SOME ASYMPTOTIC FORMULAS FOR
WIENER INTEGRALS(Y)

BY
M. SCHILDER

1. Introduction. In this paper asymptotic formulas for Wiener integrals similar
to the Laplace asymptotic formulas for integrals in one dimension will be proved
[5], and some applications to analysis of these formulas will be given.

Let C[0, T'] be the space of continuous functions defined on the interval [0, T']
which vanish at zero, and let ||z|| be the sup norm of a function z. A functional
H(z) will be said to have a proper maximum at a point x if H(z) < H(x) for z#x.

Let C*[0, T]< C[0, T] be the subset of functions on [0, T'] which are absolutely
continuous and whose derivatives are in L2[0, T'].

Suppose F(z) is a functional on C[0, 7] such that F(z)—1% [7 (z/(1))? dr has a
proper maximum on C*[0, T']. Call this maximizing function x(7). With further
restrictions on F(z)(?) but not supposing F(z) to have any Frechet derivatives, and
for a large class of functionals G(z), it will be shown(?) that

. E¥{G(Az) exp (A"2F(X2))}
(1.1 im = otexp O 2FO2)) O

where E¥{ } denotes integration with respect to Wiener measure [8].
In the case that F(z) and G(z) have Frechet derivatives in a neighborhood of x,
it will be shown that

(1.2) exp (—bA~H)EX{G(\z) exp (\"2F(Az))} = T+ TyA+ - - - + TpdX + O(AE+1)

where b=F(x)—% [¢ [x'(r)]* dr and the T, are Wiener integrals not depending
on A

In §2, the exact conditions under which (1.1) and (1.2) hold will be given. In
§3, several lemmas necessary for the proof of (1.1) and (1.2) will be given, and in
§4, the proof of (1.1) and (1.2) will be completed. In §5, some applications of (1.1)
are given.

Formulas (1.1) and (1.2) first arose in connection with a problem in nonlinear
partial differential equations.
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(®) See §2.
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2. Some asymptotic formulas for Wiener integrals. The main results of this
paper are:

THEOREM A(®). Suppose F(z) and G(z) are two real valued functionals defined on
C[0, T, and suppose that the functional F(z)—% [ [z'(7))? dr has a proper maximum
at x over C*[0, T). If F(z) and G(2) satisfy conditions 1-5 below, then

. EP{G(Az) exp A"2F(A2))} _
im = Eefexp OF)y - O

Conditions 1-5 are:

1. G(z) and F(z) are Wiener measurable.

2. |G(2)| £ K, exp (K;|z|?) almost everywhere with respect to Wiener measure
where K, and K, are any positive real numbers.

3. F(2)SL,+L;|z|? almost everywhere with respect to Wiener measure where
L, is any positive real number but L, < T}/4.

4. G(z) is continuous at x in the sup norm.

5. F(z) is continuous for

lzIl < [(6—Ly+1)/(2Ly—1/2T)|*72,
and upper semicontinuous almost everywhere in the sup norm.

For convenience the following notation is introduced. If

OX¥F(x+1)
O(x(s1) +n(s51)) - - - (x(s) +n(sx))

is the Kth Frechet derivative of the functional F(z) at the point x+7 (y € C[0, TJ),
then the expression

LIT (K) JT OFF(x+m)
K'Jo """ Jo 9(x(s1)+m(s1)) - - - d(x(sk) +n(sk))

Z(Sl) ce Z(SK) ds1 A dSK

will be denoted by fx(n)z¥.

THEOREM B. Suppose F(z) and G(z) are defined on C[0, T] and satisfy the hypothesis
of Theorem A, and suppose also, that

1. F(z) has two continuous Frechet derivatives in a uniform neighborhood of the
maximizing function x.

2. EX{exp ((1+¢)fa(n)z?)} is uniformly bounded for v in a 8 uniform neighborhood
of 0, for some ¢>0.

(®) See definitions in the Introduction.
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3. x'(7) is of bounded variation. Then
lim exp (—bA=%)EX{G(Az) exp (A" *F(A2))} = G(x)EX{exp (f2(0)z%)}
where b=F(x)—1% [% [x'(¢)]? dt.

THEOREM C. Suppose F(z) and G(z) are defined on C[0, T] and satisfy the hypothesis
of Theorem A, and suppose also that

1. F(z) has n= 3 continuous Frechet derivatives in a 8 uniform neighborhood of x.
It is supposed that f,(n)z’ = O0(||z||?) if n is in a & neighborhood of zero.

2. E*{exp ((1+¢)f2(n)z?)} is uniformly bounded for v in a 8 uniform neighborhood
of 0, for some ¢>0.

3. G(z) has n—2 continuous Frechet derivatives in a & uniform neighborhood of x.

4. x'(7) is of bounded variation. Then

exp (—bA")EX{G(Az) exp (A"2F(A2))} = Do+ ThA+ - - - + T, _5A" "3+ O(A"~ %)
as A—0,
the ', being Wiener integrals depending only on the Frechet derivatives of F(z) and
G(z) at x.

The assumptions of Theorem A on F(z) and G(z) are strong enough to insure
that there exists a A, such that if A< A, then the functional G(Az) exp (A~2F(Az))
is Wiener integrable. This is true since

|G(Az) exp (A"2F(Az2))| = K exp (A™2L, +(KA%+Ly)|z[|*)
by hypothesis, and from Lemma 1 (§3) it follows that if A is small enough
K, exp (\72Ly) E¥{exp (KzA*+Ly)|z|*)}
< 2(2/nT)'K, exp (A\~2L;) f exp (KoN+ Lo —u?/2T) du < co.
]
Evidently, the same reasoning may be applied to show that exp (A~2F(X2)) is

integrable.
For any positive integer n, we will denote by z" the vector

z(T/n), z(2T/n), . . ., z(T).

For each n-dimensional vector s”, we will denote its polygonalization by s™(7),
ie.,

iT\ n
') = s+ (=) 2 (571=s)

for
jTn s T (G+D)T/n, j=0,1,...,n—1, si=0.
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For each z € C[0, T}, let z"(-) be the polygonalization of the vector z". We will
call z*(-) the polygonalization of the function z.

If s™ is a vector, then |s*| will mean its sup norm.

Define

@.1) A®) = sup F@)-4 [ )P dr-,

where A={z € C*[0, T] | |z—x|| = 8}, and b is defined in the Introduction.
Define F(z) as a function on R* by

F(s") = F(s"(-)).

3. Lemmas. In this section we state and prove several lemmas necessary for
the proof of Theorems A, B, and C.

LEMMA 1. Let f(u) be a nonnegative Lebesgue measurable function on [0, o).
Then

E2{f(1z1)) < 2/aT) [ ) exp (~u2/27) di

Proof. Let 4 be any interval contained in (0, c0). By the symmetry of Wiener
measure with respect to reflections across the x-axis we have

<
P{ , gxgr |z()| € A} < ZP{O gl:lgr z(r) € A}
It is well known [5] that
P{ sup (r)€ A} = (2fuT)'" J‘ exp (—u2/2T) du
0<I=T A
and hence from a familiar argument

E2(f(1zD) < 2/Ty [ 1) exp (~u/2T) d
LeMMA 2(%). If

max sup |z(z)—z( jT/n)]] < §/2,

0=j=n-1|JTIn<t=(F+D1T/n

then |z—z"(-)|| £8.

(%) This proof is completely obvious from a picture.
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Proof. Let 7, be a point where |z(7)—z"(7)| achieves its maximum value. Let j
be such that jT/n < 7, < ((j+ 1)T)/n. By hypothesis

(5) (5| =
n

and hence it follows that every point (7, z*(7)) on the straight line segment joining

(jT/n, z(jT/n)) and ((j+ 1)T/n, z((j+ 1)T/n)) satisfies |z(jT/n) —z"(7)| < §/2. Again by

hypothesis |z(jT/n)—z"(r)| £ 8/2 so that by triangle inequality |z"(r) — z(7)| ={. This
holds in particular for 7, and the lemma is proved.

8

=7

LEMMA 3. P{|z—2"(")| 2y} S 4/y2nT|m)'"% exp (— ny?/8T).

Proof. Since Brownian motion has stationary increments we have from Lemma
1 that for any j=0, 1, 2,...,n—1,

|2(1)—2(jT/n)| 2 v/2}

P
iTin< z< (j +1T/n

0=I=T

=P sup || Z ¥/2) < 2enjaT)" f, : exp (—nu?/2T) du

= 2(2/m)*/2 f (exp (—v?/2)) dv £ 4/y(2T|nm)*2 exp (—ny?/8T).
7n1/2121'1/2
Let
n > | = L, n—1.
0; {zeclmmsggmm |z(r)—z(jT/n)| 2 y/2} j=0,1,2,...,n—-1

From the preceding inequality
n—1
P{U 01} 5 @entim exp (-8,
j=0

Now ifz ¢ U}Z3 OF, then supsrin <is¢+ vrim [2(r) —2(jT/n)| <y/2for all j=0,1, .
and hence from Lemma 2, |z—z*(-)| £y. Thus

Pllz—2"()] Z 7} S @)@nTIm? ™ exp (~my?/8T).
LeMMA 4.
[ eyt dr = s
and

T
XA, ()" < f (P dr  foralln,
0
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where (x™)~ means x" transpose and
. iT jT1-*
A, = min [—,Jl] .
1stisa LR n

Proof. By definition

[T - 3 3=l

where s§=0. But as is well known

2

J=1

[s}—s7-1]%2 = s"A.(s")".

N| =

Now for the second part of the lemma. From the first part of this lemma, it is
sufficient to show that

f " [de(n)de dr f " WP dr.
0 °

SO HE@ASE) e
n n

it follows from the Schwarz inequality, that

J ] e - 25l o]

s> f o, O

Since

T
- f ()] dr.
1]
LEMMA 5. If z € C*[0, T}, then for 3> 1,

sup[2()=2(r)]" S (ra= ) f /()P dr.

Proof. From the hypothesis of the Lemma it follows z(7)—z(7,) =3, z'(s) ds.
From the Schwarz inequality it follows [2(7)—z(v)]*<(r—71)f;, [2'(s)]* ds. The
Lemma follows since the sup of (-r—‘rl)_[:1 [2'(1)]? d= for T,= 7=, is taken on
when 7=r7,.
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LeEMMA 6. Suppose F(z) satisfies the conditions of Theorem A. Then A(8)<0 if
8>0, where A(8) is defined by equation (2.1).

Proof. Suppose not. Then there is a sequence {z,,} < C*[0, T'] such that
T
G.1) lza—x| = 8 and lim F(z)—3 f [za() dr = b.
mes oo 0

It will be shown in the case of assumptions (3.1) above that the sequence {z,,}
has a subsequence {z¥} which converges uniformly to x* € C*[0, T'], that x*+#x,
and that F(x*)—% [7 [x*'(r)]? dr2b. This is contrary to the hypothesis of the
Lemma.

It can clearly be assumed that b— 1= F(z,)—% [7 [zn(7)]? dr for all m. From
Lemma 5 and condition 3 of Theorem A, it follows that [} [zn(7)]? dr <4|L,—b+1|.
From Lemma 5 again, it follows that

supt2 |Zn(T) = zm(7)| = [(.,2_ ) J; :2 (D] dT]uz

11 S1=

= 2[(ra— 7))L — b+ 1]

Therefore, the sequence {z,,} is equicontinuous and bounded. By Ascoli’s theorem
it follows that there exists x* € C*[0, T] and a subsequence {z}} such that x* is
the uniform limit of {z}}. From the inequality b—1 < F(z,)—1% [? [zn(7)]? dr and
conditions 3 and 5 of Theorem A it also follows that F(z) is continuous at x*.
Since lim inf [} [zX'()]? dr 2 7 |x*'(7)|2 dr is a standard property of weak con-
vergence, it follows that

F(x*)—% fo ! [x*'(1)1? dr 2 lim inf F(z,)—} fo ) (D] dr 2 b.

LemMA 7. If |s"—x"| Zw and w—p, >0, then F(s")—%s*4,(s")~ < A(w—p,)+b,
where p,=|x—x"(-)||; x*(-) is the polygonalization of the maximizing function x.

Proof. |x"(:)—s"(-)| £ [lx—s"(-)| + |x—x"(-)|. Thus
lx=s"() Z [x*(¢:)=s"()] = |x=x"C)|
= |x"(-)=5"()| =P = |x"=5"|=pn Z W—pn.

By Lemma 4, 5"4,(s")~ =[? [ds"(r)/dr]? dr. Thus

F) -3y = Fr()=4 [ [20] an.
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By the definition of A(8), b and Lemma 6, and since |x—s"(-)| Zw—p, we have

F(s")—3s"A,(s")™ £ A(w—pna)+b.

LeEMMA 8. If F(z) satisfies the hypothesis of Theorem A, and B is any number
greater than zero, then for all X sufficiently small

(3.2) 1,(X) = exp (—bA~?)EP{exp (A*F(A2))} 2 } exp (—BA™).

Proof. The translation formula for Wiener integrals [1] states that if g(7) €
C*[0, T] and H(q) is a Wiener measurable functional, then

ExtHo+ao] = oxp (~4 [ o ar)Ex[HO) exp [ [ ain 0] | 0

Because of the assumption made on x(7) it follows, using this translation formula,
that

L=exp [(-307) [ o ]
(3.3)
x E;f{exp [A'2[F()\y+x)—b]—)t'1 fo " ) dy(,)]}.

From the continuity assumption of F(z), it follows that there exists a >0 such
that |x—y|| <B implies F(x) < F(y)+ B. Thus, from (3.3)

3%

Lz e (-39 [ @R a]

x Ep{x(IA, 0. exp [\-21F Oy +0-01-27* [ x() dya)| }

v

exp [(-303) [ P air
x E;,"{x(ﬁ//\, 0, ) exp [A'z(F()g)—B—b)—A‘l L " X dy(f)] }

where x(8, y, z) is the characteristic function of the set {ze C | |y—z| < 8}. But by
assumption on x(7), F(x)=1% 7 [x'(7)]? d=+b and, therefore,

G4 Lz exp(—BA-z)E;v{x(p/,\, 0, ) exp (A‘l J; " ) dy(f))}-

(®) See [4, Chapter IX], for a definition of stochastic integral.
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Now let R(y) be the characteristic function of the set

{y eC ‘ J;T x'(7)dy(r) 0}*
From (3.4)
I, 2 exp (—BA=?)EP{x(B/A, 0, y)R(»)}-

But by the symmetry of the Wiener measure with respect to reflections across the
T axis,

EP{xB/A, 0, )R()} 2 SEF{x(B/A, 0, y)}.

Therefore
I 2 Y exp (—=BA)EX{x(B/A, 0, y)} = L exp (—BA?)P{|y| = B/A}.
Since P{||y|| <B/A} = 1 as A — 0, it finally follows for small enough A that

I, = }exp(—Bx~2),

LEMMA 9. If F(z) and G(z) satisfy the hypothesis of Theorem A and 8 is any positive
number, then

I(X) = exp (—bA~)EX{[1 - x(8/A, x/A, 2)]|G(Az2)| exp (A2 F(A2))}
= 0(exp (A~ %))
where ¢ <0.
Proof. Since x(7) is continuous on 0= 7<T, we have
lim |x—x*-)| =0,
n— o

and from Lemma 4 we have

lim x"4,(x") < fo " WP dr.

n—

Therefore, both sequences |x"|| and x"4,(x")~ are bounded. Hence there exists
a positive constant ¢ so large that for all n

(.5 Lyfe+2Lo|x"|(T/) 2+ La(|x*|Dfe+ (" Aax) = [c)2 < .
In addition, ¢ can be chosen so that

(3.6) (—b—A®)c < %.
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From the continuity assumption on F(z), it follows that there exists 0 <7< 8/4
such that

lzll < Ub—Ly+1|/|]2Le—1/2T |} and |z—y| =9
imply
3.7 F(z)—F(y) £ —A(8/2)(8/2)/4TC.
Finally, let n be a positive integer so large that
(3.8) L,—b—nmp?/16T £ —1

and ||x—x"(-)| =8/8, i.e., p,<8/8. In what follows keep these choices of ¢, 7,
and n fixed.
For convenience, the following notation is introduced. Let

a = [|b—L,+1|/|]2L,—1/2T|]*'*
and let
I, = (3,7, m, X
= EX{[1—x(3/A, x/, 2)J[1 — H(n/A, n, 2)]|G(A2)|(exp A~*[F(Az)—b])}
where H(n, n, z) is the characteristic function of the set
{zeC*0,T]| |z—2"| < =}
Iy = I8, 7, n, A)
= EX{[1—x(8/A, x/A, 2)IH(n/A, n, 2)x(a/A, 0, 2)| G(Az)|(exp A~ [F(Az) - b])}-
I, = I(8,7,n,})
= EX{[[1-x(3/A, x/A, 2)]Hen/A, n, 2)][1—x(a/A, 0, 2)]| G(Az)|(exp A~2[F(Az) - b])}.
It will be shown that I,, I, and I, are O(exp (eA~2)) where «<0. Since I'=

I+ 1I;+1, this will imply the conclusion of the lemma. First consider I,. By
hypothesis, for almost all z,

|G(2)| £ Kyexp(Kz|z|?)  where K; >0, K,>0.
Thus
I, < K.EP{[1 - H(n/), m, 2)] exp (K| z|*+ A~2[F(\2) — b])}.
Applying the Schwarz inequality,
|| = K(EZ{1—H(n/A, n, 2)})*2

(3.9)
x (E¥{exp (2X°Kz||z||*+ A~ 2[F(Az)—b]D}H)*"2.
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From Lemma 3,
EX{[1-H(/A n, 2)} = P{|z—2"(-)| Z 2/X)}
< (4Mn)(2nT[m)*'2 exp (—ny?/8A%T).

By hypothesis, F(Az)<L;+A2L,;|z|? where L;>0 and L,<3T. Hence, from
Lemma 1,

E{exp (2A°Ks||z|1* + 227 *[F(A2) - b])}
@G.11) < exp (A~2(2L, —2b)) E{exp ((2A°Kz+2Ly) || z|*)}

(3.10)

< 2 exp [(2L1—2b)A'2]((;27-,)”2 J': exp [(2X2K, +2Ly)u? — u?/2T] du)-

Since L, <37, it follows that for sufficiently small A the integral on the right of
(3.11) converges, and therefore for sufficiently small A

3.12) I, = Pexp (—nm?/16A2T+ (L, — b)A~2),
where P is a constant. From choice of # in (3.8)
I, < Pexp(—A~9).

Consider now 7.

L < KIE;"{[I - x(g 4 z)]H(} ., z)x(‘-;, 0, z)

(3.13)
cexp (VKalz]+A-[F )= ) |

Set D= — A(8/2)(8/2)2/4Tc (cf. (3.7)).
In the integral on the right of (3.13) the integration is over the set

{zeC||xz=2z"()| =7 and |z] = a/A},
and hence by the choice of 7 it follows that
3.19 F(Axz) £ F(Az*(-))+ D.

Also [|z—2"(-)|| /A implies

(3.15) lz)* =

2
Iz"(-)|+§“ :

Using (3.14) and (3.15), in (3.13), one obtains
I3 £ K EP{[1—x(3/A, x/A, 2)]H(n/A, n, 2)

(3.16)
-exp [MKy| |2°(-)| +7/A|2+ A~ 2(F(Az"(-)) + D-b)]}.
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Now
{zeC||Az=22"C)| =, [dz—x| > 8} = {ze C| |Az"(-)—x| > 8-},
and therefore
G1) Iy = K EZ{[1-x((8—n)/%), x/A, z*(-))]
-exp [NKa| [2"()| + /A2 + A7 2(F(Az"(-)) + D—-b)]}.

The integrand on the right of (3.17) is now a functional depending only on a
finite number of = points; namely, it is a function of z(T/n), z(2T/n), . . ., z(T), and
hence the function space integral reduces to an n-dimensional integral. Thus

%%;’;)L [1—x((3—n)/A, x/A, z"(-))]

I; =

-exp ()«'2K2

2
|27 +1—;“ +A"2(F[Az"]+ D)—4z"4,(z™) ‘) dz".
Letting z"=A~1(w"+x") one sees that
I £ Ky exp (D-DA T~ [ [1=x@ =, 5w+ x()]
Ba

-exp (Ko [W"+x"| 49|+ A7 2F[W" +x*] — 1A~ 2[w" + x"]4,[w" + x"] 7) dw™.

Since n was picked so that p, = |x"— x| < §/8 and » < §/4, it follows that § —n—p, >
8— n— 2p,, >0.
Clearly |w"| <8—%—p, implies |w"(-)+x"(-)— x| <8—7 and hence

I—X(S—% X, wn+xn(.)) = 1~X(8_77_pm 03 wn(,))
= 1—characteristic function of {w" € R" | |w"| £ 8—n—p,}.

Therefore

I, < [K:A~" exp (D—b)A~2]- (2Tn) ="/

. K n+ "', 2 "'An n -./\._3
(3.18) J;,wn"go_"_% CXP( aofl W+ x*| + |2 + WA (w")

Flw"+ x"]—3[w"+ x4, [w" + x"] - .
x WAL ) ]) v

In the integral on the right of (3.18) the integration is over those points in R,
where |w"|| = 8—7—p,. It will be shown now that over that set

Fw"+ x"]—3[w"+ x"] 4, [w" + x"] - < A@—n—2p)+b

(3.19) J = WAL () p
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where A(8) is defined in (2.1) and c is the constant picked in (3.5) and (3.6). This
can be seen by considering the two possibilities wA4,(w")~ < ¢ and w"4,(Ww"*)~ = c.
In the first case, it follows from Lemma 7 that (remembering (8 —n—2p, > 0)),

Fw"+x")—b—3(w"+ x4, (w"+x")~ < A(8—n—2p,),
and therefore

A(8—n—2p,)+b
4

J=

In the second case (w"A4,(w")~ = ¢) it follows from the hypothesis on F(z), L, <37,
and Lemmas 4 and 5 that

Ly 4 Ly w™ + x™||2 = 3(W" + x") 4 (W™ + x™) -
wrAd,(w™)~

< LitLy|w™|2+ 2L, [w|[|x"]| + Lo x"|2 — 3w"Aa(W") ~ — w4 (x") " — 3x"4,(x™) "
s WA

J=

Since —1x"4,(x")~ <0,

L,
w4, (w")~

T )1/2+L2 "xn"2 l— wnAn(xn)—(G)

T wrA (W)~ WA, WY~ 2 wiA,(w") "

IA

+LT+2L, ||x"||(

S — Lo+ 2Ll (T + L+ ()

where in the last inequality, the bound
Wi (x") " = [(Wh A (W") ) (x"An(x™) )]
was used. But from (3.5) and (3.6) it follows that
J = —1/8 2 (A(®)+b)/c = (A(d—n—2p,)+D)/c,
which completes the proof of (3.19). Now using (3.19) in (3.18) it can be seen that
I; £ [KiA~"exp (DA~3))(2aT/n) ™2

| exp (K| [w+ ¢ 41
W IZ(6 —n—pn)

+ 3272w A (W") " [2A(8 — 1 —2p,)/c]) aw™.
Let v=(—2A4(8—7n—2p,)/c)*'? and u"=(v/\)w", giving
I; < [Kyv~ " exp (DA~23)]|2#T/n)~™12

: f . exp (Ky| [Aw”/v+x"| +7]|2 — 3" Aa(u™) ") dp™
1" 1=(0 = n=ppIviA

(®) It can be seen that w*A,(w")~ = (1/T)|w"|2.
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Changing back to the function space integral, this gives
I; = K=" exp (DA™2)EX{[1—x((8—n—pa)v/A, 0, 2%(-))]

(3.20)
-exp (Ka| [Az"/v+x"| +7]2)}.

But clearly
1=x((8—n—pa)v/A, 0, 27(-)) £ 1=x((8—7n—pa)v/A, 0, 2)
and thus from (3.20) and the Schwarz inequality
121 I < K" exp (DA-)EX{[1-x(3—n—pa)o/d), 0, z]}*2
o2 x EX{exp [2K,| |Az" v+ x| 47T

From Lemma 1,

1/2 po
EX{1—x@—n-po/A 0,2} 5 2(Z) [ exp (—42/2T) du
oT, (6—n=pp)IA
< const.-exp (— (8§ —n—p,)%v?/2X°T).
Since |z"| < | z||, we have from the triangle inequality
E¥{exp 2K;| |Az"v+ x| +7]?)} < const. E¥{exp (A% const. ||z|?)} < oo
for small A. Thus for small enough A
(3.23) I, < exp (5—7—p,)2?/ — 4X2T+ D/A2).
Since

0 < D = —A(8/2)(8/2)?/4Tc,

we have for sufficiently small A, from (3.23) and the definition of v and D,

S—n—p)2AB—n—2p,) A(8/2)(8/2)2
I; = const. exp (( 1 p;)@;c 12 _ (‘{AQ(TC/))‘

Since 7=248/4, p,=38/8 and A(d) is a decreasing function,

I < const. exp (A(sz/izga}c/z)z_A(zZig(Tsc/z)z)

or

I; £ const. exp (%%/2)2)



1966] ASYMPTOTIC FORMULAS FOR WIENER INTEGRALS 77

Consider now I,. Clearly,

I, = K EX{[1—x(a/A, 0, 2)] exp [(L,—b)A~2+ K A%+ Ly)| z||%]}.

By Lemma 1,

L

2\112 1
I, < K, exp [(Ll—b)A‘z]z("—T) f exp [(K2A2+L2—ﬁ)p2] du,

al

for K,A2<L,
2 1/2 L
I, S Ky exp [(Ll—b)x-z]z(ﬂ-—T) f exp [(2Ly— 1/2T)u?] du.
alA

Remembering the definition of a, we find that I, < K, exp (A~2) where K, is an
absolute constant.
This proves Lemma 9, with

a=min(—

|, ACE)
’ 4Tc

LeMMA 10(7). If x'(7) is of bounded variation and if
[rov@ar-[ smam =0
0 V]
for fe L?[0, T}, and for y € C*[0, T, then
[ 1wy [ 5y vy = 0
Jfor y e C[0, T].

Proof. Define [ x'(7) dy(r) by — [7 y(7) dx'(r)+x'(T))(T). Then {7 f(r)y(r) dr
— 7 x'(7) dy(7) is obviously a continuous functional on C.

4. Proof of main theorems. In this section the proofs of Theorems A, B, and
C will be given.

Proof of Theorem A. Let £>0 be given. Choose 8 so that |G(y)— G(x)| Se/2 if
| y—x|| £ 8. This is possible since G(x) is continuous at x.

One sees that

(") See [4, Chapter IX], for a definition of stochastic integrals.
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EX{G(Az2) exp (A" 2F(A2))}
EZ{exp (A™?F(A2))}

@y < BELGA XA 2)|G(A2) — G(x)| exp (A~ *F(A2))}
' EX{exp (A"2F(A2))}

- G(x)

+ EXP (=BATHEXA —x(3/, x/A, 2)]|G(Az) — G(x)| exp (A~ 2F(Az))}
exp (—bA~2)EX{exp (A~ 2F(Az2))}

From Lemma 9 it follows that the numerator of the second term on the right of
(4.1) is 0(exp («A~2)) where «<0. Choose B of Lemma 8 to be «/2 and apply
Lemma 8 to the denominator of the second term of (4.1). Thus the second term
on the right of (4.1) is O(exp («A~2/2)) and thus for sufficiently small A can be
made less than /2. The first term is less than &/2 by choice of 8. Thus the left hand
side of (4.1) is less than e. This proves Theorem A.

Proof of Theorem B. Choose y >0, then for all A sufficiently small we will show
that

lexp (=A%) EP{G(Xz) exp (A~ 2F(A2))} — G(x) E'{exp (fo(0)z)}] = 4y.

Pick a >0 so that
i. The first two Frechet derivatives of F(z) exist in a & uniform neighborhood
of x.
il. SUPym, sl Gy +x)— G(x)| E{exp (fo(n)z?)} S v.
iii. |G(x)|EX{|exp (fa(m)z®)—exp (f2(0)z°)} Sy if |9 =8.
Let

—

hy(2) = EX{x(8/A, x/}, 2)G(Az) exp [A~*(F(Az)—b)]}

and
ho(d) = EX{[1—x(8/, x/A, 2)]G(Az) exp [A~*(F(Az) - b)]}.

From Lemma 9, |h(})| <y if A is sufficiently small. Choose A this small and
consider A,(A). From the translation theorem it follows that, letting y=z—x/2,

hy(X) = exp (%A—z L o df)
x E,’,"{X(S/A, 0, Y)G(Ay+x) exp [A‘l fo "X dy(r)+A‘2(F(Ay+x)—b)] }

Since F(z) has two Frechet derivatives in a & neighborhood of x, we may, by
an extended form of Taylor’s Theorem [7], write

FQy+x) = fo(0)+4:(0)y +4%(n) y*

where 0= ||9|| £ 8. Thus
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m() = exp (32 -4 [ WO detfi0)-5))
x E¢{x(3/2,0,3)60y +9) exp (A [0y~ ¥ o) +hmy*) }

By hypothesis F(z)—1% [ [z(7)]? dr has a maximum at x over C*[0, T']; there-
fore, its first variation vanishes over C*[0, T']. Thus

0= %(1!«"(;:+,,-1,)—4f fo " () e (P df)

= 1O~ [ x) (o),

if n € C*[0, T']. By Lemma 10,

£On- [ ¥ dn) = 0

for n € C[0, T'].
Since

b=F@-+ [ P,
it follows that
) = EZGG/, 0, )GOw—+x) exp (fu(m) ).
We will now show that
|0~ GRE2{exp (2] S 3.
Indeed,
1,0~ GREL{exp (/50)2} < EXX(8IA, 0, )IGOy+3)— G| exp (famy™)
+ EF{1—x(8/), 0, |G| exp (fn)y}
+1GE)| E2lexp (fum)y)—exp (1O}

and by choice of & and for small enough A the last expression is less than or equal
to 3y. This proves Theorem B.

Proof of Theorem C. Choose 8§ so that assumptions 1, 2, and 3 of this Theorem
hold. It can be shown [7] that the hypothesis on F(z) implies

FQz+x) = fo(0)+A1(0)z+ - - - +N"1f;_ 127 "1+ ky(Az)
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where kj(Az)=0(N), j=1,...,nif |z]| £8. As in the proof of Theorem B, we may
show that

EP{G(Az) exp (A™2F(A2))} = hy(x)+ha(2)
where hy(x)=0(exp («A~2)) where « <0 and
hy () = EP{x(8/A, 0, »)G(Ay + x) exp [f2(0)y*+ A~ 2k5(Ap)]}-

It can be seen, using the Taylor expansion of e*, that

n-1
e* = Z x* i+ R,(x)
i=0
where

|R(¥)| < (x"/nl)ex  ifx =0,

|R(x)| £ |x|"/n! if x <O.
We may now write
h() = 'Z (1/iNE¥{x(8/2, 0, Y)G(Ay +x) exp (f2(0) y*)[A~ *ks(Ap)I} +Jn - ().

Let B(), y) be the characteristic function of the set {y € C[0, T] | ks(Ay)20}. It
can be seen that

Jn-2(D) £ (/(n—2)HEP{x(8/2, 0, )|GAy+x)| - |A~2ks(Ay)|" =2
-exp (f2(0)y® +A~%k3(A)) B, y)}
+(1/(n—2)NEP{x(3/A, 0, NIGAy +x)| - |A~2ks(Ap)|" 2
-exp (f2(0)y*)[1 - B, y)I}-

From Taylor’s Theorem for functionals it follows that if |Ay| <8 then

Nf20)y° + ka(Ay) = ka(Ay) = A%f5(n)y*
where |5| =8. By hypothesis [k3(Ay)] = C3A%|| y|®, where 0= C3 <co. Thus
[Ja-2V)] = (1/(n—2)HEF{x(3/A, 0, »)|GAy+X)|(Cad)* 2| y|>" =2
-exp (fa(n)y*)B(, y)}
+(1/(n—2)DEF{x(3/2, 0, »)| Gy + x)|(CaA)* ~2|| y |2~ 2
-exp (f2(0)y*)[1 - B, y)I}-

From the Hélder inequality, and assumption 2 of this theorem, it follows that
Ja-2(N)=0(""2).
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Thus we have obtained

n-3

B = > (UIDEFE/A, 0, )Gy +x) exp (f(0)y)A~ks(W)]} + O ~3).

i=0

Since G(z) has n—2 Frechet derivatives in a neighborhood of x, we may write

n-3
GOy+x) = > Ng;y'+L,_3(\y)
=0
where

L,._(Ay) = O(|ay[*~2).
Thus

hy() = Z :2 /IVEZ(X(/, 0, Y)gy? exp (fOYII- k()] +0(-2)
since
n-3
>, (IDEFHIA 0. )OI exp (O KW = 0.

It can be seen from assumption 2, the Holder inequality, Lemma 3 and the fact
that k3(Ay)=C3A%|| y|® that

Z ,Z Q/YEL([1—x(3/2, 0, )],y exp (aOp)A-Tha()]} = O(-3),

We may now write

n-3n-—

hy(Y) = Z Z (1/iYNVEp{g;y’ exp (£:00y?)[A~2ks(W)}} + O(~2),

i=0 §=0

since
k() = Xf50)y°+ - - - + A", _1(0)y"~* +kn(Ay),
hy(2) = ‘20 Z) (1/IYNEP{g;y’ exp (f2(0)y?)
x [Ma0)y%+ - - - + 23, 10"~ + A7 2k (W)} + O(A"~2).
Expanding out we find that
WO =3 S (MY exp (O

x [Af0)°%+ - - - +A*73f, _1(0)y" ]} + O(A"2)
since

ku()/A* = O(A"2).
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Clearly we may rewrite A;(A) as
hi(A) = ToA+TA+-- - + T, A" 34+ 0(A"3)

which proves Theorem C.

5. Applications of Theorem A. In this section some applications of Theorem A
will be given. First an algorithm for solving certain types of functional equations
will be developed, and then this algorithm will be used to solve a problem in differen-
tial equations. Also, a problem in the calculus of variations will be solved.

It is easy to see that if the functional G(z) is z evaluated at the point s, i.e.,
G(z)=z(s), then G(2) satisfies conditions 1, 2, and 4 of §2. It follows from Theorem
A that if F(z) satisfied conditions 1, 3, and 5 of §2, and F(z)—1} [7 [z'(7)]? dr has
a proper maximum over C*[0, T'] at x, then

o E{(s) exp (A\-2F(\2)}
G.1 X8 = i = P A2 FQ0)))

i.e., we have a formula for the function which maximizes

FO-4 [ 0P ds

over C*[0, T'].
Suppose the functional equation H(x)=0 has a solution x € C*[0, T], and, more-
over, suppose H(x) is such that there exists a functional F(z) for which

FO-4 [ 0P dr

has a proper maximum over C*[0, T'] at the same point x. Then assuming F(z)
satisfies the hypothesis of Theorem A, (5.1) becomes a formula for the solution
of the functional equation H(x)=0.

As an example of this algorithm, the following theorem will be proved.

THEOREM D. Suppose f(x) is Lipschitz continuous on bounded sets, real valued,
and defined on — oo < x <00, and that | f(x)| < cx where c is a constant and ¢ < 1/2T.
Then the solution to the differential equation

(5.2) $'(s) = f((s))
with $(0)=0 is given by

K6 = lim E0 o0 [ZAI fHo dr it !(;jmf(u) a}
o mxfen [0 [ e deeas [ s ]}
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Proof. From the above reasoning it is sufficient to show that

) 3 [ ey s [ s du—t [ e ar

has a proper maximum over C*[0, T'] at ¢, that ¢ solves the differential equation
(5.2), and that

T 2(T)
(5.4) F@) = =4 [ foety drt [ ) du

satisfies conditions 1, 3, and 5 of Theorem A.
It is clear from hypothesis and Picard’s theorem [2] that the functional

(.5) HG) = -3 fo " ) - 2P d, ze CH0, T),

has a proper maximum at ¢, the solution to the differential equation (5.2). Clearly,
also,

-3+ [ Uety-zor ds

(5.6) T 2(T) T
= -t [ reeds+ [ s du—3 [ ZOF s

It will now be shown that F(z) (see (5.4)) satisfies conditions 1, 3, and 5 of §2.
It can be seen that

T 2(T) 2(T)
67 F@ = =4 [ feoyds+ [T fodss [ 10 ds < @@zl

It thus follows that condition 3 of §2 holds. To show that conditions 1 and 5 of
§2 hold, it is sufficient to show that F(z) is uniformly continuous in the sup norm
on bounded sets. This is easily shown.

The problem of finding the maximum of

(5.8) [} trteto, -4tz dr + T

will now be considered.

It follows from the reasoning given at the beginning of this section that if the
functional F(z)= [ p(z(r), 7) dr+¢(z(T)) satisfies conditions 1, 3, and 5 of §2
and if F(z)— [} [2'(7)]? dr has a proper maximum over C*[0, T] at y, then

59 ) = lim E?{AZ(S) exp (/\‘2[ Tf" " (), 7) df+¢(,\z(T))])}.
B {CXP (?“”Uo PQ(7), 7) a'-r+¢()«z(T))] )}

The following theorem will be proved.
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THEOREM E. Suppose p(x, 7) and é(x) are two real valued continuous functions
defined on (—o0 <x <), (0= 7=T) and (— o0 < x <) respectively, such that

1. p(x, ) S Cy+ Cox2? uniformly in 7, and ¢(x)< C3+ Cyx2 C, and C; are any
positive numbers but C,T+ Cy < 1/4T.

2. p(x, 1) is continuous in x and v and ¢'(x) is continuous in x.

3. d[p(x, 7))/0x is continuous in T and x.

4. The functional [ p(z(7), 7) dr—1% [ [2'(7)]? dr+$(z(T)) has a proper maximum
on the class C*[0, T] at the function y.

Under conditions 1-4 it is true that the function y(s) defined by (5.9) maximizes
(5.8) and that the function y(s) satisfies the following differential equation.

P(¥(7), 7)+y"(r) = 0
with boundary conditions y(0)=0 and y'(T)=¢'(¥(T)).

Proof. Let F(z)= [} p(z(7), 7) dv+$(z(T)). It can be seen that F(z) is uniformly
continuous in the sup norm on bounded sets.
It will be shown now that

F(z) £ TC,+ C3+(TC,+ Cy)| ||

where TC,+ Cy<1/4T. From the definition of F(z) and assumption 1 of this
theorem it follows that

T
F(z) = f [C1+ Coz¥(7)] dr+ C3+ Cyz¥(7) £ TCy+ C3+(TCo+Cy)| 2|2
0

Thus F(z) of the present theorem satisfies conditions 1, 2, and 5 of §2, has a
proper maximum over C*[0, T'], and thus the maximizing function y(s) of (5.8) is
given by (5.9).

From the calculus of variations theory it also follows that y(s) satisfies an Euler
equation which, in the case considered, is p,(y(7), 7) +y"(7)=0 with the boundary
conditions y(0)=0 and y'(T)=4'()(T)) [3]. This proves Theorem E.

Suppose F(z) satisfies the hypothesis of Theorem A and that the functional
F(z)—1% [ [2(7)]? dr has a proper maximum on C*[0, 7] and as usual let us denote
the maximizing function by x(7). We note that

. EP{a(s) exp (A\"PF ()
(5.10) s) = im = e G- TFOR))

gives us a formula for a maximizing function even if the functional F(z) does not
have a Frechet derivative. Thus formula (5.10) is an expression for the maximizing
function even if there is no Euler equation for the calculus of variations problem.
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