MARTINGALE THEORY AND POINTWISE
CONVERGENCE OF CERTAIN ORTHOGONAL SERIES(")

BY
RICHARD F. GUNDY

The purpose of this paper is to point out the relevance of martingale theory
in the study of some classical problems concerning the pointwise convergence
of orthogonal series. Particular attention is given to the Haar and the Walsh
systems. The special character of their convergence properties has been the focus
of some recent investigations, (see for example [13], [14], [15]) but the use-
fulness of ideas from martingale theory does not seem to have been recognized.
We take advantage of the structure of these systems together with standard
martingale techniques to obtain some new convergence theorems for a class of
orthonormal systems which include the Haar and the Walsh functions as special
cases.

In the first section, the connection between the Haar and Walsh systems is
described, and the martingale properties of these systems are isolated. This leads
to the definition of a class of orthonormal systems, called H-systems, that are
generalizations of the Haar system. Our interest in H-systems stems from two
facts: (a) it is shown that every complete orthonormal system of martingale
differences is an H-system; and (b) optional stopping and skipping transform-
ations are especially simple when the martingales in question come from
H-systems.

The construction of the Haar system from the Rademacher functions suggests
a specialization of the notion of an H-system: an H*-system is an H-system
constructed from a sequence of independent binomial functions in the manner
the Rademacher functions generate the Haar system. Consequently, any H*-
system has an associated parameter sequence {p.};-;, the sequence of pro-
babilities associated with the independent binomial functions. (In this way,
the Haar system is associated with the sequence p, =14, k=1,2,---). The in-
fluence of the parameter sequence on the convergence properties of H*-systems
is studied in the second and third sections.

In the second section of the paper, we consider H-systems in relation to the
following question: Given a complete orthonormal system {u;};%-; and a
measurable function f, does there exist a series X, azu, that converges to f
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almost everywhere (a.e.)? If such a series exists, we will say that the function f
has a series representation with respect to the system {u;}gz;.

For the trigonometric system, this question has been answered affirmatively
by Menchov [9] when f is finite a.e. It is not known whether a trigonometric
series may converge to infinity on a set of positive measure. For the Haar system,
N. K. Bari [7, p. 527] (see also [13]) has given an affirmative answer when f
is finite a.e., and more recently, Talalyan and Arutyunyan [12] have given a
negative answer for both the Haar and Walsh systems when f is infinite on a set
of positive measure.

The first theorem of the section states that (a) given any complete H-system,
series representations exist for every measurable function that is finite a.e., and
(b) there exist complete H-systems such that every measurable function (whether
finite a.e. or infinite on a set of positive measure) has a series representation.
The second theorem of the section gives a more specific result related to the
theorems of Bari and Talalyan-Arutyunyan. Given a complete H*-system
{u; peJi= the following dichotomy holds: (1) if liminf,_, ,p; >0, then every
measurable function that is finite a.e. has a series representation, but no function
that is infinite on a set of positive measure has a series representation; and (2) if
liminf,_, . p, =0, then every measurable function has a series representation.

The proofs make use of martingale convergence theorems, and especially, a
submartingale convergence theorem of Chow [2]. (Also see [3]). This theorem
also gives the following result for H*-systems where liminf,_, ., > p,0: in such
H*-systems, it is impossible to find divergent series that oscillate boundedly a.e..
In particular, this statement is true for the Haar system, in contrast to the example
given by Marcinkiewicz for the trigonometric system.

The third section of the paper presents a necessary and sufficient condition
for pointwise convergence a.e. of arbitrary series from H-systems satisfying a
certain regularity condition. The theorem applies to H*-systems when
liminf,, o p; > 0. In particular, an arbitrary Haar series Xi-,a;x; converges
a.e. on a set of positive measure E if and only if the series X%, (axx)? is
finite a.e. on E. A version of the theorem for Walsh series follows immediately
from the Haar series result.

Some of the consequences of the theorem for H*-systems where liminf,, , p; > 0
are: (a) arbitrary optional skipping transformations on convergent series preserve
convergence a.e.; and (b) convergence a.e. implies unconditional convergence in
measure.

1. Complete orthonormal systems and martingales. Let {r,};~, be the
system of Rademacher functions:

ro(x) = sgnsin2znx,

r(x) ro(27x).
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Both the Haar system and the Walsh system may be constructed from the
Rademacher system. The Haar system is defined as follows:

16 = 1,

26°(x) = ro(x).

1l

x1(x)

X2(x)

If N=2"+k with 1Sk=<2"
) = 100x) = 2r(x)if (k- D[2" S x <k/2",

= 0 otherwise.
The Walsh functions are defined as follows:
Yo(x) =1,
Yn(x) = 1 (X) " 1 (X) -+ T (%),

if N=2"+4 .-+ 2" where n; > n, > -+ > n,.

Both the Haar and Walsh systems are known to be complete orthonormal
in I?[0,1] [11].

Let {H,}»%; = { X% =1auXs}n=y designate the sequence of partial sums of the
Haar Fourier series of a function f, and {W,}r-; = { ZZ4 bi¥i}o- 1 the sequence
of partial sums of the Walsh Fourier series for the same function. It is pointed
out in [11] that H,. = W,a. for all n=0,1,---. It is clear from the verification
of this relation for Fourier series that the relation holds for general Walsh and
Haar series. That is, given the sequence of partial sums H, of any Haar series,
there is a unique Walsh series such that H,. = W,. for all n, and conversely.
One of the consequences of this identity is that the sequence W,. is a martingale.
This fact has also been pointed out by Burkholder [1](?). The relation also means
that, in many cases, theorems on Haar series may be applied to Walsh series.

The relation between Haar series and Rademacher series should also be noted.
Since any series of Rademacher functions may be considered as a Walsh lacunary
series (the coefficients are zero except for integers N=2"; n=0,1,..:), the
above remarks show that any Rademacher series may also be considered as a
Haar series.

From the standpoint of harmonic analysis on groups, the interest in the
Walsh functions steme from the fact that they are the continuous characters
of a compact abelian group, the so-called dyadic group. (For the definitions
and an extensive study of harmonic analysis on this group, see Fine [5].)

The Haar system is interesting, from the standpoint of martingale theory,
in that the sequence of partial sums of an arbitrary Haar series forms a martingale.
Verification of this fact is a straightforward application of the definition of a

(2) Also, see M. Jerison and G. Robinson, Convergence theorems obtained from inducted
homomorphisms of a group algebra, Ann. of Math. 63 (1956), 176-190.
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martingale. (For the definitions and an extensive study of martingales, see Doob
[4, Chapter 7].)

The martingale property of Haar series suggests the following definition.

DEerFINITION 1.1. An orthonormal system (o.n.s.) {u;}i=, defined on an ar-
bitrary probability space is called an H-system if:

(1) Each u, assumes at most two nonzero values with positive probability.

(2) The o-field generated by {u,}i-, denoted by o(uy,--,uy), consists of
exactly N atoms.

(3) E(ugsy | ug,-+,u) =0; k2 1. (That is, the functions u, are martingale
differences.)

The following alternative definition is sometimes useful.

DEerFINITION 1.2. The o.n.s. {u,};%, is called an H-system if and only if for
any feI?*[0,1]

E(f” Uy ooy un) = kEI Qyly,

where {a;};~, are the Fourier coefficients of f with respect to {u};-,.

Definition 1.1 is equivalent to Definition 1.2. To prove this, suppose {u;}:%,
is an H-system according to Definition 1.1 and let ¢ [= E(f ”u,,m,u,,)] be a
function measurable on o(uy,-,u,). Definition 1.1 implies that ¢ may be written
as the sum of n linearly independent functions, {I;}; -, the n indicator functions
of the atoms of a(uy,-:+,u,). From this fact, and the definition of conditional
expectation, it follows that the range of the orthogonal projection E( " Ug, ooy Up)
is n-dimensional. On the other hand, the linear manifold generated by {u;};-, is
an n-dimensional manifold of functions measurable with respect to o(uy, -, u,).
Therefore, E(~||u1,---,u,,) must coincide with the orthogonal projection onto
the span of {u;};-,. This is exactly the condition required in Definition 2.2.

Now suppose {u;}=y is an H-system relative to the Definition 1.2. We show
by induction that the system {u,};~, satisfies the conditions (1), (2), and (3) of
Definition 1.1.

Consider the first member, u, , of the given system. Let 1 designate the constant
function identically equal to 1. The condition of Definition 1.2 and the proper-
ties of conditional expectation together imply that

1 = E(l "ul) = alul.

In other words, u, is equal almost everywhere to the constant 1/a,. Therefore,
conditions (1) and (2) are satisfied for the function u,. Condition (3) imposes
no restriction on the function u,.

Suppose that we have shown that the partial collection {;}s-, satisfies con-
ditions (1), (2), and (3). Consider the augmented collection {u; }o—". Let X¥_, bu,
be the Nth partial sum of the Fourier series of the function uy,, with respect
to the system {u;}y=;. Since uy,, is orthogonal to the other members of the
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family, the coefficients b,, k =1,2,:--, N are all equal to zero. If we apply this
fact in conjunction with the condition of Definition 1.2, we obtain

N
E(up+y ” Uysee, Up) =k21 b, =0,
so that condition (3) of Definition 1.1 is satisfied for the collection {u,}3=}.
The function uy,; cannot be constant almost everywhere since it is normalized
and orthogonal to the constant function u,. Therefore, uy,,; must assume at
least two nonzero values with positive probability. In fact, uy,; assumes exactly
two nonzero values with positive probability, and it does this by splitting one
of the N atoms of o(uy,:-+,uy). The argument for this is quite similar to one
used previously. Notice that the linear manifold generated by the functions
{w,}¢21is an N + 1-dimensional manifold of functions measurable with respect
t0 6y, +, Uy+1). By Definition 1.2, the orthogonal projection E(- ||y, -+, uy.+1)
must coincide with the orthogonal projection onto the span of {u;}4-{. There-
fore, the range of E(- | uy,-:,uy4y) must also be N + 1-dimensional. In other
words, a(u,, -+, uy+y) consists of exactly N + 1 atoms of positive measure. Since
o(uy,---,uy) consists of exactly N atoms, the function wuy,; augments
o(uy,---,uy) by splitting a single atom. Therefore, conditions (1), (2), and (3)
of Definition 1.1 are satisfied for the partial collection {u,}y=} and the in-
duction is complete.
The Haar system is the most immediate example of a complete o.n.s. that is
ar H-system. In fact, the following proposition is also true:

PROPOSITION 1.1. Any complete orthonormal system of martingale dif-
ferences is an H-system.

Proof of Proposition 1.1. Let {u,},%, be the system in question and X% ;a,u,
be the Fourier series of an arbitrary function f belonging to I?. Fix n and define
the function

n
d, = E(f" Ugytees ) — k§1 aUy.

Because the functions {u;};~; are martingale differences, the Fourier coef-
ficients of d, vanish identically. Since the system {u;};=, is complete, this implies
that the function d, vanishes almost everywhere, or

E(f"uly'"’un) = ? QU

almest everywhere. Since n is arbitrary, the condition of Definition 1.2 is satis-
fied, so that {u;};~, is an H-system.

Optional stopping and skipping transformations [4, p. 310] are especially
simple when the martingales under consideration arise from H-systems.
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PROPOSITION 1.2. Let the sequence of partial sums S,= Xi_,au, be a
martingale formed from the H-system {u;};~. Then, every system of optional
stopping and or skipping on S, is generated by a ‘‘multiplier’’ transformation
of the form Xp_,d.azu, where 6,=1 or 0.

Proof of Proposition 1.2. The martingale from any optional stopping or
skipping scheme on S, may be written as X7, I,a,u, where I, is the charac-
teristic function of a set measurable with respect to o(uy,-:+,u;-;). In order
to prove Proposition 1.2, it must be shown that the functions I, may be replaced
by constants J, so that

n n

X Lau, = X Sia.uy

k=1 k=1
holds almost everywhere for each n. This can be done as follows. If u, is a member
of an H-system, then |u,| >0 on a single atom of o(uy,-+,u;_,). Since the
function I, is measurable on this g-field, I, is either identically one or identi-
cally zero almost everywhere on the set where |u,,| > 0. Therefore,
2i-1 Law, = X1 6.au, almost everywhere, where ; is constant, equal to the
value assumed by I, on the support of u,. The proposition is proved.

The Haar system is constructed from a sequence of independent two-valued
functions, the Rademacher functions. This suggests that we may achieve a sharper
comparison of the Haar system with other H-systems if we limit the comparison
to systems generated by a sequence of independent two-valued functions in the
same way the Haar system is defined in terms of the Rademacher system.

DEFINITION 1.3. An H*-system is a H-system {u,}y-, generated by a sequence
of two-valued independent orthogonal functions {p;};~; as follows:

U, = 1,

u; = 0(py),

"y, = O(p,) on the set where u, >0,
37 1o otherwise,

v, = O(p,) on the set where u, <0,
4700 otherwise,

where O(p,) indicates multiplication of the function p, by a constant defined so
that |u.]|,=1. The remaining functions are defined recursively as follows:
Having defined u;,u,,+ -, U5, we define

_ {O(p,,“) on the set where uyn-14;,>0,

" _ .
274 (2k—1) 0 otherwise,

u = [O(Pn+1) on the set where uzn-14, <0,
2n+(2k) 0 otherwise.
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Associated with each H*-system, there is a sequence of probabilities
{Pe}ie1> 0= py =%, the parameters of the independent functions generating
H*-system. That is,

P = min(P{p, >0}, P{p, <0})

where P{ } is the probability of the set in brackets.
The influence of the parameter sequence {p,};~; on pointwise convergence of
H*-series will be studied in the next two sections.

2. H-systems and the representation of functions by series. Let {u,};>~; be
a complete H-system defined on the unit interval. The theorems of this section
relate to the following question. Given a measurable function f defined on the
unit interval, does there exist a series X ;- a;u, that converges to f a.e.? If such
a series exists, we say that f has a series representation with respect to the system
in question.

THEOREM 2.1. (a) Every measurable function that is finite a.e. has a series
representation with respect to any complete H-system.

(b) There exist complete H-systems such that every measurable function
has a series representation.

A more specific result holds for complete H*-systems.

TuEOREM 2.2. Given a complete H*-system with parameter sequence {p;};-,
the following dichotomy holds:

(a) If liminf,., ,p; =0, then every measurable function, whether finite a.e.
or infinite on a set of positve measure, has a series representation with respect
to the system in question.

(b) If liminf,,p, >0, then a measurable function has a series repres-
entation if and only if it is finite a.e.

ReMARK. It can be shown that there are complete H*-systems such that
lim,, o, pr = 0. In fact, part of the following result will be needed for the proof
of Theorems 2.1 and 2.2 but may also be of independent interest in this context.

TueoreM 2.3. If {p,}i=, is the parameter sequence of a complete H*-system,
then X2 px= 0. Conversely, given any sequence {p,}yY-1 such that
O0=p. <} and X, pi= o0 thereis a complete H*-system with the prescribed

parameter sequence {pi}i=i.

This theorem is a direct consequence of Theorem 2 of [6]. In fact, it is not
difficult to see that a given H*-system is complete if and only if the associated
orthogonal system, composed of the constant function and all finite products

1e1Pn;» m=1,2,..+ of the independent functions generating the H*-system,
is complete. In other words the statement of Theorem 2.3 is equivalent to the
assertion of Theorem 2 of [6].
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The proof of the first part of Theorem 2.1 depends on a series of lemmas.

LemMA 2.1. Let {u;};=, be an H-system, and f a function measurable on
o(uy,u,,--+). Then there is a sequence of functions f; such that

(i) fi is measurable with respect to o(uy,us, *,u;),

(il) imy., ofy=f a.e.,

The proof of this lemma is an application of standard approximation argu-
ments, and will be omitted.

The problem posed by part (a) of Theorem 2.1 is to show that the sequence
Jx» Whose existence is assured by the preceding lemma, may be chosen so that
f, is the nth partial sum of fixed series X;_,a,u,. When f is integrable, the
Fourier series of f with respect to the system in question converges to f a.e. by
the martingale convergence theorem [4]. Recall that in this case, the coefficients
are defined as

a = f F) ) dx.

However, when f is not integrable, it can happen that none of the above integrals
exist.

When the H-system in question is the Haar system, the assertion of part (a) of
Theorem 2.1 is due to N. K. Bari [7, p. 527], as mentioned in the introduction.
Her proof makes use of a theorem of Luzin [7, p. 77] to the effect that every
function f which is finite a.e. has a continuous primitive F; that is, F'(x) = f(x)
a.e. The following lemma is a martingale generalization of Bari’s theorem, and
is proved along the lines suggested by Luzin’s theorem, but without topological
considerations.

LemMA 2.2. Let {u,}x=, be an H-system such that o(u,u,,---) is nonatomic.
If f is finite a.e. and measurable with respect to 6(uy,u,,--), then f has a series
representation with respect to {u;}i=4.

Proof. We construct a sequence of mutually singular measures {y,},~,; such
that (a) each p, is the sum of an absolutely continuous and a purely discrete
measure, and (b) X-,dp,/dx =f a.e. The coefficients of the proposed series
representation of f are then defined by the (convergent) series

[ee]
=2 | w(x)dux).
We may assume, without loss of generality, that f = 0. By Lemma 2.1, there
is a sequence of functions {f;};%,; fi =0 converging to f a.e., such that each
f is measurable on a(uy,u,, -, u;). Let
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A, = {x:supfi(x) >n}; n=0,1,...

and
B,=A4,.,—A4,, n=1,2,--,

Then the sets B, are disjoint, on each B, we have f<n, and £,2,P(B,) =1.
(Here, as before, P(E) means the measure of E.) Furthermore, from the construction
of the sets B,, it is not difficult to see that each set may be covered by a countable
collection of atoms or null sets G, r=1,2,-, so that, if D™ = )2 ,G™,
then P(B,) < P(D™) < 2P(B,).
Now let
f(n) — {f on Bn’

0 otherwise,

and u(f™) be the absolutely continuous measure whose derivative is f®.
Now define a discrete measure 5 as a sum of point masses X, = 6™ where
each 6™ is determined by setting

. f oS O(®)dx if x = x,, where x, € G™ such that
6, (x) = r ®(x, ) =0 for k <n,
0 otherwise.

Finally let
po = p(f®) = 6@
and
0
= >_:1 Hpe
Then

duldx= X f™ =f ae.
n=1

where the exceptional set consists of the countable set supporting the discrete
measures 0™, n=1,2,---.
Define coefficients

ay = ;1 wi(x)dpy.

For n sufficiently large, the sets G™ are all subsets of the sets of constancy of
;. Since
G dpn =0

for all r and n, it follows that [ u,du, =0 for all n > N,. Therefore, the series
defining a, converges for each fixed k > 0.
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Now it must be shown that the series 2.2 ; a,u, converges to falmost everywhere.
To this end, observe that for each fixed m,

fim E(f | ug,uz, -, u,) =

n— o0
except on a set 4,, of measure zero. Since o(u,,u,,---) is nonatomic, the discrete
measure 8™ vanishes almost everywhere. This implies that

lim E(6™ ”ul,uz,u-,u,,) =0

n— oo
except on a set B,, of measure zero. Let E,, = 4,, UB,,. The exceptional set for
the convergence of the series X;-,auy is to consist of (i) U‘,’,,° +E,,, (ii) the
countable set supporting the discrete measure x>0, and (iii) the set
limsup D™, The set (i) is a countable union of sets of measure zero. The count-
able set (ii) has measure zero since the measure space in question is nonatomic.
The set (iii) has measure zero by the Borel-Cantelli lemma, [4, p. 104] since

ﬁo P(D™) < 2 § P(B,) < + .
=1 m=1

Let x be a point in complement of the exceptional set. Then we may show
that

n

M £ o) = 55 E | du
where I, is the atom of o(uy,u,, --,u,) that contains the point x. Equation (1)
is formally correct: The left side of (1) is the Fourier series of the ‘‘measure”
X-1M, and the right-hand side is the conditional expectation of the same
measure relative to a(uy,---,u,). The equality in (1) holds because {u;}y=q is
an H-system. We now show that this formalism may be justified.

Since x is not contained in the exceptional set, there is an m,, depending on
x, such that

x¢ D™  for all m=m,.

Consider the partial sum (1) for a fixed n, and the atom I, appearing on the
right-hand side of (1). For m = m, let G™ be one of the atoms supporting u,,,
as constructed above. Since I, and G™ are both atoms, they satisfy one and
only one of the following conditions: (1) I, = G™; (2) I, = G™, (3) I, > G™;
@ I,NnG™ = .

Conditions 1 and 2 are impossible for m =m, since I, < G™ and x€G,
together imply x e G™ which contradicts the assumptions that m = m,.

The above remarks may be used to compute the integral [; dp,,. Recall that
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the measure p,, is supported in the set D™ =| J;2,G™ and defined so that
-[o‘"" dpt, =0 for r =1,2,---. Therefore

f d;z,,,=f dum+J _ dp,=1+1I
I, I,nD(1) I,AD(™)

where D™ denotes the complement of D™. The integral I consists of a sum
of integrals [sewdpu,, where the sum may be restricted to those indices for which
condition 3 holds. Condition 3 and the definition of u, imply that

f dity = f dity = 0
I.AGS™ G{m

for each r = 1,2, so that the integral I vanishes. The integral II vanishes be-
cause the measure p, vanishes on the set D™, Therefore, the expression (1)
may be written

kE:lakuk(x) P(I,, et f Aptm

. % 87,
= Z E(f( )"ula“Za °° ,u,,)(x) 1 P(I)
Then
lim X E(F™ | upuz-u)(x) = T f™)
n—->o m=1 m=1
and
m (m), m .
tim E Ty m 2 EO7 )9 =0

since the point x belongs to the complement of the exceptional set. Notice also that,
Z 1) = £

since f™(x) =0 except possibly for that value m such that f™)(x)=f(x).
We may now conclude that

lim ¥ au(x)

n—+o0 k=1

m m . s(m),
= 111’1:) [EIE(f(m) ”ul,uz, °ty n)(x) -1 5P(§f)”)]

= lim 2 E(f(m)”ul’u29°'°’un)(x)_lim 2 E(é(m) "ulaub""un)(x)
n+0 m=1

n-00 m=1

£ 17 = 1)
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for all x in the complement of the exceptional set. This concludes the proof of
the lemma.

ReEMARK. It is clear that the measure p = X, u,, constructed in the proof
of Lemma 2.2 is not uniquely determined by f. For example, for any fixed integer
N, we may choose the sets G™ to be atoms of o(uy,u,, -+, u,) Wwhere
k,= N + n. Then, if the measures {u,};-; are constructed as indicated in the
lemma, we have

dp,=0,n=12,--
E;
where E;, j=1,2,.--,N are the atoms of o(u;,u,,--,uy). In other words, we
may find a series representation for f such that a, =0 for k < N. This remark
will be useful in proving part (b) of Theorem 2.1. (See Lemma 2.3 below.)

Proof of Part (a) of Theorem 2.1. Let {u,};-; be a complete H-system. It
follows from Definition 1.2 that o(uy,u,,-:-) is equivalent to the Borel sets of
[0,1], so that, in particular, 6(u,,u,,--+) is nonatomic. Therefore, any Lebesgue
measurable function that is finite a.e. is equal a.e. to a function measurable on
o(uy,u,, ). Part (a) of Theorem 2.1 is, therefore, a consequence of Lemma 2.2.

The following strengthened version of Lemma 2.2 facilitates the proof of Part
(b) of Theorem 2.1.

LemMmaA 2.3.  Let {u};2, be any complete H-system and Ey any set meas-
urable with respect to 6(uy,u,,-*+,u,) where N is an arbitrary fixed integer.
Let f be finite a.e., and suppose f=0 on the complement of Ey. Then f has a
series representation 2>, au, such that:

(i) a,=0for k<N,

(ii) the summands a,u, vanish identically on the complement of Ey.

Proof. The proof of assertion (i) follows from Lemma 2.2 and the remark
following it. To prove Part (ii), consider any series representation Xy -, iy
such that a, =0 for k < N. Since the set Ey belongs to a(uy,u,, -, uy), the set
where ]aN+k uN+k| > 0 is either contained in Ey or disjoint from it. There-
fore, we may modify the coefficients ay,,, if necessary, by setting ay,;, =0 if
{|an+run+ «| >0} NEy = . This modification of the series meets the require-
ment (ii) without damaging the representation of f on Ey. The proof of the lemma
is complete.

The assertion of Part (b) of Theorem 2.1 follows from Part (a) of Theorem 2.2.

Proof of Part (a) of Theorem 2.2. Let {,};>; be a complete H*-system
such that liminf,, , p, = 0. Such a system exists by Theorem 2.3. Let f be any
measurable function, written as a sum f=o, f; + a,f, + a3 f3 where f; is finite
a.e., fo is + oo on a set of positive measure, zero otherwise and f;is — o0 on a
set of positive measure, zero otherwise. Each coefficient «; is either one or zero.

A series representation for f; in terms of {u,}i-; follows from Lemma 2.2.
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The theorem will be proved if we can show that f, and f; have series representa-
tions. It clearly suffices to show that f, has a representation.

First, we construct a series converging to + oo a.e.. Let {p }i>, be the se-
quence of independent binomjal functions from which the H*-system is con-
structed. Select a subsequence {p, };=; such that the associated parameter se-
quence {p, };2; has the property X,2;p,, < + co. Define a sequence of co-

efficients {c,,};%; such that
P{Ckgpk( = 1} = 1 - pki’

An application of the Borel-Cantelli lemma shows that X2, ¢, - p,, = © a.e.,
since X2, p, < oo implies that P{cy,pr, # 1 infinitely often} =0. It follows
from the definition of H*-system {u,};%, that the series X;2,c,p,, may be ex-
pressed as a series X, a,U, and that Xi.,a.u, =S, converges to + coa.e.

Now let f be a function that is + oo a.e. on E and vanishes on E. (Henceforth
the complement of a set will be denoted with a bar.) We will modify the tails of
the above series X2, a,u, so that the modified series X, d,u, converges to
+ oo a.e. on E and to zero a.e. on E.

Let {fi}x=; be a sequence of nonnegative functions such that each f is mea-
surable with respect to o(uy, ---,u,) and lim, ., . fx = Xz, the characteristic function
of E, almost everywhere. Lemma 2.1 insures the existence of such a sequence.
The collection of sets E, = {x:sup,<,fi(X) = 4} is monotone decreasing with
lim,., », P(E,) = P(E), and each set E, is a countable union of disjoint atoms.

We first sketch the proof. The series Xy -; a,u, is to undergo a succession of
modifications such that (i) after the nth modification the series X7 ., a, u, con-
verges to + oo a.e. on E, and to zero a.e. on E,, (ii) a® =a"" ", k=1,2,--,N,
where {N,};>; increases with n. (iii) X, 2,a"u, = X21a8 Yu, on E,_,.
Requirement (ii) insures that 4, =lim,,a™ exists for each k. Since
E,cE,c---cE and lim,,,P(E)=P(E), requirement (iii) implies that
22 1 Gy, converges to zero a.e. on E. The requirement (i) will be fulfilled by
the construction.

Let {};~; be a sequence of positive numbers such that X,2, & < P(E)/2.

Let EY* < E, be a set measurable with respect to a(u,,u,, -++,uy,) such that
P(E, — E¥*) <¢,. Such a set certainly exists since E, is the countable union of
disjoint atoms. Optionally stop the series 2., a,u, with a stopping time 7,
so that

o]
Y au, on EYY,

The series X%, a,u, is finite on EY'. Therefore, by Lemma 2.3 we may define
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another series Xy, byu; that vanishes identically on ENt and converges to
— XN au, on EY'. Since b, =0 for k < N, and for all k such that u, is sup-
ported on E}!, the two series X‘'au;, and Xy, bu, may be combined in-
to a single series Xc,u, that converges to + oo a.e. on E' and to zero a.e.
on EN', The series Xc,u, may be further modified on the remaining collection
of disjoint atoms | Ji%, 4" of E; contained in the set E; — E{'*: the tails of the
original series Y. ya,U; may be substituted for the tails X, . yc.u, on the sets
AV, k=1,2,-.

The series T, aMu, obtained in this way has the following properties: (i)
on E|, it agrees with the original series Xa,u, for k < N,, then is defined so that
TVaVu, + ooy, atPu, =0 ae.; (i) on E; — EY*, it agrees with Xa,u, for
k £ N,, then agrees with Xb,u, as defined above, for a single, finite block of
terms beginning with the index N; + 1, then agrees with the tail of the original
series; (iii) on EY', it agrees entirely with the original series. Thus, 2., al'u,
fails to agree with the original series only on a subset of E; of measure less than
€, and on this subset, it fails to agree only in a single, finite block of terms. There-
fore X2, ai"u, converges to + oo a.e. on E, and by (i) to zero a.e. on E.

The second modification of the series is made entirely on the set E; so that
T2 aWu = T2, aPu, on E,. We find a set E}?c E,, measurable
with respect to o(uy, -+, uy,) such that P(E, N EM*NEM) < g2 and
P(E; N(E; — EYYNEY?) <&,

Since the series X2, aiu, converges to + oo a.e. on E;, we may proceed
as before, with the exception that all considerations will be restricted to the set
E,.

Define a stopping time 7, that is finite on the set E; — E3* and infinite on E}>.
‘Using Lemma 2.3 again, we may continue the series X;%,ai"u, on E, — E5?

so that it converges to zero a.e. on this set. Finally, the tails of the original series
2> au, may be replaced on the set E, — E; so that the resulting series
T2 4P, converges to + oo a.e. on E, and to zero a.e. on E; — E,. Since the
series Xy ; alPu, is obtained from x>, a{"u, by modification only on the set
E;, T2 la‘z) =%, aPu,=0 ae. on E,;. It follows that the series
pIel la “u,=0 ae. on E,=E, UE; —E,). Furthermore (i) the series
2, aPu, coincides with the original series on EY'N EY?% (ii) coincides with
the original series except for a single finite block of terms on the sets
(E; — EYY)NEY* and EY*NE}*, of measure less than &; + ¢,/2, (iii) coincides
with original series except for two finite blocks of terms on (E; —EY') N (E, — E}?)
of measure less than é&,.

The third series X2, a>u, is obtained by the modlﬁcatlon procedurc out-
lined above, restricted to the set E,. That i 1s, the series X2, a$>u, has the fol-
lowing properties (i) T2, au, = X2, alPu, on E,, (ii) Ek=1a,§3)uk converges
to + co a.e. on E3 and to zero a e. on E,. As before, we choose a set E3* c E,
so that X2, a%u, = T2, aPu, on EY*. The set E* is chosen large enough
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so that the series x>, ai®u, agrees with the original series (i) except for a single
finite block of terms on a set of measure less than ¢, + /2 + &/27, (ii) except
for two finite blocks of terms on a set of measure less than g, + ¢,/2, (iii) except
for three finite blocks of terms on a set of measure less than 63
The nth modification is carried out similarly so that (i) X2 ,a™u, = X2 a ™ Vu,

on E,_,, (ii) X2,a™u, tends to zero a.e. on E, and to + co a.e. on E,,. The
series X2 a{™u, agrees with the original series except for K finite blocks of
terms on a set of measure less than

ex + X egf27 < 2e.
i=1

Finally, the series Y2, d,u,, with @, = lim,_, a{™, converges to + co a.e. on
E and zero a.e. on E. In fact, the series X2 d,u, agrees entirely with the original
series g, a.u, on E except possibly on a subset of E of measure less than
2-37P_,& < P(E). More generally, the series X,%, du, agrees with the ori-
ginal series except for at most K finite blocks of terms everywhere on E except
possibly on a subset of E of measure less than 2 X2, ¢;. It follows that the
series X~ du, converges to + oo a.. on E. The series X,=q dyU; con-
verges to zero on E since X,2,du,= X;>,au, =0 ae. on E,c E where
the sequence of sets E, increases to E.

This completes the proof of Part (a) of Theorem 2.2, and consequently, Part (b)
of Theorem 2.1.

We turn now to a proof of Part (b) of Theorem 2.2.

DerINITION 2.1. Anincreasing sequence of atomic o-fields o(n)is called regular
if for any two atoms E, belonging to o(n) and E,,, belonging to a(n + 1) with
E,2E,,, we have 0 <6 < P(E,,)/P(E,) for some 6>0 and all n=1,2,---.

Part (b) of Theorem 2.2 follows from a submartingale convergence theorem
due to Chow [2, Corollary 3]. (See also Doob [3].) The martingale version of
Chow’s theorem is as follows:

THeOREM 2.4 (CHOw). Let S, be a martingale with respect to a regular
sequence of o-fields {a(n)} -y, such that E(|S,|) < + o for each n. (That is,
E(S,+4 ” a(n)) = S, for each n.) Then, lim S, exists a.e. and is finite a.e. on the
union of the sets where liminfS, > — o0 and limsup S, < + .

If {u;}¢~, is an H*-system such that liminf,_, . p, >0 then the sequence of
partial sums of any series X,2, a,u, is a martingale with respect to the regular
sequence of o-fields o(uy, u,, -+, u,). Assume that there is a series X2, a,u, con-
verging to + oo on a set of positive measure E. Then certainly lim inf X} _,a,u,
> — o0 a.e. on E. Applying Theorem 2.4, we conclude that lim,., o X} -1 @l
exists and is finite a.e. on E, contradicting our previous assumption. This proves
Part (b) of Theorem 2.2.
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COROLLARY 2.1 (BARI-TALALYAN-ARUTYUNYAN). There is a Haar series
representation for f if and only if f is finite a.e.

COROLLARY 2.2 (TALALYAN-ARUTYUNYAN [12].) There is no Walsh series
converging to + o0 on a set of positive measure.

Proof. Suppose such a series could be defined. Then, the sequence of partial
sums Xp_;d.Xx is a martingale with respect to the regular sequence of o-fields
0(X15X2>***» Xn) Where x, are the Haar functions. An application of Theorem 2.4
as indicated above concludes the proof.

COROLLARY 2.3. There is no divergent series X, -, a,u, that oscillates bounded-
ly a.e. when {u,};2 is an H*-system with liminfp, > 0.

Proof. This is a direct application of Theorem 2.4.
Corollary 2.3 contrasts with the example of Marcinkiewicz which shows that
divergent trigonometric series may oscillate boundedly a.e. [17, p. 308].

3. A necessary and sufficient condition for pointwise convergence of series. In this
section, we consider H-systems such that the o-fields o(uy,u,,---,u,) are regular
in the sense of Definition 2.1. The Haar system qualifies as a regular system, as
does any H*-system such that liminf,_, . p; > 0. For these systems, we have the
following theorem.

THEOREM 3.1. Let {u,}c~; be an H-system such that {o(uj,uz, - u,)}ey
is a regular sequence of o-fields in the sense of Definition 2.1. Then any series
22, aguy converges a.e. on a set E if and only if X, (au)? < + 0 a.e.onE.

The following preliminary lemma is required.

LemMa 3.1. Let {u;};2 be an H-system satisfying the conditions of Theorem
3.1, If |ayu| >4 on a set of positive measure, then |au,|>A(6/(1—6)) on the set
{|axu| > O} where & is the lower bound of all ratios P(E,,)/P(E,) such that
E,.,<E, and E,E,,, are atoms,

Ene a(ul’ us, "'9“1:)
and
E,i1€0(ug,ty, - ytyyq).

Proof. If |a,u,| > A almost everywhere on the set {| a,u; | > 0} there is nothing
to prove. Therefore, assume that |akuk| takes two positive values, a,  with
0<asA<p. Let E,={|au|=p} and E,_, ={|au;|>0}. Notice that
E,-, is measurable with respect to o(uy,us, -+, up—y) since {u;};%, is an
.H-system. The conditions of Theorem 3.1 taken together with the fact that a,u,
is a martingale difference, implies
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ﬂ‘P{lak“kl =ﬁ|| |ak“k| >0},

BP(E,)[P(Ey-1),

a(l — P(E)[P(E,-,)),

< «(1-9)

Ao

IIA

I

or A(8(1—6)) £ « < | au; | when |a,u, | > 0. The proof of the lemma is complete.
In the proof of the theorem, we will use the notion of a minimal stopping
time: Given a stopping time 7, define 7 as

} {min(k:{t=n}ea(u1,u2,-~-,u,,) on {t=n} for n < ),
T =
+ o on {t =+ «©}.

Notice that 7 is a stopping time such that (%) = 6(t) and is the smallest such
stopping time with this property on the set where 7 < + 0.

Proof of Theorem 3.1. Sufficiency. Suppose X% (ayu,)* < + oo a.e. on E.
Let T =min(n: X;-;(ua,)? 2 N) and 7 be the minimal stopping time associated

with t. Then, if
B S, if n=s1,
st = {

S;ifn>7
it can be shown that

min (n,7)
[1si = [ £ (anr
k=1

< N+ N/6%2 forall n=1,2,-.-.

O]

Suppose for the moment that (1) has been established. Inequality (1) implies
that {S,f},fll is a uniformly integrable martingale and, therefore, converges by
the standard martingale convergence theorem. Since S; = S, for all n on the set
Ey where X2 (au)? < N, lim S, exists almost everywhere on Ey. The sets
Ey increase, with increasing N, to the set E, = { X2, (a.u)? < + oo}. Con-
sequently, lim S, exists almost everywhere on E ..

To prove inequality (1), notice that the left-hand equality is a consequence
of the orthogonality of the functions u,. For the right-hand inequality, estimate
the sum X7 (g,u,)? as follows. If min(n,7)=n <7<t then

n T
T (qu)* < N =2 Z (auy)?
k=1 k=1
so that inequality (1) is certainly satisfied. If min(n,7) = n =17, consider two

cases:
(i) Suppose that on the set {t = m}, | a,u,|<N"?/5 where m =12 %. Then
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T m m—1
T (@) S T (@u)? S T () + S S N+
k=1 k=1 k=1 o é

Therefore, inequality (1) is satisfied under condition (i).

(i) Now, suppose that somewhere on the set {t=m}, |a,un| > N"?/5.
Then the condition of Lemma 3.1 is satisfied for A = N'/%§; it follows that
|@mtt| = NY2[(1=8) 2 N2 (or (amu,)* = N) everywhere on the set where
|@mitm| > 0. This imples that

{t=m}= {:1Z=_J:(aku,‘)2 <N; | ity > 0}.

This, in turn, implies that the set {t = m} is measurable on o(uy,uy, , Up_1)
which means T < m — 1. Therefore we have

m-1

Z (au)? £ X (a)* < N
k=1 k=1

so that (1) is certainly satisfied in this case.

Cases (i) and (ii) exhaust the possible alternatives so that inequality (1) is es-
tablished.

Necessity. Suppose that S, is convergent on a set of positive measure. The
limit is necessarily finite by Theorem 2.4 of the previous section. Let t be the
stopping time t = min(n:|S,| 2 N) and 7 the minimal stopping time associated
with 7. Arguing as before, we observe that 7 < n — 1 on the set where 7 = n and
| a,u,] > 2N/6 somewhere on {t =n}. Therefore,

|Si| < N + 2N/5 and f |SdP = f Sine.(g,)2dP

=< (N +2N/6)?* for every n

so that X% ,(au)* < o a.e. on the set where sup|S,| <N. Since N is ar-
bitrary, 2;%,(au)? < + 00 a.e. on the set where lim S, exists.

COROLLARY 3.1. A series X% ayu; from an H*-system such that liminf,_, p,
> 0 converges a.e. on a set E if and only if L. (au)? <0 a.e.onE.

Proof. The o-fields o(uy,u,,--,u,) form a regular sequence since
0< 6 =liminfy, ,py S P(E,+)/P(E,) for any two sets, E,,; belonging to
o(uy, Uy, Uyey), E, belonging to o(uy,u,, -+, u,) such that E,,,; < E,. There-
fore, Theorem 3.1 applies, and the corollary is proved.

In particular, Corollary 3.1 applies to the Haar series, since p,=1% for
k=1,2,..-. From the result for Haar series, we may deduce the following
result for Walsh series.

COROLLARY 3.2. Let {W,.},=, be the sequence of the 2"th partial sums of a
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Walsh series. Then, lim W,. exists a.e. if and only if X (Wyn — Wyn-1)> < + 00
a.e.

Proof. It is pointed out in the first section that for every Walsh series, there
is a Haar series such that Hyn = Wy.. Then Hyn — Hjyn-1 = Won — Wya-4 for
every n. However, Hyn— Hyn-1 = X2 ,n-141(aix;) has the property that the
summands a,x;,2" "' < k £2" are supported on disjoint sets. This permits us
to conclude that (a) lim H,, exists a.e. on E if and only if lim H,. exists a.e. on E;
and (b) (X2 sn-141000)% = i an-141(ax)? . Therefore, if lim W, exists a.e.
on a set E, then lim W,, =lim H,. =lim H,, exists a.e. (and is finite by Theorem
2.4). This implies that

© 2n

kz___:l(al;%k)2 = X 2 (au)?

n=1 k=2n"1+1
0

= E (Wgn"‘ Wz»-l)2 < o0 a.e.
n=1

on E, so that one half of Corollary 3.2 is proved. The other half is proved simi-
larly.

When the sequence W,. is the sequence of partial sums of a Walsh-Fourier
series, Corollary 3.2 may be sharpened. The fundamental inequality of Walsh-
Fourier series, proved by R. E. A. C. Paley [11] states that if fe L’, 1 <p < o0
and {W,},2, is the sequence of partial sums of Walsh-Fourier series, then the
function F = X% (Wn — Wya-1)? is related to f by the inequality

1 1 1
4, L FPdx < fof"dng,, foF"”dx.

For functions fe L', a ‘“‘weak type”” bound on the function f has been ob-
tained by Yano [16]. The observation that the above inequality holds for the
Haar-Fourier series has been made by Marcinkiewicz [8].

The following two corollaries are of some interest in the study of divergent
Fourier series [14].

COROLLARY 3.3. Let X%, a,u, be any a.e. convergent series from an H-sys-
tem satisfying the condition of Theorem 3.1. Then, any series X%, S;a,u, con-
verges a.e. when |5,| < B < oo uniformly for n=1,2,---.

Proof. The convergence of X%, a,u, implies that X% (au)? < o a.e. by
Theorem 3.1, so that X2, (8a,u)* < B? 2,2, (au)? < o a.e. Another ap-
plication of Theorem 3.1 shows that X2, 6;a,u, converges a.e.

A series of functions is said to be unconditionally convergent in measure if
the series converges in measure for every rearrangement of its terms.
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CoROLLARY 3.4. Every a.e. convergent Haar series is unconditionally con-
vergent in measure.

Proof. A result of Orlicz [10] states that a series X%, f; is unconditionally
convergent in measure if and onmly if X.2,6,f, converges in measure
for every sequence of unit factors {,}y2;. This theorem, in conjunction with
Corollary 3.3, gives Corollary 3.4.

REMARK. Actually, we have proved more than unconditional convergence in
measure. In the terminology of Ul’yanov [14] we have shown that every con-
vergent Haar series is weakly unconditionally convergent a.e.

Corollary 3.3 also has some interest for martingale theory.

COROLLARY 3.5. Let X3, au, be an almost everywhere convergent series
Jfrom an H-system satisfying the condition of Theorem 3.1. Then, any optional
skipping scheme defined on the martingale of partial sums of the series gives
an a.e. convergent martingale.

Proof. Optional skipping does not, in general, preserve a.e. convergence of
a martingale. In the case at hand, however, we note that any optional skipping
scheme is generated by a multiplier transformation X;°_, §,a,u;, by Proposition
1.2 of the first section. An appeal to Corollary 3.3 finishes the proof.
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