ON HYPERSINGULAR INTEGRALS AND LEBESGUE
SPACES OF DIFFERENTIABLE FUNCTIONS

BY
RICHARD L. WHEEDEN(})

Introduction. If f(x)e LP(E™), 1Sp=<c0, n22, and «>0, define J%f by
@) = A+ x93 (x)

where ~ denotes the Fourier transformation in the sense of tempered distributions,
the Fourier transform of an integrable function f being defined

fo) = @ [ r@ exp (-G de.

J¢fis called the Bessel potential of order o of £, and it is well known that J%f=f x G,
where G, 20 and [;» G,(x) dx=1. We denote by L2 all L” functions f=J°¢=4¢ x G,
where ¢ € L?, and write $=J ~%f, || f||,..=|#],- For a discussion of the properties
of the L? spaces, we refer the reader to [1] and [2].

The purpose of this paper is to generalize the following theorem of E. M. Stein
stated in [7].

THEOREM. Let 0<a<2, 1 <p<oo and
@ =@ [ (D@,
l2l>¢ |z|
Then f € L2 if and only if f € L? and f, converges in L? norm as ¢ — 0. Moreover, if
is the limit of f, then

Apal floa < 171+ 1S5 S Boalf e

Although it was not stated in [7], Stein was well aware that the theorem remains
valid for p=1, and that for p=co the necessary and sufficient condition that
feLy is that fe L® and | f;|, be uniformly bounded.

Stein’s theorem may be generalized as follows. Let 0< <2 and

i@ = e oo ek s

where z'=z/|z| for |z| #0 and Q is a real-valued function which is homogeneous of
degree zero and infinitely differentiable(?) on > ={z: |z| =1}. In addition, Q satisfies
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5 2iQ(z") dz'=0 for each j=1,...,n, z=(z,, ..., z,), when 1 Sa<2. Then

THEOREM 1. If fe L2, 0<a<2, 1 <p<oo, then f, converges in L? to a function f
with | fl, S cpaal fllp.e If Q=1, then the result is true for p=1 and its analogue for
p=00 is that | f||« is uniformly bounded.

Conversely, if fe L, 1 <p <o, and each

e [ Ue-2-1) ﬁ‘fﬂd

converges in L? to limit f; where {Q} is a normalized basis for the spherical har-
monics of some fixed degree m, m#1 when 1Sa<2, then feL? and |f||,..=<
p.amCs | fillo+ | fllp)- If m=0 the result is valid for p=1 and its analogue for p=co
is that fe L? if fe L* and | f;|| » is uniformly bounded.

Before proceeding, we note that when «=1 and 1<p<oo, the first part of
Theorem 1 is a rather simple corollary of the fact that singular integrals preserve
L7 spaces. In fact, approximating L? by the class C§ of infinitely differentiable
functions with compact support and integrating by parts (see [11, Lemma 1 of §2]),
it is not hard to see that f,(x) converges in L? to

- i p-v. (271)‘"fnfj(x_z) Qj(z)d

ER
where Qy(z") =z;Q(z"), f;(x)=(&f]ox;)(x).

Although we will restrict « to the range 0 <« <2, Theorem 1 has analogues for
larger o. If k21 is a fixed integer, let fe L}_;, 1<p<oco. If B=(B,,..., B,) wWhere
the B; are nonnegative integers and |B| =B+ - - - + B, B!=By!- - B!, 2P =2b1. - - zBn
then for |8| =k —1, let fy(x) denote the L? function which is the derivative of f of
order 8. For k—1<a<k+1, consider the truncated hypersingular integral

i@ = [ [rwea- 3 B 2D,

1Blsk-1 ﬁ'

where Q is a real-valued function which is homogeneous of degree zero and in-
finitely differentiable on 3. In addition, Q satisfies [; z’#Q(z") dz’ =0 for all |B| =
when k<a<k+1. Then

THEOREM 2. If fe L2, 1 <p<oo, k—1<a<k+1, then f, converges in L? to a

Sunction f with || fl,S ¢,.a.0lflp.e
Conversely, if fe LE_,, | <p< 0, and each

e[ [rera- 3

fa(x) ] Q(2) dz

BlSk—1 |z|"+

converges in L? to f; where {Q} is a normalized basis for the spherical harmonics of
some fixed degree m, m#k,k—2,... when kSa<k+1, then fe LY and

1 ls.e = Cp.a.m(z |l +1f IIp)-
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Theorem 2 also has versions for p=1 and p= 0, but they depend on k and « and
we shall not give them explicitly.

In proving Theorem 1, we will take for granted the basic facts from the theory of
singular integrals (see [4]). In addition, we use several formulas for spherical
harmonics. In particular, if Q(z’) is sufficiently smooth and has mean-value zero on
2., and its expansion in spherical harmonics is 35° Y,(z’), then the principal-valued
Fourier transform K(z) of K(z)=|z|~"Q(Z’) is given by

R() = ?)’m Yu@), vm = (_i)’"I‘(g) / Znﬂnm[‘(m;-n)

where

§=0;0— ®

R@ = lm @m)- f o KOV R [=i00-2)] .

Moreover, if {Q;} is a normalized basis for the spherical harmonics of a fixed
degree m=1 then 3; Q¥(x) is a constant depending on m [6, p. 243(2)]. An im-
mediate corollary is that if fe L?, 1 <p<oo, and Rf=p.v. (27)~"f = (Q(x)/|x|")
then f=c, > Rff almost everywhere and, in particular, || f|,<cm., > | Rifl»-

Finally, the following formula will be used repeatedly (see [6, p. 247 and p. 178]):

©.1) f Yo(2') exp [—is(x'-2)] 2’ = im(2n)r Imt8) "'”(s) Yo(—x)

where x’ is a unit vector, Y, is a spherical harmonic of degree m20, y=(n—2)/2,
and J, is the Bessel function of order v.
The following lemma, stated in [7], will also be essential.

Lemma (0.1). If >0 then
[%|* = (1+|x]®)*2 di, (1+|x]|>)*2 = |x|* dé+d?
where dii, dé, d7 denote the Fourier transforms of finite measures du, do, dr.

We will prove the sufficiency of Theorem 1 in §1 and the necessity in §2. We also
list several remarks of some independent interest at the ends of both sections.

1. In this section, we prove the sufficiency of Theorem 1. Thus let

@ =@ [ -9 ] eds

for 0<a<2, where Q is homogeneous of degree zero, infinitely differentiable
on |z|=1, and orthogonal on |z|=1 to each z,, j=1, ..., n, when 1 £«<2. Hence
Q(z)=>¢ Y,(z') and Y,=0 when 1S a<?2.

We will suppose for the time being that fe C$ and show that for 1 <p <o

(@) f. converges in L as ¢ — 0, and

(b) "j;"zaécp.a.ﬂuf"p.a-
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To prove this, we will essentially compare £, with the sum of the Poisson integral of
J ~%f and the Poisson integral of a singular integral of J ~%f. It is the presence of the
singular integral which generally prevents (a) and (b) from holding when p=1 and
p=00, and we will handle these cases later. The singular integral will be generated
by a kernel

2] 7 > d® Yu(2),
1

and we begin with a discussion leading to the determination of the di®.
For fe C2, write f,= A, + B, where

i@ =0 [ V-l e

and

_ 3 Yu2) o
B =@ [ fe-d i = 3 [ fe-o e
We will compute 75" =47+ B and lim,_, /2.
2w = @@ [ %) foxpl— it -1] i

Using polar coordinates z=(s/|x|)z’, ¢|x| <s<o0, |z'|=1, and applying (0.1) we
obtain

A2(x) = 2m) ™% (x)| x| Yo(— xIwole|x]),
where for r>0, y=(n-2)/2,

wilr) = wipe) = [ oo (B oo .

Now

=~ _ < s . dz

B = @iy @Y [ V@) exp [—ite )] e

1 Jlzl>e |zi
and in the same way
B2 (x) = (@m) =" (x)ix|® 2 i™ Y — X YWle|X]),
where for r>0, y=(n—2)/2,
1) = w20 = [ 57 () ds

If 0<a<1 and m21, it follows from [10, p. 391 (1)], that lim,.o wa(r)=
f3 s7%= 7", (s) ds exists and equals 2-%~7~1['((m— «)/2)/T((m+n+«)/2). If on
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the other hand 1 £« <2 then Y;=0 and lim,., w,(r) again exists and has the same
value provided m=2.
Writing s~¢~*= —a~(d/ds)(s~ %) and integrating by parts,

wo(r) = —a! {s'“(‘i’;(f—)-m}-_l_—l-)) :o +J‘rw s, . q(8) ds}

by [10, p. 45]. The integrated term is O(s~%) and so tends to zero as s — c0. On the
other hand, by [10, p. 40 (8)], the integrated term equals

s-e- yz fn';‘)(my(ﬂa:zl’; = O(S—a-rs7+2) = O(sz"')

for small s. Since 2—«>0, it follows from [10, p. 391 (1)](%), that lim,_ ¢, wo(r)
=—a"t [3 s777%J,,(s) ds exists and equals

—q-12-a- T( )/F('H'“) g-a-1- 1P(__)/P(n+a)

m+n+a)

Let
wp = lim o) = 271 (232 [
r=0 2

and recall that when 15a<2, wi® and ¢{® are not defined and Y,=0. If S(z")
=28 e Yu(2) (ci?=0(m="2"%) by [5, p. 47 (5)]), we set

and i = (2m) "2 (—i)"wip

Fx,9) = [ £+ DA (@) exp [—elzll1

LemMma (1.1). If fe C$ and 1 <p < oo then
@) fu(x)—f(x, ¢) converges in L? as e — 0 and
() “j:‘()"f( » ) ”v = Cp.a.ﬂ"f"p.a'

This lemma will establish (a) and (b), for writing S()=c+>¢ ¢@Y.(z")
=c+ R(Z"), c=cP Y(2"),

Feie) = ¢ [, f@al* exp [=i(x-2)=el2l] do
+.L~" f(@)|z|*R(z’) exp [—i(x-z)—¢|z|] dz.

By Lemma (0.1), f(2)|z|*=(J ~%f * dp)" and since R(z) is the principal-valued
Fourier transform of

(-]
|2|=" > dPYn(z), 4% = cPyat,
1

(®) When n=2 (y=0), it is necessary to integrate wo(r) by parts twice before applying this
formula.
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it follows that f(x, ¢) is the sum of the Poisson integral of c(J ~%f* du) and the
Poisson integral of a singular integral of J ~%f * du. Since J~*fe L? and 1 <p< 0,
f(x, ¢) converges in L” as ¢ — 0 and | f(x, 3)"9§Cp.a.n"_J_af"p"_'Cp.ar.n“f"v.w

We begin proving Lemma (1.1) by computing [|z}]*S(z") exp [—¢|z|]]™.

[|z]* Yn(z") exp [—¢[2]]]” = (2m) 7" L | %1% Yn(y") exp [—e|y| —i(z-y)] dy
= |z| ="~ %2m)~"2im™ (el |z]) Yu( - 2°),

(1.1)

where v@(r)=[g exp [—rsls"***,,,(s) ds, r>0. We obtain this by changing
to polar coordinates y=(s/|z|)y’ and applying (0.1). In particular,
7,9 = @ [ fox+ k(2 de,
Eﬂ

where
Ki(2) = D wwi(el|z]) Yu(—2)/|2|" 2.
[

LeMMA (1.2). |v@(r)| Scper™ ™"

For |J.4(s)| =1 and |Jpn+,(s)| Ss™*7 imply |Jpn+,(s)| £s” so that
[vi(r)| = fﬂ exp [—rsls?"*e*tds = r""“J exp [—t]e? e+ 4t
0 0

For each fixed ¢ >0, [|z|* exp [~ ¢|z|]]" is bounded as the Fourier transform of an
integrable function ; moreover by [10, p. 385 (2)], and [5, p. 76 (9)], vo(7) is bounded
as r — 0. Hence for fixed ¢ and large |z|, it follows from (1.1) that [|z|* exp [—¢|z[]]”
=0(|z| ~*~*) and so [|z|* exp [—¢|z|]]” € L(E™). Thus [« [|z|* exp [—¢|2|])~dz=0,
or what is the same thing, [z» v{(¢/|z])|z| ~~* dz=0. Since [; Yn(z") dz’=0 for
m#0, we obtain |, _, K.(z) dz=0 (that we may integrate K, termwise is clear from
Lemma (1.2)), and

1.2) fx, &) = @m)" J;,. Uf(x+2)=f(0)IKi(2) dz.

LemMa (1.3). |wevi@(r)—1| S A{[(m+ Dr]*2+[(m+1)r]?'2} forallmif O<a<1,
and for all m#1 if 1 Sa<2. In any case, A is independent of r and m.

Lemma 3 was proved for «=1 in [11], and the proof for other « is similar. For
rz4, [wPvi(r)—1| = 4,,, by Lemma (1.2), and Lemma (1.3) is established in this
case. By [10, p. 385 (2)], and [5, p. 59 (10)], if m>a+1,

YO(r) = 2‘"‘"F(m+n+a)/l"(

2 2
(1.3) .
. t(m+n+a—1)l2(l _t)(m-a-s)lz dt .
o (’.2+t)(m+n+¢)/2

m+n+a+ l)l.,(m—a— l)
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Hence for m>a+1, v,(r) Sva(0)=1/w by [S, p. 9 (5) and p. 5 (15)]. For m>a+1
and 0<r<1, it follows exactly as in [11, Lemma 6, §2], that
W) — 1] = WPRAR0) —P()]

= Of[(m+ 1)r1*2+[(m+ Dr]2}.

It remains only to prove the same estimate for m<a+ 1. Hence for 0<a <1 we
must consider the cases m=0, 1, and for 1 £« <2 the cases m=0, 2.
Suppose 0 << 1 and write

u2r) = [ exp [=rslot =2 267 ,046))

by [10, p. 45]. Performing an integration by parts,
W) — 1 = rwg¢>y<;>(r)+{(1—a)wg¢> f exp [=rs}s**7J, ,o(s) a's—l}.
0

By (1.3), |rw&v(r)| £ Ag,nr £ Ao.nr*’. By [10, p. 385 (2)], and [5, p. 59), and an
argument practically identical to that given for m>«+ 1, the expression in curly
brackets is O(r*/?+r®2), 0<r<4, and the lemma is proved forO<a<1and m=1.
For 0<a<1 and m=0, we can use a similar argument after integrating v{®(r) by
parts twice.
The case 1 £« <2, m=0 and m=2 are analogous, and Lemma (1.3) is proved.
To prove Lemma (1.1) we need one more fact.

LemMmA (1.4). If fe CF then
0] IfGe+2)=fD)» = el fll5.6l2l°

if0<B=<land 1<p<oo,

G fG+ )~ 3 7 5k ()
i=1 j

if1=B<2and 1<p<co, and

(iii) IfGx+2)+f(x—2)=2f(X)], £ cl|fl5.6]21°
if 0<B<2 and | £p = oo, with ¢ independent of f.

2 | flls.slzl?
P

When B is an integer and 1 <p <co, Lemma (1.4) follows from the identification
of L3 with the classical Sobolev space of functions with partial derivatives up to
order B in L?. For all other values of 8 and p, Lemma (1.4) follows easily from
writing f=J5(J ~8f)=(J ~5f) * G 5. See [2] for similar statements.

Returning to the proof of Lemma (1.1), let us first suppose that 0 <e<1. By
Lemma (1.2) the L” norm of the part of (1.2) extended over |z| < ¢ is majorized by a
constant times

(1.4 [, 1t D= feol el -elz| e,
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which by Lemma (1.4) (i) is in turn majorized by

elflpge [ 12l dz = €1t

for any 0<B=1. Choosing first B=« and then B=1, we see (1.4) is majorized by
¢||fl,.« and tends to zero with &, respectively.

On the other hand, if 1 S«¢<2 then Y;=0 and the part of (1.2) extended over
|z| < & is unchanged if we replace f(x+z)—f(x) in the integrand by f(x+z)—f(x)
— 271 z{0f]ox,)(x). Applying Lemma (1.4) (ii) and arguing as above with B=«
and B=2 respectively, we see the L? norm of this part is bounded by c| f|,.. and
tends to zero with e.

Hence since

J) = @0t [ U= S Yul-lel e

Lemma (1.1) will follow once we show that the L? norm of
A5 [ U1 3 Y- i) -1] el e

is bounded by ¢| f|,.. and tends to zero with e. If 0<a<1, Lemmas (1.3) and
(1.4) (i) imply the L? norm of (1.5) is majorized by

lflo [ Vet lel " dz = ¢
On the other hand, for fixed &> ¢ it is majorized by a constant times
[ e+ =Nl 2lz = dt U1, [ (el o
< alflae® [ mt el e,

and so tends to zero with e. If 1 £« <2, we replace f(x+z)—f(x) by f(x+2)—f(x)
— 2.1 z,(9f]9x,)(x) in the integrand of (1.5) and argue in the same way.

Having established (a) and (b) for fe C3, we now claim they hold for any
fe L. For if fe LE, pick f, € Cg such that f,, — fin L2. Then for each fixed ¢>0
(f): = f. in L? by Young’s inequality. Since ||(f,) I, < ¢| fi|l5.e» We see by making
k — oo that (b) is true for any fe L. Given fe L?, pick ge C§ with | f—g|p.«
arbitrarily small. With h=f—g,

"f;1 —f:z"p s ”gq “gsz "p+ "551 "v‘" Ilﬁea "r
= "g~€1_g~€2"p+2"h"p,a-
It follows that £, converges in L? to a limit f'and || f||, < ¢;.¢.all f|ls. for any fe L2.
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Our result also has versions for the cases p=1and p=co provided Q= 1. Consider
first p=1, Q=1 and fe C§. Then

f(x,¢) = C%“’fﬂf(x+z)[|z]“ exp [—e¢|z|]]" dz
(1.6) . |
= 55—) fE L x+2)+f(x—2)=2f()][|2]* exp [—elz|]]" dz

is the Poisson integral of J =% * du € L*(E™). Since

7 =B [ e -2f 0]

the remainder of the proof that f; converges in L and | f;|,<c|f|... for fe L}
follows the lines of the argument for 1< p <o, using Lemma (1.4) (iii) with B=«
and « < B <2 respectively.

In case p=co and Q=1, the approximation argument used above fails. However,
if fe L7 we can still form (1.6) since fe L and [|z|* exp [—e|z|]]" € L. Moreover
since f=(J ~%f) * G,, Lemma (1.4) (iii) is valid for p=oc0 even though f¢ C®, and
it follows as usual that || f(:)=£(:, &)]|w < ¢ f] o.e- TO show || /2]l S €||f ] .« it is
therefore enough to show that f(x, ¢) is a constant times the Poisson integral of
J =% x due L*. If h(z)=h(e, z)=|z|* exp [—¢|z|] then since f=(J ~%f) * G,,

%«) fix, ) = f f (T~ )x+2-)Go(y) dy]ﬁ(Z)dz
= [[[6utr+2h@ |- on-» oy

- f ]Ga<z)h(z) exp [i(y-2)] dz] =) x—) dy.

However,
Cula)h(e) = s xp [—elzl] = Lo, AT

where (e, z) denotes the Poisson integral of du. Since G,k e L, we obtain by
Fourier inversion

f(x, &)[e? = ule, x) * (J ),
and changing the order of integration we see f(x, ¢)/c® is the Poisson integral of

J= * dp.
We conclude §1 with several remarks.

(1) TueoreM 3. If fe L;, 1<p<w,0<a<2, and Q satisfies the hypothesis of
Theorem 1 then

tm /) = lim @) [ (=2 —f ) 5k de
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exists and is finite almost everywhere. The result is also valid for p=1 provided
Q=1.

The proof is similar to that given above and we shall be as brief as possible.

LemMmA (1.5). If f€ LE then for almost every x

0 [, s+ a-fel dz = o+

if0<a<land1<p<om,

@ Jue

if1f«<2and 1 <p<oo, and

fa+-1@- 2, §,§ )| dz = ofer+e)
=1

(ii) [, et 7t=2-20 dz = of+)

if0<a<2andp=1.

For =1, (ii) is a consequence of Theorem 12 of [3] and the identification of L}
with the classical Sobolev space. If « is not an integer, 0<a<2 and fe L} for
1 <p<oo, then J~%f € L? and therefore satisfies

1/p

([ 10 nira-u-ner ) = o)

almost everywhere. By Theorem 4 of [3], f=J%(J ~¢f) satisfies (i) or (ii) almost
everywhere. The proof of (iii) follows from the method of the proof of Theorem 4
of [3] and we omit it.

LemMmA (1.6). If fe L2, 1Sp<o0,0<a<2,and Q=1 when p=1, then
) =f(x, ) >0
as e — 0 at each point where the conclusion of Lemma (1.5) is valid.

Proof. Suppose 0<a<1 and 1 <p<oo. Then from Lemmas (1.2) and (1.3)

@7l s e Aera—rel () e

~
<

N e ] () e R

The first integral on the right tends to zero with ¢ by (1.7), and the second is major-
ized by a constant times

el ] e+ D=rl ]
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For fixed §>0,
dz
61/2J.| > |f(x+2)"f(x)l W = 0(3112)

while if G(2)=,,, ., | f(x+2)— f(x)| dz then

dz 5 dG(t)
2 f | f(x+2)—f(x)] _|z|n+_a+112 = cell? (rratiz
e<lzl<é &
G@) |° 6 dt
= c(sllztn+a+1/2 N +c'ell? A G(t)tn+a+3/2°

Since G(t)=o(t"*%) as t — 0, the lemma follows in this case. The proof for 1 e <2
and 1 <p <o is similar using Lemma (1.5) (ii) and the orthogonality of Q to poly-
nomials of degree 1. When p=1 and Q=1, we use Lemma (1.5) (iii) and argue as
above.

To prove Theorem 3, we recall that for fe C&, f(x, ¢) is the Poisson integral of
the sum of a constant times J~°f * du and a singular integral of J ~%f * du. By
Lemmas (1.2) and (1.3) K,(z) belongs to all L%, 1 <¢g = oo, for each ¢, and since Cg’ is
dense in L2, 1 £p < oo, it follows f(x, ¢) is the Poisson integral of an L? function for
any fe L2 (Q=1 if p=1). Hence f(x, ¢) converges almost everywhere and Theorem
3 follows.

(2) The assumption that Q is infinitely differentiable can be considerably relaxed
in both Theorem 1 and the preceding remark. This will be the subject of a con-
tinuation of this paper to appear in the future.

(3) Finally it was shown in [11] that when e=1, f(x, &)= — 37, fi(x, ¢) when
fi(x, ¢) is the Poisson integral of p.v. (27) "(&f]ox; * K,), K,(x)=|x| "x;Q(x),
feli, 1<p<co.

2. In this section we will prove the necessity of Theorem 1. Let us again suppose
for the time being that fe C§ and consider (see §1)

7o) = @m) 2|l i (=) W(e)x]) Yo,

which converges pointwise to £(x)|x|* 5S¢ ¢ ¥Y,,(x). If fis the limit in L2 of f; then
by the Parseval-Plancherel formula,

70 = f(x)lxl‘é V()
= Yo @I+ DRI,

where K(x) is the principal-valued Fourier transform of K(x)=|x| " 3 d® Y ,(x").
Suppose Q(x')= Y,(x') for some m>1. Then

@n 6 = d@lx|5f Qe 12"
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and by Lemma (0.1), if f'=p.v. (f * Q(x)/|x|™),
2.2 J=f" = (1/dD)(f * do)+ (2m)~"(f"  d7).
Taking L? norms, 1 <p <o, and observing that J ~¢f’=(J~%f)’,
=Yl £ dlf 1 +1510), € = cram

Taking successively for Q each element Q,, i=1, ..., M, of a normalized basis for
the spherical harmonics of degree m and letting f,(x) denote the limit in L? of

et [ U-a-f@ ik,
we obtain (see the introduction)

I lpe = 171> = (Z Ilﬁllp+||fllp),

€=Cpq.m Moreover, since ||fil,Scpelfllp.e for feLZ and C§ is dense in
L%, 1<p<co, there is a constant c=c, , , such that for any fe L%

2.3) ¢ flpe £ Z 1o+ 1515 S €l f lpee

Here we have assumed of course that m>1 whenO0<a<1and m=2when 1Za<?2.
Suppose now that fe L?, 1 <p<oo, and each

e [ e-d-fe e = o [ fe-a e

converges in L? to a limit f,, where {Q;} is a normalized basis for the spherical
harmonics of a fixed degree m>1. Pick ¢ € & (the Schwartz space of rapidly
decreasing functions) with $20 and [ ¢(x) dx=1 and set ¢,(x)=28""¢(x/8), §>0,
S(x, 8)=(f* ¢4)(x). Then

-2 2D dr = [ [ fx-z-nbin & ik de

f21>e
_Ln [ ,zl>ef(x y=2) Iz |‘1$+a dz] $s(y) dy

converges in L” as ¢ — 0 to [;n Fi(x—»)és(») dy, whose L? norm is bounded by
I Zl5¢l.= £, for all §>0. Since f(x, 8) € L2 for each fixed 8> 0, it follows from
(2.3) that

17-2(x, &)l < ¢ O, IAlo+1115)-

Pick 8, — 0 so that J ~¢f(x, §,) converges weakly to h(x) € L”. Then J ~°f(x, &)
converges to h(x) in the sense of distributions. If g=J~¢f, g€ &’ (the space of
tempered distributions), then

[7 % (x, 81" = fOI1+[x|)2[$6, (0] = £(B:x).
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Since $(8,.x)—$(0)=F(8,x)—1 and all its derivatives are bounded and converge
uniformly to zero on compact sets, [J ~°f(x, §,)]~ — £ in the sense of distributions.
Hence J ~%f(x, 8,) — g as distributions, and therefore the action of g on a function
Y e S is given by [ h(x)d(x) dx. Since h € L?, f€ L% and the theorem is proved in
this case.

The case Q=1 and 0 <« <2 is practically the same. For if fe C and f(x) is the
limit of

i@ =@ [ -9~ e

then f(x) = c®f(x)|x|* and the analogue of (2.2) is
(24) J=°f = a(f* do)+b(f * dr),
where a and b depehd only on « and n. Hence for fe L2, 1 <p <o,

¢S e £ 1f 1o+ 1115 < €l fllpse-

The remainder is similar to the proof above and we obtain that f'e L2 if f € L? and f,
converges in L?, 1 <p<co.

Again the results have analogues for p=1 and p=co provided we take Q=1. In
fact for p=1 and Q=1 the argument just given is still valid, if we use (2.4) for
f(x, 8) to show J~*f(x, 8) converges in L. For p=co0 and Q=1, however, it must
be modified.

Let fe L2 so that | f;|-<C,

76 = ot [ 2= 0]

Choose ¢, — 050 that f,, converges in the weak-star topology of L*® to a function f,
| ]l < C. We claim there are constants a and b depending only on « and » such
that J ~*f=a(f * do)+ b(f * dr) almost everywhere. If /€ &' and Y € & let <I, ¥
denote the action of / on #; and for any g, let g,(x)=g(—x). Then

[LO-dx = T-F9> = <L+ 150

= ([ +x[D22,]
= (f, a(§, * do), +b(, * dr),>

=a Lﬁ f(Py * do), dx+b fEu f(, * d7), dx.

Since [zn f(; * dr), dx= [ (f * d7) dx, our claim will follow if we show

L”f(.pl x do), dx = L (' doyb dx.
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Taking Fourier transforms it is easy to see that ¢, =(§); and $(x +y) = [¢(x+)]~.
Moreover, [ fob dx= [ fib,, dx, [z foib dx — ;o fib dx by the definition of f
and [ fife, dx — [;n fil dx since i, converges to ¢ in L* (cf. Theorem 1 with
p=1, Q=1) and fe L*. Hence [ fib dx= [ fif dx and

[ S sdopax = [ dot) [ (= 5-7) ax
= [ do) [ oo +3) ax
= [ dot) [ sr@tpx+ - ax
= [ dot) [ Fmt+y) as

- J;: ¥(x) dx L fx=y) do(y),

which establishes the claim. Taking L® norms, it follows | f|«,.=<¢'(C+ | f]«)
for fe L® with || £« < C.

Suppose now that fe L® and | f;|» < C. Let f(x, 8)=(f * ¢5)(x) where ¢, is the
approximation to the identity introduced earlier. Then | f(x, 8)| o <|f] >
10, 85 [ w= (e * $)l 0 = fell 0 £ C, and f(x, 8) € L. By the above,

I7=%Cx, ) < (C+|f)

and we can pick §, such that J~%f(x, §) converges in the weak-star topology
to h(x) € L=. It now follows as usual that fe Ly.

REMARK. We add one final remark concerning the A(e, p, g) spaces. For the
definition and properties of these spaces, we refer the reader to [8] and [9].

If fe L2 N A(, p, q) where 1Sp<o0, 1 Sg<o0, and 0<a<2 then fe A0, p, q)
and || f aco..00 = €|l f | ace.5.0» With ¢ independent of f. Here of course Q=1 if p=1.
Moreover, if f€ A0, p, g) N L and each

760 = lim [ 1fx=9)~0) D ds

belongs to A(0, p, ¢) where {€} is a normalized basis for the spherical harmonics
of degree m (m#1 if 1 Se<2 and m=0 if p=1) then fe A(q, p, 9).

In view of the inclusion relations between LZ and A(e, p, q) (see [8, p. 452]),
this remark is trivial in many cases.

If fe C2, the formula in section 2 for / and Lemma (0.1) imply that the Poisson
integral of f'is the Poisson integral of the sum of a constant times J ~°f * du and a
singular integral of J ~%f * du. Hence the same is true for any fe L% and

".f"A(O.p.q) § c""-aif"A(O,p.q) = c“f"A(a.p.q)

(see [9, p. 827-829)).
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Conversely, if fe L? it is easy to see that (2.2) (or (2.4)) holds. Hence if, for
example, 1 <p <o, we obtain by taking the A(0, p, g) norm

Ifl aep.0> S c("f"A(O.p.q)"'Z "fi"A(o.r.q))

for fe A(e, p, q). For any fe A0, p,g) N LY we apply the last inequality to the
Poisson integral of f and invoke [8, Lemma 5, p. 426].
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