ON DIMENSION OF SUPPORT FOR STOCHASTIC
PROCESSES WITH INDEPENDENT INCREMENTS(*?)

BY
HOWARD H. STRATTON, JR.

Introduction. Herman Rubin [5] showed that if v(¢) is a real valued function
which is monotone nondecreasing on the interval (0, «), where o is possibly +oo,
and if 0=v(¢) =1, then there exists a “pure’ stochastic process {X; : ¢ € [0, c0)}
(i.e. for ¢ € (0, o0) the distribution function of X;, denoted by F, is either absolutely
continuous or continuous singular) with stationary independent increments such
that if t<«, then F, is continuous singular with the dimension of its support,
denoted by dim supp F;, being v(¢); and if 1< «, then F; is absolutely continuous.
This can be interpreted as saying that for a ““pure” process with stationary inde-
pendent increments, the only general properties the dimension of the support of
F, has to have as a function of ¢, are the obvious ones of being monotone non-
decreasing and being bounded between 0 and 1.

One is now led to remove the restriction that the process be ““pure,” to isolate
one’s attention to the continuous singular component of F;, denoted by (Fi)c.s.,
and to ask if a similar result to that of Rubin’s holds for dim supp (F)c.s.
The answer is yes. In§1 of this paper, it is shown that if { X;: ¢ € [0, 00)} is a stochastic
process with independent increments then

dim supp (F;)c.s. = lim tinf dim supp (F)c.s.

for all ¢ € (0, 00) except at possibly a countable number of points. Conversely, in
§2 it is shown that if f maps (0, o) into [0, 1] and is a lower semicontinuous
function at all but possibly a countable number of points, then there exists a sto-
chastic process {X; : t € [0, c0)} with stationary independent increments such that
dim supp (F)c.s. =f().

These two results are obtained while investigating the relationship between the
total variation of (F)c.s., denoted by T.V.(F)c.s., and dim supp (F;)c.s. for a
process with independent increment.
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I. In this section we establish the following. Let {X; : ¢ € [0, c0)} be a stochastic
process with independent increments. A theorem is proved concerning how
T.V.(F;)c.s., having the analytic property of being continuous from the right at 7,,
affects the function v(¢)=dim supp (F;)c.s. at #,. Furthermore it is proved that
dim supp (F;)c.s.=lim inf,_, dim supp (F;)c.s. except at possibly a countable
number of points. Secondly for processes with stationary independent increments a
relation along the lines of the obvious one that if T.V.(F)c.s.-T.V.(Fyc.s.=
T.V.(F, . )c.s. then dim supp (F;, ;)c.s. 2 max (dim supp (F;)c.s., dim supp (F,)c.s.)
is proved.

For completeness we give the following definitions:

NOTATION. Let A be a Lebesgue measurable subset of the real line; then |A|
shall denote the Lebesgue measure of A.

DEFINITION. Let A4 be a subset of the real line, then the Hausdorff dimension of A,
dim (A) is defined as follows:

Let

F(A) = {1} : I, is an open interval, |J I; © 4, and |[}| < &},
let uf(A)=inf {52, |L|* : {I}>, € F«(A)}, and define

dim (4) = inf {a :]{in}) ui(4) = 0}.

NotAaTiON. (The word “Borels” will always denote in the sequel the sigma
algebra of Borel sets.) Let G be a nondecreasing function, and let 4 € Borels; then
G(A) will denote the value that the measure induced by G on the Borels assigns to
A. Also let (G)c.s., (G)a.c. and (G)d. denote the continuous singular, absolutely
continuous, and discrete components of G respectively.

DEerINITION. Let G be a nondecreasing function; the dimension of the support of
G, dim supp G, is defined as

dim supp G = inf {dim (4) : 4 € Borels, G(4) = T.V.(G)}.
NoTATION. Let ¢ € [0, 0©0); then let
[t] = max{nel* U{0}:n = t}.
We shall assume the following six facts which can be proved by straightforward

elementary techniques.
A.1. If {4} is a countable collection of sets, then

dim (L{) A,) = max dim (4,).

Also if A4 is a set and x € (—o0, ), then
dim (4) = dim (4 +x).
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A.2. Let {G(x) : t € Reals} be a collection of distribution functions in x such
that for fixed x, G,(x) is a Borel measurable function in 7. Let m be a bounded
positive measure on the Borels and let ¥(x)=[%_ G(x) dm(t). If A is a Borel set,
then G,(A) is a Borel measurable function in ¢ and

V(d) = f: G A) dm(?).

Also if V(A)=T.V.(m), then G(4)=1 a.e.[m].
A.3. If G and F are nondecreasing functions, then dim supp G * F= dim supp F.
A 4. If G and F are nondecreasing functions, and G is discrete, then

dim supp G * F = dim supp F.

A.5. Let {G,} be a collection of nondecreasing functions such that G(x)=
>a Gu(x) <00 for every x. If V is a nondecreasing function then G * V=3, G, * V
and dim supp G =max, dim supp G,.

A.6. Let {F,} be a sequence of real valued bounded nondecreasing functions
which are continuous from the right at every point x € (—c0, ). Then F, ) F,
if and only if for every Borel set 4 such that Fo(boundary (4))=0, then F,(4) 7>
F(A) (F, ©. F, means F,(x) — Fy(x) for all continuity points of F).

LEMMA 1.1. Let G(x) be a nondecreasing function in x, and assume dim supp G > o.
Then there exists a 8,>0 such that if A is a Borel set and dim (A)=Zc, then
G(A)<T.V.G-3,.

Proof. Suppose not. Then clearly there exists a countable sequence {A4;} of
Borel sets such that dim (4;) <« for each i, and G(4;)> T.V.(G). By the con-
tinuity of measures we see that G(|U; 4;)=T.V.(G). But by A.l. we see that
dim (U 4;) < « which, by the definition of dim supp G, implies that dim supp G<«,
which is a contradiction.

For the rest of this section we adopt the following notation:

Let {X, : ¢t € [0, c0)} be a stochastic process; then

m(t) = T.V.(F)cs., my(t) = T.V(F)a.c., myt) = T.V.(F)d.
and if s>¢
F, s = Fx,_x, m(t, s) = T.V.(F; j)c.s., mg(t, s) = T.V.(F; jac.,
my(t, s) = T.V.(F, )d., v(t) = dim supp (F)c.s.

Let {X, : t € [0, c0)} be a stochastic process with independent increments. So if
s, t€(0, ¢) and s>1¢, then

F, = (F)es.+(Fac.+(F)d.) x (F,s)c.s. +(F a.c.+(F,)d.).
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From this equality it is easily seen that the following key relations hold.

R.1. (F)a.c.=(F)a.c. * (F, )+ ((F)c.s.+(F)d.) * (F, oa.c.+((Fc.s. * (F, 5)c.s.)a.c.,

R.2. (F)c.s.=(F)c.s. * (F, )d. +(F, s)c.s. * (F)d. +((F)c.s. * (F; 5)c.s.)c.s.,

R.3. (F)d.=(F)d. = (F; 5)d.

THEOREM. Let {X, : t € [0, 00)} be a stochastic process with independent increments.
Let dy=1.u.b. {x € [0, 00) : my(x)#0}. Under these assumptions the function v(t) has
the following properties:

1. v(2) is monotone increasing on (0, d;);

2. if t € (d,, o) is such that m(t+0)=m(t), then v(t) <lim inf;_;+v(s).

3. v(t)=lim inf,_, v(s) for all but a countable number of points.

Proof. In order to establish property 1, we first show that if 7€ (0, d,) then
mgy(2)#0. So suppose there exists 7 € (0, dy) such that m,(t)=0. Let s e (¢, dy].
Then by R.3 we see that m,(s)=0. This contradicts the definition of d; and estab-
lishes the fact that if ¢ € (0, d,) then m,(¢)#0.

In order to complete the proof of property 1, we let s,, 55 € (0, d) with s, > 55
By the definition of d, we see that m,(s;)#0 and therefore by R.3 we see that
my(ss, 51) #O0.

Now recalling R.2, A.4 and A.5 we see that v(s;) > v(s;) which shows property 1
holds.

To establish property 2 we let ¢ € (d,, o) such that m(t+0)=m(t). By the defini-
tion of d, we see that m,(t)=0. So referring to R.2 we see that for 4 € Borels

(F)c.s.(A) £ (F)c.s. * (F, )d.(A)+ (F)c.s. * (F;s)c.s.(4)

(1.1) ©
= [ (Rpes(d=x) d(F.)es+(F)4).

The conclusion of the theorem not holding at ¢ means that there exists a real
number 8 and a sequence of real numbers {s;} such that for every jeI* we have
v(s;)<B<wv(t) and s, | t. For je I*, we see that by the definition of dim supp there

exists a set 4, such that

(1.2) (F;,)c.s.(4;) = m(s;) and dim (4,) < B.
Let .
A = jL—Jl Aj.

By A.1. dim (4) <8, and so by Lemma 1.1 we see that, for every x € (—c0, o),
(1.3) (F)c.s(4—x) < m(t)—8; for some §; > 0.

Now by (1.2) (Fy)c.s.(4)=m(s;) for all je I* and therefore by (1.1), (1.3) and
the fact that m(z, s)+mg(t, s) < 1, we see that

1.4 m(s;) < m(t)— 3.
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Letting j — oo on both sides of the inequality in (1.4) we see that, by the fact that
m(t)=m(t+0), m(t)<m(t)—3;. But 8;>0, which gives a contradiction and the
completion of the proof of 2.

Now to prove 3 of this theorem we note the following. R.3 and the fact that
my(t, s)< 1 implies my(¢) is nonincreasing for increasing ¢, and therefore my(t) is
continuous from the right at all except possible countably many points 7. R.1
clearly implies that m,(¢) is a monotone increasing function and therefore is con-
tinuous from the right for all except possibly countably many points ¢. But
1 —my(t)—my(t)=m(t) and therefore m is continuous from the right for all except
possibly countably many points z. So by 2 of this theorem

v(t) £ limtinf v(s)

holds for all except possibly countably many points .

Saks ([6], page 261) shows that any real valued function F has the property that
the set {x : lim inf,_, F(¢)<lim, .+ F(¢)} is at most denumerable. Therefore we
see that ©(¢) <lim inf,_, v(s) for all but a countable number of points z. Showing
that this in turn implies that u(¢)=lim,_, v(s) at all but a countable number of
points # is a standard argument and is therefore omitted. This then completes the
proof of the theorem.

II. In this section we establish the following theorem:

THEOREM. Let a function m(t) which maps, [0, co) into [0, 1], be such that

1. m(t+d)zm(t)m(d) for t, d € [0, 0),

2. there exists t* € (0, 00) such that m(t*)=0 or 1, and

3. on the interval {x € (0, ) : m(x) #0 and In m(t)/t £ m'(0)}, In m(¢)/¢t is a strictly
increasing function.

Let a function v(t) which maps (0, o) into [0, 1] be such that

1. v(t)=0 on the interval B={t € (0, ) : m(t)=0},

2. v(t) is monotone increasing on the interval A={t € (0, ) : m(t)/t=m(0)}, and

3. v(t) £limg,+ v(s) if t € (0, 00)— B and m(t)=m(t+0).
Then there exists a stochastic process, {X; : t € [0, )}, with stationary independent
increments such that for t € (0, ) : T.V.(F))c.s.=m(t) and dim supp (F)c.s.=v(t).

As a corollary to the above result we find that if « is a real extended number and
if f'is a function on (0, &) (or (0, «]) which is lower semicontinuous at all but a
countable number of points and is bounded between 0 and 1, then there exists a
stochastic process {X, : ¢ € [0, 00)}, with stationary independent increments such
that f(¢)=dim supp (F,)c.s. for t € (0, &) (or (0, «]) and F; is absolutely continuous
for t2a (or t>0a).

In the first two of the following eight lemmas, let {M,} be a sequence of bounded
negative functions such that M,(s) increases with increasing x, >, M,(x)=
M(x)> —oco for every x € (0, o0), and [y x dM(x)<oo. Let A, =T.V.(M,) and let
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F, .(x) be the distribution function corresponding to the characteristic function

exp (J: (exp (iux)—1) d{ i M,(x)})

j=n+1
where m>n,ne{0} U I*,and meI* U {+0o0}.

LEMMA 2.1. Let k € I*; then there exists a nondecreasing function F(x) such that
ifn>k
[9)

n © n *i (
R = {exw (= 30} 5 (3 a0) i = R
i=0 i=0 \i=k
k-1
T.V.(F;) = exp (— Z )\i), and F}x F, o(x) = Fi(x).
i=1
Proof. Let us denote the characteristic function of F by ch.fcn.(F). Clearly
ch.fen.(FZ) = exp (- > A,) exp ( J' (exp (iux)) d(z M,(x))).
i=0 o* i=k
But T.V.(C?. . M;)=2>7%-\ A; which implies
k=1
ch.fen.(Ff) = exp ( - z )\,)ch.fcn.(F,,- 1.n)-
i=1

By definition 7., My(x) > 2%« M,(x) and therefore by [3]

k=1
ch.fen. (F) —> ch.fen.(F -1, ) €Xp (— Z /\,)-
n i=0

So let
Fi) = {exp (- 3, ) P o)
Therefore i
Fi(x) ﬁ) Fi(x).

But T.V.(FF)=exp (—>¥-4 A) and so by the definition of complete convergence
T.V.(Fp)=exp (- 2¥=3 A).

The form of the characteristic function of F, _; o, clearly implies that for m >k,
Fi1.0=F¢_1m* Fn . Now multiplying both sides of this equation by
exp (—3S¥z¢ A;) we get the last statement of the lemma and the completion of the
proof.

LEMMA 2.2. Let V be a continuous distribution function and k € I*. For each
nel*, let S,={I,,:jel*} and F,={I,, :jel*} be two collections of open
intervals where the collection of endpoints from intervals in £, has no limit points,
and VIUg-y U1 I ,]=1 for every Ne I*. If

1. there exists an increasing sequence {j,}3-,<I* such that 33-1 (Zh=1 Ao /j,!
<o, and if
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2. there exists a sequence of real numbers {¢,} where £, | 0 and an unbounded
sequence {n}<I* such that for n, NymeI* and mz N:

F e[ 0 O a2 a-e0 [1sv[ 0, 015

whenever > _, e;<j, for each I=ny, . .., n, then, for every re I+,

Flx V[O j@l 1,,,,] — exp (—f_z: )\i) — T.V.[F,* V].

Proof. Let Uy, ,=\U"-y Us%1 1,5 and let Uy =y Us%1 I, ; where m=N
and m is possibly +co. Now in order to prove this lemma, it is clearly sufficient to
show that for ¢> 0, there exists N(e) € I * such that N> N(e) implies

1. Fg* V(Uy,o)Zexp (—2F51 &) —e.

By hypothesis ¥ is a continuous distribution function and therefore Fy  V'is a
continuous distribution function. So if m# +o00, then

F;; * V(Boundary (Uy ,,)) = Fy; * V(countable set) = 0

and therefore by A.6
Fy* V(Uy,m) "I;_) Fy* V(Uy,m).

But from this and the hypothesis that V(Uy, .)=1 for every NeI*, we see that
in order to prove 1 it is sufficient to verify the following:
If ¢>0, then there exists N(e) such that N> N(e) and n=max (ny, k) imply

k-1
FEx VUs) 2 exp (= 3, A V(Ui
i=1

So let e > 0. Since {n;} is an unbounded sequence of integers we see from hypothesis
1 that there exists N’ € I'* such that if N> N’ then

cxp(i /\) i (i /\,,)jv/j,,! < ¢/2.

s=1 v=ny \n=1

Since ¢y | O there exists N, € I+ such that if N2 N, then

k-1
exp (— Z Ai)sN < ¢f2.
i=1

Let N(¢)=max (N, N') and let N= N,. Finally let n=max (ny, k).
Let
n n
R = {ee X ALy szkes = i},
1
R, = {eeR‘ : for each I=ny,...,r; Z e, < j,},
s=k

1
R, = {eeR, forsomel,ny 2 I=Zr, Z e _Z_j,}-
s=k
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Now clearly R,, " R;,=@ and R,, U R;,=R;. So

Féx V(Uy.n) = exp (— Z )\i)(i (,zk M,)*‘ x V/i!)(UN,,,,)

i=1 =
n ny=1 , a *1
2 exp (—Z )‘f)( 2, (Z Mf) * V/i!)
i=1 =1 \j=k
n-1 Jre1-1 n 1-
+ > > (Vx> % MF
r=ny i=jy eER{, 5=
2 (1—en)V(Us,m)

for -85

(_jn(E A)/l'— SIS jriﬂhl(l/ﬂ) ZHA

T=nN

First let us note that by Taylor’s theorem

JLMS

But recall that n=ny, and therefore

exp (—é:l/\) i (2 )/z! < ¢f2.

i=jn

Now let n—1=r=/and P e I* be such that j,<P<j,,,, and let

1
Ri,r = {eeRi,r :jl+1 > Z €s g.jl}’
s=k

l
R} (P) = {ee R}, : z e, = P}-
s=k

Clearly if j,£i<j, .1, then
41 -1

\J R, =R, and RL(P) =

l=ny P=7j

and therefore

IIA

e€Ri,y s=k es l=ny P=j eeE:_,(P) s=k

But an easy computation shows that

S e "2 = (S (

e€R| (P) e=k €s

2 (33 s ew (SA)(E ) e

-2,

s

> ﬁA:=(i' :;e‘) SUSTS I

s-1

t=k

€s

{72

s—1
t=k

[June

)(UN,m)

)

|
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This implies that
n Jre1-1 n =S,
575 am 3 3
r=ny i=j, eER; , s=k ea

1 r Ji+1-1 .
s> > oam > >

[}

3

2

o]

"
-~

= 5 (30 e (32 o (2,
< (¢/2)

which clearly completes the proof of the lemma.

The next three lemmas and the conditions on the b,’s are taken from Herman
Rubin’s technical report [5]. The statements of lemmas three and four and the
methods used in their proofs appear here essentially as they appear in his report,
and are included here for two reasons: 1. for completeness, and 2. because the
source is relatively obscure. The statement of lemma five is presented here as it
is found in his report, except that I found I needed the additional hypothesis that
lim sup, b,/b, ., =0. His proof appears to be incorrect, and I present here a proof
which is probably what Rubin had in mind.

In the next three lemmas, let {b,}<I* be such that for n sufficiently large:
(1) byys/ba>k>1, and (2) b,,1—b,=n. Also let N be an infinite collection of
positive integers.

Let x € (—oo, ), let x be expanded into its binary form, and let =, map x onto
the zero or the one appearing in the ith place to the right of the decimal. Let
nel™*, and let

A, ={xe(—~0,®):mx =0 for b,

IA

I £ byoy—[n)2]}
A, ={xe(—w,o):mx =0 for b, £i =< b,,,—[n2]—-1}.

Now lemmas three and four are stated in terms of A4,, but it is quite clear that
they are still true lemmas if 4, is replaced by A4;.

LEMMA 3. |ﬂ{':=1 (U:zo=m;neN An)l =0, and

dim ( A ( A A,,)) < 1im sup by/by 1 1.
m=1 \n=m;neN neN
Proof. Let A=\2-1 (UZ-m nex 4n). By the countable additivity of measures
and A.1 in §I all we need show in order to prove this lemma is that if / is an integer,
then |4 N [/, 14+1]| =0 and dim (4 N [, [+ 1]) Slim sup,cy by/by 1.
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Now A N [, 14+ 1] U . new (4, N [], 14-1]) for every m € I+ by the definition
of A. But note that A, N[/, I+1] can be covered by 2% intervals of length
27 ®n 41 ~M2D S we first see that for every me I+

o0

|Aﬁ [1, l+1]| =< z by =by .y + (/2] < Z g-ni2

n=m

by assumption (2) on the b,’s. But >_; 27 ™2 is a convergent series and therefore
|4 N ], 1+1]|=0. Secondly, we see, by the definition of Hausdorff dimension,
that if « is a real positive number and

2bn —ab,  , —[n/2D) < 00,
neN

then dim (4 N [l, [+1]) L« So we let «>lim sup,cy b,/b, ., and shall show this
series converges. Let ¢>0 be such that

(1—¢&)a > lim sup b,/b, ;.
nenN

There exists N; € I'* such that n= N, implies b, <b, . (1 —¢)a. By condition (2) on
the b,’s

buyr Z D 0= (n+1D)nf2;
i=1

so there exists N, € I'* such that n= N, implies
bus1—[n/2] > (1—¢/2)by 1.

By an easy computation using assumption (1) on the b,’s, we see there exists
N, € I't such that n> N, implies b, > Hk3 where H=max (b,, b,, b3) and k,=k*/*.
So if nzmax (Nb N2, Na) then

by—albps1—[n/2]) = (1—e)aby 1 —(1—¢/2)abn,y
= —eabp /2 < —eaHKE /2.

By condition (1) on the b,’s, ko> 1, and therefore

by =alby 3 ~[012) < o
nenN
and the proof of lemma three is complete.
DerINITION. We say a random variable X is of Rubin type with Poissons {A,}
and partition {c,} if

where {N,, 4y, i,j,n=1,2,...} are independent random variables, where the
distribution of N, is Poisson with expectation A,, where each A4, takes values 0 and
1 with probability 1/2 each, and where {c,} is an increasing sequence of positive
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integers. For notational convenience we let N, and 4;; be denoted by N,(X)
and A, ;(X) respectively.

0.1. Let X3, ..., X, be a finite collection of independent random variables, with
X, being of Rubin type with Poissons {J; ;} and partition {c,} for i=1,..., n. Let
Y=>7_, X, and let Fy be the distribution function of Y. Then by glancing at the
characteristic function of Fy we see that Fy is the distribution function of a random
variable of Rubin type with Poissons {3}.; A ,} and partition {c,}.

We note in passing that, by a result due to Hartman and Wintner [4], X has a
pure distribution.

In lemmas four and five we assume X is of Rubin type with partition {b,} and
Poissons {A,} where

1. > ; A,=00, a condition which by [4] implies X has a continuous distribution,
and

2. \,2n.

LEMMA 4. If 2,y €xp (_)‘n)=°0, then Pr.[X e ﬂ;§’=1 ( Un=m:neN A,)1=1, and
therefore
dim supp (X) =< lim ilup b,/b, 1.
ne.

Proof. Claim 1. If ¢ is a positive real number, then Pr.[N,.,(X)=2m321-¢
infinitely often]=0.

By the Borel-Cantelli lemma we see that in order to prove this claim we only
need show that

> Pr.(N,.i(X) 2 229 < co.
n=1

But for each nel*, N,,.,(X) is a Poisson distributed random variable and
therefore

0

Pr.(Npoi(X) 2 22-¢) = exp (= Ans1) D (ard)ljl

n=2[n/21_¢

So by Taylor’s Theorem with remainder we see that
Pr.(Nn_l(X) > 2[n12]-c) < (An+1)2(n12)—c/(2[n/2]-c)!.

Now combining assumption 2 on the A,’s with the ratio test we see that our claim
follows.

Using the Borel-Cantelli lemma again with the condition that 3,.y exp (—2A,)
=o0, we see that Pr.[N,(X)=0 infinitely often]= 1. Therefore there exists a set M
such that Pr.(M)=1, and, if w € M, then (1) there exists N'(w) € I'* such that if
n= N'(w) then N, , ;(X)(w)>2"21-¢; (2) there exists a sequence {n,(w)}<I* with
Noyox(X)(w)=0 for every j € I'*. In order to prove this lemma it is clearly sufficient
to show that if me I+ then Pr.[Xe | JZ., 4,]=1. Solet meI*, we M, and let
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J€1I* be such that nw)=max (N'(w), m); then we will show X(w) € Ay Which
clearly implies Pr.[X € Uy-n 4;,]=1. Now by assumption N, (X)(w)=0 and

therefore
ny(@-1 o (Nn(X)(w) bn+1

Xnjlw) = Z z z Au(w)Z")-

n=1 n=n;+1 i=0 j=bp+1

But recall that nj(w)= N’(w) and therefore

o Np(X)®@) bn+1 © bn+1
Z ( z 2 A,»,j(w)Z"’)g Z 2[n/2]—c( Z 2-1)

n=njw+1 i=0 j=bp+1 n=nyw+1 j=bp+1

00
< 2Mni21-by —¢  PUny @)+ 1)I21=by 4y 41,

n=nj(w)+1

Therefore mX(w)=0 for b, ) <i<bnw+1—[(n(w)+1)/2] which by definition
implies X(w) € An,e)-

LEMMA 5. Let 3,4y €xp (—A,) <00, lim SUPp nenim<n Om/bn=0, and

lim sup b,/b, .2 = 0;

nel+
then )
dim supp (X) = lim inf b,/b,, . ;.
nenN
Proof. Let
bn+1
Xim= 2 A X2,
i=by+1
V= Z Xin = Xiat Z X1,m
n¢N n¢gN; Nao(X)#0 néN; Np(X)=0
Z = z Xl,n = Z X1,n+ Z Xl,m
Na(X)#0 NEN; Na(X)#0 néN; Np(X)#0
w Np(X)
W= > Xim
n=1 i=2

U=W+ > XtV
neN; Np(X)#0
Now first we note X=W+Z. Secondly we note that W+ cn:n.x20 X1,n and V3
are independent random variables and therefore by A.3 dim supp ¥, <dim supp (U).

Note that
X+ 2 Xu.=W+Z+ D> X,

n¢N; Nn(X)=0 n¢N; Np(X)=0

=W+V1+ Z X1n=U

NeN; Np(X)#0
But by hypothesis 3,¢x €xp (—A,) <0, so by the Borel-Cantelli lemma
Pr.(N,(X) = O for all n ¢ N, except for finitely many) = 1



1968]  STOCHASTIC PROCESSES WITH INDEPENDENT INCREMENTS 13

which implies Dn¢n: v, 20 X1,» is discrete since X, , is discrete for every n. So
by A4
dim supp (X) = dim supp (U).

So in order to prove this lemma, we see that we only need show that

dim (V;) = lim Iivnfb,,/bnu.

A theorem proved by S. D. Chatterji [2] says that if ke [*, and if {X;:jel*}
is a collection of independent random variables such that each X; assumes values in
{0,1,2,...,k—1},if P;=Pr.[X,=i], and if Y=32, X,/k’, then

dim supp (Y)=li21_‘i£f{ —1/(n1n k)) 2 (2 P;.;ln Pi,,-)}

with the convention that 01n 0=0. Let j(n)=max {i : b;<n}, and for meI* let

Da=m 3 Gpuamb)4m—bym) ifim) ¢ N,
—am( 3 G-b)) it jom) € V.

By Chatterji’s theorem we find that, by an easy computation,

dim supp (V1) = lim inf D,.

Case 1. There exists {n}<I* such that n,€ N and n,+1€ N.

By hypothesis lim sup,, nen;m<n bm/bn=0 and therefore lim sup; b, /b, ., =0
which implies lim inf,.y b,/b, ., =0 and the conclusion of the lemma holds.

Case 2. There exists Ny € I'* such that n= N, and n € N implies n+1 ¢ N.

Let £>0; then there exists n, € I* such that n=n, and n € N imply

b,/b, ., > lim Iivnf b,/b, 1 —¢€/2.
ne
By hypothesis lim sup, b,/b,,.=0 and therefore there exists n'(¢) such that
n2n'(e) implies b, /b, ., <e/2. Let N(e)=max (N, n,, n'(¢)). Let
j'(n) = max{i: b;<n,ie N}.

Now N is an infinite set by assumption and therefore j’'(n) > cc. So there exists
N'(e) such that n= N'(¢) implies j'(n) = N(e). Let n=max (N(e), N'(¢)).
Case i. j(n) ¢ N. In this case

Dn=(1/n)( S (bj+1—bf)+("—b1(n>))

JeN:j<i(n)

= Um(1=bwest 3 bty

JeN:j<ji'(n)
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Note that if R, Sel*, then R/S<(R+1)/(S+1), so applying this inequality
n—bj.;+1 times to D, we see
D, 2 (/bymyer) D, (byia—by.
j

EN;T<i"m)
Therefore recalling that j'(n) = N(¢) and j'(n) ¢ N, we obtain
Dn 2 (bj’(n)_bJ’(n)—l)/bf’(nH1

= bf’(n)/bf'(n)+ 1—¢/2 2 lim inf b,/b, ., —e.
neN

Case ii. j(n) € N. By hypothesis of Case 2, we see that j(n)—1 ¢ N and therefore
D, = (1/n) Z (bj+1—b)) Z (byny—bjiny-1)/bjny +1-

J¢N;ji<i(n)
Now recall that j(n)= N(¢) and j(n) € N, so

Dn ; bj(n)/bj(n)+1—e/2 g lim il?fbn/bn'(-l—s'
ne

In both Case i and Case ii, ¢ was arbitrary, and so the proof of the lemma is
complete.

LEMMA 6. Let m: [0, o) — [0, 1] such that

1. m(0)=1,

2. m(t)ym(d)=m(t+d) for t,d e [0, ), and

3. there exists « >0 such that m(t)#0 for t € [0, «]. Then the right-hand derivative
of m exists at 0, and we call it m'(0), and In m(t)/t - m'(0) as t — 0*.

Proof. Now clearly, by induction, m(¢z)m(d)=m(t+d) implies that m™(x/n)
=m(x), and therefore

—In m(x/n) £ —(In m(x))/n.

Let g= —Inm(x) for x € [0, «]. By hypothesis, m(z)<1 for every t=0, so this
combined with m(t)m(d)=m(¢+d) implies that m is a nonincreasing function.
Since m(t)#0 on [0, «] there exists ¢>0 such that 1=c and m(t) - c as t — 0+.
We will now show that c=1, i.e. that m is continuous from the right at 0. Suppose
c¢< 1. Then choose ¢ € [0, «] and let n be such that m(z) > c". It was already noted
that m"(t/n)=m(t). But m is nondecreasing and therefore c=m(¢/n) which implies
c¢"2m(t); this is a contradiction.
In Bruckner and Ostrow [1, Section 4], one finds the following theorem:

THEOREM. Let f be a continuous nonnegative function on [0, c] such that f(0)=0
and f(x/n) £ (1/n)f(x) for x € [0, c]. Then f is differentiable at 0.

Now if one examines the proof that Bruckner and Ostrow give for this theorem,
one sees that they really only use the continuity of f at 0 and on some countable
sequence of points which converges to 0. We have already shown that our function
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m is continuous at 0, and since m is monotone nonincreasing it is continuous at
all but a countable set of points and therefore certainly continuous on a sequence of
points converging to 0. But note that the function g is clearly continuous if m is,
g is nonnegative since m(x) <1, g(0)= —In 1=0, and as was seen at the beginning
of the proof, g satisfies the inequality in the theorem of Bruckner and Ostrow. So
g has a derivative at 0, which in turn implies that m has a derivative at 0. Now

In m(x)/x = ( fl"'m dt/t) / x.

Therefore, by the mean value theorem for integrals, there exists z,, where 1=¢,

<m(x), such that
In m(x)/x = (m(x)—1)/(1oX).

(m(x)—1)/x = Inm(x)/x = (m(x)—1)/(xm(x)).

But m is continuous at 0 and m(0) =1, so taking limits across the above inequalities,
we see that

So

lilgl In m(x)/x = m'(0)

which completes the proof of this lemma.

LEMMA 7. Let a function f(t) map (—o0, ©) into (—o0, ). Then there exists a
countable set D<(—o0, o) such that if x € (—o0, ), then there exists a sequence
{x;}<= D where x; — x+ and f(x;) — f(x) as j — .

Proof. Let r and s be two rational numbers, and let
D, ={t:r <f(t) <s}

Let T, ; be the set of all points of D, ; which are isolated from the right relative to
D, ;. Clearly this is a countable set. Now D, ; is a subset of the real numbers, and
therefore there exists a countable dense subset of D, ;, call it D; ;. Let E, (=T,

U Dy ; and let
D= U Er.s

r,5€Ra

where Ra is the set of rational numbers.

Now we will show that this set D is the set desired. Let x € (—o0, ). If x € D,
then let x,=x for every je I* and the conclusion to this lemma is proved. If
x € (—o0, 00)— D, then let (s, r;) be a sequence of intervals such that s;, , € Ra for
every i€ I+, (841, Fiv1) (85, 1), {f(x)}=i (55, ;) and r,—s; < 1/i. Now clearly by
the definition of D, , x€ D, , for every iel*. Now x € (—00,0)—D, s0 x
certainly is not isolated from the right relative to D,, ; by the definition of D. So
for each i, let {x; ;} < D;, ;, such that x; ;5> x+ for each ie I'*. But there exists,
for each i, an integer j(i) such that x, ;i € (x, x+1/i), and let x;=x; ;. By the
definition of D, ,

|f()=f(x)| < 1/i

and therefore f(x;) > f(x) which completes the proof of this lemma.
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LeMMA 8. Let {Gy(x) : t € (0, )} be a collection of distribution functions such
that for fixed x, G,(x) decreases for increasing t. Let F be a distribution function and
A a bounded nonincreasing function on (0, ©); then for i I*

(f: G dA(r))*i * Fx) = f:- . : j{el Gy, * F(x) dX(r))- - - dX(r,).

Let G(¢, x)=G,(x). Note that G(¢, x) is a distribution function in x for fixed ¢,
and for fixed x it decreases with increasing ¢ by assumption. Standard argun.ents
imply then that G(¢, x) is jointly measurable. Induction and Fubini’s theorem
quickly yield the lemma.

We now prove the theorem stated at the beginning of this section.

Proof. We shall first prove this theorem for functions m(¢) such that 4 and B
are both empty, and then we shall indicate how to modify the definitions and
arguments for the general case. The reason for this approach is that all the main
ideas and arguments are used in this case, and yet we are not burdened down with
superfluous cases and lengthy expressions which only tend to obscure what is
really going on.

So let m(¢) and v(¢z) be functions as assumed in the hypothesis with the added
condition that A=B= @. Let D, be a countable set contained in (0, o) such that
if t€(0, o) then there exists {#}< D, such that t, —t¢* and o(#;) = v(t). The
existence of D, is of course guaranteed to us by Lemma 7. Let

D, = {te(0, ) : m(t) # m(t*)}.
By the monotonicity of m, we see that D, is countable. Let

D; = {t (0, 0) : limjtlifv(s) # v(t)}.

By Lemma 1.2 and by hypothesis, we see that D; is countable. Let
D = D1 ) D2 v Da.

Let {c;} be a sequence of positive integers such that ¢; | 1. Now clearly D is count-
able, and D is enumerated as follows:

Let d, be any element of D. Suppose d, has been defined, and let d,,, € D be
such that for j=1,..., n either d, ,,/d,>c, ., or d;/d, ., > c, ,,. Denote

j
I, = min{j: Z 1/4i = l}-
i=1

Suppose /, has been deﬁncd; then define

j
ln+1=min{j: Z 1/4i;1}.

i=lp+1

Define
IL={i:l,_, i<}
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Let Py, P,, ... be an enumeration of the primes. Let ie I'*, and let {I(i, j)};%1
be a sequence of increasing integers such that

> > e < 124

i=1 nePyl(.f)

Pi = ij IP,l(l,j)a P = L{) Pi~

Define

Clearly P, N P,= & if i#j, and if n, m € P, then [n—m|24. If ¢ € [0, 00) we denote
Xt) = —Inm(t)t ift # 0,
= —m(©) ifr=0.

By Lemma 6 and the hypothesis we see that A is a bounded nondecreasing function
on all finite intervals of [0, c0) and is continuous at 0.

Let {v,} be a sequence of real numbers such that v, 1 +00, and for convenience
let v,=0. If 7 € (0, 00), then let us denote

[t]* = max{nel* U{0}:v, < t}.
Ifnel* and ¢ € (0, 0) we define

t(n)

Vp-y ifm S [t]*+1,
=t ifn=1[t]*+2,
=v,_o ifnz [t]*+3,
t'(n) = v, ifn < [t]*,
=t ifn=[]*+1,
=0, ifnz [t]*+2,
A(x) = At(n) if x £ t(n),
= A(x) if t(n) < x < t'(n),
= Mt'(n)) if x = t'(n).
Let A,=T.V.(X,(x)), and therefore clearly X,=A(¢'(n))— A(¢(n)). Let {k(n)} be a
sequence of positive integers such that k(n) 1 oo, and such that
2 Avew)/2" < .

Let {/,} be a sequence of positive integers such that min (jy, ji.m) > 7 and

i Aw)lja! < .
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Define j(I)=j, where [ € P; and d; € [v, _ 1, v,]. Let j'(I)=max (j(!), j,). Let {a,} be a
sequence of positive integers such that if k € I'*, then

Z @j'() In /22! < min {1/2%AN (v, +1), 1/2%}.
leP; 12k
Finally we define a sequence of positive integers {b,} as follows:
Case 1. n¢ P.
Subcase (i). If n—1¢ P, then b,=(b,_,+ n.
Subcase (ii). If n—1¢€ P,

by = [by-1/v(d)]+n when v(d)) # 0,
= [b,_1/(1/n)]+n when v(d;) = 0.

Case 2. If ne Py, let b,=(b,_1+a,+1)n.

By a straightforward computation we see that these b,’s satisfy the conditions
imposed on the b,’s in Lemmas 3, 4 and 5.

Claim 1. Let X be a random variable of Rubin type with Poissons {),} and partition
{bn}° Ifkel* andwe nn§k+1;ne}’ [Nn(X)< 2¢n], then

Nn(X)(w)  bn+1

Xw)= > > D A X)(@)27 < 27%
nZk+1;neP 1=0 j=bp+1
Proof. If w € (Nuzk+1;ner (Na(X)=2%) then by the definition of the 4, ;(X)’s
we see that:

bn +
Xfw) = > 2%( 21 2-!)§ > 2,
nZk+1;neP

nZk+1;neP j=bp+1

By the definition of the b,’s we see that a, —b, < —b,_, — 1 which clearly completes
the proof of Claim 1.

Let G, and V, be the distribution functions corresponding to the random
variables X, and Y; which are of Rubin type with Poissons {A, .}, {A; .} respec-
tively and common partition {b,}, where

An',=2]nn ifnel_’i,di>‘r,n >j[d']o,
=0 otherwise,
A;,'t = (t/dj) Inn ifne Pj, n > j[d,]‘,

=2Inn otherwise.

We assume that {N,(X,), Nu(Y:), 4 (X)), A (Y)) :i,j,nel*, te(0,00)} is a
collection of independent random variables.

Claim 2. For fixed x, G(x) decreases as t increases.

Proof. If #,>¢,, then clearly by considering the characteristic function of G,
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and G,, we see that G,, =G, * F where F is the distribution function of a random
variable of Rubin type with Poissons {A,} and partition {b,}, where

An =2Inn ifnel_’;,n ;j[d‘], ty > d‘ = ty,
=0 otherwise.

Therefore G;,(x)=[3 G;,(x—y) dF(y) £ G,,(x) which establishes Claim 2.
Claim 2 shows that for fixed x, G)(x) is a Borel measurable function of ¢. So,
for x>0 and ¢ € [0, ), let

t’'(n)
Mi(x) = L G MK ifnel,
n,

= —mO)V(x)+m'(©0) ifn=0,

where V(x) is any absolutely continuous distribution function. Note that M{(x)
increases as x increases and M:(x) <0 for every x € (0, ©).
Claim3. If mel*, if t=v,, and if x=1/2™, then

Gyx) > 1-1/QUE"A([t]*+1)).
Proof. Recalling the definition of A, and noting that the condition j,,;>/,
implies je < jia,)» for d; 2 ¢, we see that for all w,

Np(X¢)W)  bp 41
X(w)= > > D AX)(w)2.
nZjye+1;neP  i=1  j=bp+1
Therefore by Claim 1, if @ € Mz + 1:nep (NVa(X3) £2%) then Xy(w) < 1/2%mr,
Since b, and j, are both greater than or equal to n, and x2 1/2", we see that
x Z 1/2%we,

Therefore

1-Gy(x) = Pr.(X; € (x, ©)) = Pr.(X, € (1/2%w*, 00))

Pr.(N,(X,) > 2%).

nZjy)e +1;neP

IA

But the N,(X,)’s are Poisson random variables and therefore

1-G(x) £ D> @Inn*»2%!
nZjpe+1:nepP
By this last inequality and our assumptions on the a,’s we see the proof of Claim 3
is complete.
Claim 4. >2_o M3(x)> —co for every x € (0, ).
Proof. Fix x € (0, ). Now there exists / € I'* such that x>1/2".
So by Claim 3 we see that for n=1+1

M) = [ Gux) i) =2 2 A 2" Ay))

Un-1

= —1/2"1
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But for n<1I, M(x) is a bounded function on (0, c0) and therefore the proof of
Claim 4 follows.
Let

M) = > M),
n=0
and by Claim 4, M(x)> —oo for every x € (0, c0).
Claim 5. [}, x dM(x)< 0.
Proof. Now clearly (5, x dM3(x)<oo since MY(x) is a bounded function on

(0, ). So in order to prove Claim 5 we only need show that (5, x dM’(x)<oo
where M'(x)=>2_, M2(x). Now

j; xdM') = > f Y A )

=6 Jat+hH+o

< > (M2 +0)— M1 /2 )2
But note that =
M) = tim ([ 6. d( 3, 1) -0 -10)

which along with the fact that M’ increases for increasing x implies that if >0,
then
0+
L

(A(vka>)+ [ °° (1 —G,(l/z'“») d( > AS(—r)/zl).

n=k)+1

IIA

f M) < Z ( f: (G(1/2+¢)— G,(1/2’+1))) d(é Ag(f)/zl)

Recall that in the definition of j, we required that j,= 1, which along with Claim 3
implies

[C a-eamya( > xe)

10] k) +

IA

J::k 1 fn_ (1=(1=1/2""M@))) d2(7)

< 1282
This estimate along with the assumption on the k(/)’s that >; Av,,)/2' <o
completes the proof of Claim 5.
By Claims 4 and 5 we see that M is a possible M-function in the Lévy repre-
sentation of infinitely divisible distribution functions. Let ¢ € (0, o) be fixed. Now
we let F, be the distribution function corresponding to the characteristic function:

ch.fen.V;-exp (t f (exp (jux)—1) dM(x))-
0+
Now we let

F, .(x) = exp (—‘Z Ait)(i ( no M}’)*i * Vtt‘/i!)(x).

i=0 \j=
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Recalling that >7_, Mi(x) > M(x), then a glance at the characteristic function for
F, , shows us that by [3], F, , % F;. Note that since M, is absolutely continuous,

(F.n)c.8. = exp (—t 1:20 )\,) 2) ((Iil M,)*‘ * V,)c.s. tfil.

i= =
Claim 6. Let 7,, . .., 7, be i elements of (0, ) and let ro=min {7, : je{l,...,i}}.
L. If 7o<t, then %}-, G,, * V, is absolutely continuous.
2. If t< 7o, and To=d; 2, then
i ©
* Gt, * Vt[ ﬂ

n=1n2m;nepPy

A,,] ~ 1

Proof. As noted before, %}., G,, * V, is the distribution function of a random
variable of Rubin type with Poissons {);} and partition {b,} where \;=23}_1 A, ,,
+ A;,,;. Now reviewing the definition of the A, ;s and the A, ;’s we see that

A; = (t/dj) Inn ifn epj, n ; j(d,]" dj =< Tos
=2Inn otherwise.

So if d;=7y<t, then t/d;=t/7y>1 and therefore clearly >, exp (—A;)<oo. But a
theorem due to Rubin [5] and easily accessible via Tucker [7] says that if F is the
distribution function of a random variable of Rubin type with Poissons {A,} such
that >, exp (—A,) <00, then F is absolutely continuous. Therefore we see that if
To<t then indeed ¥%j-; G, * V; is absolutely continuous. Since A, and A;, are
at most 2 In n for each ne I'*, we see that A, <(j+1) In n and therefore for large
enough n, A, <n. So if t<d,<,, then t/d;<1. But by the way in which the P;’s
were defined we see that

D exp(=2) = > 1/n=oo.

nePy nep,
Therefore by Lemma 4 we see 2 of this claim is proved.

Let T={r (0, ) : 7>t or 7=t if ¢t € D}. By assumption on D, there exists
Dy={d;}< D such that d{ — ¢t * and v(d/) — v(¢), and let us assume that if ¢ € D,
then t € D, also. Let e T. Let

A(t,7) ={nel* :neP,d e Dyt <d < 7}

Now by Claim 6 ‘

fé—el Gy * Vt(n 2 A") =1

m=1 nZm;neAl,1)

if A(t, 7)# @.
Claim 7. LeticI*; then

((’Ej M})*i * Vt)c.s.(x) = ( niz M;)*‘ * V{(x).

j=l+2
For all €T such that A, ,# o,

(2 )" « )es ) o ) = 0000
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Proof.

n+2 *i n+2 *1i i l [t1+1 *! n+2 *i—1
(ZM,‘) *V,=(§ M;) *n+2(1)(ZM;) ( M;) «V,
i=1 F=[t1+2 =1 i=1" i=[t1+2

Now Claim 6, Lemma 8, and A.2 imply that every term in the second sum is
absolutely continuous.
Lemma 9 implies

n+2 *i n n i

( M;) *V,=f..- % G, V,dA, - dA,
J=[+1 t t =1

where AL, =>7*2., X. Now if m is continuous from the right at ¢, then A is con-

tinuous from the right at 7, and we see we might as well be integrating from ¢+0

to n. If m is not continuous from the right at ¢, then by definition of D we see that

t € D. So by the remark just preceding this claim and A.2 we see that

n+2 *i ©
¢ V A,,) = (A(n)—A@2))
(j=g*2 M’) * t(mol nzm;ng(t.t) ( (n) ( ))
if A(t, 7)# 2.
Now if r>t¢, then A(t, 7)# & and the above equality holds. But A(¢, 7)# @
implies A(t, 7) is an infinite subset of positive integers since P, is an infinite subset
of positive integers. So by Lemma 3

°° Al=0

m=1 nZm;neA,)

which completes the proof of Claim 7.

Clearly M(x)=2>, M!(x) and the M}’s satisfy the conditions imposed on the
M;’s of Lemmas 1 and 2.

For n> [t]*, we see that by Claim 7, the definition of the M}’s and the definition
of F; , that

0.2 (F;,n)c.s.(x) = exp (—t’ig: /\5){ i (, “'2 M})*‘ * V,tifi !}(x).

i=0 =[t1"+2

So by Lemma 1, there exists a nondecreasing function F’ such that

© (tr+1
(Fin)cs.—> F', and T.V.(F') = exp ( —t z )‘5)'
i=0

But SHgt M=+ A(t) — A0) = — m’(0) + A(t) +m'(0) = A(r), which implies
T.V.(F') = exp (¢ In m(1)]t) = m(t).

Claim 8. There exists a sequence of real numbers {e,} where ¢, |, 0, and there exists
a sequence of positive integers {ny} such that if
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1. {e; : j=1[t1+1,..., n} is a finite set of positive integers with >}_ .2 €, <J, for
ny<v=n, and

2. {=(l, i) : [t1+2=1=n, ny<i<e} is a collection of positive real numbers such
that 7(l,i) € [v,_1, v)), then

n el

* G‘n_( * Vt(

I=[t1+2i=1

a)z A=V O 4

k=N;keAlt,1) k=N; keA,1)

for
tsrSTm=min{r(,i): t]+2 =2l =nny2i<e}
and At, 7y n{kel* :k=N,...,m}# &.
Proof. Let ey=1/2", ny=N, and assume 7 € [t, 7] such that

At,7)Nn{kel* :k=N,...,m}# .
By 0.1 we see that ¥%}_;y.2 ¥it1 G,y is the distribution function of a random
variable Y of Rubin type with Poissons {A}} and partition {b,} where A}=
Di-tr+z 2ie1 Aa,n. Now let
we N P(N,,(Y) <2%)N (Y,e

’
el
nZN;ne k=N:gA(t.1) )

So there exists r € A(t, 7) with m=r= N such that Y(w) € 4;. By reviewing the

definition of A(z, 7) and the definition of the A, ,’s we see that A¥=A¥ ;=0 and

therefore
r—=1

Y(w) = z + i

(Nn(Y)(w) bn+1
k=1;keP k=r+2;keP

ST Y)(w)z-f).

i=0 Jj=bp+1

Claim 1 implies that the second sum is <2~ +1, By the definition of 4; we see that
(the first sum)+ Y;(w) € 4;.

Therefore Y(w)+ Y(w) € 4,. So since {N,(Y), Y, : neI*} are an independent
collection of random variables we see that

Pr.( Y+Y.e k=N;Lk’2A(t,t) Ak) e Fr. (n=énel’ (N(Y) < Z“n))Pr.( Yie k=N;QA(t.!) A;‘).
Now by the hypothesis of this claim
M <2ilnk ifkeP,de[v,_,v)and N<IZ<n,
<2j,Ink ifkeP,d > n,
<2jylnk ifkeP,d, < N.

So for k= N, we see that A¥ < max (ji, j(k)) In k. Therefore by the definition of the
a,’s, and by the fact that the N,(Y) are Poisson random variables we see that

Pr.( A (V(Y) < 2%)) > 1—=1/2"
n=N;neP
which completes the proof of the claim.

Claim 9. F'(N§-1 Ul?=N;keA(t,t) A )=m(t) for A(t, 7)# 2.
Proof. Assume 7 is such that A(¢, 7)# @.
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Case 1. t € D. By the definition of A(z, t) we see that A(¢, t)# @. Therefore by
Lemma 2, Lemma 8, and Claim 8 we see that
F'( AU Ak) = m(o).
N=1 k=N;keA.t)
But A(t, 7)# @ implies 7= ¢ and therefore A(t, 7) > A(¢, t) which clearly completes
the proof of the claim in this case.

Case 2. t ¢ D. By the definition of D we see that m is continuous from the right
at ¢. Let {t;} be a sequence of positive real numbers such that ¢ | ¢, and therefore
m(t;)—> m(t). Since we are assuming A(?, 7)# @ and ¢ ¢ D we see that by the defini-
tion of A(z, 7), > 1t. So let i be large enough to insure that 7> 1,.

For n>[t,]*+1, let

n+2 ) n+2 *!
—exp( Z f){Z( M}A) *V,t’/l!}-
i=o =0 \j=it*+2

By Lemma 1, there exists a nondecreasing function F% such that F % F4. By
Lemma 2, Lemma 8 and Claim 8:

Ft.(ﬁ y Ak) = T.V.(FY).

N=1 k=N;keA{,t;)

But t,>t implies A(t, )2 A(t, t;) and therefore

F‘ﬁ( ﬁ O Ak) = T.V.(F%).
N=1k=N;keA¢,?)

Glancing back at the definition of F% and recalling 0.2 we see that there exists a
nondecreasing function S,(x) such that

(Frn)es.(x) = Sy(x)+ Fr(x).
But by Lemma 1 F} % F, ,=F" and therefore F'=S, * F, ,, + F4, which implies

F’(ﬁ U Ak) = F“(ﬁ v Ak) = T.V.(FY).
N=1 k=N;keAt,?)

N=1 k=N; keAl,7)

Again by Lemma 1
t1*+1
T.V.(F%) = exp ( -t > /\ft)-

1=0
But

[ti1*+1
X = X+ X(1)—A0) = At)

I=0
and therefore
T.V.(F4) = exp (—tA(1)).
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Now since m is continuous from the right at ¢, we see that A is continuous from
the right at ¢. So letting i go to + oo, the claim clearly follows.
Let 7 € (0, o0) such that A(¢, 7)# @. Now by Lemma 3

© © 4l =0

n=1 k=n;keA,7) *
and therefore by Claim 9 F’ is continuous singular. From Lemma 1
F, = (F.)ac «F, o +F'.

But clearly the first term is absolutely continuous, and therefore, since F’ is
continuous singular, (F)c.s.=F’. Using the fact that b,=n(n+1)/2, an easy
calculation shows that for jeI*,

0.3. limneP, bn/bn+1 =v(d!)-

Claim 10. v(t)= dim supp(F;)c.s.

Proof. By Claim 9, Lemma 4, and 0.3 we see that if A(¢, 7)# @, then

dim supp (F)c.s. < sup{v(d)) : d; € A(z, 7)}.

If t e D, then A(¢,t)# @ and by 0.3 Claim 10 is proved. If ¢ ¢ D, then for each
ieI* take r=d] and by the definition of D,, we see that

dim supp (F)c.s. < u(t)

which completes the proof of Claim 10.
Claim 11. dim supp (F)c.s. Zuv(t).
Proof. From Lemma 2.1 if n>[¢]*+1 then

(F)cs. = (Fp)cs. * Fy o
and therefore by A.3

dim supp (F;)c.s. = dim supp (F; ,)c.s.
By A5

n+2
dim supp (F; ,)c.s. = dim supp ( M} x V,)-
i=[r+2
Clearly now by the definition of dim supp we see that in order to prove this claim
it is sufficient to show that if E is a Borel set such that
n+2
M;* V(E) = An)—At)
i=Mitr+2
then dim (E)=v(t). So let E be such a Borel set. Now by Lemma 8 and A.6 we
see that G, * Vy(E)=1 for almost all 7 € [¢, v,] with respect to 2722, Al(7).
0.4. Let 7,, 7, € (0, o0) be such that 7r=¢27,. If

Z 1/n% < o0

i=1;dgy<t3 n€Py
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then by 0.1, 0.3, a review of the definitions of A, , and Ay ;, and Lemma 5 we see that
dim supp V, * G, = inf {v(d)) : d; € [r5, 7]}

Case 1. t € D implies there exists / € I * such that t=d,. Let d;<d,; then by the
way in which we enumerated D we see that:
1. If j>1, then t/d;>c; and therefore, by the way P, was defined,

L

> D 1nt < .

j=1+1;dy<t nepPy

2. If j<I, then t/d;>c;>1; but there can be only finitely many such j’s and
therefore
-1

Z 1/nt% < oo,
j=1;ds<t nepPy

So by 0.4 we see that
dim supp (G, * V) = inf uv(d)),
dyelt, ]

for all = € [t, v,] such that D N [t, 7]# &.

Subcase i. m is not continuous from the right at ¢. Then, clearly, A is also not
continuous from the right at ¢, and therefore > 2., o AY(7) puts positive mass on
{t}. So G, * V,(E)=1, which implies dim (E)=dim supp G; * V;. But by the above

dim supp (G * V) = v(¢)

and therefore the claim follows for this subcase.
Subcase ii. m is continuous from the right at ¢. Now by hypothesis if ¢> 0, then
there exists &, such that ¢’ € (¢, 1+ §,) implies

o) Z o(t)—e.

Also by hypothesis, A is strictly decreasing and therefore >71Z.., Xi(r) puts
positive mass on (¢, t+3,). So there exists ¢t” € (¢, £+ ;) such that V, * G-(E)=1
and therefore dim (£)= dim supp V; * G;-. But

dim supp V; * G- = inf{v(d)) : d,e[t,t"]} = v(t)—e

and therefore dim (E)2uv(¢)—e. But ¢>0 was arbitrarily selected and therefore
the claim follows in this subcase.

Case 2. t ¢ D. By the definition of D we see that if ¢ >0, there exists 8, >0 such
that if ¢’ € (t—8,, t+8,) then v(¢') > v(t) —e.

By hypothesis A is strictly decreasing and therefore >+, ., Xi(7) puts positive
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mass on [¢, £+ 8,). So therefore there exists ¢” € [¢, £+ 8,) such that G,» * V(E)=1,

and so
dim (E) = dim supp G * V..

Choose 7* € (t—3,, t); then t/d;>t/v* > 1 for all d;< r* and therefore
z Z 1/nt% < oo,
dg<1* nePy
So by 0.4
dim supp V; * G, = inf {v(d)) : d; € [t*, t"]} Z v(t)—e¢

and therefore dim (E)2=uv(t)—e. But ¢ was just some number greater than zero,
and therefore the claim is established in this case, exhausting all possibilities.

Our theorem is now established if m(¢)#0 or m’(0) for +>0. To prove this

theorem in general just repeat the above arguments with the following modifications.
Let

o« = lub. 4 B = glb. B.

Now let {v,} be a sequence of positive real numbers such that v,=« and v, 1 B.
For notational convenience we let v,=«. Now define D,, D, and D; as before
but now restrict them to («, 8). Now let

D, = {t € A : v is not continuous at ¢}.

Since by hypothesis v is monotone on D,, we see that D, is countable. Now we
modify D to be

D = g}l D; U {«, 8}.

Again D is countable and we enumerate D as before with the restriction that
cn<1+B/n.

The only other modifications we need make is that in the definition of M} we
restrict ¢ € (e, B) and

M(x) = {—m'(0)V(x)+ A*G*(x) + M U(x) — (M) + A8)}
where A*=m’(0)+ M«),
M = NB)—-AB-0) if m(B) # 0,
=0 if m(B) = 0.

U(x) is the distribution function whose induced measure puts mass one on {0},
and G is the distribution function of a Rubin type random variable with Poissons
{A%} and partition {b,} where

A:=2lnn ianP,,dj§a,

=0 otherwise.
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COROLLARY. Let o € (0, +o0]. If v(t) maps (0, ) into [0, 1] (or (0, «] if e < +00)
such that v(t)<lim inf,_,+ v(7) at all but possibly a countable number of points of
(0, &), then there exists a stochastic process, {X, : t € [0, )} with stationary inde-
pendent increments such that

(1) if t€ (0, ) (or t € (0, a]), then dim supp (Fy)c.s.=uv(t), and

2) if t € [a, 0) (or t € (e, 0)), then F, is absolutely continuous.

Proof. We prove the corollary for (0, «); then a clear modification of this proof
will establish this corollary for (0, «]. Let X={x € (0, &) : v(x)>lim inf, . .+ v(x)}
be countable and let {x;} be an enumeration of X. Let {{;} be a sequence of real
numbers such that > ¢ <co. Finally for ¢ € (0, «) let

A1) = (1+ > g,)t.

di<t

So for ¢ € (0, 0), let

m(t) = exp —tXt) if t € (0, «),
=0 if £ ¢ (0, «).

Let v'(¢) be defined as

v'(t) = v(t) ifte(0,«),
=0 if ¢ (0, «).

Now v'(¢) and m(z) clearly satisfy the hypothesis of our theorem and the corollary
follows.

All the conditions imposed on m(¢) and v(¢), with the exception that In (m(z))/¢
be strictly decreasing on (0, ©0)—(A4 U B) are certainly necessary conditions in
order that there exists a stochastic process, {X, € [0, 0)}, with stationary inde-
pendent increments such that T.V.(F))c.s.=m(t), and v(t) =dim supp (F,)c.s.

The author has been unable to determine what happens if In m(¢)/t is not strictly
decreasing on (0, c0) — (4 U B). In fact, the author has not even been successful in
finding a process {X; : ¢ € [0, c0)} with continuous distribution functions and with
stationary independent increments such that In (T.V.(F))c.s.)/t increases over some
interval (e, B) where «, B € (0, ).
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