g can be uniformly
approximated by simple functions,

lim inf 8Py, 0l (X, Y)edz] = f g(2)n(dz).
t—> 0 z z

Hence from the Chapman-Kolmogorov equation, for any Be B,(Z), since
Pyl - ] is bounded, nonnegative and measurable,

n(B) = X lim P(k,O)[(Xt+s’ Yt+s)ij]

jel t= 0

2 lim ; P(z)[(Xs’ Ys) € Bj]P(k,O)[(Xl) Yt) € llZ]

jel t—o©

v

2 P(z)[(xs’ Ys) € B[] ﬂ(dZ)
Jel z

- fz Po[(X, ¥, € Bln(d2).

Suppose there is a Be B,(Z) and an s such that n(B) > [, P,,)[(X,, Y;) € B]n(dz).
Let B’ denote the complement of B. Then

I

n(Z) = n(B) + n(B') > LP(,)[(X s, Yy € Bln(dz) + fz Py[(X,, Y,) € B']n(dz)

fz (PoL(X , Yy € B] + Po(X, Y € B ]}n(d2)

= f 1n(dz) = n(2).
¥4
This is a contradiction. Thus
n(B) = f P.\[(X,, Y,) € B]n(dz) for every Be B,(Z), forall s> 0.
, z

Therefore = is an invariant measure.
LemMMA 3.3. n(Z) =1.

Proof. If we normalize =, call it 7', then =’ is aninvariant probability measurc.
By bounded convergence

n'(B)) =lim | Pu)[(X, Y)eB;]n'(dz) = | n(B))n'(dz) = n(B;)
s—+woJ Z z

for all jeI and hence n = n’. Therefore n(Z) = n'(Z) = 1, as asserted.

THEOREM 3.2. Y, converges in distribution.
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Proof. Given ¢ > 0, by Lemma 3.3 there exists a finite set F < I so that

¢Y) 1- X n(Z)<e¢l2.

jeF

Let N be the cardinal number of the set F. Then for each j e F there is a T; so
that ¢t = T; implies

(€ | Pi.oy[X: =, Y; £ B] = n(jx[0, B])| < /4N.

There is also a T, so that for all t = T,
3 |t = £ PuofX, =J]| < s
JjeF

Then for all ¢t =2 Max[T,; T}, je F],

L PuolX, =), Y, S B1— E x(x[0,]]
jel jel

1jeF

< | B PuolX, =i Y,5 8] - T x(ix[0.6D)|
je

+ | X P(i,O)[Xt=jaYt§B]! + X a(jx[0,8)
jelI—-F ' jelI-F
<éeld+¢eld+¢e2

from (1), (2), and (3). Thus
‘lim PuolY. < B] =121n(jx[0’ B).

4. Infinite expected waiting times. Our assumption is now that the first moment
of the distribution F;, for all i € I, does not exist. Thus y;= oo for i e I and hence
the Renewal Theorem tells us that lim,_, ,[H;(t + h) — Hy(t)] =0forall h = 0.

We state the following without proof.

LEMMA 4.1. For every distribution function F on [0, ) and every C >0,
o0
0 X sup [F(x + C) — F(x)] < .
k=0 kSx<gk+1

This means that F(x + C) — F(x) which is of bounded variation is Riemann
integrable and hence the Renewal Theorem and representation of Theorem 2.2
immediately yield

Lemma 4.2.
lim {P(i,O)[XtHl =j]- P(i.o)[X: =f]} =0
t— 00

uniformly for all 0SS h< H forall H>0and all i, jel.
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This then implies

LeMma 4.3.
llm {P(j’o)[X' =j] - P("o)[X‘ =j]} = 0 for all i,jel.
t—=

Proof. From the strong Markov property at the Markov time 6(j,1) we have
t
PiolX,=j] = J; P 0)[X:-s =j1dG;s).

Given ¢ > 0, according to our assumption, there exists an H > 0 so that
1 — e < G;(H) =1 and by Lemma 4.2 there exists a T > 0 so that

lP(j,O)[XtHx =j]- P(j,O)[Xt =f]| <e

whenever t =T and 0<h < H.
Thus for all t = T + H, we have the following:

PolX.=j]- J;PU,O)[XI—S =j]dGij(5)l

l P(i.O)[Xt =j]- P(i,O)[Xr =j]l =

H
= IP(,.,O)[X, =jl - J; P(j,O)[Xt—s=j]dGij(s)’ +s
= IP(j,O)[Xx =j] = Pg,0lX; =j]Gij(H)|+8Gij(H)+8
< 3e.

This concludes the proof.
DEeFINITION 4.1. Let

{Giu(t) = P o[ X, = k,N(i,u) = 0 for some u, 0su=t], j#k

We think of this as the “‘taboo’’ probability of a visit to state k before a visit
to state i up to time ¢ with the initial distribution concentrated at j.
DEFINITION 4.2. Let ;GA'(s) = ;Gu(s), and form the convolutions

G () = f GEO(s — DdGu(),  n> 1,

then we write ;Hy(s) = X,2 G (s).
LEMMA 4.4.

Py ol X =i] = L{ L t_s[l—Fj(t—s—u)]diH,j(u)}dH,-i(s), i %],

Proof. This is a straighforward apphcatlon of the strong Markov property
based on the last visit to the state i.
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COROLLARY 4.1.

sup J:[l — Fj(t — s)]dH(s) < o0.

0sts®

Proof. Suppose the conclusion is false, then for every integer n, there exists a
number T, > 0 so that

I "1 - F,(t = $)]dH (s) > n.
[}

Clearly T, — coas n—co.
Now there is a positive number K and a positive number T’ depending on K
sothat ;H;(T") > K. Consider then for 0<h = T’,

| fo [1 = Fy(t+ h = s)]dH,(s) - L'[l ~ Fft=91aH()|

t+h
1dH (5).
[}

t
< | f [Fit—s)—Fft+h— s)]dH,.i(s)| + f
0
As in Lemma 4.2 the first quantity approacheszero as t becomes infinite. The

second expression also approaches zero as t becomes infinite according to the
Renewal Theorem. Hence for any ¢ > 0, there exists a T” so large that ¢ > T” implies

t+h t
f [1 - Fj(t+ h —s)]dHy(s) and f [1—Ft—s)]dH;(s)
(] (V]
are within ¢ in value for all 0 < h < T'. That means then that for 7, = T”,
Tpth
1]
and consequently, for t 2 T, + h + T’

Jq f‘—s[l - Fj(t bl Rad u)]dHu(u)d‘H,j(s) > (n - E)K.
0 JO

But from Lemma 4.4 thus quantity is bounded, this this is a contradiction.
Hence supg</<o fo[1 = Fj(t — s)]JdH;i(s) < o0, as asserted.

TueoreMm 4.1. If [1 — F(s)] = o([1 — F(s)]) for some jel then
lim P(k,O)[Xt = i] =0
t— 00
forall kel.

Proof. Given ¢ > 0, by Lemma 4.4
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PyofX,=i] = L ‘ fo i —Fi(t—s—u)]deji(u)} dH ,(s)

fo ‘{ f L= Fit—s - u)]dej(u): dH (5)

[

after a change in the order of integration and a change of variable.

By our assumption, there exists an S so that for s = S, [1 — Fy(s)] <
(8/2)[1 = Fj(s)], and since lim,_, o [H;;(x + s) — H;{(x)] = 0, there is a T>0 so
that if x 2 T, H;(x + S) — H;;(x) < ¢/2.

Thusforalls=S+ T

s s—-S
L [1 = Fi(s — u)]dH, ) = fo [1 = Fi(s — w]dH ,(w)

+ ) [1 - F(s — w)]dH;;(u)
s

s—

< (g/2) fo [1=Fs—w]dH;(u) + &2

=(¢2Pg,0 X, =jl +¢2<e.

Then since G;;(o0) = G;(c0) =1 we see that ;H;(0) < o0, so that for any
&' > 0, there exists S; so that for s = S,

L "Lt = Fils — u)dH () < (¢'/2);H (o0)

and if we let B=3Supoc,<0 [o[1 — Fi(s — u)]dH,(u), there exists T; so that
t = T, implies ;H ;(c0) — ;H;(t) <&'[2B.
Then fort= S, + T;

J:{ J:—’[l —F(t—s— u)]dH”(u)} d;H,(s) < &',

Now by Lemma 4.3 the result follows.

THeOREM 4.2. If [1 — F(s)] — A;[1 — F(8)] = o([1 — F(s)]) + o([1 — Fi(5)])
+ 81,(s) where X- o SUDs <5<k +1 | 8ij(5) | < 00 then for i # j

lim {Pg o)[X, = i] — 4;;/iH;}(0)P 0,)[ X, = j1} = 0.
t=> 00

Proof. Let ¢ > 0 be given. If 4;; =0 then we have[1 — F(s)] = o([1 — F,(s)])

+ o([1 = F((9)]) + &;(s).
From Corollary 4.1,

t
sup | [1-F,(t—s)]dH,(s) =K < ©
0st<w JO

so that
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lim to([l — F (1 — s)])dH;(s) =0,
0

=0

t
lim 8:ij(t — s)dH(s) =0
0

t— 0

for any g;; satisfying the condition of this theorem and finally it is obvious that

lim f ‘o([l — F(t — s)])dH (s) = 0.

t— oo o

Hence in this case the limit exists and is zero.
We assume then that 4;; # 0. By Lemma 4.4 and Fubini’s theorem we have

PoolX, =J] = f { f [l—F,-(t—s—u)]dHf.-(u)} A, (5).
We first consider

J:[l — Fi(t — u)]dH;(u)

= J:{l,,-[l = Fj(t—u)]+o([1—F(t—w)]D+o([1— F(t—u)])+g;;(t—u)}dH(u).

Let B = Supogsé w[H“(S + ]) - Hii(s)]$ B < o0 SinCC lims_, w[H‘-i(S + 1) - H“(s)] = 0.
By assumption we can choose T so that

® z sup |gi(s)| <¢/4B.

k2|Ty| kSsSk+1

Since | g;;| is bounded, let B’ = supo << | 8-
Now let T, be so chosen that s = T, implies

(i) lo([1 = Fi)])| <&|1 — F(s)|/4K.
Similarly o([1 — F(s)]) and o([1 — Fi(s)]) are bounded so let
B"= sup {|o([1— Fis)]D]|+ |o([1 = F()D|}
0Sss©
Obviously we can find Tj so that 12 T; implies | {5 o([1— F{(t—s)])dH(s)| <&/4.
Now if T, = Max(T;, T,, T5) we choose T so thatif t = T
(iii) H“(T4 + t) bt H“(t) < 8/4(B, + B”).

Then if t = T, + T,
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t t
|1 - Fa-as@ = [ a1 - £ - wlar|

<

[ o0t = Ffe - 0D + o1 = B = 0D + gt = whaH )

# [ ot = By =] + o[ = Fitt = ] + g1t = 0}, ()|

-Ts

= | Jo'm {o([1 = Fj(t — w)]) + o([1 — Fi(t — w)])}dH (u) ]
+ | fo et — w)dH;(w)|

+ | fT {ol[1 = Fi(t = ] + o([L = Fi(t = )] + gt — )}, )|

t—T4

< ¢/4K | £ —n[l—Fj(t—u)]dH“(u)I + Is/4 f [l—Fi(t—u)]dH“(u)l

]
[t-=Ta+1]

+ X sup |git =s)| [Hu(k+ 1) — Hy(k)]
k=0 kgssk+1
+ | B' + B"|[Hu(t) — Hiy(t — T3)] <[4 + ¢/4 + e/4 + ¢/4.
t t
lim { f [1 - Fi(t bt ll)]dH,'i(u) - Aij f [1 - F_,(t - u)]dH‘i(u)} = 0.
t— 00 (V] (]
Now by Lemma 4.2, and the integral representation we have,
t+h t
lim | f [1 = F(+h—u]dHu)— f [1—-F(- u)]dH“(u)l =0,
t—00 0 0
Consequently we conclude that

t t+h
lim ’ )‘lj J‘ [1 - Fj(t - u)]dH"i(u) - L [1 - F‘(t + h - u)]dH"(u)|
0o

| Sndive]

IIA

lim | A J; "1 = F 1 = )] dH ) L T —Fi(t'—u)]dH,-‘(u)_l

t— 0
+ lim
t— 00

forall0 < h < H for all H > 0.
By Lemma 4.5 we can choose H so that

[ v-ru-ian- [ 1-Fash-itanw| =o
0 0

(iv) Hij(0) — H(H) < g/4;; sup { J:[l —Fi(s— u)]dH,-,(u)}

0<s<o0
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and T large enough that when t = T we have forall0 < h < H,
t t+h
) [y [ D= Fie-0lHa~ [0~ Fito+ b= 0)dH )| < ol

Now forallt = Ts + H,

MUP(:,O)[X: =j] = iH; ()P o)X, = ‘]I

= l)'tj J:‘ J:[l —F(s— u)]dHii(u)}diHij(t -s) —inj(w)J: [1-F;(t—u)] dHii(u)l

< lai; ﬁ '_”{ fo '[s—F,.(s-u)]dH“(u):d,Hﬁ(t-s);,.H,j(oo)J: [ —Fj(t—u)]dH“(u)l
+ ll,-j J‘O‘—H{ J:[l —Fy(s— u)]dH“(u): d;H;(t— s)l .

Now fort — H=<s=<t, by(v)

” f Tt = Fy(s — u)]dH () — j [1 = Fils = )l )| <elHo0).
0 0

Hence
|2 f :_H { f ;[1 — Fy(s— u)]dH,-,(u)} diH (1 - )

— iH;j(0) ,[0[1 —Ft ‘“)]dHﬁ(“)l
< J:_"{l;jﬁi:l —Fys— u)]dH;(u)

- tHu(Oo)/tHu(H)J; [1 = F(t—w] dH“(“)}dtHij(t -s)

< Hy(H)[e/H,(0) + ¢/, H;(H)] = 2.
Also by (iv),

| 4 L H’{ L [1—Fs - u)]dH“(u)} d,H,,(r-s)l <e.

Henee since ¢ is arbitrary

lim {lijp(l,o)[xt "=j] - tHu(w)P(i,O)[X: = i]} =0.
t=> o

Therefore since A;; # 0, the result follows.
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The condition of Theorem 4.2 is very nearly a condition on the ratios of the
tails of the distributions, it is easily seen that one can define quantities 4;, for
i el in such a way that if 4; # 0, then 4;; = 4;/4,.

THEOREM 4.3. If I is a finite set and the hypotheses of Theorem 4.2 are satisfied
foralli,jel then

lim P(‘-,o)[X, = i] = l" / Ili + 2 Aj iHil(OO)} for ieI.
t— o0 jelI; j#i

Proof. Let the cardinal number of I be N. According to Theorem 4.2 we have
for all i, j eI for which 4;# 0,

tl_i'r: {P(i,O)[Xt =i]- (Ai/'q'jiHij(oo))P(i,O)[Xt =j]} =0.

There exists T large enough that if t = T, 4, # 0

I()‘ji[IIj(w)/'li)P(i,O)[Xt =i]- P(i,O)[Xt =f]| <¢/N,
if ;=0 '
IP(i,O)[‘Xt =j] I < 8/N-
Thus since X; . ; P [ X, =j] =1 forall t >0,
_Z’ PgolX: =71 = Pyol X, =i] - ) ?j# flthzj(w)/lt)P(t,O)[X: =i]| e
JE Jjel; i

Thus the result is established.
We now state a corollary to Theorem 4.2.

COROLLARY 4.2. If X 4;;H;/(0) = o0 and the conditions of Theorem 4.2

are satisfied then
lim P([’o)[xt = i] = 0;
t— 00

Proof. Given 0 <¢<1 we find a finite set S'so that X, s1,H; (o0)) ' <e.
Let N be the cardinal number of the set S.
For sufficiently large ¢, Theorem 4.2 says that

I(ljiHij(oo)/li)P(i,O)[Xl =i] = Py o[X, =f]| <e|[N
so that
12X Pi.o[X, =j]lz .an (4;:H;i( OO)/'L')P(i.O)[Xr =i]l—e

jesS
‘and by our choice of S we have,
Pio[X.=i]=(1 +e)ke

but ¢ is arbitrary and the conclusion follows.
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Our best cffort toward answering the question of necessary conditions is sum-
marized by

THEOREM 4.4. If lim,_, P o[ X, =j] = n; and lim,_ ,P; o[ X, = i]=m;, then
if n;#0
T
J [1 = Fi(s)]ds
lim <2

T =0 T _F.
fo [1—=F s)]ds

_ TiiHi(0)
- .

i

Proof. Consider [7 P o[ X, =j][1 — F(T—s5)]ds which equals

() J;T ‘ J:[ f:_.[l —Fj(s—u-— x)]diHij(x)]dHi,-(u)} [1— F(T—-s)]ds

by Lemma 4.4. All integrands are nonnegative and bounded and all measures are
finite on the range of integration, we apply Fubini’s theorem to integrate on s
first. Hence

fT {[,T[ :-El = Fy(s —u = x)][1 =~ F(T~ S)]diHij(x)] ds} dH (1)

0

T ( pT-u [ T
= J‘ {j [ [1 - Fl(s - u— x)] [1 - Fi(T_s)]dS]diHU(x)}dHﬁ(U).
(1] 0 x+u
Now observe that this integral is symmetric in [1 — F;] and [1 — F,] so that
we can interchange their roles in the original form of the expression found in (i).
Therefore, (i) is equivalent to

J;T { J«Os[J:—"[l —F(s—x— 11)]d,-Hij(x)] dH,,-(u)} [1 — F(T - s)]ds.

Again by applying Fubini’s theorem to interchange the two integrals with respect
to ;H;; and H;; measures, we get

[T : J.s [ r"‘[l —F(s—x- u)]dH,.-(u)] d;HU(x)} [1 = F(T—-s)]ds

0 0 0o

T s
= J. { f P(i’o)[Xs_x = i]d,Hil(x)} [1 - F.I(T_ S)]ds by Theorem 2.2.
[} 0

Now by Lemma 4.5, ;H;; defines a finite measure on [0,00) so that by the
hypothesis that lim,, P 0y[ X, = i] = m; we see that

lim OP(i,o)[Xs—x = i]diHij(x) =m tHij( ).

£+ 0
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Thus, given ¢ > 0 there exists T; so that for ¢+ = T; we have that
iHi(00) — Hij(1) <e,
and there is a T, so that whenever ¢t = T,.
|PuolX, =i]—m| <e,

hence for all s= T, + T,,
(ri— ) GHi(0) — ) < fo P oy Xomx = idiHyj(x) < (5 + 8) GH, (c0) + 9).

Let L(s) = [¢ Py o)[Xs-x = i]diH;j(x), then
(") lim.\—vooL(s) =1 iHij( 00)3
(iii) 0 = L(s) < ;H;;(0)
forall 0<s< .
We now write

(>iv) L Puo)[Xs=J][1 = Fi(t = s)]ds = LL(S) [1—Fjt—s)]ds.

All we need to show now is that only the tails of these integrals are important
in the limit.

Let ¢’ >0 be given so that 0 <&’ < r;, then by the hypothesis and from (ii)
we can choose Ty so that s 2 T implies | Py, o[ X, =j] — ;| <&’ and

(v) | L(s) = miiH i ©)|<e'.

Now choose T, so that for all T= T,

(vi) ¢+ [§[1—F(s)}ds > T;.
This is possible by the assumption that the first moment of the distribution is
infinite.

Then for all t = T; + T, and from (iii), (iv) and (v)

f : P o[ Xs =J1[1 = Fi(t — s)]ds + (n, — &) f T [1 - Fi(t — )] ds
< Hy(o) :3[1 —Fj(t—s)]ds+(7r“Hi,-(oo)+s’)fT: [1 = F,(t — 5)]ds.
Now 01— Fi(s)S 1,01~ Fjys) =1 for all s so that
(=) {11 = Fioas - )
< Hi ()T, + (mHi(0) + &) fO' [1— F,(s)]ds.

Divide both sides of the above inequality by [o[1 — F;(s)]ds and use (vi) to
conclude
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[[ 1 -reonas
f [1 — Fys)]ds

The obvious symmetric argument yields the inequality,

(m;—¢")

— & < H;j(0)e" + (n;;H () +¢').

T3+ (n; +¢") fo [1—=Fi(s)]ds = (n;;H;;(c0) — &) {foll—Fj(s)lds - T3}

which, after we divide both sides by f{,[l — Fj(s)]ds and use (vi) as before,
gives us the result.

5. Waiting time distributions in the domain of attraction of a stable law.

TueoreM 5.1. If F; and F; are in the domain of attraction of a stable law
with exponent « and f respectively where 0 < «, B < 1 and the respective Laplace
transforms 1 — ¢; and 1 — ¢; satisfy the condition

$i(h) By
11_1.131 1_(I”'(A)—Lwhere 0 L< w0,

then
L

i ,J(OO)

Proof. F;and F;being in the domain of attraction of a stable law implies that
1 — Fy(s) ~ hs)s ® and 1 — Fj(s) ~ h(s)s~* as s > co where h; and h; are slowly
varying functions, i.e. h is called slowly varying if lim,., ch(ct) [h(t) =1 for all
¢ >0, cf. [3,p. 175].

According to [2, p. 460] our hypotheses imply lim,, ,[1 — Fi(t)]/[[1=F()] =L
and hence [1 — Fi(t)] = L[1 — F(5)] + o([1 — F;()]).

Thus if L= 0 Theorem 4.1 implies the result. If L# 0 Theorem 4.2 implies the
result.

Lemma 5.1 relies on the classical results of Karamata [4] for functions of
slow growth.

llm P(i,o)[X‘ = i] - P(i 0)[X j]} =
t— 0

LEMMA 5.1. For distributions F;, F; in the domain of attraction of a stable
law with exponent a, 0 <oa <1,

t
[1— F(s)]ds
lim ‘: =L

1w [ [1 — F;(s)]ds
0

implies
[1 Fi(t)]
o f=Fo] -
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Proof. The ratio of the Laplace transforms of 1 — F; and 1 — F; is the same
as the ratio of the Laplace transforms of [o[1 — F(s)]ds and [g[1 — F(s)]ds.
Now by hypothesis, if I,(f) = [o[1 — Fi(s)]ds, then lim,.,  ,(t) = oo, k = i,j.

If ¢ > 0 is given, there is a T so large that for all t = T,

(1) |I(2) = LI)| S eI ().

Consider now

[+
0

lf:e“'{l,(t)—uj(t)}dt‘ §f e M| I(6) — LI(f)|dt

T 00
) = f e ®|1(t) — L1 (r)|dt +f e *|I(H) — LI 0]dt
(V] T
T <]
< f e |I() — LI(1)|dt + ¢ f e T (ndt
(V] T
using (1).

Since I,(f) and I(t) are each bounded by ¢ for all ¢t = 0, the first term in (2) is
bounded by T%(1 + L) so that (2) is bounded above by

0

eI (At S TX 1+ L) +¢ f e ST ()dt.
(1]

- o]
T*(1+L)+e¢ f
T
But lim,, I (f) = oo so that for all s > 0, s sufficiently small we have
T>(1+L)

f e~ (H)dt
0o

< &

Thus dividing by [g ¢ * I,(t)dt in (2) we have

o0
f e S (f)dt
| T T ——— )
s=0* fme“'l (t)dt
j
0

Thus

f 00e“'I,-(t)dt f ” e *[1 — F(#)]dt
0 0 .

= for all s,

f P ey J(Ndt B f we“‘[l - Fy(p]dt
0o 0

hence the limits are equal. But the limit of the ratio of the Laplace transforms
shows the limit of the ratio of the distributions.

Thus for this class of distributions the conditions of §4 on the distributions are
both necessary and sufficient.
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In this context we can also discuss the joint limiting distribution of X,, Y,.

Let 0°(j,t) = 0(j, N(j,t) + 1), i.e. 6" is the next arrival time to state j after time .
The strong Markov property allows us to view 0"(j,t) as a sum of independent
random variables so that

LemMMA 5.2.
t
Pi.ol0°G,t) =t + tu] =f [1—=Gj(t+ tu—s)]dH ;;(s)
0

for all u>0.
Proof.

Py.o)07Gi,0) = t + tu, N(j, 1) = k]

t
j Py.oo[0°G,0) = t + tu, NG, 1) = k, 0, k) € ds]
0 .

t
J;P(j'o)[e"(j,t —s) 2 t+tu—s,N(j,t —s)=0]P; 0,[0(j, k) € ds]

by the strong Markov property of the process at the time 0(j, k).
Now

Pyol0(G,t—s)=t+tu—sN(j,t—5)=0]=1—G;;(t+ tu — )

so that this can be written as,

t
But

0]
P0Gy 2t + tu] = 20 Po)[07(j,t) = t + tu, N(j, 1) = k]
k=

-] t t
k=0 Jo 0
Lemma 5.3.

P(j,O)[Xz =j, Y‘ = ﬁt] = J::_m [1 bl Fj(t el S)]dej(S) for 0= l; <l

Proof. This is proven exactly as Theorem 2.2 with the added restriction on
Y, causing no difficulty. :

LeMMA 5.4. If lim,, P o[ X, =] = ;% 0 and if 1 — F(t) ~ h(t)t™* where
0<a<l, then
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hit) _ 1

1—-G;(t)~h;(Ot " and ,l}.]g FORETS

Proof. From the representation P; o[ X, =j] = [o[1 — Fj(t — s)]dH (s) we
see that

® - 4]
J; e lP(i,O)[X‘_J] dt = A[1— ij(l)] ’

where G;(4) = [¢°e™*dG;(t). This follows since H,;(s) = X oG} (s).
NOW if lim,_, (DP(j,O)[Xt =j] = th then

" i i i +
A e P(l,o)[X‘=j]dt~'—Z— as /1—’0
and hence
. L=¢;(4)
lim ——22. = g,
amor 1= Gy — ™M
Since

1-¢,(1) ~T(l - a)hj(—%—)l“ as 40"

the result follows from known results for slowly varying functions.

THEOREM 5.2- Ifllm,_.ooP(ho)[X, =j] = nj andl - Fl(t) ~ hl(t)t_a, 0 <a <1,
then

. B/I(1=8)
lim Py o[X, = j, ¥, 5 pr] = n, 200 f b7+ )" do.
0

t—w 7t

Proof. By Lemma 5.2,
P; ol0°G,s)=s+su] = fo [1 = Gjj(s + su — v)]dH ;;(v).

This is then a problem in summing independent random variables each with
distribution function G;; and asking for the distribution of the ‘‘excess’’. This
problem has been considered by Lamperti, [6], his result is,

6 TPV SN
lim P o)[0°(,s) —s=su] = j El—-n%tg)— v 1 +v)"do
§— 00 u
for u>0, and 0 <a < 1.
Thus
s

lim P o)[0°(j,s)=s +su] = lim f [1 = Gjj(s + su — v)]dH ;;(v)
s 0 s 0 0

_ f S—__‘“(;‘“) o=%(1 + 0)~dv.
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From Theorem 5.4, since [1 — F(t)] — n;[1 — G;;(t)] = o([1 — G;;(1)]) Theorem
4.2 applies, and we have

Rndle ] §—* 0

s S
n; lim 0[1 — G;i(s +su—v)]dH;;(v) = lim o[1 — Fi(s+su—v)]dH;v).

Thus according to Lemma 5.3,

lim P ol Xssu=1J> Yersu=su] = lim [L — F(s 4+ su — v)]dH ;;(v)
§—00

s 0 [

-
= f ﬂ“—i@v' (1 + )" 'dv.

u

Now let s + su =t and f# = u/1l + u. The result then follows.

Application. We merely note here that these results can be used to construct
nonnormal Markov chains. Take for instance a two state discrete parameter
semi-Markov process {X,} for which lim,_, ,P; o)[X, = 1] does not exist. This
can be easily done according to §5 if we merely choose two distributions in the
same domain of attraction in such a way that the ratio of the slowly varying
functions does not have a limiting value.

Then

P(I,O)[Xn = 1] = kgo{P(l,O)[Xk =LY = 0] - P(l,())[xk =2,Y,= 0]}

does not have a limit as n —» 0.

It is easily verified that for the Markov chain (X,, Y,) the invariant measure v
satisfies the condition v(1,0) = v(2,0) so that one of the conditions for normality,
see [5], will be easily seen to be violated.
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