HOMOLOGICAL DIMENSION AND THE
CONTINUUM HYPOTHESIS

BY
B. L. OSOFSKY(Y)

1. Introduction. In [9], Kaplansky proves:

Let R be a commutative local domain with quotient field Q. Then the following
are equivalent:

(i) The homological dimension of Q, hd; (Q),=1.

(ii) Q is countably generated.

In [14], Small shows that the hypothesis R local”” may be replaced either by
“R is domain such that the Jacobson radical J#0 and R/J is Noetherian” or by
“ Ris aregular domain which is not Dedekind, such that R contains an uncountable
field,”” and (i) will still be equivalent to (ii). Small also shows that, if Q is generated
by R, elements, n an integer, then hd; (Q)<n+1. This implies that, for Qp
countably generated, hd, (Q)=1. This special case also appears in Matlis [10].

The question naturally arises if, for all commutative domains R, hd; (Q)=n+1
if any generating set for Qy has at least 8, elements and the global dimension of
R>n. By Matlis [10], the answer is no—a Noetherian domain of Krull dimension
1 always has hdg (Q)=1. However, for regular domains, a situation of particular
interest to Small in [14], we obtain some information. By means of the techniques
of Osofsky [13] and Kaplansky [9], we show:

Let R be a regular local ring of dimension m such that cardinality R=cardinality
R/J or R is complete. Let Q be generated by a set of 8, but no fewer elements. Then
hd; (Q)=min {k+1, m}. This is then generalized to regular domains finitely
generated over some field. As indicated in Small [14], this gives a new statement
equivalent to the continuum hypothesis. Indeed, for n € w, let F,, be the ring of
polynomials in m=n+3 variables over a field F with cardinality 2%:. Let Q,, be its
quotient field. Then hdy, (Qn)=n+2<>2% =X, . In particular, if R is the field of
real numbers, hdg, (@3)=2 < the continuum hypothesis holds. One can actually
write down a module over R; which is free <> 2% =X,. Let F be the free R;-module
generated by Ry X Ry, i.e. F=3, y)cry xr; @ (%, ¥)R3. Let M be the submodule of F
generated by {(y, z) —(x, z)+ (x, y)y/z|y=za, x=yb, where a and b are nonconstant
polynomials}. Then M is projective <> the continuum hypothesis holds. Since M is
infinitely generated, by a result of Bass [4], M is free <~ M is projective. In the
appendix, we show how to construct a free basis for M if the continuum hypothesis
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holds. If one changes R; to R, the corresponding module always has a free basis,
s0 we see no way to show directly from the module M that if 2% #X,, M cannot
have a free basis.

Most of the results in Small [14] and Osofsky [13, §2] are special cases of generali-
zations proved here. One might hope that the techniques employed could be
combined with appropriate induction hypotheses to yield dimensions of other
modules over other rings.

2. Definitions and notation. Throughout this paper, R will denote a ring with 1.
All modules will be unital right R-modules.

|A| will denote the cardinality of the set A.

Let 4, B, and C be R-modules, A: 4 —C, p: B—~C, v: A— B R-homo-
morphisms. (A,v): 4 > C @ B will denote the homomorphism defined by
(A, v)a=Xa+va for all ae 4. D u: A @ B— C is defined by (A @ p)a+b)
=Ma+ub for allae A4, be B.

A right R-module M will be called directed if:

(i) M is generated by a set of elements M’ such that xr=0<-r=0 for all
xeM'.

(i) For all x, ye M’, there exists a ze M’ such that zR=> xR+ yR.

M’ will be called a set of free generators for M.

-If M is a directed module with free generators M', u: M'x M’ — M’ is called
an upper bound function if u(x, y)R=2xR+ yR for all x, ye M’. We extend u to a
function from (JZ-, (M')* to M’ inductively by

uimy, ..., my) = u(my, u(m,, . .., m,)).

Then u(m,,...,m)R237_, mR. If XM’ and u(Xx X)= X, X will be called
u-closed. For all Y= M’, define the u-closure of Y, cl (Y), by

cd(Y) = N X.

YsX<sM’; X u-closed

Ifweset Yo=Y, Y, ,,=Y, Vu(Y,x Y,), then cl (Y)=UZ- Y,.

We observe:

2.1 If | Y| 2R, then [cl (Y)|=]| Y] since | Y, | =] Y,]| for all n20.

2.2 If X is u-closed, the submodule of M generated by X is directed.

2.3 If M is directed, then M is finitely generated <> M is cyclic.

2.4 If M is directed and X is a set of free generators for M, then X is directed
by inclusion of cyclic submodules.

2.5 If M is directed and countably generated, then M=|J2, x;,R where xR
is free and x;R< xR for all i <.

hdy (M) will denote the homological dimension of My. If x,ye M, x<y will
mean xReyR. If M is directed, xe M’, x~! will denote the R-isomorphism:
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xR — R given by x~*(xr)=r. x~! exists since xR is free with basis x. Note that
x-x~"Yxr)=xr.
Let XS My, n20. P,(X) will denote the free R-module

Py(X) = > @ (Xor- .-, R

{x|0Sisn}s Xixg>x1 > >xp

where, for all re R, {x,,..., Xx,or=0<>r=0. Set P_,(X)=the submodule of M
generated by X.

Let xe M'. Set s(x)={ye M' | y<x}, 5(x)={ye M' | y<x}. We define a map
x*: Po(s(x)) = P, +1(5(x)) for n=0 by

X*¥(Xgy ooy X = Xy Xy« oy Xp)e
If n=—1, x*: P_,(x) - Py(5(x)) is defined by
x*(xr) = (Or = {x>x~Y(xr).
For n=0, define a function d,: P,(X) - P,_,(X) by
do{x) = x,

dilXoy .« oy Xy = :Zl(xo, cees Ry oo X (= DXy -y X (= D)X ()
where X; means delete x;.

x* and d, are analogous to the ‘““adjoin a vertex’’ and boundary operators of

combinatorial topology, and are precisely the functions defined in [13]. They are
connected by a basic relation:

(2.6) d,(x*p)=p—x*d,p for all n=20, p € P,(s(x)).

This relation will often be used without explicit reference to it. It is verified by
direct computation. ‘

3. The projective resolution of a directed R-module. We apply the argument in
[13] to get a projective resolution of a directed R-module which we will use to
calculate its dimension in special cases.

3.1 PROPOSITION. Let M be a directed R-module with set of free generators M’
and upper bound function u. Let X be a u-closed subset of M'. Then

n

@) -, p ) Poos(X)— -~ P) 2 ) —0

is a projective resolution of P_,(X)=the submodule generated by X.

Proof. (i) % is a complex. This is a straightforward computation, written out
in [13].
(ii) % is exact. % is exact at P_,(X) since X generates P_,(X).
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Let p=3k ,<xb, ..., x'Ore Py (X), d.,p=0. Let x=u(x},..., xk). Assume
x5, ..o xh<x=xitl=...=xk and set p'=>!_,<{xh, ..., x>, p"=p—p'. By
definition, p”=x*q for some g € P, _ s(x)) or xr- BY 2.6,

p—dn 1 (X*p") = x*q+x*d,p’.
Since % is a complex

0 = d;[x*(q+d.p")] = g+dup’+x*(dg)  ifn >0,
= xx~Yq+d,p")=q+d,p’ ifn=0.
Since for n>0, no term of g+d,p" involves the symbol x, and every term of x*dg
does, g+d,p’=0. Hence p=d, , ,(x*p’).
We are also interested in a projective resolution of a quotient of two directed
modules.

3.2 PROPOSITION. Let M be a directed R-module, X and Y u-closed subsets of
M', X< Y. Let v be the natural map from P_,(Y)— P_,(Y)/P_(X), I the identity
on P,(X). Then

(_dm I) @ dn+1

@ex) -+ —> Po(X) @ Pari(¥) Pa_s(X) @ PA(Y)
—dy, 1) ®d, I1®d,
. ERDOE L erm A py)

Vdo
—> P_y(Y)/P_y(X) —0
is a projective resolution of P_,(Y)/P_(X).

Proof. Clearly %y is exact at P_,(Y)/P_,(X) since d, is onto P_,(Y). Also,
vdo(I ® dy)=0 since doPo(X)=P_,(X) and dod,=0. Let z e kernelvd,. Then
dy(z) € P_(X). Since dy: Po(X) — P_,(X) is onto, there is an x € Po(X) such that
do(x—2)=0. Since % is exact, z € Po(X)+dy(P1(Y)) and Z y is exact at Po(Y).

Moreover,

U@ d(-d, ) Dds] = (—d, + dy, dyd;) = 0.
If (I ®d,)a, b)=0, ac P(X), b e P,(Y), then a+d,b=0, and by the exactness of
%, and %, there is a z € P,(X) and w e Py(Y) such that d;z=d,b=—a and z=
b+dyw. Then (a, b)=[(—d,, I) @ d;)(z, —w) so %y is exact at Py(X) @ P:(Y).
Forn>1,

[(—dn—la I) (‘B dn][(_dm I) (‘D dn+1] = (dn—l ny _dn+dn) @ dndn+1 = 0.
Hence % y is a complex. Let
[(_dm I) @ d,,+1](a, b) = 0.

Then
0= —-da=a+d,.,b.
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By the exactness of %4, d,,,(b)=—a=d,,(z) for some ze P,,,(X), and b—z
=d, , o(w) for some we P,,,(Y). Then [(—d,,1, I) @ d,.2)(z, w)=(a, b). Hence
%, v is exact.

Clearly every module in Z y is projective (indeed free).

4. The Small inequality. We apply an argument in Small [14] to get one
inequality on the dimension of a directed R-module.

4.1 LEMMA (AUSLANDER). Let M be a right R-module, # a nonempty well-ordered
set, and {N, | i € £} a family of submodules of M such that if i, j€ % and i< j, then
NN, If M=ics N, and hdg (N/U;<; N))<n for all i € #, then hdg (M) =n.

This is Proposition 3 of Auslander [1].

4.2 PROPOSITION. Let M be a directed R-module possessing a free generating set X
of R, elements for some n € w. Then hdp (M)<n+1.

Proof. If n=0, by 2.5, M=\J%, x;R. Since x;R has dimension 0 for each i and
0— x;R— x;.1R— Xx;.1R/x;R — 0 is exact, hd (x;,;R/x;R)< 1 for each i. By 4.1,
hd, (M)=<1.

Now assume n>0 and the proposition holds for n—1. Index X by X,, i.e.
X={x, | «<N,}. By transfinite induction we define a set of u-closed subsets of X,
{X, | «<R,} such that X,2{x, | e« € w}, Xo=s<a X; for « a limit ordinal, and
Xp,1=cl (X5 U {x;}). We note | Xo| <R,. Assume |X;| <R, for all B<e. Ifais a
limit ordinal, X, is a union of |«| <R, sets of cardinality <X,, so |X,|<X,. If
a=B+1, since X;2 X, which is infinite, | X; U {xz}| =| X;| <X,, so by 2.1, | Xp.,|
=|X,| <X,. Hence each X, has | X,| <R, by induction. Then M=, <x, P-1(Xa),
and by the induction hypothesis, hd (P_,(X,)) <n. Since Ug<o P-1(Xp)=P_1(X2)
if o is a limit ordinal or P_,(X,_,) if « is a successor ordinal, in the exact sequence

0— Us<a Po1(Xp) = P_1(Xo) = P_1(Xe)/Up<o P-1(X5) >0

two of the three terms have dimension <n. Hence hd (P_,(X.)/Us <o P-1(X35)
<n+1. Then hd, (M)<n+1 by 4.1.

5. Direct summands of a projective d,P,.

5.1 LeMMA (KAPLANSKY). A projective module over any ring R is a direct sum of
countably generated submodules.

For a proof see Kaplansky [7].

Let p e Py(X), p=211(x, ..., xp>r.. We say x € X appears in p if x=x} for
some i and j, 0Sj<n, r;#0. For each p € P,(X), {x € X|x appears in p} is finite.
For Y P,(X), set

a(Y) = {x € X|x appears in p for some p € Y}.

5.2 PROPOSITION. Let M be a directed R-module with free generators M', upper
bound function u and projective dimension <k such that no set of cardinality <X,
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generates M for some n € w. Let ZS M’ have |Z| < R,. Then there exists a u-closed
set YE M’ such that Z< Y and

(@ I Yl =R,

(b) No set of cardinality <X, generates P_,(Y).

(c) d.PLY) is a direct summand of d,.P,(M").

Proof. Since hdg (M)<k, d.P(M’) is projective. By 5.1, d, P,(M')=Zics @ O;
where Q; is countably generated. For X<d,.P,(M’), set

X*=m{ZQ‘I/£f,X‘EZQf}'

ief ief

Let X be infinite. Since each element in X is in a finite sum of Q,’s, if XT=3,.» Q,,
|#'| <|X|. Since each Q, is countably generated, |a(Q)| < X,. Then

(2.9)

Now let Y, be the u-closure of Z (hence | Y,| =R,). We inductively define Y,

for « < X, with the following properties:
@) | Yol <X,

(ii) Y,=Ujs<a Y; for « a limit ordinal,

(iii) Y,.1=cl (@{[dP(cl (Y, U {x}))]'}) where x ¢ P_,(Y,). (I.e., add an extra
element to Y,, close it to get a directed set, apply d; to the corresponding (k+1)-
tuples, take all elements appearing in a minimal set of Q’s containing this image,
close again.)

Since | Y,| <R,, P_,(Y,)# M. Hence (iii) is always possible. Since a union of
<X, sets of cardinality <X, has cardinality <X,; cl does not increase cardinality
by 2.1; d.P(X) is | X|-generated; and |a(X")| £ |X| by (5.3); (i) will be satisfied
by Y, if it is satisfied by all Y, for B<e.

Set

(-3) la(Xh)| = < AR = | X,

Y=U Y.
a<Np

Since each Y, is u-closed, so is Y. Since Y,.,;2a{[dPi(Y)]"}, dPi(Yos1)
2d.P(Y,)'. Hence d.,P(Y)=[d.P(Y)]'. Moreover, |Y, <K, implies |Y|=<
XX, =N,.

By (iii), P_,(Y5+1) 2P-1(Y;). Hence P_(Y)=Uq<x, P-1(Y2) is astrictly ascend-
ing union of a chain of submodules with order type X,. Since any set 4 of ordinals
<X, such that |4| <X, must have a supremum <X, no set of cardinality <&,
can generate P_,(Y). Hence Y must satisfy (a), (b), and (c) of the proposition.

6. Quotient fields of regular local rings. In this section, R will denote a commu-
tative domain with quotient field Q.

We note that Qj is a directed R-module since every cyclic submodule of Q is
free and if a/b, c/de Q, 1/bd=a/b and c/d. For convenience, we will take as our
free generators for Q the set Q'={1/r | 0#r € R} and let u(l/r, 1/s)=1/rs.
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6.1 LEMMA. Let R’ be any ring. Then for any projective R'-module P, PJ(R')#P.

Proof. See Bass [3, p. 474].

6.2 THEOREM. Let T be a multiplicatively closed subset of R—{0}, TN J(R)# .
Let M be the submodule of Q generated by T-*={1/t | te T}. Thenhdy, (M)=1 <M
is countably generated.

Proof. Assume M is countably generated. By 4.2, hd, (M)=<1. Since M is
divisible by some x € J(R), hd, (M)#0 by 6.1. Hence hd; (M)=1.

Assume hdp (M)=1. Let x€ TN J(R). If M is not countably generated, by 5.2,
we may find a countable multiplicatively closed subset S of T such that x € S and
d,P,(S ~1) is a direct summand of d,P,(T ~*), say d,P,(T ~)=d,P,(S *) ® K. We
apply an argument of Kaplansky [9]. There is a ¢t € T such that 1/t¢ P_,(S ).
Then 1/t-P_,(S~Y)sM and 1/t-P_,(S ")~ P_,(S ). Hence

hdg (1/¢-P_,(S~Y) = 1.
Let
Z=1/t-S*usS-1
By 3.2, the sequence

I1®d, vd, ’
Py(S™H) @ Pi(Z) Py(Z) P_(Z)/P.(S~1)——0
is exact, so kernel vdy=Py(S ~1)+d, Py(Z)=Py(S ~!) @ K N d,P,(Z) is projective.
Hence hdg (P_,(Z)/P_,(S 1)< 1. Since P_,(Z)/P_.(S~?) is an R/(t) module, by
Theorem 1.2 of [8], P_,(Z)/P_(Y) is R/(t)-projective. However P_,(Z)/P_.(S %)
is a nonzero R/(t) module divisible by x+(¢) € J(R/(t)), contradicting 6.1.

6.3 LEMMA. Let R be a regular local ring of dimensionn>2, and let {x,, x, . . ., X,}
be a regular system of parameters for R. If {a, | s € R|J} is a complete set of coset
representatives of (J, +) in (R, +), then {x;.;+ox; | seR/J, 15i<n—1} are
distinct primes in R.

Proof. These elements are prime since they are in J—J2; they generate distinct
ideals since they generate distinct submodules of J/J2.

6.4 THEOREM. Let R be a regular local ring of dimension n. Let {x,, . . ., x,} be a
system of parameters for R, A< R|J, |A|=N,. Let M be generated by a u-closed
M'c Q' such that M'2{1/(x;1,—eax)|s€ A, 15isn—1} and |M'|=R,. Then
hd; (M)=min {n, k+1}.

Proof. We note that, if k=0 (as it must if n=1), hd, (M)=1 by 4.2, and since
M is divisible by some nonunit of R, hd; (M)#0. Hence hd, (M)=1=k+1Zn.

Now assume k=1. Then hdp (M)=<k+1 by 4.2, and hd; (M)=<n=global
dimension of R. Hence we need only show both inequalities cannot hold. We use
induction on n.
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If n=2, hd, (M)#1 by 6.2, and M is not projective by 6.1, so hdg (M)=2=n.

Now assume n 3. Let hd, (M)=1I<n, k+1. Select a set A'= 4 with |4'|=8, _,
and by 5.2 find a u-closed set Y= M’ such that |Y|=X,_,, no set with fewer
elements generates P_,(Y), Y2{l/(xi,1—ax;) | 1Sisn—1,s€ A'}, and d,P(Y) is
a direct summand of d,P(M). Now {x,—a.x,_, | s€ A} form a set of primes of
cardinality X,, so there exists s” € A such that 1/g=1/(x, — ayx, _,) is relatively prime
to each 1/ye Y. Now {x;, x5, ..., X,_1, q} is a regular system of parameters for R
so R*=R/(q) is a regular local ring of dimension n—1 with R*/J*x R/J. Also
{xiy1—asx;| 1 SiSn—2, s € A’} have exactly the same properties in R* that they had
in R (here we are identifying an element in R with its image in R* for convenience).

Asabove,setZ=Y U{q~ly|ye Y}.ThenP_,(Z)=q *P_,(Y),so hdz(P_,(Z))
=hd, (P_(Y))S!l Let dP(Z)=dP(Y)® K. By 3.2, there is a projective res-
olution of P_,(Z)/P_,(Y) whose Ith image=[(—d,_1,I) @ d][P,_,(Y) ® P(Z)]
X(—d_, DP,_(Y) ® KxP,_(Y) D K. Hence hdp(P_(Z)/P_(Y))=I. As
above, hdg. (P_(Z)/P_(Y))SI-1.

Since R is a unique factorization domain, Y consists of reciprocals of a multipli-
cative semigroup of R, and ¢ is a prime in R, for a/beq=P_,(Y)—P_(Y),
ax/be P_,(Y) < q|x. Therefore P_,(Z)/P_,(Y) is a torsionless R*-module. Since
P_,(Z)is generated by M*={g~'y~' | y~le Y}and {y | y~! € Y} is a multiplica-
tive semigroup of R, P_,(Z)/P_,(Y) is a directed R*-module with upper bound
function u*: M*x M* — M*, u*(q 'y~ q 'z Y)=q 1y~ 'z71. Let u,/u,, v,/v,
e P_(Z), qtuy, vy; uy=qug, v,=qvs where q { v, us. Then

(ur/uz) - ugvy = (v1/vg)-vauy ¢ P_1(Y).

Hence P_,(Z)/P_,(Y) as an R*-module is an essential extension of every cyclic
submodule, so the mapg~! — 1 extends to an isomorphism between P _,(Z)/P_,(Y)
and an R*-submodule of Q* =the injective hull of R*. Moreover, the image of M*
consists of reciprocals of a multiplicative semigroup in R*, and if ue P_,(Z),
ye Y, then upeP_y(Z). In particular, u/(x;,;—ax;)eP_(Z) for all se A,
1<i€n-2. Thus P_,(Z)/P_,(Y) as an R*-module is divisible by 1/(x;,; — .x;)
for all seA’, 15isn-2, so {1/(x;11—eax;) | 1Sisn—2, s A’}<the image of
P_y(Z)/P_(Y) in Q*.

We now have R* a regular local ring of dimension n—1, |4'|=8,_,, and a
directed submodule P_,(Z)/P_,(Y) containing {1/(x;,; —esx;) | 1SiSn—2,5€ A’}.
By the induction hypothesis, hdg. (P_,(Z)/P_(Y))=min{n—1, k}. But by
[8, Theorem 1.2], hdz.(P_(Z)/P_(Y))<I—1, where I<min{n k+1}, a
contradiction.

6.5 COROLLARY. Let R be a regular local ring of dimension n such that a minimal
set of generators for Q has cardinality <|R/J|=X,. Then hd, (Q)=min {n, k+1}.

Proof. If n=1, hdz (Q)=1=min {n, k+1}. If n22, we observe that |Q|=|R|
=|R/J| by 6.3. Now apply Theorem 6.4.
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6.6 COROLLARY. Let R denote the real numbers. Let R, be the localization of
R[X,, ..., X,] at the origin, and set Q,=the quotient field of R,. Then

hdg, (Q,) = n<2% 2 X, _,.

Proof. By 6.5, hdg, (Q,)=min {n, k+1} where 2% =X,. Hence hdg, (Q.)=n
<k+1zn,ie kzn—1. '

6.7 COROLLARY. Let F be a field, # a nonempty set, {X,|ie F} algebraically
independent elements over F, R=F[{X,|ic f}]. Let |#|=«, |F|=pB. Then

hdz (Q) = max (n,k)+1  Rp =R, o«=R,
=min (e, k+1)  Rf =R, « <R,

where an infinite ordinal is replaced by co.

Proof. Since every element in R is a finite sum of finite products of elements in
S, |R|=Rep.

Assume «=N,. By Small’s result (4.2) hd; (Q)<max (k, n)+1 since |Q|=
Nax k.- Let Ry be the localization of R at the ideal generated by some set of
m>n+k indeterminants. Then R, is a regular local ring of dimension m and
| Ru/J(Ry)| =Rpax e.m=|R|. By 6.5, hdg, (Q)=max (k,n)+1. Since hdy(Q)
2 hdg,, (Q), the first case of the theorem follows. (If max (k, n)=co, one takes a
localization at m indeterminants to get hd; (Q)=m for all m.)

Assume «<®,. Then |R|=R,8. If B<N,, then |R|=|Q|=N, and by 4.2,
hd; (Q)=1=min (0+1, «). So without loss of generality we may assumhe S=N,.
Then |R|=|F|. Let R* be the localization of R at the origin. Then by 6.5, hdx. (Q)
=min (k+ 1, @) £hd; (Q). But the global dimension of R=«, so hd; (@)=« and
| Q| =R, so hdg (Q)<k+ 1. Hence hd; (Q)=min (k+1, n).

6.5 and 6.7 can be generalized slightly. Let R=K][x,,..., x,] be a finitely
generated ring extension of an infinite field K (the x; not necessarily indeterminants).
Assume R has global dimension n<oco. By Auslander and Buchsbaum [2], some
localization of R at a maximal ideal, say R, has codimension n. Since the global
dimension of R, =the global dimension of R, R, is a regular local ring of di-
mension n. (See Kaplansky [8].)

6.8 COROLLARY. Let R=K]|x,,...,x,] have global dimension n<oo, and let
|K|=R,. Then hdg (Q)=min {n, k+1}.

Proof. Clearly hd; (Q)<n and by 4.2 hd; (Q)<k+1. Let R, be a localization
of R of dimension n. Then hdp (Q)=hdg, (Q)=min {k+1, n} since |Ry|=|R|
=|K|=X,=|R/J|. Hence hd, (Q)=min {k+1, n}.

6.9 COROLLARY. Let R=K|xy,..., x,]. Assume for all positive integers | there
exists a prime ideal M< R such that 1<gl. d (Ry) <. If |K|=R,, then hdg (Q)
=h+1if h e w, o otherwise.
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Proof. If 4 € w, there is an M with A+2=gl. d (R)) <o0. Then R, is regular and
hdg,, (Q)=h+1=hd (Q). By 4.2, hdz (Q)=h+1.

If h ¢ w, for all / € w there is an M with /< hdp,, (Q) <hd, (Q). Hence hd, (Q) =c0.

In proving 6.4, we needed some property which would enable us to use induction
from dimension n to dimension n—1 without having a collapse in the number of
generators of P_,(Z)/P_,(Y). We chose a situation which yielded the desired
result when a set of cardinality | R/J| generated Q. On the opposite end of the scale
are complete regular local rings. Here too we can calculate hd; (Q). In the case
that the characteristics of R and R/J are equal, these are just power series over a
field (see [15, p. 307]). In the nonequicharacteristic case they are still close enough
to power series to keep track of cardinality of a special set of primes.

6.10 THEOREM. Let R be a complete regular local ring of dimension n. Let Q be
generated by X, but no fewer elements. Then hdy (Q)=min (n, k+ 1).

Proof. Let |R/J|=c. Since Ji/J'*! is a finitely generated R/J-module, |J!/Ji*?]|
=|R/J|. Hence |R/J**!|=|R/J|. Now the elements of R are limits of Cauchy
sequences in R, so each is completely determined by its sequence of projections in
R/J!***, Moreover there are |R/J| different ways two Cauchy sequences agreeing
in R/J* can differ in R/J!*!. Hence |R|=|R/J|*o. Now assume n=2. Let {x;, x5,
..., X,} be a system of parameters for R. There are |R/J|¥o Cauchy sequences
{»:} in x,. For each of these, let o, be the element it determines. Any element of
the form x,—x,0, is prime since it belongs to J but not J2 (its projection on
J/J2=x,—x,k for some k € R). Let xy— X0, = (X2 — X,0,,)y Where y is a unit.
Then xo(1 —y)=x;(ey —xzpy). Since x; {xg, X;|1—y, so y=1+x,r. Assume
y=1+x3r,. Then «y,—aey(1+x1r) =0y, -2 —t@nXir,. Since xy(1—y)eJ
(tqy, - 29 — @z Xira) € J™. Hence oy, _,, €J™ g, _,, is a Cauchy sequence in x,
which lies in J*, hence x}|o, - ., and so x¥|(ey, - 2 — %z Xtr) so xi**1—y for
all n. This contradicts the unique factorization property of R. We thus have |R|
distinct primes in R of the form x;,,—f(x;) which remain distinct in R/(x,) for
n=3. The proof of the theorem now proceeds exactly as in 6.4 with these |R|
primes replacing {1/(x;,; — X))}

Note that, if |R/J|=|R/J|Xo, since any local ring is a subring of its completion,
|R|=|R/J| so 6.5 applies to the ring R. Moreover, if R is any regular local ring with
|R/J| 2R, then hd, (Q)=the dimension of R since 5.2 enables us to find a directed
module M< Q containing Ry, x4, elements of the form 1/(x;,, —ax;) such that
hd, (M) <hd; (Q). We then apply 6.4.

7. Directed modules with linearly ordered free generating sets. In this section we
generalize results in Osofsky [13].

7.1. LEMMA. Let M be a directed module with a free generating set M' and upper
bound function u. Assume no set of cardinality <R, generates M and every set
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X< M’ with | X|=X, has an upper bound in M'. If hd, (M)=<k, then there is a
u-closed subset Y M’ such that the smallest cardinality of a generating set for
P_,(Y)is R, and hd, (P_(Y))<k—1.

Proof. By 5.2, there exists a u-closed set Y of cardinality X, such that no set of
cardinality < X, generates P_,(Y) and d,.P,(Y) is a direct summand of d,P,(M").
Let z be an upper bound for Y. Then

P (M) =P, ((Y)® D <(Xo...,%-DR
some x;¢Y
We may subtract any element in the second sum from each free generator of
P, _,(Y) and still have a direct sum. In particular,

Pii(M') = dz*P_((Y)]® D <(Xo- - Xiu-1DR

some x;¢Y

and
d.P(Y) S di[z*P,._,(Y)] < d.PM’).

Hence d,.P,(Y) is a direct summand of a direct summand of P,_,(M’). We then
have d.P(Y) a direct summand of P, _,(Y), so d,_,P,._,(Y) is projective.

7.2 LEMMA (DUAL BASIS LEMMA). Let R be any ring, P a right R-module. Then P
is projective < there exists{x; | i€ F}< P and {f, | i € F}<Homg, (P, R) such that for
all x € P, f(x)=0 for all but a finite number of i € £, and x=2,.s x,fi(x).

For a proof see Cartan and Eilenberg [2, p. 132].

7.3 LEMMA. Let R be a ring with no zero divisors, M=\J{>, x;R an R-module,
x;R2x;R for all iZ j. Then M is not projective.

Proof. Let f: M — R, f50. Then there exists i such that f(x;)#0. Let 0#x € M.
Then there exists j=i such that x=x,r € x;R. Since x; € x;R, f(x;)#0 and f(x)=
f(x,)r#0 since R has no zero divisors. Since M is a union of proper submodules,
M cannot be finitely generated. Hence the dual basis property in 7.2 cannot hold
for M.

7.4 THEOREM. Let R be a ring with no zero divisors, M a directed R-module with a
linearly ordered set of free generators M'. Then hdg (M)=n+1 < the smallest
cardinality of a generating set for M is X,

Proof. If M is cyclic, hd, (M)=0, and if M is countably generated but not cyclic,
hd; (M)=1 by 7.3. Now assume the theorem for n—1. By 4.2, hd, (M)<n+1.
The linear ordering on M’ insures upper bounds for all sets of cardinality <X,.
By 7.1, there exists a u-closed subset Y< M’ such that the smallest cardinality of a
generating set for P_,(Y)is R, _, and hdg (P_,(Y))Shd, (M) —1. By the induction
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hypothesis, hd, (P_,(Y))=n, so hdy (M)Zn+1. If = fails, 7.1 yields an X,-
generated P_,(Y) of dimension =n, contradicting the induction hypothesis.

7.5 COROLLARY. Let R be a ring with no zero divisors and linearly ordered right
ideals. If every ideal of R is finitely generated, the global dimension of R=0 or 1.
Otherwise, the global dimension of R=2+sup {n|R possesses an ideal generated by
R, but no fewer elements}.

Proof. This is an immediate consequence of 7.4 and the global dimension
theorem (Auslander [1]).

7.6 COROLLARY. Let R be a ring with no zero divisors possessing a linearly
ordered set of left ideals {Rx; | i € #} such that for all y € R there is an i € £ with
Rx,=Ry. Let Q be the left quotient ring of R. Then hd, (Q)=n+1, where R, is the
cardinality of a smallest generating set for Qp.

Proof. By hypothesis, R must be a left Ore domain so Q={x"'r|0#xe€
R,reR). Forye R, letry=x;. Then y~'=x;'r, so {x;! | i € #} generate Q5, and
they are linearly ordered by <. We now apply 7.4.

8. Appendix. Cohen has shown [6] that it is consistent to assume that 2%o =«
for any cardinal « which is not a countable union of smaller cardinals. By Corollary
6.7, if R=the real numbers and R=R[X,, ..., X,] for n23, then hd; (Q)=k<n
< 2% =N, _,. In particular, hd; (Q)=2 <> the continuum hypothesis holds. This is
true <> d, Po((R—{0}) ) is projective and by a result of Bass [4], since d, Po((R—{0}) 1)
is infinitely generated, it is projective <> it is free. In this appendix, we construct a
free basis for d,P,(M’) for any directed module with [M'| =X,. Thus one can show
constructively that 2% =R, = d,P,((R—{0})~?) has a free basis. The reverse impli-
cation, however, depends on the number of variables in the polynomial ring. If
S=R[X, Y], d,P,((S—{0})~*) always has a free basis, regardless of the cardinality
of R.

For the rest of this appendix, M will denote a directed module with free generators
M.

A.l1 LEMMA. Assume M is countably generated. Then d,P.(M') has a free basis
of the form {d\{a, b>}.

Proof. Since M is countably generated, there exist {x; | i€ w}< M’ such that
Xo<Xx;<---and M=32, x;R. Foreach y € M’, let x(y) denote the x; with smallest
index i such that y € x;R. We show {d;{x(y), y)> | y € M} is a free basis for d, P,(M").

Let 37, di{x(y;), y,or;=0, all r;#0, and assume x(y,)=x, is the largest x;
occurring. Since r, #0, x(y,) must appear in another pair {x;, y,>, so in at least one
of its appearances, the second component y;# x,._;. But then {y;>r; is a term of
di{xy, y;» but of no other d,{x(y,), y;>, so the sum cannot be zero.
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Let <a, b) be a generator for P,(M’). Then dx(x(a), a, b>=<a, b) —{x(a), b)
+<{x(a), aya='b and since %, is a complex,

di{a, by = di{x(a), b)—di{x(a), aya™*b.
Let x(a)=x,, x(b)=x,. Then

1-1
di{x(a), b> = dy{x(b), b)+ ‘Zk di X1, XX b,

Thus every generator for d,P;(M’) may be expressed as a linear combination of
elements in the given set.

A.2 PROPOSITION. If M is R -generated, then d,P,(M’) is free.

Proof. Since M is X,-generated, there exist u-closed subsets {T, | «<¥;}
<M’ such that M' N P_(T)<T, for all «, P_,(T,) is countably generated,
T,<T; for a<B, and M=q<x, P-1(T,). Set T_,= . It is sufficient to show

d2P 2(Ta)/ d2P 2(Ta— 1)

has a free basis for all «<X;, « a successor ordinal.

By the conditions on the T, there exist {x; | i € w}<T,—T,_, such that P_,(T,)
=~ o x;R. For ze T,_,, y € T,, define x,_,(z) and x,(y) as in A.1. Then

PT) = D XD WR® D (Xua@), DR D > Cu, )R

YEeT, 26Ty -1 UET g ~ 13 U#F Xg -1 (V)

@ > <a, b)R.
a€Ty =Tq -1:a# Xq(b)

For each <{a, b) with a=x,_,(b) or aeT,—T,_, and a#x,(b) there exists a
unique element p=> {x,(»,), y;>r; such that d,{a, b)=d, p. Then {a, b) —p=d.q,
for some g, € Po(T,) —Py(T,.-1). Then F={dxq,,, | a=x4_1(b) or aeT,—T,_,,
a# x,(b)} is a free basis for dyPy(T,)/doPo(T, -1).

% is independent since {{a, b)} is independent in P,(7,) modulo the first and third
sums, and the image of d.q, ,=the image of {a, b) in that module.

To show & spans, we need only show that, for all ue T,— T, _,, do{u, v, wy is a
linear combination of elements in & and an element in dyPy(7T, _,).

dyu, v, wy = (v, w) —u, wy+<u, Yo~ w.
Let
Jop =qap a=X,1(b) or aeT,—T,_y,a# x,b),
=0 otherwise.

If g, ,, is defined or v=x,(w), consider dy(<, v, W) =Gy, 1 +Gu, o — Gu,ov ~*w). This
is an element of >, {X4(»), ¥>R in the kernel of d;. By A.1, it must be 0, so

dg((ll, v, W>) = dzqv,w_dzqu.w+d2q-u,vv_lw-
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IfoeT,_,, v#x,-1(w), we apply A.1 to d,P,(T,-,) to express d,{v, w) uniquely
as a sum 3, di<{xq-1(:), yori. Then p={v, w) =23 {xo_1(31), yor, € doPo(T, _,) and
Aoty 0, Wy = —da@y + daGu 0 WA D+ D dqua_l(yg),mri-

We note that if M is countably generated, this construction yields a basis for
d,P,(M’) by taking a smaller union (or even setting M’ =T,).

In the above construction of a free basis, the ring never appears—just the
generators M. This is not surprising in view of 4.2—the ring is not used in that
proof either. By 6.7 or 7.4 it is impossible to find a free basis for d, P,(M ") expressed
only in terms of elements of M’ if M is not at most X,-generated. If there is no 1-1
map between R=R[X, Y] and X, the free basis for d,P,(Q—{0}), which exists
since gl. d. R=2 and infinite R-projectives are free, must depend heavily on the
ring R. If one adds another variable to get R'=R[X, Y, Z], the description of
dyP,(Q'—{0}) is formally the same but no free basis exists.
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